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Abstract: The main object of the present paper is to investigate
problems of majorization for certain classes of analytic functions of com-
plex order defined by an operator related to the modified Bessel functions
of first kind. These results are obtained by investigating appropriate class
of admissible functions. Various known or new special cases of our results
are-
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1 Introduction

Let A be the class of functions of the form

f(z) = z +

∞∑
n=2

anz
n, (1.1)

which are analytic in the open unit disk U = {z ∈ C : |z| < 1}.
For given g(z) = z +

∞∑
n=2

bnz
n ∈ A the Hadamard product of f and g is denoted

by

(f ∗ g)(z) = z +

∞∑
n=2

anbnz
n, z ∈ U. (1.2)

Note that f ∗ g ∈ A which are analytic in the open disc U.
We say that f ∈ A is subordinate to g ∈ A denoted by f ≺ g if there exists a

Schwarz function ω which is analytic in U with ω(0) = 0 and |ω(z)| < 1 for all z ∈ U,
such that f(z) = g(ω(z)) for z ∈ U.
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Note that, if the function g is univalent in U, due to Miller and Mocanu [9], we
have

f(z) ≺ g(z)⇐⇒ [f(0) = g(0) and f(U) ⊂ g(U)] .

If f and g are analytic functions in U, following MacGregor [8], we say that f is
majorized by g in U that is f(z) � g(z) if there exists a function φ, analytic in U,
such that

|φ(z)| < 1 and f(z) = φ(z)g(z), z ∈ U.

It is of interest to note that the notation of majorization is closely related to the
concept of quasi-subordination between analytic functions.

Let C∗(γ) denote the class of starlike functions of complex order γ (γ ∈ C \ {0}),
satisfying the following condition

f(z)

z
6= 0 and <

(
1 +

1

γ

[
zf ′(z)

f(z)
− 1

])
> 0, z ∈ U.

In particular, the class

S∗(α, λ) := C∗((1− α)cosλ e−iλ), |λ| < π

2
; 0 ≤ α ≤ 1

denotes the class of λ-spiral function of order α investigated by Libera [6]. Moreover,
the classes

Ŝ∗(λ) := S∗(0, λ), S∗(α) := S∗(α, 0)

are the class of spiral functions introduced by S̆paček [12] (see also [13]) and the class
of starlike functions of order α, respectively. For α = 0, we obtain the familiar class
S∗ := S∗(0) of starlike functions.

We recall here a generalized Bessel function of first kind of order p denoted by
ωp,b,c =: ω defined in [1] and given by

ω(z) = ωp,b,c(z) =

∞∑
n=0

(−1)n cn

n! Γ(p+ n+ (b+ 1)/2)

(z
2

)2n+p
, z ∈ C (1.3)

which is the particular solution of the second order linear homogeneous differential
equation

z2ω′′(z) + bzω′2 − [p2 + (1− b)]ω(z) = 0, (1.4)

where b, p, c ∈ C, which is natural generalization of Bessel’s equation.
The differential equation (1.4) permits the study of Bessel function, modified

Bessel function, spherical Bessel function and modified spherical Bessel functions all
together. Solutions of (1.4) are referred to as the generalized Bessel function of order
p. The particular solution given by (1.3) is called the generalized Bessel function of
the first kind of order p. Although the series defined in (1.3) is convergent everywhere,
the function ωp,b,c is generally not univalent in U.

It is of interest to note that when b = c = 1, we reobtain the Bessel function of
the first kind ωp,1,1 = jp, and for b = 1, c = −1 the function ωp,1,−1 becomes the
modified Bessel function Ip. Further note that b = 2 and c = 1 the function wp,2,1(z)
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reduces to
√

2
π Jp(z) becomes the spherical Bessel function of the first kind of order

p. Now, we consider the function up,b,c(z) defined by the transformation

up,b,c(z) = 2pΓ

(
p+

b+ 1

2

)
z1−

p
2 ωp,b,c (

√
z).

By using well known Pochhammer symbol (or the shifted factorial) defined, in terms
of the familiar Gamma function, by

(a)n :=
Γ(a+ n)

Γ(a)
=


1 (n = 0),

a(a+ 1)(a+ 2) · · · (a+ n− 1) (n = 1, 2, . . .).

we can express up,b,c(z) as

up,b,c(z) = z +

∞∑
n=1

(−c/4)n

(m)n

zn+1

n!
, (1.5)

where m = p+ b+1
2 /∈ Z−0 . This function is analytic on C and satisfies the second-order

linear differential equation

4z2u′′(z) + 2(2p+ b+ 1)zu′(z) + czu(z) = 0.

Now, we consider the linear operator

Bc
mf : A → A

defined by

Bc
mf(z) := up,b,c(z) ∗ f(z) = z +

∞∑
n=1

(−c/4)n

(m)n (n)!
an+1 z

n+1, z ∈ U, (1.6)

where m = p+ b+1
2 /∈ Z−0 . It is easy to verify from the definition (1.6) that

z(Bc
m+1f(z))′ = mBc

mf(z)− (m− 1)Bc
m+1f(z). (1.7)

We recall the special cases of Bcm− operator due to Baricz et al [3].

• Setting b = c = 1 in (1.6) or (1.7), we obtain the operator Jp : A → A related
with Bessel function, given by

Jpf(z) = zup,1,1(z) ∗ f(z) = z +

∞∑
n=1

(−1/4)n

(p+ 1)n (n)!
an+1 z

n+1, z ∈ U (1.8)

and its recursive relation

z(Jp+1f(z))′ = (p+ 1)Jpf(z)− pJp+1f(z), z ∈ U.
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• Setting b = 1 and c = −1 in (1.6) or (1.7), we obtain the operator Ip : A → A
related with modified Bessel function, given by

Ipf(z) = zup,1,−1(z) ∗ f(z) = z +

∞∑
n=1

(1/4)n

(p+ 1)n (n)!
an+1 z

n+1, z ∈ U (1.9)

and its recursive relation

z(Ip+1f(z))′ = (p+ 1)Ipf(z)− pIp+1f(z), z ∈ U.

• Setting b = 2 and c = 1 in (1.6) or (1.7), we obtain the operator Kp : A → A
related with spherical Bessel function, given by

Kpf(z) = zup,2,1(z) ∗ f(z) = z +

∞∑
n=1

(−1/4)n

(p+ 3
2 )n (n)!

an+1 z
n+1, z ∈ U (1.10)

and its recursive relation

z(Kp+1f(z))′ = (p+
3

2
)Kpf(z)− (p+

1

2
)Kp+1f(z), z ∈ U.

It is of interest to note that the function Bcm given by (1.6) is an elementary
transformation of the generalized hypergeometric function, i.e it is easy to see that
Bcmf(z) = z 0F1

(
m; −c4 z

)
∗ f(z) and also up,b,c(

−4
c z) ∗ f(z) = z 0F1(m; z).

The generalized Bessel function is a recent topic of study in Geometric Function
Theory (e.g. see the work of [1, 2, 3]). Using the Bcm− linear operator due to Baricz
et al [3] given by (1.6), we now define the following new subclass of A.

Definition 1 A function f(z) ∈ A is said to be in the class Scm(A,B; γ), if

1 +
1

γ

[
z(Bc

m+1f(z))′

Bc
m+1f(z)

− 1

]
≺ 1 +Az

1 +Bz
, (1.11)

where −1 ≤ B < A ≤ 1; γ, c,m ∈ C, γ 6= 0, m 6= 0,−1,−2, . . . .

In particular, the class
Scm(γ) := Scm(1,−1; γ),

denote the class of functions f ∈ A satisfying the following condition:

<
(

1 +
1

γ

[
z(Bc

m+1f(z))′

Bc
m+1f(z)

− 1

])
> 0, z ∈ U. (1.12)

Moreover, let us denote

Scm(α, λ) := Scm((1− α)cosλ e−iλ), Scm(α) := Scm(α, 0), |λ| < π

2
; 0 ≤ α ≤ 1.

Majorization problems for the class S∗ had been studied by MacGregor [8]. Re-
cently Altintas et al. [4] investigated a majorization problem for the class C∗(γ) and
Goyal and Goswami [5] generalized these results for the class of analytic functions
involving fractional operator. In this paper we investigated a majorization problem
for the class Scm(A,B; γ) associated with Bessel functions and point out some special
cases of our result.
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2 The main results

First we show that the class Scm(A,B; γ) is not empty.

Theorem 1 A function f ∈ A of the form (1.1) belongs to the class Scm(A,B; γ) if
it satisfies the condition

∞∑
n=2

dn |an| ≤ (B −A) |γ| , (2.1)

where

dn =
(|c| /4)n−1 {(B + 1) (n− 1) + (B −A) |γ|}

|(m)n−1| (n− 1)!
, n = 2, 3 . . . .

Proof. A function f of the form (1.1) belongs to the class Scm(A,B; γ) if and only
if there exists a function ω, |ω(z)| ≤ |z| (z ∈ U) , such that for z ∈ U we have

1 +
1

γ

[
z(Bc

m+1f(z))′

Bc
m+1f(z)

− 1

]
=

1 +Aω(z)

1 +Bω(z)

or equivalently

z(Bc
m+1f(z))′ −Bc

m+1f(z) = ω (z)
{
Bz(Bc

m+1f(z))′ + [(B −A) γ −B]Bc
m+1f(z)

}
.

Thus, it is sufficient to prove that for z ∈ U we have∣∣z(Bc
m+1f(z))′ −Bc

m+1f(z)
∣∣− ∣∣Bz(Bc

m+1f(z))′ + [(B −A) γ −B]Bc
m+1f(z)

∣∣ ≤ 0.

Indeed, letting |z| = r (0 ≤ r < 1) and αn = (−c/4)n−1

(m)n−1 (n−1)! we have∣∣z(Bc
m+1f(z))′ −Bc

m+1f(z)
∣∣− ∣∣Bz(Bc

m+1f(z))′ + [(B −A) γ −B]Bc
m+1f(z)

∣∣
=

∣∣∣∣∣
∞∑
n=2

(n− 1)αnanz
n

∣∣∣∣∣−
∣∣∣∣∣(B −A) γz −

∞∑
n=2

(Bn+ (B −A) γ −B)αnanz
n

∣∣∣∣∣
≤
∞∑
n=2

(n− 1) |αn| |an| rn−1 − (B −A) |γ|+
∞∑
n=2

(Bn+ (B −A) |γ| −B) |αn| |an| rn−1

≤
∞∑
n=2

dn |an| rn−1 − (B −A) |γ| ≤ 0,

whence f ∈ Scm(A,B; γ).

Remark 1 By Theorem 1 we see that a function f of the form (1.1) belongs to the
class Scm(A,B; γ) if it has ”sufficiently small” coefficients. In particular, the functions

f (z) = z + azn, z ∈ U,

where

|a| ≤ (|c| /4)n {(B + 1) (n− 1) + (B −A) |γ|}
|(m)n| (n)! (B −A) |γ|

belong to the class Scm(A,B; γ). The convex combinations of these functions belong to
the class Scm(A,B; γ) too.
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Theorem 2 Let f ∈ A and suppose that g ∈ Scm(A,B; γ) with |m| ≥ |γ(A−B)+mB|.
If Bc

m+1f(z) is majorized by Bc
m+1g(z), then

|Bc
mf(z)| ≤ |Bc

mg(z)|, |z| ≤ r1, (2.2)

where r1 is the smallest positive root of the equation

|γ(A−B) +mB|r3 − (|m|+ 2|B|) r2 − (|γ(A−B) +mB|+ 2) r + |m| = 0. (2.3)

Proof. Since g ∈ Scm(A,B; γ), we find from (1.11) that

1 +
1

γ

(
z(Bc

m+1g(z))′

Bc
m+1g(z)

− 1

)
=

1 +Aw(z)

1 +Bw(z)
, (2.4)

where w is analytic in U, with w(0) and |w(z)| ≤ |z| for all z ∈ U.
From (2.4), we get

z(Bc
m+1g(z))′

Bc
m+1g(z)

=
1 + [γ(A−B) +B]w(z)

1 +Bw(z)
. (2.5)

Now, by applying the relation (1.7) in (2.5), we get

mBc
mg(z)

Bc
m+1g(z)

=
m+ [γ(A−B) +mB]w(z)

1 +Bw(z)
(2.6)

which yields that,

∣∣Bc
m+1g(z)

∣∣ ≤ |m| [1 + |B| |z|]
|m| − |γ(A−B) +mB| |z|

|Bc
mg(z)| . (2.7)

Since Bc
m+1f(z) is majorized by Bc

m+1g(z), then there exist a function φ analytic in
U, with φ(0) and |φ(z)| ≤ |z| for all z ∈ U, such that

Bc
m+1f(z) = φ(z)Bc

m+1g(z).

By differentiating with respect to z we get

z(Bc
m+1f(z))′ = zφ′(z)Bc

m+1g(z) + zφ(z)(Bc
m+1g(z))′. (2.8)

Noting that the Schwarz function φ satisfies (cf. [10])∣∣∣φ′(z)∣∣∣ ≤ 1− |φ(z)|2

1− |z|2
(2.9)

and using (1.7), (2.7) and (2.9) in (2.8), we have

|Bc
mf(z)| ≤

(
|φ(z)|+ 1− |φ(z)|2

1− |z|2
(1 + |B||z|) |z|

|m| − |γ(A−B) +mB||z|

)
|Bc

mg(z)|,
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Setting |z| = r and |φ(z)| = ρ, 0 ≤ ρ ≤ 1 the above inequality leads us to the
inequality

|Bc
mf(z)| ≤ F (ρ, r) |Bc

mg(z)|, (2.10)

where

F (ρ, r) =
Φ(ρ)

(1− r2) (|m| − |γ(A−B) +mB|r)
,

with

Φ(ρ) = −ρ2(1 + |B| r)r + ρ(1− r2) (|m| − |mB + γ(A−B)|r) + r(1 + |B| r).

It is clear that if
(1− r2) (|m| − |mB + γ(A−B)|r)

2(1 + |B| r)r
≥ 1,

then the function Φ takes its maximum value in the interval 〈0, 1〉 at ρ = 1. Since the
above inequality holds for 0 ≤ r ≤ r1 = r1(γ,A,B), where r1 is the smallest positive
root of the equation (2.3), then there is 0 < F (ρ, r) ≤ F (ρ, 1) = 1 for r ∈ 〈0, r1〉 and
ρ ∈ 〈0, 1〉. This gives (2.2) and completes the proof.

Putting A = 1, B = −1 in Theorem 2, we have the following corollary:

Corollary 1 Let f ∈ A and suppose that g ∈ Scm(γ) with |m| ≥ |2γ − m|. If
Bc
m+1f (z) is majorized by Bc

m+1g(z), then

|Bc
mf(z)| ≤ |Bc

mg(z)|, |z| ≤ r2, (2.11)

where r2 is the smallest positive root of the equation

|2γ −m|r3 − (|m|+ 2) r2 − (|2γ −m|+ 2) r + |m| = 0, (2.12)

given by

r2 =
κ−

√
κ2 − 4|m| |2γ −m|

2|2γ −m|
, κ = (|m|+ 2) + |2γ −m|.

Putting γ = (1 − α)cosλe−iλ, |λ| < π
2 ; 0 ≤ α ≤ 1, in corollary 1, we have the

following corollary.

Corollary 2 Let f ∈ A and suppose that g ∈ Scm(α, λ) with |m| ≥ |2(1−α)cosλe−iλ−
m|. If Bc

m+1f(z) is majorized by Bc
m+1g(z), then∣∣Bc

m+1f(z)
∣∣ ≤ |Bc

m+1g(z)|, |z| ≤ r3, (2.13)

where r3 is the smallest positive root of the equation

|2(1− α)cosλe−iλ −m|r3 − (|m|+ 2) r2 −
(
|2(1− α)cosλe−iλ −m|+ 2

)
r + |m| = 0,

(2.14)
given by

r3 =
δ −

√
δ2 − 4|m| |2(1− α)cosλe−iλ −m|

2|2(1− α)cosλe−iλ −m|
(2.15)
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and
δ = (|m|+ 2) + |2(1− α)cosλe−iλ −m|.

Further, by taking λ = 0 we obtain the next corollary.

Corollary 3 Let f ∈ A and suppose that g ∈ Scm(α) with Rem ≥ 1−α. If Bc
m+1f(z)

is majorized by Bc
m+1g(z), then

|Bc
mf(z)| ≤ |Bc

mg(z)|, |z| ≤ r4, (2.16)

where

r4 =
δ −

√
δ2 − 4|m| |2(1− α)−m|

2|2(1− α)−m|
and

δ = (|m|+ 2) + |2(1− α)−m|.

For α = 0 and m = 1 Corollary 3 reduces to the following result.

Corollary 4 [8] Let f ∈ A and suppose that g ∈ Sc1 (0). If Bc
2f(z) is majorized by

Bc
2g(z), then

|Bc
1f(z)| ≤ |Bc

1g(z)|, |z| ≤ r5, (2.17)

where r5 := 2−
√

3.

Concluding Remarks: Further specializing the parameters b, c one can define
the various other interesting subclasses of Scm(A,B; γ), involving the types of Bessel
functions as stated in equations (1.8) to (1.10), and one can easily derive the result
as in Theorem 2 and the corresponding corollaries as mentioned above. The details
involved may be left as an exercise for the interested reader.

References

[1] A. Baricz, Geometric properties of generalized Bessel functions, Publ. Math.
Debrecen, 73(1-2) (2008), 155–178.

[2] A. Baricz, Generalized Bessel functions of the first kind, Lecture Notes in Math-
ematics, Springer-Verlag, Berlin, 2010.
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