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in three-dimensional dynamical problems
of the hemitropic theory of elasticity

Yuri Bezhuashvili and Roland Rukhadze

Submitted by: Jan Stankiewicz

ABSTRACT: The basic three-dimensional dynamical problems for a
hemitropic (non-centrally symmetric) micropolar elastic medium are con-
sidered. Using the Fourier method, the solvability of the formulated by us
problems is proved in a classical sense.
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1 Basic Notation and Equations

Let D C R? be a finite domain bounded by a closed surface S of the class C%<;
<a<1;D=DUS, L= (0e),L=1[0¢,2=DxL be a cylinder in R*,
=D x L.

A system of differential equations of dynamics for the hemitropic micropolar elastic
medium is of the form [1, 2]:

0
0

(w+a)Au+ A+ p—a)graddivu + (v + n)Aw
82
+ (6 +v—n)graddivw + 2arotw + X (x,t) = pa—tg,
(v+ B)Aw —daw + (e + v — B) grad divw + (v + n)Au (1)
+ (0 + v —n)graddivu + 2arot u + 4nrot w
0w
+ Y(Jf‘v t) = jW7
where A is the three-dimensional Laplace operator; u(z,t) =

(u1,us2,us) is the displacement vector; w(z,t) = (wi,ws,ws) is the vector of rota-
tion; x = (1,22, 73) is a point in R3; ¢ is time; X (z,t) is the vector of body forces;

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
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6 Y. Bezhuashvili, R. Rukhadze

Y (x,t) is the volumetrical moment; p is the medium density; J is a moment of in-
ertia, and A\, u, «, &, v, B, v, n, § are the known elastic constants satisfying the
following conditions: p > 0, a > 0, 3X\ +2u > 0, uv —v> > 0, aB — 1% > 0,
(3X +2p)(3e + 2v) — (36 + 2v)2 > 0.

For the sake of brevity, the basic equations will be written in a matrix form.
Towards this end, we adopt the following agreement: if we multiply the matrix A =
laij||mxn of dimension n by the u = (uy,us,...,u,)-dimensional vector n, then the
vector is assumed to be a one-column matrix u = ||u;||nx1, and the product Au is an
m-~dimensional vector.

The system (1) can be represented in a vector-matrix form as follows:

0%V
M(0x)V (x,t) + F(x,t) = v

where M (0z) = ||My;(0x)||6x6, and also
2

Mkj(al') = (,u + OZ)(S]CJ'A + ()\ + on— a) axkaz
J

for k,j=1,2,3,

My (0z) = (v+ 1)k A+ (6 +v — )8 s ZaZEkJ B
i e

for k=1,2,3, j=4,5,6 and k=4,5,6, j:1,2,3;
82
Ox0x;

Myj(0z) = (v + B)A — 4a)0; + (e + v — )

3
0
— 41725@-667 for k,5=4,5,6;
e=1

e
01 is the Kronecker symbol, e je is the Levy-Civita symbol,
F(z,t) = (X(x,t),Y (x,t) = (F1, Fy, ..., Fg);

V(z,t) = (u(x,t),w(z, t) = (ur, us, us, w1, ws, ws) = (v1,v2,...,06);
r is the diagonal matrix of dimension 6 x 6; 7 = ||rg;ll6xs, 7k; = 0, where k # j,
ri=pfori=1,23;r; =J fori=4,5,6.
The force stress r(™) (z,t) = (rin)(m‘ t), (n)(m, t), rén)(x, t)) and the moment stress
(™) (z,t) = (,ugn)( t), uén)( t), g")( x,t)) at the point x and time ¢ directed to
n = (ni,ng,n3) are deﬁned by the formulas [1, 2]:

3
(n) = \n;

3
~03 5

3 3
+on; divw + (v +n) Z Z—nj

j=1
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3
+200 Y eijpwrny, i=1,2,3;
kyj=1
3 3 oy
ugn)—én divu + ( v—l—nz —n)za]nj
3 3 o,
—+en; 2 ; 6—
3
+(v+mn) Z gikiwrn; + (v —1n) Z gijkwrn;, 1=1,2,3.
k,j=1 k,j=1

We introduce a matrix differential operator of dimension 6 x 6:

T(9z,n(x)) = [[Th;(9z, n(x))llsxs;

Ty (9, n() = (u + a)ékjaf@) (- o

+/\nkaiv k7j:17273;
€5
0 0 0
Tj(0z,n(z)) = (v + 77)(%'% + (0 —nnj5— oz Onp o —
J
3
—20) egjene, k=1,2,3, j=4,56;
e=1
d B)
Tj(0x,n(z)) = (v +1)dk; an (@) + (v — ”)nJHTk
+ oo —, k=456, j=1,273
x]
1o} 0 0
Tyj(0x,n(x)) = (V+6)5kj8 @ + (v — 6)71]8 + B
J
3
— 2 epjene, k,j=4,5,6.
e=1

T(0x,n(x)) will be called a stress operator of the hemitropic theory of elasticity.
It is not difficult to check that

T (0, n(x))V = (r"™(V), ™ (V).

Note that n(z) is an arbitrary unit vector at the point z. If x € S, then n(z) is
the unit vector of the outer normal with respect to D.
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2 Statement of the Basic Problems. The Condi-
tions for the Given Vector-Functions

Let the hemitropic homogeneous elastic medium occupy the domain D. We con-
sider the following two basic problems: find in a cylinder Q a regular vector V(x,t)
(xeD,teL,V;eCYQ)NCHQ),i=1,6) satisfying

1) the equation

2
t
W t) € M(02)V (2,8) — ra‘giif’) = _F(z,0);
2) the initial conditions
= .. B . OV(x,t)
Ve e D: t£10n+ V(z,t) = ¢(x), t2151+ TR Y(x);

3) one of the boundary conditions
V(z,t) €S xL: lim V(x,t)=0, for the first problem,
D3x—z€eS
V(z,t) € SxL: lim T(9z,n(x))V(x,t) =0,

D>z—zeS
for the second problem.

The first problem we denote by (I)r,,, 4, and the second one by (I1)p,, -
The given vector-functions F) ¢, are assumed to satisfy the following conditions:
1) F(-,-) € C?*(Q), and the third order derivatives belong to the class Lo(D).
Moreover,
Fls=MF|s=0, teL forthe problem (I)ppy

and
TF|s=0, teL forthe problem (II)r p;

2) ¢ € C3(D), and the fourth order derivatives belong to the class Ly(D). More-
over,
p|ls = Me|s =0, for the problem (I)p, v

and
Ty|ls =TMe|lsg =0, for the problem (II)p.y;

3) ¢ € C%*(D), and the third order derivatives belong to the class Ly (D). Moreover,

ls = My|s =0, for the problem (I)r,p.y

and
Tilsg =0, for the problem (II)p, .

The symbol -|s denotes the narrowing to KS.
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3 Green’s Formulas. The Uniqueness of Regular
Solutions of the Problems Formulated Above

Let V(z) = (u,w) and V'(z) = (u',w’) be arbitrary six-component vectors of the
class C1(D) whose second derivatives belong to the class La(D). Then the following
Green’s formulas are valid [3]:

/ (V' M(@2)V + E(V',V))dz = / VTV as, (1)

D S

/ (V' M(02)V — VM (92)V')dz = / (V'TV — VTV')dS, )
D S

where
3

Z ( p+ o)ugueg + (10— o)uguje

k,j

+ (v 4+ g wrs 4+ (v = ujwik + (v + B)wi,wk;
+ (v = B)wiwin + (v + Mwiurg + (v — Nwi

i !
+ O (Uppwyj + wrkw;) + Mujpug; + Wkkwjj), (3)
3
6, . 6 .
where up; = 525 — Y EpjeWe, Wiy = % From (3) we have
e=1

T
3\ 42 36+ 2 2
E(V,V) = "g “(divu+ + Udivw) n

22+ 2p
1 (36 +2v)%\ ..
+§(3<€ + 21/ — m)(le(ﬂ) +
o Oug | Ouy | v (0w | Owjyy?
Z <8z] 8xk+,u(3:vj +8xk)) +

. 3 .
DS <>z<>>

K k#j=1

Ui ; 2
+<57—)(rotw)QJra(rotqu—rotw72w> . (4)
a e

From (3) and (4), on the basis of the conditions satisfying the elastic constants,

we can conclude that
E\V'V)=EWV, V'), E(V,V)>0.

Let now prove the following
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Theorem 1 Problems (I)r,. and (II)r ¢ have no more than one solution.

Proof. We have to prove that the problems (I)g 0 and (I1)g,0,0 have only zero
solutions. To this end, we apply formula (1) to the vectors V = V(x,t) and V' =
avéf"t), where V(z,t) = (u(z,t),w(z,t)) is a regular solution of the problem (1) 0,0
or of the problem (I1)g,0,0, and make use of the identities

oV ou Ow %u  _Q*w
VMY = MV = (5050 (T e )
_p9|0up J I |0w?
20t ot 20t
oV 10
! — - —_
E(V,V)fE(at ,v) S5 BV,
Then (1) takes the form
0 p|Ou ._7 Ow |2
a/D(g‘a at‘ + EVV /—TVdS (5)

By virtue of the boundary conditions, the right-hand side of (5) for the both
problems is equal to zero and, consequently,

/D(g‘é;:2+Z‘%:2+;E(V,V))dx=const. (©)

Since this constant at the starting moment is equal to zero, it will remain unchanged
9012 — 0; B(V,V) =0 thus V = (u,w) = 0. M

in a due course, and |22

4 Green’s Tensors and the Problems for Eigenval-
ues

As we will see below, in investigating the above-formulated dynamical problems, of

great importance are the solutions of some special corresponding problems of statics

which are called the Green’s tensors.
The first Green’s tensor or the Green’s tensor of the first basic problem of statics

1
corresponding to the problem (I)p , y is called the matrix G(x,y) of dimension 6 x 6,
depending on two points  and y and satisfying the following conditions:

DVayeD, zty  MOn)G(y) =0,
)VzGSVyGD G(zy)—O
3) G(x y) =T(z —y) - gz,y), 7,y € D,

where I'(x — y) is the known matrix of fundamental solutions of the equation [3]

M(0z)V (z) =0, (7)
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and é(:m y) is a regular solution (including 2 = y) of equation (7) in the domain D.

1
It is clear that the proof of the existence of G(z,y) is reduced to the solvability of

the following first basic problem of statics for D: find a regular in D solution é(x, y)
of equation (7), satisfying the boundary condition

VzeS, YyeD: glzy) =T(z—y).

The solvability of such a problem has been proved in [3].

The second Green’s tensor, or the Green’s tensor of the second basic problem of
statics in the domain D, corresponding to the problem (I1)g,, ., cannot, generally
speaking, be defined analogously to the first tensor. Since the second basic problem

2
of statics is not always solvable [3], we, following to H. Weyl [4, 5], represent G(z,y)

in the domain D in the form

2 2
G(xa y) = H(LE, y) - g(x7 y)v
where II(z, y) is the known matrix involving I'(z — y) and the vectors of rigid displace-

ment, and S(x, y) is a regular matrix in D, satisfying equation (7) and the boundary
condition

Vze S, YyeD: lim T(0x, n(m))gzy(x,y) =T(0z,n(2))(z,y).

D3x—zeS

It is shown that the necessary and sufficient condition for the obtained second problem

2
of statics is fulfilled and hence the existence of G(x,y) is proved.
Relying on the results of [3, 6], we can show that the Green’s tensors possess the
following properties:

k k
1) G(z,y) =G "(y,z), where “T” denotes transposition k = 1,2;
k
2) V(z,y) €D xD: Gualz,y) =0z —y[™"),
a k —2
T%Gmn(xvy) —O(|£L'—y| )7 (8)
k=1,2; j=1,2,3; man:m;
0 k
3) V(wy)eDxD: -G (a,y)=0(nlz—yl), (9)

8mj
7=1,2,3; k=1,2 m,n=1,6;

2

k
_Z 0® — _ -1
om0z, Grm(@,y) = O(lz —y[ ), (10)

k=12 j=12,3 mn=1G6,

4) Y(z,y)eD xD:
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where |x — y| is the distance between the points z and y, D’ C D is an arbitrary

k k
closed domain, lying strictly in D, and G®(z,v) is an iterated kernel for G(z,v):

k k k
COay) = [ Gl )Gz, oty k=12
D

We rewrite equation (2) as follows:

0V (x,1)

atg = _ﬁ('xat)v

M(dz)V (z,t)
where M = 2 "Mt V= »V, F= x'F, = ||\/7"kj||6x6~

Consider now two problems for eigen-values:

— k k
VeeD: MOx)W(z)+yW(z) =0, k=12

1 2
Vze§S: lim W(z)=0, lim T (0x,n(x))W(x) = 0.
D>z—z€S D>x—z€S

The first problem we denote by (I), and the second one by (II),. The eigen
k kK k
vector-function W(z) = (W1, Wa,...,Ws), k = 1,2 (not equal identically to zero) is
k _ _
said to be regular, if W; € C*(D)NC?*(D),i=1,6; k =1,2.

It is not difficult to show [5] that the problems (I), and (II), are equivalent to
the following system of integral equations:

I/Ilc/(%) = W/D lk((m»y)V]E/(y)dy» z €D, (11)

k k
where K(x,y) = 2G(x,y)sx, k=1,2.
k

It follows from the above-mentioned properties of G(x,y) that (11) is the inte-

gral equation with symmetric kernel of the class Ly(D). Consequently, there exist a
. k k
countable system of eigen-numbers (7,,)5 4, |7,,| = 00 as n — o0, and the corre-
k

sponding orthonormalized in D system of eigen-vectors (W™(x))22,, z € D, k =1,2,
of equation (11) or of the problems (1), and (II),, respectively. It is easy to state

that all %n > 0, while '2yn > 0, where '2y = 0 is the eigen sixth rank number, and
the corresponding vectors are those of the rigid displacement (x(™(z))%_,. In what

2 _
follows, it will be assumed that %/n =0, W =y n =16, %n >0 forn>6. It

k
can be shown that the vectors W (™) (z) are regular in the domain D.
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5 Lemmas on the Order of Fourier Coefficients

Lemma 1 For any siz-component vector ®(x) satisfying the conditions ® € CO(E),
92 € [5(D), i =1,2,3; ®|s = 0 the inequality

P2y < /E 2 1P, 271 D) d, (12)
n= 1

where .
®, = / ()W ™ (z)dz,
D

18 valid. In particular, it follows from the above lemma that the numerical series in
the left-hand side of (12) converges.

Proof.  Applying Green’s formula (11) to the vectors V' = s '®(z) and V =

1
> W™ () and taking into account the condition ®|g = 0, we obtain

1
/ E( 1, 5 ') de = ’yln@n. (13)
D

1
In particular, assuming in (13) that ® = W™, we obtain

1 1 ! _
/ EG W sty dy = Y for m=mn, (14)
D 0 for m#n.

Consider now a nonnegative value

Jz/ E( 'V, 37 W)da
D

n 1
and assume V(z) = ®(z) — ZO ®,,W ) (z), then simple calculations show that
n=1
J = / E(c'®, 57 ®)da + Z / E( *1W<m> W(”))d
m,n=1

no 1

722@,/ E(c 1, 5 ' W ™)z, (15)
n=1 D

Taking into account (13) and (14), from (15) we find that

qun_ / E( 0,57 0)da,

which proves our lemma. W
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Lemma 2 For any siz-component vector ®(x) satisfying the conditions ® € C°(D),
92 € [y(D), i =1,2,3, the inequality

(oo}

Zcbfjng/ E( 1, 5 1) dx, (16)

- D
where )

®, = / ()W ™ (z)dz,
D

is valid.
Proof. Applying Green’s formula to the vectors V! = s 1®(x) and V =

2 2
>~ 'W ™ () and taking into account the condition TW (™) |g = 0, we obtain
2 2
/ E(e @, s W) de = 5, .
D

Repeating further word for word the proof of Lemma 1, we will get inequality (16).
|

Lemma 3 For any siz-component vector ®(x) satisfying the conditions 1) & €
CY(D), 2) Pe_ o Ly(D) and 3) ®|s = 0 for the problem (I)p,,. and the con-

611 sz

dition T®|s = 0 for the problem (II)p 4y, the inequality

Soa2f < [ pfopds, k=12 (17)
n=1 D

1s valid.

In particular, it follows from the above theorem that the numerical series in the
left-hand side (17) converges.
Proof. Applying Green’s formula (1) to the vectors s !®(z) and

k
> W™ (z) and taking in each of the cases the boundary conditions ®(x) and

k
W) (z) on S, we obtain
/ MOW™Wdy = —5, &, k=1,2,
D

whence - i
(M®),, = —7,P,, k=1,2. (18)

For M®(z), we write the Bessel’s inequality

Z(H@)ig/})ﬂ\ﬁi@\?dm. (19)

Taking into account (18), from (19) we get (17). W
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6 Formal Scheme of the Fourier Method

We denote 3(x) = sp(z), ¥(z) = sp(z). Let VI(z,t) be a solution of the problem
(I)f 53 We write the representation VI(z,t) = Vi(z,t) + V2(z,t), where V(z,t)
is a solution of the problem (I), - 7, and V2(x,t) is that of the problem (70,0

Applying to the problem (I) 0.3.5 2 formal scheme of the Fourier method, we obtain

Z ( cos fyntJr ¥ sm\/}ynt),
n=1 \/;

o= [ FW O @), Dy = [ GWOa

Formally, we decompose ‘72(x,t) and F (z,t) into a series by the system

(WO ()32

where

=SR2 @), i AW (e
n=1 n=1

We get

00 t
Z W (a Fo(7)sin\/4,, (t — 7)dr.

%0

Consequently, a solution of the problem (1) 59 is formally looks as follows:

21
xt:ZW ( cos ’ynt+

7’7} sin lnt
g
+ g I/%/(ﬂ)(m)\/lgl /Ot F,(7)sin \/E(t —T1)dr. (20)

Applying  Green’s  formula (2) to the vectors s '@(z) and
1 1
>~ "W (z) and taking into account that @|s = W |g = 0, we obtain

~ Lo 1
/D B W™ () = 4, 5,

that is,

(M) = ~nPn- (21)
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— 1
We apply now formula (2) to the vectors >~ *M@(z) and 2~ "W (z) and take
— 1
into account that M®|s = W™ |g = 0. Thus we get
Tro~ 1 T
(M7@)n = =7, (M@)n,

whence by virtue of (21), we obtain

~ M2~ n
g = 22 22
Tn
Analogously, we find that
- M& n - Mﬁ n
Tn Tn

In view of (22) and (23), (20) takes the form

1
~ > (n) —
Vit =3 L0125, cos ¢

2

n=1  Tn
(n) —
Z Mp),sin\/ v,t
— 3/2
W(n)
— Z / ) sin y/ #n (t —T)dr. (24)
3/2

nl"}/

Let V11 (z,t) be a solution of the problem (II)z - ~. Then, analogously, we get

F.e.p

_ 6 S W) ~
P = Y X @) B, + 5+ Y T D (WP cos /4,0
n=1

n="7 Tn
oo V2V(" . 5 6 t t
- Z 5 Mw)n sin\/7,,t + Z x™ () / (/ Fn(T)dT) dt
3,8/2 — 0 0

W(”) . 2
—Z T /O (N F)n(r) sin /3, (¢t — 7). (25)

7 Justification of the Fourier Method

To justify the Fourier method, we have to prove that the series appearing in (24)
and (25) and those obtained by means of a single termwise differentiation of these
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series converge uniformly in the closed cylinder Q, while the series obtained by a
double termwise differentiation of these series converge uniformly in the cylinder €.

We investigate here only the series appearing in (24) because those appearing in
(25) are investigated analogously. First, we investigate the series

) (z)
S (G725, cos A, (26)

n=1 Tn
1
where for the sake of simplicity we adopt W™ = W (") and ’1y =,-
Simultaneously, we investigate the series obtained by a single and double termwise
differentiation with respect to ¢ of the series (26),

P W (g) —, )
- Wg)(MQ“")" sin y/t, (27)
n=1 n

© W (2)
S W@) (312),, cos . (28)

Tn

n=1

Estimate a residual of the series (26) by using the Cauchy-Bunyakowski’s inequal-
ity and majorizing simultaneously the cosine by unity. We have

m-+p
w®(z) —.
Z 72()(1\4280)71(308 Vnt| =

n=m n

{mﬂj WO o

1/2
)3 S orpE| . e

n=m
Since ]\72g~0 € Ly(D), by virtue of Bessel’s inequality we obtain

/ | M| da. (30)

n= 1

In view of (30), it follows from (29) that to prove that the series (26) converges
uniformly in €2, it suffices to state that the sum of the series

(") (g

Z 'W (31)

exists and is uniformly bounded in D.
The Bessel’s inequality provides us with

oo W(n) T 2
s Il / K (2, ) dy, (32)
n—=1 Tn D

1 1
where K (z,y) = K(z,y) = »G(zx,y)s. By virtue of (8), it follows from (32) that the

sum of the series . ,
— W (2)]
> Wk 2

n=1
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exists and is uniformly bounded in D.

The same conclusion is especially valid for the series (31). The series (27) and
(28) are investigated analogously.

Consider now the series obtained by a single and double termwise differentiation
with respect to x of the series (26),

o W)
Zliig(MZ@ncos\/ﬁt, i=1,2,3; (34)
o PO
;%(M%)ncos\/ﬁt, i=1,2,3. (35)

Consider the iterated kernel K(?)(z,y) for the kernel K (z,y). Then

me:ﬁ/mewWW@@
D

The Bessel’s inequality results in

0o aw (n ) (z) 2
8[((2)
ZM / ‘i‘ dy, i=1,2,3; (36)
1 v
o |PW@) 2 )
(2)
a“‘%] ‘8 “"d —1,2,3. 37
nzl / D, | W i (37)

By virtue of (9), it follows from (36) that the sum of the series appearing in the
left-hand side of (36) exists and is uniformly bounded in D.

On the strength of (10), it follows from (37) that the sum of the series appearing
in the left-hand side of (37) exists and is uniformly bounded in D', where D' C D is
an arbitrary closed domain lying strictly in D.

Repeating the above reasoning, we can prove that the series (34)

converges uniformly in €2, and the series (35) converges uniformly in 2.

Let us now pass to the investigation of the second series (24). We rewrite it in the
form

© ) (g)
> Lz()((Mw)m/ﬁ) Sin /Yt (38)

Tn

n=1

Comparing the series (38) and (26), it is not difficult to notice that they are of the
same structure, the only difference is that the cosine is replaced by the sine and
(M?®)y, is replaced by (M®)n,/7,. In investigating the series (26) we have used the
fact that the series

o0

> ()2

n=1
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converges. As for the convergence of the series

0 e~~~
(M),
n=1
it follows directly from the above-proven Lemma 1. Consequently, we can apply the

above scheme to the series (38).
Finally, we investigate the third series appearing in (24) and rewrite it in the form

< W () [
ZVVV%()/O (M F)n(T)/¥r sin /7, (t = T)dT. (39)

n=1

It is clear from the above reasoning that we have to prove the convergence of the
series

3 / (BE) ()i

The last statement follows directly from Lemma 1 and the well-known theorem on
the limiting passage under the Lebesgue integral sign.
It remains for us to prove that the Fourier series

i E, ()W ™ (2) (40)

of the vector-function F (x,t) converges uniformly in the closed cylinder 2. Consider

the series _
oo t
Z W (z) / dFa(T) dr. (41)
n=1 0

dr

and estimate the residual of the series (43) by means of the Cauchy-Bunyakowski’s
inequality

m-+p

;W(")(x) /Ot dﬁ;@dT‘

m+p n m+p e 75 1/2
W) (1) dF, (1) 2
S{Z 72( ) Z/O ()‘ngT}

dr "
n=m

(42)

Using Lemma 3 for the vector-function aFgf’t) and the theorem on the limiting
passage under the integral sign, we can state that the series

converges.
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Thus taking into account the fact that the sum of the series (31) is uniformly
bounded, it follows from (7) that the series (41) converges uniformly in 2.
From (41), we have

> W) | )y, - S - LROW@. (@

n=1 0

Thus it is clear from (43) that to prove that the series (40) converges uniformly in €,
it suffices to prove that the series

S B 0w (@) (44)

converges uniformly in D. We estimate the residual of the series (44),

m+tp m+p |W n) |2 m+p 1/2
S B0 [ > > Fn2<0>vi] | (45)

Using Lemma 3 for F(z,0), we immediately find that the series
D> F
n=1

converges uniformly. Taking now into account that the sum of the series (31) is
uniformly bounded, we can conclude from (45) that the series (44) converges uniformly
in D. Consequently, a full justification of the Fourier method for the problems under
consideration is complete.

Thus we have proved the following

Theorem 2 If F, ¢ and ¥ are the given vector-functions satisfying the conditions
mentioned in item 2, then the series (24) and (25) are the regular (classical) solutions
of the problems (I)rp.y and (I1)F,e .y, respectively.
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ABSTRACT: In this paper, we use the fuzzy prime spectrum to de-
fine the reticulation (L(A), A) of a residuated lattice A. We obtain some
related results. In particular, we show that the lattices of fuzzy filters
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spectrum of A and L(A) are homomorphic topological space.
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1 Introduction

M. Ward and R.P. Dilworth [12] introduced the concept of residuated lattices as
generalization of ideal lattices of rings. These algebras have been widely studied (See
1], 2] and [6]).

The reticulation was first defined by simmons([10]) for commutative ring and L.
Leustean made this construction for BL-algebras ([7]). C. Mureson defined the reticu-
lations for residuated lattices ([8]). The reticulation of an algebra A is a pair (L(A), \)
consisting of a bounded distributive lattice L(A) and a surjective A : A — L(A)([8]).
Hence we can transfer many properties between A and L(A).

The concept of fuzzy sets were introduced by Zadeh in 1965 ([13]). This concept
was applied to residuated lattices and proposed the notions of fuzzy filters and prime
fuzzy filters in a residuated lattice ([3], [4] and [14]). We defined and studied fuzzy
prime spectrum of a residuated lattice in ([5]).

In this paper, we use fuzzy prime spectrum to define the congruence relation = on a
residuated lattice A. Then we will show that A/ 2 is a bounded distributive lattice
and (A/ =, ) is a reticulation of A. We will investigate some related results. Also, we
obtain the relation between the reticulation of a residuated lattice induced by fuzzy
prime spectrum and the reticulation of a residuated lattice which is defined in ([8]).

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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2 Preliminaries

We recall some definitions and theorems which will be needed in this paper.

Definition 2.1. ([1], [11]) A residuated lattice is an algebraic structure (A, A,V, —
,%,0,1) such that

(1) (A,A,V,0,1) is a bounded lattice with the least element 0 and the greatest ele-
ment 1,

(2) (A, *,1) is a commutative monoid where 1 is a unit element,
B)rxy<ziffx <y — z forall z,y,z € A.

In the rest of this paper, we denote the residuated lattice (A4, A, V,*,—,0,1) by A.

Proposition 2.2. ([6], [11]) Let A be a residuated lattice. Then we have the follow-
ing properties: for all x,y,z € A,

(1) x <yifand only if z — y =1,

(2) zxy<axAy<u,y,

B)zx(yVz)=(r*xy)V(xx*2).

Definition 2.3. ([6], [11]) Let F be a non-empty subset of a residuated lattice A. F
is called a filter if

(1)1€F,

(2)if x,o >y € F, theny € F, for all z,y € A.

F is called proper, if F # A.

Theorem 2.4. ([6], [11]) A non-empty subset F' of a residuated lattice A is a filter
if and only if

(1) z,y € F implies z xy € F,

(2)ifx<yand x € F, theny € F.

Definition 2.5. ([6]) Let X be a subset of a residuated lattice A. The smallest filter
of A which contains X is said to be the filter generated by X and will be denoted by
<X >.

Proposition 2.6. ([6]) Let X be a non-empty subset of a residuated lattice A. Then
<X>={a€A:a>mx*...xx, for some z1,...,x, € X}.

Definition 2.7. ([6], [11]) A proper filter F' of a residuated lattice A is called prime
filter, if for all z,y € A, x Vy € A, implies x € A or y € A.

Proposition 2.8. ([9]) (The prime filter theorem) Let A be a residuated lattice, F
be a filter of A and a € A\F. Then there exists a prime filter of A that includes F

and does not contain a.

Definition 2.9. ([13]) Let X be a non-empty subset. A fuzzy set in X is a mapping
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p: X —[0,1]. For t € [0,1], the set u; = {x € X : u(z) > t} is called a level subset
of u. We call that u is proper, if it has more two distinct values.

Definition 2.10. Let X, Y be non-empty sets and f : X — Y be a function. Let p
be a fuzzy set in X and v be a fuzzy set in Y. Then f(u) is a fuzzy set in Y defined by

_ [ oswp{p(z) sz e fTH )} if fTw) A0
= . A S
for all y € Y and f~1(v) is a fuzzy set in X defined by f~1(v)(z) = v(f(x)) for all
zecX.

Definition 2.11. Let X be a lattice. A fuzzy set u is called a fuzzy lattice filter in
X if it satisfies: for all x,y € X,

(1) u(z) < (1),

(2) min{p(x), u(y)} < plx Ay).

The set of all fuzzy lattice filter in X is denoted by FL(X).

Definition 2.12. ([3], [14]) Let A be a residuated lattice. A fuzzy set p is called a
fuzzy filter in A if it satisfies: for all x,y € A,

(FF1) pz) < (1),

(fF4) min{p(x), p(z — y)} < p(y).

The set of all fuzzy filter in A is denoted by F(A).

Theorem 2.13. ([3], [14]) Let A be a residuated lattice. A fuzzy set p in A is a
fuzzy filter if and only if it satisfies: for all x,y € A,

(fF1) z <y imply p(z) < pu(y),
(fF2) min{u(x), u(y)} < plzxy).

Proposition 2.14. ([3]) Let u be a fuzzy filter of A. If u(x — y) = p(1), then
p(z) < p(y), for any x,y € A.

Definition 2.15. Let p be a fuzzy set in a residuated lattice A. The smallest fuzzy
filter in A which contains p is said to be the fuzzy filter generated by p and will be
denoted by < p >.

Proposition 2.16. Let u be a fuzzy set of a residuated lattice A. Then < p > (z) =
sup{min{p(ay),...,u(ap)} : & > ay *...xa, for some ay,...,a, € X}, for all z € A.

Definition 2.17. ([5]) Let i be a proper fuzzy filter in a residuated lattice A.  is
called a fuzzy prime filter if pu(x Vv y) < max{u(z), u(y)} for all z,y € A.

Theorem 2.18. ([5]) A proper subset P of a residuated lattice A is a prime filter of
A if and only if xp is a fuzzy prime filter in A.
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Theorem 2.19. ([5]) Let A and A’ be residuated lattices and f : A — A’ be an
epimorphism. If y is a fuzzy prime filter in A which is constant on ker(f), then f(u)
is a fuzzy prime filter in A’

Theorem 2.20. ([5]) Let A and A’ be residuated lattices and f: A — A’ be a ho-
momorphism. If v is a fuzzy prime filter in A’, then f~1(v) is a fuzzy prime filter in A.

Notation: ([5]) We shall denote the set of all fuzzy prime filter p in a residu-
ated lattice A such that pu(1) = 1 by Fspec(A). For each fuzzy set v in A, define
C(v) = {p € Fspec(A) : v < pu}. Let p = xqqy for a € A. We shall denote C(u) by
C(a) for all a € A. Thus C(a) = {p € Fspec(A) : u(a) = 1}.

Proposition 2.21 ([5]) Let u, v be fuzzy sets in a residuated lattice A and a,b € A.

Then

(1) p < v imply C(v) C C(u) C Fspec(A).
U vi) = N Cw).

(2) C( Y e]C(V
(3) C(p) UC(v) CC(<
(4) Cland) =C(a) U
(5) Cxa) = N C(a).

acA
Theorem 2.22.([5]) Let V(a) = Fspec(A)\C(a) and B = {V(a) : a € A}. Then B
is a base for a topology on Fspec(A). The topological space Fspec(A) is called fuzzy
spectrum of A.

p>N<v>).
C(b),

3 The reticulation of residuated lattices

Definition 3.1. Let A be a residuated lattice. Define
a=b if and only if C(a) = C(b),
for all a,b € A. Hence a 2 b iff for any p € Fspec(A), (u(a) = 1 iff p(b) =1).

Theorem 3.2. The relation = is a congruence relation on a residuated lattice A with
respect to x, A and V.

Proof: It is clear that = is an equivalence relation on A. Suppose that a = b and
c = dwhere a,b,c,d € A. We will show that axc =2 bxd, aAc 2 bAdand aVe =2 bVd.
(1) Let p € C(a xc). So u(a*c) =1. By Proposition 2.2 part (2) and Theorem 2.13,
we have 1 = p(a x¢) < u(a),u(c). We get that p(a) = p(c) = 1. By assumption,
w(b) = p(d) = 1. Since bxd < bxd, then d < b — (bx*d) by Definition 2.1 part (3).
We obtain that 1 = u(d) < u(b — b+ d) by Theorem 2.13. Since p is a fuzzy filter
in A, we have 1 = min{u(b), u(b — bxd)} < u(b*d). Then u(b*d) = 1, that is
p € C(bxd). Hence C(axc) C C(bxd). Similarly, we can show that C(bxd) C C(a*c).
Therefore a x ¢ = bx*d.
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(2) Let anc = bAdand p € ClaAc). Thus p(aAc) =1. Since a A ¢ < a,c, then
1= p(anc) < p(a),pu(c) by Theorem 2.13. By assumption p(b) = p(d) = 1. Since p
is a fuzzy filter in A and b*d < bAd, then 1 = min{u(b), u(d)} < pb*d) < u(bAd)
by Theorem 2.13. Hence u(bA d) =1 and then C(a A c¢) C C(bAd). Similarly, we can
show that C(b A d) C C(a Ac). Therefor a A c = bAd.

(3) Let aVe 2bVdand p € ClaVd). Then p(a Vb) = 1. Since p is a fuzzy
prime filter in A, we have p(a) = 1 or u(b) = 1. By assumption u(c) = 1 or
wu(d) = 1. Hence pu(cV d) = max{u(c),u(d)} = 1. We obtain that p € C(c V d)
and then C(a Vv b) C C(cV d). Similarly, we can prove that C(cV d) C C(a Vb). Hence
avezbvd

Notation: Let = be a the congruence relation on residuated lattice A which is de-
fined in Definition 3.1. For all a € A, the equivalence class of a is denoted by [a], that
is [a] = {b € A:a=b}. The set of all equivalence classes is denoted by A/ .

Theorem 3.3. The algebra (A/ =, A, V,[0],[1]) is a bounded lattice, where
[a] V [b] = [a V b] and [a] A [b] = [a A D]
for all a,b € A.

Proof: By Theorem 3.2, the operation A and V are well defined. The rest of the
proof is routine. W

Example 3.4. Consider the residuated lattice A with the universe {0,a,b,¢,d, 1}.
Lattice ordering is such that 0 < a,b < ¢ <1,0< b < d <1 but {a,b} and {c,d} are
incomparable. The operations of * and — are given by the tables below :

*x|0 a b ¢ d 1 =10 a b ¢ d 1
00 0 O O O O O0(1 1 1 1 1 1
al0 a 0 a 0 a ald 1 d 1 d 1
b0 0 0 O b b ble ¢ 1 1 1 1
c|l0 a 0 a b ¢ clb ¢ d 1 d 1
dl0 0 b b d d dla a ¢ ¢ 1 1
110 a b ¢ d 1 110 a b ¢ d 1
Consider 0 < v1(0) = v1(a) = 11(b) ) <11(d) =v1(1) =1 and 0 < 15(0) =

1n(b) = 1a(d) < 1) = 1a(e) = (1) =
that [0] = [b], [a] = [¢]. Therefore Al =
{[a], [d]} are incomparable.

1(c
1. Then Fspec(A) = {v1,v2}. We obtain
= {[0], [a], [d], [1]} where [0] < [a],[d] <1 but

Lemma 3.5. Let A be a residuated lattice and a,b € A. Then
(i) [a] < [b] if and only if C(b) C C(a),

(ii) if @ < b, then [a] < [b],

(iii) [a A b] = [a * b].
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Proof: (i) By Theorem 3.3 and Proposition 2.21 parts (1) and (4), we have [a] < [b]
iff [a] A [b] = [a] iff [a A B] = [a] iff C(a) =C(a A D) =C(a)UC ( ) iff C(b) C C(a).

(ii) If @ < b, then C(a) C C(b). We obtain that [a] < [b] by (i).

(iii) We will show that C(a xb) = C(a A'b). Let p € C(a*b). Then u(a xb) = 1.
By Proposition 2.2 part (2) and Theorem 2.13, u(a % b) < u(a A b). We get that
pu(a Ab) =1 and then p € C(a Ab). Hence C(a *b) C C(a Ab).

Conversely, let i € C(aAb). Then u(aAb) = 1. Since aAb < a,b, then p(a) = u(b) =1
by Theorem 2.13. Since b < a — (a *b) and p is a fuzzy filter in A,

1 = minfpu(a), p(b)} < minfu(a), pla — (a b))} < pulaxb).

Hence p(a*b) =1 and then p € C(a xb). We get that C(a A b) C C(a *b). Therefor
[anb]=[axb]. B

Theorem 3.6. The bounded lattice (A/ =, A, V, [0], [1]) is distributive.

Proof: Let a,b,c € A. By Lemma 3.5 and Proposition 2.2 part (3),

[a] A([b] V[e]) = laA(bV )]l =[ax(bVc)l
=[(axb)V(axc) =[axb]V|ax*Cc]
=[anb]Vianc = ([a] AD])V ([a] Alc]).1

Definition 3.7. Let A be a residuated lattice and 7 : A — A/ = be that canonical
surjective map defined by 7(a) = [a]. Then (A/ =, 7) is called the reticulation of
residuated lattice induced by fuzzy filters.

Lemma 3.8. Let A; and A, be residuated lattices and f : A; — As be a homomor-
phism of residuated lattices. Then C(a) = C(b) implies C(f(a)) = C(f(b)), for any
a,be A

Proof: Suppose that C(a) = C(b) where a,b € A; and v € C(f(a)). Then v €
Fspec(As) and v(f(a)) = 1. By Theorem 2.20, we have f~1(v) € Fspec(A;) and
f~tw)(a) = v(f(a)) = 1. Thus f~(v) € C(a) = C(b). We get that v(f(b)) =
F71(v)(b) = 1 and then v € C(f(b)). Hence C(f(a)) C C(f(b)). Similarly, we can
show that C(f(b)) C C(f(a)).H

In the following theorem, we will define a functor from the category of residuated
lattices to the category of bounded distributive lattices.

Theorem 3.9. Let A; and Ay be residuated lattices and f : Ay — Az be a homo-
morphism of residuated lattices. Then f : A1/ 2— A/ = is defined by f([a]) = [f(a)]
is a homomorphism of lattices.

Proof: Let [a] = [b]. By Lemma 3.5 part (i), we obtain that C(a) = C(b). By Lemma
3.8, C(f(a)) = C(f(b)). We have [f(a)] = [f(b)] by Lemma 3.5 part (i). So f is well

defined. Now, Let a,b € A;. Since f is a homomorphism of residuated lattices, then
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Flal A [b]) = f(lanb]) = [f(a AB)] = [f(@)] A[f(B)] = F([a]) A F([b]-

Similarly, we can show that f([a] V [b]) = f([a]) V f([b]). Also, f([0]) = [£(0)] = [0]
and f([1]) = [f(1)] = [1]. Hence f is a homomorphism of lattices.l

Lemma 3.10. Let p be a fuzzy filter in a residuated lattice A and a,b € A such that
[a] = [b]. Then p(a) = p(b)-

Proof: Suppose that u is a fuzzy filter in A such that p(a) # (). Then u(a) < u(b)
or pu(b) < p(a). Let p(a) < p(). Put F = {x e A: p(x) > ubd)}, ie. F = p,w.
Hence F is a filter of A such that a € F. Define J =< F U {b} >. Then J is a filter
of A. We shall show that a ¢ J. Suppose that a € J. By Proposition 2.6, there exist
Y1y Yn € FU{b} such that yy * ... xy, < a. If y; = b for some 1 < i < n, then
Y1¥. kY1 %Y 1. %Y xb < a. Hence yy*...xy; _1%y;11...%y, < b — a. Since F is a filter,
we have b — a € F, that is u(b — a) > p(b). So p(b) = min{u(b), u(d — a)} < p(a)
which is a contradiction. Now, suppose that y; € F for all 1 < ¢ < n. Thus
Y1 * ... *y, € F. We get that a € F which is a contradiction. Hence a ¢ J and
J is a proper filter. By Proposition 2.8, there exists a prime filter P such that J C P
and a ¢ P. By Theorem 2.18, xp is a fuzzy prime filter in A such that xp(b) =1
and xp(a) # 1. We obtain that xp € C(b) but xp & C(a) which is a contradiction.
Hence p(a) = p(b). B

Theorem 3.11. Let p be a fuzzy filter in a residuated lattice L. Then 7(p) is a
fuzzy lattice filter in A/ = and 7= (7 (p)) = p.

Proof: Let [a],[b] € A/ 2. Then 7(a) = [a] and 7(b) = [b]. Since 7 is a homomor-
phism, we have [a] A [b] = [a Ab] = m(a Ab). We get that a Ab =77 (x Ay). We
have

w()([a] A [B]) = sup{p(z) : 2 € 7 a A B}
> sup{p(z Ay) :z € n ([a]),y € x 1 ([b])}
= sup{min{u(z), u(y)} : x € 7~ ([a]),y € 71 ([b])}
= min{sup{u(z) : x € 7~ ([a]) }, sup{u(d) : y € 7~ ([b]) }}
= min{n(x)(a), 7(1)(b)}.

Let [a] < [b]. Then 7w(a) < 7(b). We shall show that 7(u)([a]) < 7(w)([b]). Suppose
that m(u)[a] > w(w)[b]. Then there exists zo € 7~ 1([a]) such that m(z9) = a and
w(xo) > sup{u(y) : y € 7= 1(b)}. We have u(y) < u(zo) for all y € 7 1(b). Let
y € 7 1(b) be arbitrary. Since 7 is a lattice homomorphism, then [b] = [a] V [b] =
m(xo) V m(y) = w(wo Vy). Hence xg Vy € m~1(b). Therefore u(zo Vy) < u(zo).
By Definition 2.17, p(zo V y) > max{u(zo), u(y)} = w(xo) which is a contradic-
tion. Hence 7(u) is a fuzzy lattice filter in A/ = By Lemma 3. 10, we have
w U (n(w) (@) = 7(w)(m(a) = T(wla] = sup{p(z) : = € 7 \([a))} = sup{(z)
7(2) = [a]} = sup{p(z) : [2] = [a]} = p(a).
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Theorem 3.12. Let v be a fuzzy lattice filter in a lattice A/ =2. Then 7~1(v) is a
fuzzy filter in A and (7~ 1(v)) = v.

Proof: Let z,y € A. By Lemma 3.5 part (iii), we have 771 (v)(z xy) = v(r(z*y)) =
v([zxy]) = v([zay]) = v([z]Aly]) = min{v([2]), v([y])} = min{z~} (v)(z), 7} (v)(y)}.
Suppose that < y. By Lemma 3.5 part (ii), we have [z] < [y]. Since v is a fuzzy lat-
tice filter in A/ 22, we have v([z]) < v([y]), that is 7= (v)(z) < 7~ 1(v)(y). By Lemma
3.10, we obtain that (7~ (v))[z] = sup{m " (v)(v) : y € 7~ 1([2])} = sup{r 1 (v)(y) :
7(y) = 2]} = sup{n— () : [1] = 2]} = v((z]) B

Proposition 3.13. Let p and v be fuzzy filters in a residuated lattice A. Then v < p
if and only if 7(v) < 7(u).

Proof: Suppose that v < p. Then m(v)([z]) = sup{v(y) : y € 771 ([z])} < sup{u(y) :
y € ([x])} = m(u)([x]). Conversely, let w(v) < (). Then v(a) = 7= (7(v))(a) =
m(v)(m(a)) < w(p)(n(a)) = 7~ (7 (1)) (a) = p(a). W

Theorem 3.14. There is a lattice isomorphism between the lattices F(A) and
FL(A/ =).

Proof: Define ¢ : F(A) = FL(A/ =) by ¢(u) = w(u) and ¢ : F(L/ =) — F(L) by
¥(v) = 77 (v). By Theorems 3.11 and 3.12 ¢ and 1) are well defined and bijection.
By the above Proposition ¢ is a lattice homomorphism. Hence ¢ is an isomorphism
of lattices.H

Theorem 3.15. Let u be a fuzzy prime filter in a residuated lattice A. Then 7(u)
is a fuzzy prime filter in A/ 2.

Proof: Since p is a fuzzy prime filter in A, then p is proper. So u(0) # u(1). By

Lemma 3.10, 7(p)(0) = sup{p(z) : & € 7~ 1([0])} = sup{u() : [2] = [0]} = u(0) =
and m(u)(1) = sup{p(z) : = € 7 ([1])} = sup{p(z) : [2] = [1]} = (1) = 1. Hence
m() is proper. We have 7(u)([z V y]) = sup{p(2) : 2 € 7= ([z V y])} = sup{u(z)

[z] = [z Vyl} = p(z Vy) = max{u(x), u(y)} Also, we have m(p)[z] = sup{p(a) : a €
7 Y([z])}. = sup{u(a) : [a] = [z]} = p(x). Similarly, we can show that m(u)| ).
We obtain that m(p)(z vV y) = p(z vV y) = max{u(z), u(y)} = max{r(p)(z), 7(1)(y)}
and then 7(u) is a fuzzy prime filter in A/ .1

Theorem 3.16. Let v be a fuzzy prime filter in a lattice A/ =2. Then 7~ 1(v) is a
fuzzy prime filter in A.

Proof: By assumption v is proper. Hence v([0]) # v([1]). We have 7~ ( )(0) =
v(m(0)) = v([0]) and 7~ (v)(1) = v(m(1)) = v([1]). Hence 7~'(1)(0) # 7 (v)(1).
That is 7= !(v) is proper. Also, we have

T W) Vy) = vireVy) = vz V) = v(z]VvIyl) = max{v(z]), v([y])}
max{r ! (v)(z),7(v)(y)}. W
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Theorem 3.17. There exists a homomorphism between topological Space Fspec(A)
and Fspec(A/ ).

Proof: Consider ¢ in Theorem 3.14. The restriction ¢ to Fspec(A) is denoted by
. By Theorems 3.15 and 3.16, @ : Fspec(A) — Fspec(A/ =) is a bijective. We
will show that @ is continuous and closed. Let C([a]) be an arbitrary closed base set.
Then

¢~ (C([a]) = {n € Fspec(A) : ¢(n) € C(la])}
={n € Fspec(A) : m(p) € C([a])}
— {u € Fspec(A) : w(p)[a] = 1
— {n € Fspec(A) : p(a) = 1} = C(a)
Hence ¢ is continuous. Also, we have
#(C(a)) = {p(p) : j1 € Pspec(A), j € C(a)}
€C(a)}

={r(p):per SpeC(A;’,u
I
= {v € Fspec(A/ =) : v([a]) = 1} = C([d]).

Hence ¢ is closed. W

Let A be a residuated lattice. For any a,b € A define a = b iff for any P € Spec(A),
(a € Piff b€ P). Then = is a congruence relation on A respect to x, A and V. Let us
denot by a the equivalence class of a € A and let A/ = be the quotient set. We denote
A: A — A/ = the canonical surjective defined by A(a) = @. Then (4/ =,V,A,0,1) is
a bounded distributive lattice and (A/ =, \) is a reticulation of A (See [8]).

Theorem 3.18. Let A be a residuated lattice. Then the congruence relation & is
equal to the congruence relation = on A.

Proof: Let a,b € A such that a = b. We have (u(a) = 1 iff u(b) = 1) for any
u € Fspec(A). Suppose that P € Spec(A). By Theorem 2.18, xp is a fuzzy prime
filter. Hence xp(a) =1 iff xp(b) = 1. We get that a € P iff b € P. Hence a = b and
then =C=.

Conversely, let a = b and p € Fspec(A) such that u(a) = 1. We get that a € py and
w1 is a proper filter of A. Hence uy € Spec(A) . Since a = b, then we have b € py.
We obtain that p(b) = 1. Similarly, we can prove that if u(b) = 1, then p(b) = 1. So
a =2 b. Therefor =C=.1
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In the paper we consider the pexiderized Golab—Schinzel functional equation, i.e.
the equation

[z +g(x)y) = h(x)k(y) (1)
in the class of unknown functions f, g, h,k : X — K, where X is a linear space over a
commutative field K. This equation generalizes one of the Pexider equations, i.e.

f(x+y) = g(x)h(y),

which is very well-known for over hundred years (see [7]), as well as the Gotab—Schinzel
equation

flx+ f(z)y) = f(z)f(y),

which appeared in 1959 in [4] and has been extensively studied by many authors (for
more information see a survey paper [1]).

In 1966 E. Vincze introduced equation (1) in [8]. Next papers concerning it have
been published over forty years later (see [2], [6]).

The principal aim of the paper is to prove the theorem, which characterizes general
solutions of the equation (1) combined with a partially pexiderized Gotab—Schinzel
equation, i.e. the equation

flz+g(x)y) = f(z)f(y). (2)

Our main result is:

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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Theorem 1. (cf. [6, Theorem 1)) Let X be a linear space over a commutative field
K. Functions f,g,h,k: X — K satisfy (1) iff they have one of the following forms:

f = 07 f - O7
(1) h’ = Oa or k — O7
gk are arbitrary g, h are arbitrary;
f = ab,
(ii) there are a,b € K\ {0} such that z " Zrbztmry,
k =b;
f =bh,
, 9=0,
(iii) there is a b € K\ {0} such that h s arbitrary monconstant,
k=b;

(iv) there are a,b,c € K\ {0} and functions F,G : X — K with F # 1 and F(0) =
G(0) =1, such that F' and G satisfy the equation (2) and

f = abF,
g =G,
h =akF,

k(x) = bF(cx) for z € X;

(v) there are o € X \ {0}, a,b € K\ {0} and functions F,G : X — K with
F(0) = G(0) = 1, F(—xz9) = G(—x9) = 0, such that F and G satisfy the

f(x) =abF(xz — x0) for z € X,

. g(z) =g(x ) (x — ) for z e X,
equation (2) and h(z) = aF (2 — o) 0 for 1€ X,
k(x) = bF(g(xo)x) for x € X.

Proof. By [6, Theorem 1 (i)—(iv)] conditions (i)—(iv) of the theorem holds. Now we
have to prove (v). According to [6, Theorem 1(v)] there are 2o € X\ {0}, a,b € K\{0}
and a function fp : X — K with

fo(zo) =1, fo(0) = g(0) =0, (3)

such that fy and g satisfy the equation

fo(z +g(x)y) = fo(z)folwo + g(wo)y) for every z,y € X (4)
and
f = abfo,
h = afo, (5)

k(x) =bfo(zo + g(zo)x) for z € X.

First consider the case, when g(z¢) = 0. Then equation (4) has the following form:

fo(z + g(x)y) = fo(x).
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Suppose that g(yg) # 0 for some yo € X. Then, for every z € X, there exists ay € X
such that z = yo + g(yo)y and hence, by (4),

fo(z) = fo(yo + 9(yo)y) = fo(yo) for every z € X.

It means that fy is constant, what contradicts (3). So, ¢ = 0 and fy is arbitrary.
Hence, by (5), f = abfy, g =0, h = afy and k = b with an arbitrary function fo.
Thus f = bh, g = 0, h is arbitrary and & = b and consequently functions f,g,h,k
have the same form as in condition (iii).

Now we consider the case, when g(zg) # 0. Define functions F,G : X — K as

follows:
F(x) = fo(x + xo) for z € X,

G(x):% for x € X.

Clearly F'(0) = G(0) = 1 and F(—z9) = G(—x9) = 0. Moreover, by (4), for every
x,y € X we have:

F(z+Gle)y) = F (v + 2420y) = fo (24 a0 + 9o + 20) 515 )
= fo(z + o) fo (150 =+ g(ﬂfo)ﬁ) = F(z)F(y).

Hence functions F, G satisfy (2), what ends the proof of condition (v). O

Theorem 1 shows that the pexiderized Gotab—Schinzel equation is tightly con-
nected with the equation (2). The equation (2) has been considered by J. Chudziak
[3] in the class of real functions f, g, where g is continuous, or by the author of [5] in
the class of continuous on rays functions f, g : X — R (where X is a real linear space).

Using Theorem 1 and the result of J. Chudziak [3, Theorem 1], we obtain the
following corollary.

Corollary 1. Functions f,g,h,k : R — R satisfy (1) and g is continuous if and only
if they have one of the following forms:

f =0, f =0,
M g is arbitrary continuous, or g 1s arbitrary continuous,
h =0, h is arbitrary,
k is arbitrary, k=0;
[ = ab,
(ii) there are a,b € R\ {0} such that ‘Z z_s Zrbztmry CONENUOLS,
- K
k=b;
[ ="bh,
9=0,

(iii) there is a b € R\ {0} such that h is arbitrary nonconstant,

k=1b;
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f = abF,
. g = cG,
(iv) there are a,b,c € R\ {0} such that h—aF,

k(z) = bF(cx) for x € R,
where F,G : R — R are defined by one of the following three formulas:

— G =1 and F is an exponential function;

— there are a nonconstant multiplicative function ¢ : R — R and d € R\ {0}

such that
Gz)=dz+1 for v € R, ;
{F(x):¢(dl‘+1) for x € R; (6)

— there are a nonconstant multiplicative function ¢ : [0,00) — [0,00) and
d € R\ {0} such that

G(z) = max{dx + 1,0} for x € R, -
F(z) = ¢(max{dx + 1,0}) for x € R; (7)

(v) there are a,b,c,d € R\ {0} such that either

f(z) = abg(dx) for © € R,
g(x) = cdx for z € R, g
h(z) = ap(dz) for z € R, (8)

k(z) = bp(cdx + 1) for z € R,

where ¢ : R — R is a nonconstant multiplicative function, or

f(z) = abp(max{dz,0}) for v € R,
g(x) = cmax{dz, 0} for v € R, 9
h(z) = ap(max{dz,0}) for z € R, (9)
k(z) = bp(max{cdr +1,0}) for xz € R,

where ¢ : [0,00) — [0,00) is a nonconstant multiplicative function.

In the same way, using Theorem 1 and [5, Theorem 1], the following corollary can
be derived.

Corollary 2. Let X be a real linear space. Functions f,g,h,k : X — R satisfy (1)
and f,g are continuous on rays if and only if they have one of the following forms:

f = Oa f == O,
(i) g is arbitrary continuous on rays, or g is arbitrary continuous on rays,
h =0, h is arbitrary,
k is arbitrary, k=0;
[ = ab,
g is arbitrary continuous on rays,

(i) there are some a,b € R\ {0} such that h—a

k=1b;
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[ =bh,
(111) there is a b € R\ {O} such that h is arbitrary monconstant continuous on rays,
k =b;
(iv) there are a montrivial linear functional L : X — R, a,b,c € R\ {0} and r > 0
f = abF,
g=cG,
such that h = aF,

k(x) =bF(cx) for x € X,
where F' and G are defined by one of the following four formulas:

— G=1and F=explL;
{G() L(z)+1 for z € X,
F(z)=|L(z)+ 1" for z € X;
{G(x)— L(z)+1 for z € X,
F(z) =|L(z) + 1|"sgn (L(x) + 1) for z € X
{ G(z) = max{L(z) + 1,0} for x € X,
F(z) = (max{L(x)+1,0})" for z € X;

(v) there are a nontrivial linear functional L : X — R, a,b,c € R\ {0} andr >0

f = ab(¢ o L)a
. g=cL,
such that either h=a(¢oL),

kE(x) = bp(1l 4+ cL(x)) for x € X,
where ¢ : R — R has one of the following two forms:

d(a) =|a|” for a € R or ¢(a)=a|"sgna for a €R,

f(z) = ab(max{L(x),0})" for x € X,
or g(z) = cmax{L(x),0} for x € X,
h(z) = a(max{L(x),0})" for z € X,

k(x) = b(max{cL(z) +1,0})" for z € X.

At the end of the paper let us mention that equation (1) has been treated in [6]
in the class of real continuous functions f, g, h,k (see [6, Corollary 1]), but the proof
given there is not correct, because [6, Proposition 1] does not hold (to see this it is
enough to choose functions f(z) = g(x) = max{x,0} for z € R). Consequently, [6,
Theorem 2] and [6, Corollary 1] were not stated thoroughly, because their proofs base
on [6, Proposition 1].
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ABSTRACT: In this paper we prove the interior approximate control-
lability of the following Generalized Semilinear Benjamin-Bona-Mahony
type equation (BBM) with homogeneous Dirichlet boundary conditions

zt — alAzy — bAz = 1,u(t,x) + f(t, z,u(t,x)), te(0,7], x € Q,

z(t,x) =0, t>0, x € 08,
where a > 0 and b > 0 are constants,  is a domain in R”Y, w is an open
nonempty subset of €, 1, denotes the characteristic function of the set
w, the distributed control u belongs to L?(0,7; L?(2)) and the nonlinear

function f : [0, 7] x Rx IR — IR is smooth enough and there are ¢,d, e € IR,
with ¢ # —1, ea + b > 0, such that

sup | f(t, z,u) —ez — cu — d| < o0,
(t,z,u)EQ~+

where @, = [0, 7] x IR x IR. We prove that for all 7 > 0 and any nonempty
open subset w of Q the system is approximately controllable on [0, 7].
Moreover, we exhibit a sequence of controls steering the system from an
initial state zy to an e-neighborhood of the final state z; on time 7 >
0. As a consequence of this result we obtain the interior approximate
controllability of the semilinear heat equation by putting a = 0 and b = 1.
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1 Introduction.

As we pointed out in [11], the original Benjamin-Bona-Mohany Equation is a nonlinear
one; even so, in this reference we proved the interior controllability of the linear BBM
equation, which is essential for a subsequent study of the nonlinear BBM equation.
So, in this paper we shall prove the interior controllability of the following Gener-
alized Semilinear Benjamin-Bona-Mahony type equation (BBM) with homogeneous
Dirichlet boundary conditions

{ zt — alAz — bAz = 1,u(t, x) + f(t, z,u(t,x)), te€(0,7], x € Q, (1.1)

2(t,x) =0, t>0, x € 09,

where @ > 0 and b > 0 are constants,  is a domain in R”Y, w is an open nonempty
subset of €2, 1., denotes the characteristic function of the set w, the distributed control
u € L?(0,7;L?(Q)) and the nonlinear function f : [0,7] x IR x IR — IR is smooth
enough and there are ¢, d, e € IR, with ¢ # —1, ea + b > 0, such that

sup |f(t,z,u) —ez — cu —d| < oo, (1.2)
(t,z,u)EQ~+

where Q, = [0, 7] X IR X IR. Under these conditions we prove the following statement:
For all 7 > 0 and any nonempty open subset w of ) the system is approximately
controllable on [0, 7]. Moreover, we exhibit a sequence of controls steering the system
from an initial state zg to an e-neighborhood of the final state z; on time 7 > 0. As
a consequence of this result we obtain the interior approximate controllability of the
semilinear heat equation by putting a = 0 and b = 1.

We note that, the interior approximate controllability of the linear heat equation

zi(t, @) = Az(t, x) + 1,u(t, x) in (0,7] x Q,
z=0, on (0,7] x 09, (1.3)
2(0,z) = zo(x), x €,

has been study by several authors, particularly by [15],[16],[17]; and in a general
fashion in [14].

The approximate controllability of the heat equation under nonlinear perturbation
f(z) independents of ¢ and w variables

zi(t,x) = Az(t, x) + lyu(t,x) + f(2) in (0,7] x €,
z=0, on (0,7] x 99, (1.4)
Z(va) = ZO(‘T)v “S Qa

has been studied by several authors, particularly in [6], [7] and [8], depending on con-
ditions impose to the nonlinear term f(z). For instance, in [7] and [8] the approximate
controllability of the system (1.4) is proved if f(z) is sublinear at infinity, i.e.,

[f(2)| < Elz| + D. (1.5)

Also, in the above references, the authors mentioned that when f is superlinear at
the infinity, the approximate controllability of the system (1.4) fails.
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In this paper we use different technique for the linear part (see [14], [11]) and
Schauder fixed point Theorem for the semilinear system.
Now, we shall describe the strategy of this work:

First, we observe that the hypothesis (1.2) is equivalent to the existence of e, ¢ € IR,
with ¢ # —1, ea + b > 0, such that

sup | f(t, z,u) — ez — cul < oo, (1.6)
(t,2,u)€Q,

where Q. = [0,7] x R x IR.
Second, we prove that the auxiliary linear system

(1.7)

zt — alAz — DAz = 1u(t, z) + ez + cu(t,x), te€ (0,7], z€Q,
z2(t,z) =0, t>0, x € 09,

is approximately controllable.
After that, we write the system(1.1) as follows

2zt — alAz — DAz = 1u(t, x) + ez + cu(t,x) + g(¢t, z,u(t, x)), t € (0,7], x € Q,
z(t,z) =0, t>0, x € 09,

(1.8)
where g(t, z,u) = f(t,z,u) — ez — cu is an smooth and bounded function.
The technique we use here to prove the controllability of the linear equation (1.7)
is based in the following results:

Theorem 1.1. (see Theorem 1.23 from [2], p. 20) Suppose Q@ C IR" is open,
nonempty and connected set, and f is real analytic function in Q with f = 0 on
a non-empty open subset w of Q. Then, f =10 in Q.

Lemma 1.1. (see Lemma 3.14 from [{], p. 62)Let {a;};>1 and
{Bi; :i=1,2,...,m};>1 be sequences of real numbers such that: a1 > ag > az---.
Then

D eiBi =0, Ve (0], i=1,2-,m
j=1

if and only if
Bi,jzo, i:172,"',m;j:172,"',00.

Finally, the approximate controllability of the system (1.8) follows from the con-
trollability of (1.7) and Schauder fixed point Theorem.

2 Abstract Formulation of the Problem.

In this section we describe the space in which this problem will be situated as an
abstract ordinary differential equation.
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Let Z = L%(Q) = L*(Q, R) and consider the linear unbounded operator A :
D(A) C Z — Z defined by A¢p = —A¢, where

D(A) = H*(Q,R) N H} (2, IR).

The operator A has the following very well known properties: the spectrum of A
consists of eigenvalues

0<A <A <-< A <o with ) = o0, (2.1)

each one with finite multiplicity ; equal to the dimension of the corresponding
eigenspace. Therefore:

a) There exists a complete orthonormal set {¢; .} of eigenvectors of A.

b) For all z € D(A) we have

AZ:iAJ

j=1 k=

Vi

< 2,05k > ik = Z AjEjz, (2.2)
1 =1

where < -, - > is the inner product in Z and

Vi
Bjz =Y <z 0jk> b (2.3)
k=1

So, {E;} is a family of complete orthogonal projections in Z and
z:ZEjz7 z€Z. (2.4)
j=1
¢) —A generates the analytic semigroup {e‘At} given by
e Aty = Ze*/\thjz. (2.5)
j=1

Consequently, systems (1.1), (1.7) and (1.8) can be written respectively as abstract
differential equations in Z:

2+ aAZ +bAz = lyu(t)+ fe(t,z,u), z2€Z te(0,7], (2.6)
2+ aAZ +bAz = lyu(t)+ez+cu, z€Z te(0,71], (2.7)
24+ adZ +bAz = lyu(t)+ez+cu+g®(t,z,u), z€Z te(0,7], (2.8)

where u € L?([0,7];U), U = Z, B, : U — Z, Byu = 1,u is a bounded linear
operator, f€:[0,7]x ZxU — Z is defined by f¢(t, z,u)(z) = f(t, 2(x),u(x)), Vo €
and ¢¢(t, z,u) = f¢(t,2z,u) — ez — cu. On the other hand, the hypothesis (1.2) implies
that

sup ||f(t, z,u) — ez — cullz < oo, (2.9)
(t,z,u)€Z~
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where Z; = [0,7] x Z x U. Therefore, g° : [0,7] x Z x U — Z is bounded and smooth
enough.
Since (I + aA) = a(A — (—2)I) and —1 € p(A)(p(A) is the resolvent set of A),
then the operator:
I+aA:D(A) > Z

is invertible with bounded inverse
(I+aA)™':Z = D(A).

Therefore, equations (2.6),(2.7) and (2.8) also can be written as follows

2 4+b(I+aA) Az = (I+aA)'1 u(t) (2.10)
+(I +aA) " fe(t,z,u), z€Z, te(0,7]

2 4+b(I+aA) Az = (I+aA)~'1 u(t) +e(I +ad)™? (2.11)
te(I+aA)"u, z€Z tc (O,T].

2 b(I+aA) Az = (I+ad) u(t) +e(I +ad) 'z (2.12)

+e(I+ad) tu+ (I+aA) tgé(t,z,u), z€Z, te(0,7]

Moreover, (I 4+ aA) and (I + aA)~! can be written in terms of the eigenvalues of A:
(I+ad)z=) (1+a))
Jj=1

oo

1
IT+ad) 2= —  FEz. 2.13
(I+aA)"'z ;1+a/\j 2 ( )

Therefore, if we put B = (I +aA)~! and F(t,z,u) = (I + aA)~ f¢(t, z,u), equations
(2.10),(2.11) and (2.12) can be written in the form:

2 +bBAz = BByu(t) + F(t,z,u), te€(0,7], (2.14)
2 +bBAz = BB,u(t) + eBz + cBu, te€(0,71], (2.15)
2 +bBAz = BB,u(t) + eBz + cBu+ G(t, z,u), te(0,7], (2.16)

where B, f = 1, f is a linear a bounded operator from Z to Z and u € L?(0,7; L*(9))
= L%(0,7;Z) and G(t,z,u) = F(t,z,u) — eBz — cBu is smooth enough and bounded.
Now, we formulate two simple propositions.

Proposition 2.1. ([11]) The operators bBA and T(t) = e *BAt are given by the

following expressions
o0

bA;
bBAz =Y Tran, E;z (2.17)

=1
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st —bX;
Ty(t)z = e "PAz = Z e TF; 'E;z. (2.18)
j=1
Moreover, the following estimate holds
I T() I< e, ¢ >0, (2.19)
where o A
— inf J — L 2.20
g ;21{1—#(1/\]} 14+ a) ( )

Observe that, due to the above notation, the system (2.14) can be written as
follows
2/ = —Az+ BByu(t) + F(t,z,u), te(0,7], (2.21)

where A = bBA.

Proposition 2.2. The operators eB — A and To(t) = eB~Yt are given by the
following expressions

(eB — 2.22
(B = A= 2:: T+ )\ (2.22)
e— b)\ ¢
T.(t)z = el¢B=A; = Ze”“ Ejz, (2.23)
Jj=1
and
[ Te(t) < e, t>0, (2.24)
where .
€ —0A1
= 2.25
P= 1 an (2.25)

provided that b+ ea > 0.

Notice that systems (2.15) and (2.16) can be written in the form:
= (eB — A)z + BB,u(t) + cBu, te(0,7], (2.26)

= (eB — A)z + BB,u(t) + cBu+ G(t,z,u), te (0,7]. (2.27)

3 Controllability of the Auxiliary Linear Equation
(1.7)

In this section we prove the interior controllability of the linear system (2.26). But,
at the beginning we give the definition of approximate controllability for this system.
To this end, notice that for an arbitrary z9 € Z and u € L?(0,7;U) the initial value
problem

z' = (eB — A)z+ BB,u(t) + cBu, te(0,7],

(3.1)
z(0) = 2o,
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where the control function u belong to L%(0,7;U), admits only one mild solution
given by

2(t) = Te(t)z0 + /Ot T.(t — s)(BB,, + ¢BI)u(s)ds, t€[0,7]. (3.2)

Definition 3.1. (Approximate Controllability) The system (2.26) is said to be
approzimately controllable on [0, 7] if for every zo, z1 € Z, € > 0 there exists u €
L2(0,7;U) such that the solution z(t) of (3.2) corresponding to u verifies:

l2(T) — z1]| < e.

Definition 3.2. For the system (2.26) we define the following concept: The control-
lability map (for 7 > 0) Ge : L2(0,7;U) — Z is given by

Geu = /T T.(s)(BB, + ¢BI)u(s)ds, (3.3)
0

whose adjoint operator G : Z — L?(0,7; Z) is given by
(Giz)(s) = (B 4+ cI)B*T;(s)z, Vse[0,7], VzeZ. (3.4)

The following lemma holds in general for a linear bounded operator G : W — Z
between Hilbert spaces W and Z.

Lemma 3.1. (see [4], [5], [1] and [14]) The equation (2.26) is approzimately con-
trollable on [0, 7] if and only if one of the following statements holds:

a) Rang(Ge) = Z.
b) Ker(G%) = {0}.
¢) (GeGiz,z) >0, 2#0 in Z.
d) lim,_ o+ a(al + GeGE) 1z = 0.
&) Supaso llafal + GeGy) 1 < 1.
f) (B 4+el)B*TX(t)z=0, Vtel0,7], =z=0.
g) For all z € Z we have Goug = 2z — a(al + GeGE) "1z, where
Uo = Gi(al + GeGE) 2, a€(0,1].
So, lim,_,0 Geug = z and the error E,z of this approximation is given by

Eoz = alal + GGz, ac(0,1].
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Remark 3.1. The Lemma 3.1 implies that the family of linear operators 'y : Z —
L2(0,7;U), defined for 0 < a <1 by

Toz = (B +el)B*TF () (al + GeGE) 'z = Gi(al + GaGE) 2, (3.5)
is an approximate inverse for the right of the operator G, in the sense that

lim Gel'y = 1. (3.6)
a—0

Theorem 3.1. The system (2.7) is approzimately controllable on [0,7]. Moreover, a
sequence of controls steering the system (2.7) from initial state zo to an e neighborhood
of the final state z1 at time T > 0 is given by the formula

U (t) = (B + el) B*T (1) (al + GeGE) ™ (21 — To(7)20),
and the error of this approximation E,, is given by the expresion
Eo = alal + GeGE) Mz — T(1)20).

Proof . It is enough to show that the restriction Ge. = Gelr2(0,r;:22(w)) Of Ge to
the space L?(0,7; L?(w)) has range dense, i.c., Rang(Gew) = Z or Ker(G} ) = {0}.
Consequently, G, : L?(0,7; L?(w)) — Z takes the following form

Gewl :/0 Te(s)B(1 + c)u(s)ds.

whose adjoint operator G% , : Z — L?*(0,7; L*(w)) is given by
(Gewz)(s) =1+ ¢)B*T}(s)z, Vsel0,7], VzeZ.

Since B is given by the formula

oo

1
B:=Y —— E,
< Zl+a)\j JZ7

j=1

and T, by (2.23), we get that B = B* and T (t) = Te.
Suppose that
(14 ¢)B*T>(t)z =0, Vtelo,7].

Since 1+ ¢ # 0, this is equivalents to the equality
B*T;(t)z=0, Vtel0,7].

On the other hand, we have

o0

BT} (t)z =

j=1

e it

— E;z=0,
1 —Hz)\j JZ
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where v; = i’j‘j%, which satisfies the conditions:

D< << <y < . (3.7)
Hence, following the proof of Lemma 1.1, we obtain that
Vi
Ejz(x) =Y <z¢ik > djn(r) =0, Voecw, j=123,. ...
k=1

Since ¢; 1 are analytic functions on §2, from Theorem 1.1 we obtain that

Vi
Eiz(x) = Z <z,0;k > ¢jp(x) =0, Ve, j=1,23,....
k=1

Therefore, Ejz = 0, j = 1,2,3,..., which implies that = = 0. So, Rang(Ge ) =
Z, and consequently Rang(Ge) = Z. Hence, the system (2.26) is approximately
controllable on [0, 7], and the remainder of the proof follows from Lemma 3.1.

4 Controllability of the Semilinear BBM Equation

In this section we prove the main result of this paper, the interior controllability
of the semilinear BBM Equation given by (1.1), which is equivalent to prove the
approximate controllability of the system (2.27). To this end, observe that for all
20 € Z and u € L?(0,7;U) the initial value problem

(4.1)

z' = (eB — A)z + BB,u(t) + cBu+ G(t, z,u), te€ (0,7],
2(0) = zg

where the control function u belongs to L?(0,7;U), admits only one mild solution
given by the formula

sl = To(t)zo+ /0 T(t — 5)(BBu + cBI)u(s)ds (4.2)
+ /Te(tfs)G(s,zu(s),(s))ds, tel0,7].
0

Definition 4.1. (Approrimate Controllability) The system (2.27) is said to be
approzimately controllable on [0, 7] if for every zp, z1 € Z, € > 0 there exists u €
L2(0,7;U) such that the solution z(t) of (4.2) corresponding to u verifies

lz(T) — z1]| < e.
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Definition 4.2. For the system (2.27) we define the following concept: The nonlinear
controllability map (for 7 >0) G, : L*(0,7;U) — Z is given by the formula

Gyu = / ’ T.(s)(BBy, + cBI)u(s)ds + / ' Te(s)G(s, 2u(s), u(s))ds = Ge(u) + H(u),
0 0

(4.3)
where H : L*(0,7;U) — Z is the nonlinear operator given by

H(u) = /OT T.(8)G(s, zu(5),u(s))ds, u € L*(0,7;U) (4.4)

The following lemma is trivial.

Lemma 4.1. The equation (2.27) is approzimately controllable on [0, 7] if and only
if Rang(G,y) = Z.

Definition 4.3. The following equation
Ug =Do(z — H(uy)) = Gi(al + G.GE) (2 — H(u,)), (0<a<1), (4.5)
will be called the controllability equations associated to the non linear equation (2.27).

Now, we are ready to present and prove the main result of this paper, which is
the interior approximate controllability of the semilinear BBM equation (1.1), and for
the proof we will use some ideas from Propositions 4.2 from [1].

Theorem 4.1. If the operator H define by (4.4) is compact and Rang(H) is com-
pact set, then the system (2.27) is approzimately controllable on [0,7]. Moreover, a
sequence of controls steering the system (2.27) from initial state zo to an € neighbor-
hood of the final state z1 at time T > 0 is given by the formula

U (t) = (B + el) B*T (t)(al + GG3) (21 — T(7)20 — H(ua)),
and the error of this approximation E,, is given by the
By = alal + G.GH) 2y — T(1)20 — H(uy))-

Proof For each fixed z € Z we consider the following family of nonlinear operators
K, : L?>(0,7;U) — L*(0,7;U), given by the formula

Ko(u) =To(z — H(u)) = GH(al + GGz — H(u)), (0<a<l). (4.6)

First, we prove that, for all « € (0,1] the operator K, has a fixed point u,. In fact,
since the operator H is a compact operator, then the operator K, is compact. On
the other hand, since G(t, z,u) is bounded and ||T.(t)|| < ReW?, t >0, there exists
a constant M > 0 such that

|H(uw)| < M, VYuc L*0,7;U).
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Then,
1Ko (@) < Tall(2]] + M), Yue L*0,7;U).

Therefore, the operator K, maps the ball B,.(0) C L?(0,7;U) of center zero and radio
r > ||Ta|l(Jlz]l + M) into itself. Hence, applying the Schauder fixed point Theorem
we get that the operator K, has a fixed point u, € B,.(0) C L?(0,7;U).

Since Rang(H) is compact, without loss of generality, we can assume that the
sequence H (u,) converges to y € Z. So,

Ug = Tz — H(ug)) = Gi(al + G.G¥) 2z — H(ug)).
Then, we get
Gt = Glo(z— H(ug)) = GGHadl + GGz — H(ua))
(al + GG —al)(al + G.G:) Hz — H(ua))
= z— H(ua) — a(al + GeGZ) ™ (2 = H(ua))

Hence, we deduce the following equality
Gettg + H(uy) = 2 — alal + GGz — H(uy)).
To conclude the proof, it enough to prove that
lirrb{—a(al + GG Nz — H(ua))} =0
o—
From Lemma 3.1 d) we get that
lim{—a(al + GGz — H(ua))} = —lim{—a(al +G.G:) " H(u,)}
a—0 a—0
= —lim —a(al + G.GH) 'y — lim —a(al + GG (H(ua) — y)
a—0 B a—0 -
= lin%) —a(ad + GG HH (ug) — y).
a—
On the other hand, from Lemma 3.1 e, we obtain that
la(al +GG*)™H(H (ua) = y)|| < [I(H (ua) = y)|-
Therefore, keeping in mind that H(u,) converges to y, we conclude that
lixrb{—a(al + GG ) Mz —H(ua))}y =0
a—

So, putting z = z; — T, (7)2o and using (4.2), we obtain the desired result

z1 = lim {T.(7)zo + /OT Te(t — 8)(BB,, + ¢cBI)u,(s)ds

a—0t

+/0 T (T — 5)G(8, 24, (5), ua(s))ds}

0
Remark 4.1. In the particular case that a = 0 and b = 1 the operator H define
by (4.4) is compact and Rang(H) is compact set (see [3]) , and as a consequence
we obtain the interior approximate controllability of the semilinear heat equation (see

[12]).
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5 Final Remark

Our technique is simple and can be applied to those system involving diffusion process
like some control system governed by heat equations. For example, the strongly
damped wave equations, beam equations and so on.

Let us provide these two examples where this technique may be used.

Example 5.1. Notice that this technique can be applied to prove the interior control-
lability of the strongly damped wave equation with Dirichlet boundary conditions

wit + (=) 2w + y(=A)w = Lyu(t, z) + f(t, z,u(t), in (0,7] xQ,
w =0, in (0,7] x 09,
w(ovx) = 'LUO(IL'), wt(ovx) = w1($)7 n Qv

in the space Zy 5 = D((—A)'/2) x L2(Q), where Q is a bounded domain in IR", w is
an open nonempty subset of 1, 1, denotes the characteristic function of the set w,
the distributed control u € L*(0,7; L2(2)) and n, v are positive numbers.

Example 5.2. Another example, where this technique may be applied, is the partial
differential equations modeling the structural damped vibrations of a string or a beam
having the form

Y — 280y, + A%y = 1 u(t, ) + f(t, z,u(t)), on (0,7] x 9,
y=Ay=0, on (0,7] x 99, (5.1)
y(o,ﬂ?) = y0($)7 yt(oﬂx) = yl(x)v m Qv

where ) is a bounded domain in IR™, w is an open nonempty subset of 2, 1., denotes
the characteristic function of the set w, the distributed controlu € L*(0,7; L?(Q)) and
Yo, y1 € L*(Q).
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ABSTRACT: In this paper we introduce some multiplier sequence spaces
of fuzzy numbers by using a Musielak-Orlicz function M = (M},) and mul-
tiplier function u = (uy) and prove some inclusion relations between the
resulting sequence spaces.

AMS Subject Classification: 40405, 40D25
Key Words and Phrases: fuzzy numbers, Musielak-Orlicz function, De La-Vallee
Poussin means, Statistical convergence, Multiplier function

1 Introduction and Preliminaries

Fuzzy set theory, compared to other mathematical theories, is perhaps the most
easily adaptable theory to practice. The main reason is that a fuzzy set has the prop-
erty of relativity, variability and inexactness in the definition of its elements. Instead
of defining an entity in calculus by assuming that its role is exactly known, we can use
fuzzy sets to define the same entity by allowing possible deviations and inexactness in
its role. This representation suits well the uncertainties encountered in practical life,
which make fuzzy sets a valuable mathematical tool. The concepts of fuzzy sets and
fuzzy set operations were first introduced by Zadeh [20] and subsequently several au-
thors have discussed various aspects of the theory and applications of fuzzy sets such
as fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy measures
of fuzzy events, fuzzy mathematical programming. Matloka [12] introduced bounded
and convergent sequences of fuzzy numbers and studied some of their properties. For
more details about sequence spaces see ([1], [2], [14], [17]) and refrences therein.

The study of Orlicz sequence spaces was initiated with a certain specific purpose in Ba-
nach space theory. Indeed, Lindberg [9] got interested in Orlicz spaces in connection
with finding Banach spaces with symmetric Schauder bases having complementary

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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subspaces isomorphic to ¢g. Parashar and Choudhary [16] have introduced and dis-
cussed some properties of the sequence spaces defined by using a Orlicz function M
which generalized the well-known Orlicz sequence space [j; and strongly summable
sequence spaces [C, 1,p], [C,1,plo and [C, 1, p]s. Later on, Basarir and Mursaleen [2],
Tripathy and Mahanta [19] used the idea of an Orlicz function to construct some
spaces of complex sequences. The concept of statistical convergence was introduced
by Fast [6] and also independently by Buck [3] and Schoenberg [18] for real and com-
plex sequences. Further this concept was studied by Fridy [7, Connor [4]] and many
others. Statistical convergence is closely related to the concept of convergence in
Probability.

A fuzzy number is a fuzzy set on the real axis, i.e., a mapping v : R” — [0, 1] which
satisfies the following four conditions:

1. w is normal, i.e., there exist an zy € R™ such that u(zg) = 1;

2. w is fuzzy convex, ie., for z,y € R* and 0 < A < Lu(Ax + (1 — N)y) >
minfu(z), u(y);

3. w is upper semi-continuous;

4. the closure of {z € R" : u(z) > 0}, denoted by [u]°, is compact.

Denote L(R™) = {u : R™ — [0,1] \ u satisfies (1) — (4) above}. If u € L(R"™),
then u is called a fuzzy number and L(R"™) is a fuzzy number space.
Let C(R™) denote the family of all non empty, compact, convex subsets of R™. If
a,f € R and A, B € C(R"), then

a(A+ B)=aA+aB, (af)A=a(f4), 1A=A

and if o, 8 > 0, then (a+ B)A = aA + BA. The distance between A and B is defined
by the Housdorff metric

5oo(A, B) = inf [ja — b, inf |ja — b||},
(A, B) max{ilelgggBHa | ggg;gAlla I}

where ||.|| denoted the usual Euclidean norm in R™. It is well known that (C'(R"), ds)
is a complete metric space. For 0 < @ < 1, the a-level set [u]® is defined by [u]* =
{z € R"™ : u(z) > a}. Then from (1)-(4), it follows that [u]* € (C'(R™)). For the
addition and scalar multiplication in L(R™), we have

[u+o]® = [u]* + [o]", [ku]® = K[u]?,

where u,v € L(R™), k € R. Define, for each 1 < g < oo,

() = ([ el )
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and do (u,v) = sup oo ([u]®, [v]*), where d is the Housdorff metric.
0<a<l

The idea of statistical convergence depends on the density of subsets of the set N of
natural numbers. A subset E of N is said to have density §(FE) if

o 1g :
O(E) :nILH;oE;XE(k) exists,

where X is the characteristic function of E. It is clear that any finite subset of N has
zero natural density and §(E°) = 1 — §(FE).

A sequence x = () is said to be statistically convergent to the number L if for every
€>0,0{k € N: |z —L| >e€})=0. In this case, we write S —limxy = L. A sequence
X = (Xj) of fuzzy numbers is said to be bounded if the set {X} : k € N} of fuzzy
numbers is bounded and convergent to the fuzzy number X, written as limy X, = X,
i.e if for every € > 0 there exists a positive integer ko such that d(Xj, Xo) < ¢, for
k > ko. By wf', 1L and ¢! denote the set of all, bounded and convergent sequences of
fuzzy numbers, respectively see [12].

An Orlicz function is a function M : [0,00) — [0,00) which is continuous, non de-
creasing and convex with M (0) = 0, M(x) > 0 for x > 0 and M (z) — o0 as z — oo.
Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to define the following
sequence space. Let w be the space of all real or complex sequences x = (), then

ZM:{xew:I;M(i)H)<oo},

which is called as an Orlicz sequence space. Also [ is a Banach space with the norm

||| = inf {p >0 ZM(@) < 1}.
k=1 P
Also, it was shown in [10] that every Orlicz sequence space lj; contains a subspace
isomorphic to l,(p > 1). The As-condition is equivalent to M (Lz) < LM (x), for all
L with 0 < L < 1. An Orlicz function M can always be represented in the following
integral form,

M(z) = /OI n(t)dt

where 7) is known as the kernel of M, is right differentiable for ¢ > 0,7(0) = 0,7(t) > 0,
7 is non-decreasing and n(t) — oo as t — co.

A sequence M = (Mj},) of Orlicz functions is called a Musielak-Orlicz function see
([13],[14]). A sequence N' = (Ny) of Orlicz functions defined by

Ni(v) =sup{|vjlu — My :u >0}, k=1,2,...

is called the complementary function of the Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space t o4 and its subspace
ha are defined as follows

tam = {wa:IM(cx) < 0o, for some c>0},
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hM:{wa:IM(cx)<oo, for all c>0}7

where I is a convex modular defined by

Im(z) = My(zx),z = (zx) € ta.
k=1

We consider tpq equipped with the Luxemburg norm

|| = inf{k >0: IM(%) < 1},

or equipped with the Orlicz norm

2] = inf {%(1 + Iu(ka)) sk > 0},

Let A = (\,) be a non-decreasing sequence of positive numbers tending to co and
Ant1 < Ap + 1, A1 = 1. The generalized De la Vallee-Poussin mean is defined by

where I, = [n — A, + 1,n].

The space ¢ of all almost convergent sequences was introduced by Maddox [12] has
defined x = (z) to be strongly almost convergent to a number [ if

n
lim — E |Zk+m — | = 0, uniformly in m.
non
k=1

The following inequality will be used throughout this paper. Let p = (p) be a se-
quence of positive real numbers with 0 < p;, < suppr = H, and let D = max(1,2%-1).
Then for ag, by € C, the set of complex numbers for all £ € N, we have

lay, + be|P* < D{|ax|P* + |bi|*} (1)

Let A denote the set of all non-decreasing sequences A = (\,,) of positive numbers
tending to oo such that A,y1 < Ay + 1, A1 = 1, M = (M) be a Musielak-Orlicz
function and p = (pr) be a bounded sequence of positive real numbers. A sequence
X = (X}) of fuzzy numbers is said to be almost A-statistically convergent to the fuzzy
number X, with respect to the Musielak-Orlicz function, if for every € > 0

1
lim —
n—oo n

W)rk ze}‘ =0,

{k el,: {Mk(

uniformly in m for some p > 0,
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where the vertical bars indicate the number of elements in the enclosed set and

k
Xm+Xm+1+"'+Xm+k 1

o (X) = - Koo

e (X) k+1 k+1; -

The set of all almost A-statistically convergent sequences of fuzzy numbers is denoted
by SF(A,Mk,u,p). In this case, we write X} — XO(SF(A,Mk,u,p)). In the special
cases A, = n for all n € N and My(X) = X,pr = L,ur = 1 for all kK € N, we shall
write S’F(Mk,u,p) and SF(A) instead of S'F()\,Mk,u,p), respectively. Furthermore,
the set of all almost statistically convergent sequences of fuzzy numbers is denoted
by S¥

Let A € A, M = (M},) be a Musielak-Orlicz function, p = (p) be a bounded sequence
of positive real numbers and u = (ux) be a sequence of strictly positive real numbers.
Then we define the following classes of sequences in this paper:

d(tkm(X)aXo))r’“ —0

wF(A,M,U,p):{X:(Xk):nhj{}o)\iZuk[Mk( P

" kel,
uniformly in m, for some p > O},
- . 1 d(tgm(X),0)\ 1Pk
af O Moup) = {X = (X0 im - 3w [Mk((k;)))] 0
" kel,

uniformly in m, for some p > 0}

and
. 1 d(tem(X),0)\7P*
W (A M,u,p) = {X = (Xp) ssup = > u [Mk(M)} < 00
m,n \n kel, pP
uniformly in m, for some p > 0},
where ( )
- 1, t=(0,0,0,---,0
0(t) = { 0, otherwise

If X € w'(\,M,u,p), we say that X is strongly almost A-convergent with re-
spect to the Musielak-Orlicz function M = (Mj). In this case we write X, —
Xo(wF (N, M,u,p)). The following sequence spaces are defined by giving particular
values to M, u, p.

(i) For A, =n
W (N, M, u,p) = 0F (M, u, p), wE (A, M, u,p) = 0 (M, u,p), and DL (A, M, u,p) =
WL (M, u,p),

(1) If M = My(z) =z for all k, we get
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WF (N, Myu,p) = oF (u,p, N), wE (A, M,u,p) = @f (u,p, \), and DL (A, M,u,p) =
wfo(u7p7)\)7

(#4i) If p = 1 for all k € N, then
WF (N, M, u,p) = 0F (M, u, N), oF (A, M, u, p) = 0 (M, u, \), and 0L (A, M, u,p) =
UA)go(M7 u, )\)7

(tv) f M = My (z )—a:forallk, and pp =1 for all k € N, then

W (N, M, u,p) = 0F (u, \), 0 (A, M, u,p) = 0l (u, \), and DL (A, M, u,p) =
WE (u, \),

(v) If p, =1 for all k € N, and ug, = 1 for all k, then

WF (N, Myu,p) = P (M), 0F (A, M,u,p) = dF (M, N), and DL (A, M,u,p) =
Wi (M, N),

(vi) f M = My(z) = z,pr = 1 and ug, = 1 for all k, then

OF (0, My, p) = ©F (A), 0 (0, M, u, p) = 0 (V), and ©F,(\, M, u,p) = &F (V).

In this paper we shall prove properties of linearlty and some inclusion relations
between the classes of sequences w* (A, M, u, p), @f (A, M, u,p), w5 (X, M, u, p) and
SF (X M, u, p).

2. Main Results

Theorem 2.1. For any Musielak-Orlicz function M = (My),p = (pr) be a
bounded sequence of strictly positive real numbers and u = (u) be a sequence of
positive real numbers, we have

u?é’(A,M,u,p)Cw (MM, up)Cw A\, M, u,p).

Proof. The inclusion @} (A, M, u,p) C W (A, M, u,p) is obvious.
Let X € w"(\, M, u,p), then

7y 2 [ (TR 5 g (e

kel, " kel, P
D 1 d(Xo,0)\ 2w
- T g ()
kel,

IN

D 3 o (A0

Diréalf{max{l,sipuk [Mk(d(Xpo’O))}H}}y

where suppr = H and D = max(1,27~1). Thus we get X € L (A, M, u,p).
k
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Theorem 2.2. If M = (My) be a Musielak-Orlicz function, p = (py) be a bounded
sequence of positz’ve real numbers and u = (uy) be a sequence of strictly positive real
numbers, then W (A, M, u, p), W& (A, M, u,p) and L (A, M, u,p) are closed under the
operations of addition and scalar multiplication.

Proof. Let X = (X}),Y = (Y3) € &L (A\, M,u,p) and o, 3 € C. Then there ex-
ist positive numbers p;, p, such that

1 d(trm(X),0)\17
sup +— Z U {Mk<M)} ’ < 00, uniformly in m
m.n An hel, P1

and

sup 121: ug [Mk (W)}m < 00, uniformly in m.

Define p; = max(2|a|py, 2|8|p,). Since M = (M) is non-decreasing and convex, we
have

Erlilp Ay Z Uk [Mk(ad(tkm(X)’G) + Bd(tkm(y)a()))rk

kel, Ps

<z, 3l
+ lsup)\ k; uk{M (Cl(tkmp(j(),o))rk
< 0o0.

This proves that wZ (A, M, u,p) is a linear space. Similarly we can prove for other
cases.

Theorem 2.3. If0 < pr < rp < oo for allk:€Nand( )be bounded, then we
have
WE (N, Myu,r) €k (N, M, u,p).

Proof. Let X = (Xj) € vk (A, M, u,r). Thus, we have

sup P Z uk[ (tkmi)X)’O))yk < 00, uniformly in m.
kel,

d(trm(X),0

(T

1 Tk
Let s = sup)\— Z U {Mk ))} * and A\ = p—k. Since pr < 7E, we have

TN eI,

0< A <1. Take 0 < A < Ar. Now define

Sk if Sk Z 1
U =
0 if sp <1
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and

o 0 if Sk 2 1
Yk = Sk if s <1

Sk = Uk + Vg, Sgk = uz’“ + v,i‘k It follows that ugk < up < sg, v,?’“ < v,i‘. since
spk = upk + up*, then spt < sp, + v

it S [0 (EOOT < (A0
— i‘ig 7 kezln i [ M, (d(tkmlgf()a 0)))%}%/% < illl,g % k;l w [Mk (d(tkmlgf(), 6))}%
o [ (DI <y L5 (L)
But
EYILIE )\in k%j:n Uk |:Mk) (d(tkm;X)’ 0 )} " < 00, uniformly in m.
Therefore

sup i Z Ug [Mk(d(tkm(pX)’O))rk < 00, uniformly in m.

Hence z € WL (A, M, u,p). Thus we get wZ (A, M,u,r) C DI (A, M, u,p).

Theorem 2.4. Suppose M = (My) be a Musielak-Orlicz function, p = (px) be a
bounded sequence of positive real numbers and u = (ug) be a sequence of strictly
positive real numbers. If sup(My(t))P* < oo for all fixred t > 0, then

k

& (A, M, u,p) C BL (A, M, u,p).

Proof. Let X € @ (\, M, u,p), then there exists a positive number p; > 0 such
that

1 d(tgm (X), X . .
lim — Z U [Mk(w)rk = 0, uniformly in m.
n—o00 \, o 1

Define p = 2p,. Since M = (M},) is non-decreasing and convex, for each k. So by
using (1), we have
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1 d(tgm(X),0)\ 1Pk
a2 e (T )

?}LIIZ An k; Uk{ ' p

< itl’lz in kezln U |:Mk (d(tkm(X)’X;) + d(Xo, 0))}1)"
< o 3 g (TR

C ik 3 g (100

T AN eI, P
Thus X € L (A, M, u,p), which completes the proof.
Theorem 2.5. Let 0 < h = infpy < pr < suppr = H < oco. Then for a Musielak-
Orlicz function M = (My,) which satisfies the Ag-condition, we have W (X, u,p) C
W (N, M, u, p), wF (N, u, p) € DF (N, M, u, p) and DL (X, u,p) C WL (A, M, u,p).

Proof. Let X € @ (), u,p), then we have

% Z Uk KW)]” — 0 as n — oo, uniformly in m.
keI,

Let € > 0 and choose ¢ with 0 < § < 1 such that M(t) < € for 0 <t <. Then

L5 (K0

kel, p

>

p

" kel d(tim (X),X0)<5

>

p

" k€ ln,d(tim (X),X0)>8

+22:.

I
-]

where
Z = Z U {Mk (—d(tkm(X)7 XO))TW < max(e, )

An k€L, d(tem(X),X0)<8 P

by using continuity of (My,). For the second summation, we will make the following
procedure. Thus we have

d(tem (X), X0) _ , dltem(X), Xo)/p
p 5 '

Z Uk[Mk(M

> w [Mk(d(tkm(X)vXO)

)"
)"
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Since M = (M},) is non-decreasing and convex, so we have

(MR < ¢ AT
< %uk [14,(2)] + %uk {Mk{gd(tkm()?aXo)/P}].

Again, since M = (Mj,) satisfies the Ag-condition, it follows that

o (ALK (S, 11

n %L{ d(tkm()?a Xo)/p }Uk [Mk@)]

_ L{d(tkm()g),Xo)/p}uk[Mk@)}_

Thus, it follows that

= {1 [T ()]

el,

Taking the limit as e — 0 and n — oo, it follows that X € W (\, M, u, p). Similarly,
we can prove that W (A, u,p) C W' (A, M,u,p) and WX (\,u,p) C WL (A, M, u,p).

Theorem 2.6. If M = (My) be a Musielak-Orlicz function, p = (px) be a bounded
sequence of positive real numbers and u = (ux) be a sequence of strictly positive real
numbers, then

(i) If 0 < inf py < pi, < 1 for all k, then w¥ (A, M,u) C 0F (N, M, u,p),

(i) If 1 < p, < suppr = H < oo then ¥ (A, M,u,p) C 0 (\, M, u).

Proof. (i) Let X € v (A, M, u). Since 0 < infp, < pr < 1, we get

5 2w [ (A RSNy Alnkgn o [ (W0 o

and hence X € wf"(\, M, u,p).

(i) Let X € ¥ (A, M,u,p) and 1 < pp < suppr = H < oo. Then for every 0 < € < 1,

there exists a positive integer ng such that

d(tem(X), Xo)
p

)ilkezlnuk [Mk<

P
)] <e<l1

for all n > ng. This follows that

N Z { ( tk’”(f)’XO))}g/\lZuk[Mk(d(tkm(X)’XO))]pk.

k€l " kel, p
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and hence X € W' (\, M, u).

Theorem 2.7. If M = (My) be a Musielak-Orlicz function, p = (px) be a bounded
sequence of positive real numbers, u = (ug) be a sequence of strictly positive real
numbers and 0 < h = inf py, < p, <suppr, = H < oo. Then wF (A, M, u,p) € SF(N).

Proof. The proof of the theorem follows from the following inequality:

N Zuk[Mk( tkm(X) Xo))]

2 )\i Z U [Mk (W)]pk

k€ln,d(tem (X),Xo)>e

1 . 3
>+ 3 min {uk[Mk(el)]' ,uk[Mk(el)]H}
k€L, d(tkm(X),Xo)>e
> L [k € L - dltin(X), Xo) > €} min {ug[MicCen)]" e [Mi(en)) |
- An n m b) - ke]n b )
where € = £

Theorem 2.8. Let M = (M) be a Musielak-Orlicz function, X = (Xi) be a
bounded sequence of fuzzy numbers and 0 < h = infpy < pr < suppy = H < oo.
Then ST(X) C @ (A, M, u, p).

Proof. Suppose that X € I£ and X — X(SF())). Since X € I£ | there exists
a constant K > 0 such that d(tg,(X), Xo) < K for all k, m. Given € > 0, we have

)
% T wpa(feCRR
[ tkm

keI, ,d(tkm(X),X0)>e

1 ), Xo)
fa Y (TR
kel ,d(tkm(X),X0)<e
1 K K
< v X max{uk[MM—nh,uk[Mk(—)}H}
kel d(tem (X),X0)>e p P
1 €1y,
+ " > Uk[Mk(;)}p"
k€L, ,d(tkm(X),X0)<e
<

max {Uk[Mk(T)]h’Uk[Mk(T)]H})\in

kel

{k € I s d(tpm(X), Xo) > e}

n max{uk[Mk(el)]h,uk[Mk(el)]H}.

kel,

where T' = %, = €. Hence X € wf'(\, M, u,p).

£
p
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ABSTRACT: In this paper, we find the conditions on parameters a, b,
¢ and ¢ such that the basic hypergeometric function z¢(a, b; ¢; g, z) and its
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1 Introduction and Notation

Most of the mathematical functions which are encounted in numerous contexts are of
hypergeometric type. The ordinary or Gaussian hypergeometric function 2 Fi (a, b; ¢; 2)
is defined by the series

N (@n)n)
2F1(a’b’c’z)_ZWZ 2l <1,

n=0
where a, b, ¢ are complex numbers such that ¢ # 0,—1, -2, -3, ..., (a,0) =1 fora # 0
and

(a7n+1):(a‘+n)(aan)v n:O71a2a"' .

In the exceptional case ¢ = —p, p = 0,1,2,---, F(a,b;c; 2) is defined if a = —m or
b= —m, where m = 0,1,2,--- and m < p. Heine (see [1, 5]) defined ‘g-analogue’ or
‘basic analogue’ of Gaussian hypergeometric function in the following way

(1-¢N1-¢")_  (1=¢H1—¢""H1-¢"1-¢""") »

-¢)-q " R

2®@1(a,bicq52) =1+ 11— )1 — ¢ )1 —q)(1— @)
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where |¢| < 1. For the base ¢, 0 < ¢ < 1, define
1—¢q°
1—gq’

(a;9) = (0;9) = 1.

Clearly, by L’-Hospitals’ rule, we have
(a;9) > a as g — 1,

and the basic factorial notation is

(a;9)! = (1;9)(2:9) -+ (n3 q).

Now we write
(1—gM)A =g (1=¢""" ) = (a;9)(a+ L;9) - (a+n—1;9)(1 — g)"

= (a;¢)n(1 —q)", say,

and thus in the limiting case ¢ — 1, we have

. B o e
sl = Jim || T = taum)

With this observation, the Heine’s series or the g-analogue of Gauss function defined
above takes the following form [17]:

o (459)n(b;9)n
®i(a,b;c;5q;2) = ——=2" |zl < 1.
2 ) HZ::O (€ @)l O)n i

We remark that in the limiting case ¢ — 1, the function 2®4(a, b; ¢; ¢; z) reduces to
2F1(a,b;c; 2).

The geometric properties of o F(a, b; ¢; z) for various values of a, b and ¢ are well
known. For details, we refer to [7, 9, 10, 13, 14] and references therein. Similar study
about 201 (a, b; ¢; ¢; z) is not available in the literature, except [6, 15, 16]. Hence the
main objective of this work is to find the geometric properties of 2¢1(a, b; ¢; g; z) from
the parameters a, b and ¢ for 0 < ¢ < 1. For this purpose the ¢-Gamma function
I'y(x) [2], which is the ¢-generalization of the Gamma function and defined by

S 1
I, (2). = 22 (1 — g)t—=, 0<qg<l1,
() (q“”;q)oo( )
is used.

Throughout the sequel, we always asuume that z € D where D is the unit disc
given by {z : |z| < 1}. The class of normalized analytic functions

A:{f:D—>C|f(z):z+iAnz”} (1.1)
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has been studied extensively, together with its subclass of univalent (schlicht) func-
tions

S ={f € A|f is one-to-one in D}. (1.2)

For f € A, the ¢-difference operator of the basic differentiation is given by

f(z) = f(qz) ;
D)= i-q * 27°
1/(0), z=0.

d
Clearly D, — o B4 1. A function f € A is called starlike (f € S*) if
q

Zf’(Z))
Re >0, zeD 1.3
(7 3
and f € A is called close-to-convex (f € K) if there exists g € S* such that
Zf’(2)>
Re >0, zeD. 1.4
(5 -

Using ¢-difference operator the authors in [6] generalize the family S* as follows:

Definition 1.1. A function f € A is said to belong to the class PSy if

ADf)) 1 ‘< !
T

Clearly PS, reduces to §* as ¢ — 17. Not much is known about the class PS5,
except what is discussed in [6] for the inclusion of the functions 2@ (a, b; ¢; ¢; ) and for
the study of certain continued fraction expansions given by [11]. Recently the second
author, among other results, studied [15, 16] certain continued fraction expansion for
2®1(a, b; c; q; z) and used it to improve the results given in [6]. We now generalize the
class IC in the spirit as the Definition 1.1 generalizes S*.

z € D. (1.5)

Definition 1.2. A function f € A is said to belong to the class PK 4 if there exists
g € §* such that

2Dgf)(z) 1 | 1
9(2) l—q| = 1-q

z €D. (1.6)

We observe that (1.6) reduces to (1.4) as ¢ — 1~ and hence in the limiting case
PK, reduces to K. Particular choice of the function g used in the study of PK, are
interesting. According to Frideman [4], there exists only nine functions of the class S
whose coeflicients are rational integers. They are

z z z z
142" 14227 (14£2)2" 142+ 22

(1.7)
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together with the identity function. It is easy to see that each of these functions maps
the disc D onto a starlike domain and the last fact is easy to see from the analytic
characterization given by (1.3). We remark that each of these functions plays an
important role in function theory since these together with its rotation are extremal
for interesting subfamilies of S. We first state few useful criteria for a normalized
power series (Ag =0, Ay = 1,) defined by

- 1-q¢MA
2) =3 A.z", By = (13;", (1.8)
to belong to PK,.

_»an4n

1
Lemma 1.1. Let f be defined by (1.8) and B,, = ( 7 Then we have the
—4q

following:

1) Y |Bnt1 — Ba| < 1 implies f € PKy with g(z) = z/(1 - 2).

n=1

(2) Z |Br—1 — Bp + Buy1| < 1 implies f € PK, with g(z) = 2/(1 — 2 + 2?).

n=1

(3) Z |Br—1 — 2By, + Bpy1| < 1 implies f € PK, with g(2) = z/(1 — 2)%.

n=1

(4) Z |Br—1 — Bpny1| < 1 implies f € PK, with g(z) = z/(1 — 2?).

n=1

Proof. (1) Suppose that Z |By+1 — Bn| < 1.

The power series converges for |z| < 1. Since

n—1 n—1
|Bal = |D (B = Bea1) = 1| < D By = Bia| + 1
k=1 k=1

Mg

‘fﬂg—m8k+1‘+-l <2

k=1
and
1B, = ’““”A <2, (1.9)
l—gq
we have
2

< .
1+q+---+q”—1
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Thus, by applying Root test, the radius of convergence of f(z) is seen to be unity and

so f is analytic in D. Next we show that f belongs to P K, with respect to the starlike

function g(z) = z/(1 — z). For this we need to show that f satisfies the condition

1 ‘ 1
<

—~ |<—— zeD. 1.10
1q"1-¢ °F (1.10)

\(1 ) Duf)(2) —

By (1.8) and the defintion of g-difference operator, the above inequality can be rewrit-
ten in the equivalent form

1
1 . —— >0
q 1_q +Z +1 — 1_q =
Applying triangle inequality, we find that
7> ot i(B By)="
5 - T | n - TLZ
1= 14 1—gq et +
> Z|B Bullel"
- 7 _ . P
“ 14 l—q +1—

>1— Z |Bpi1 — Bn| >0, by hypothesis.

n=1

Thus (1.10) holds for all z € D. Hence f € PK, with g(z) = z/(1 — 2).
Next we prove (2) and the rest follows similarly. Assume that

Z |Bn71 - Bn + Bn+1| S 1.

n=1

This implies that the power series converges for |z| < 1. Since

n—1
|Bn| = Z Bi = > [Br-1— Bk + (k+1)Bj1]
k=1
n—2 n—1
<Z\Bk|+Z|Bk 1—Bk+Bk+1|<1+Z|Bk
k=2 k=1 =2

which is less than or equal to a finite quantity and hence the radius of convergence,
by Root test, is unity. Taking g(z) = z/(1 — z + 22), to prove f € PK, with respect
to g(z), we need to show that f satisfies the condition

1 1
-2+ H0NE - | < o zeD.
which after some computation is seen to be equivalent to
L S By 0By Bl — |0
=——|1- —B,_1+nB, — B,11]z2" — ——| > 0.
q -4 2 1 +1 1—¢
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As in the first case, we use triangle inequality and obtain that for |z| < 1, S; > 0.
Hence f € PK, with g(z) = z/(1 — z + z2). This completes the proof. O

The following lemma is immediate from the proof of Lemma 1.1.

Lemma 1.2. Let B, be as in Lemma 1.1 and

o

f2) =) ()" 42" (Ag =0, A =1). (1.11)

n=0

Then we have the following:

1) Z |Bpt1 — Byn| <1 implies f € PKy with g(z) = z/(1 + z).

n=1

(2) Z |Bn—1— B + Bny1] <1 implies f € PK, with g(z) = z/(1 + 2z + 22).

n=1

(3) > [Bn-1— 2By + Buy1| < 1 implies f € PK, with g(z) = z/(1 + 2)2.

n=1
(4) Z |Br—1 — Bpy1| < 1 implies f € PK, with g(z) = z/(1 + 22).

Note that as ¢ — 1, Lemma 1.1 and Lemma 1.2 give criteria for close-to-convexity
with reference to the eight different starlike functions defined by (1.7). In the special
case when ¢ — 1, Lemma 1.1 gives results of Ozaki [12] (see also [8]) and for which
applications have been obtained related to the univalency question of the Gaussian
and the confluent hypergeometric functions by various authors. For example, we refer
to [13, 14] and references therein.

Theorem 1.1. If a and b are related by any one of the following conditions

1. (a) (1=¢")(1—-¢")>(1~-q),
Tyla+b) _2
VT, m =
2. (a) 1—q¢" HA—-g"Y)<—-(1—-¢q) anda+b>2,
Tyla+b) >0

) F @ty ~

Then the function z¢(a, b;a + b; g, z) belongs to PK , with respect to T z
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> s n b. n
Proof. Consider ¢(a,b;a + b;q,2) = Z ( (@ @) (b3 @) 2", then

—(a+0;9)n(g Dn

zp(a,bja+byq,2) =z + ZAnz”

a; q n—1 b q)n 1
=z+ z", 1.12
Za+b(1n1(q(J)n1 ( )

1—q" (a;5¢)n-1(b;¢)n1
1—q (a+b¢)n-1(4;¢)n-1
1 (a;Q)n—l(b; Q)n—l
1—q (a+b9)n(q;9)n

therefore B,, = . We further write

Bn"rliBn: f(qan)7

where
flgn) =1 =g (1 =g A =" = (1= ¢")?(1—¢* ).

If we take S := Z |Bn+1 — Bn|, then from Lemma (1.1), it is sufficient to show that
n>1

S <1,
We assume that the first hypothesis of the theorem is true. Now writing

fla,n) > (1 =g") (1 =g (1 =" 1) = (1= ¢")*(1 — g+t
= (1) (=™ )1 =g = (1= g")(1 = g+
to show that f(g,n) > 0, it is enough to show that
(1—=g" ™ (A =g ) = (1= g") (1 —¢*T** ) > 0.
Rewriting
(1—g" A =¢" ) = (1= g")(1 —g*T )

=" (1= =¢") = (1 =) +¢" (1 —g)
we can easily see that the first term is positive from the given hypothesis 1(a), and
the term ¢@+*+27=2(1 — ¢), which is positive for n > 1, hence f(g,n) is positive. Now,

o0

S = 1 Z (a;q)nfl(b; Q)nfl f(q,n)

1—q = (a+bq)n(g0)n
91— ¢")(1 = ¢") N~ (@D n-1(b; D1
1—gq 2:1 (@ +b:q)n(q; @)n
Iy(a+0)
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from the hypothesis 1(b). Now considering the second hypothesis and observing that
f(g,n) is ¢" multiple of

9 q— qa—l _ qb—l + qa+b—1

and considering
qn((l _ qa)(l _ C]b) _ qa+b _ qa+b—2 + 2qa+b—1)
qn(l . qa . qb _ qa+b72 + 2qa+b71)
= ¢"(1-¢")A—=¢") = ¢" "1 —q) + ¢T3 (1 - q))

we see that the first two terms of the above expression are positive for all a,b > 0 and
n > 1. Hence to show that f(g,n) is negative it is enough to show that

2—q— qafl _ qbfl + anrbfl + qa+b+n72(1 _ (]) <0

which is clearly true from hypothesis 2(a) by taking a+b > 2 and using the inequality
q@totn=2 < ¢o+b=2 Now it is easy to see that

1 o (@ @)a-1 (b ) 1 g Lalatb)
= 1—qz (@ +b;0)n (g @)n flam =1 1T, ()T, (b) =1

is true from hypothesis 2(b) and the proof is complete. O

n=1

The following corollary is immediate.

Corollary 1.1. Let f(z) =z + Z bp2" and

n=2

2>By>...By—(n—2)>Bpi1—(n—1)...>0
or

0<By<B3+1<By+2..B,+(n—2)<Bpt1+(n—-1)<2.
then f € PK, with g(z) = z/(1 — z).
Before proceeding for the next result, we give a list of functions.

g1(g,a,0) = (1 +¢*) (1 +¢") = (1 +¢")g - (1 + ),

92(¢,a,b) = (1 —¢* H)(1—¢"")  and

93(¢,a,0) = 91(¢,a,b)(1 — q) =1 +q)(1 — ¢*)(1 = ¢") —g2(q, a,0)(1 — q).
Theorem 1.2. If a and b are related by any one of the following conditions

I (@) (=g 1= ) < (1= (1= g"?)
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(b) 1—¢")(1—-¢")>(1-¢?¢*2  and
(1= )1 = "y(a+1)
I @ e g B0 e <
2 () (1= (1) > (1= (1 = g2
(1) (1= )1 ) < (1-0Pg"* 2, and

(1—¢)(1 —¢")ly(a+b)
(<) 98 v 2r, 0 1 )1 gt B@ N>

Then the function z¢(a,b; a + b;q, z) belongs to PK, with respect to %
—z

Proof. Consider ¢(a,b;c;q,2) = Z Méb;q))nz", then
¢ q)n\459)n

Y1 (b;
zp(a,b; ¢; ¢, 2) —z+ZAzz+Z qu; 12",
n b)

1—¢" (a;q)n—1(b;q)n—1
1—q (¢0)n-1(¢; Q)n—1

I (a;9)n—2(b; @)n—2
l—q (6Qn(a;0)n

therefore B,, = , which gives

B’ﬂfl _Bn+1 = g(q7n)7

where

9(,m) =(1 = ") (1 — g 1)2(1 = i) (1 — gertn)
_ (1 - qn+1)(1 — qa+n—1)(1 — qa+n—2)(1 _ qb-i-n—l)(l . (]b+n_2).

Now we take

= Z |Bn—1 - Bn+1|7

n>1

from Lemma 1.1 it is sufficient to show that S < 1.
For the first part, writing

anl - Bn+1 = (anl - Bn) + (Bn - BnJrl)a
we have

B, - B, = (a;@)n—2(b;¢)n—2 M(f,q,n)

(=) (a+bq)n—2(q;q)n—

where

M(f,q,m) =(1 = ¢" )1 = g™ 2)(1 = ") = (1= ¢")(1 = g 2)(1 = ")
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=" A+ A(B)
with
A=1-q)1 ¢+ (1 -¢"H(1 ¢ (1.13)
and

B=(1-q¢")(1-¢") - (1-q)°¢"""2 (1.14)

This gives B,,_1 — By, positive, since A < 0 from 1(a) and B > 0 from 1(b) of the
hypotheses of the theorem. Similarly

(G/,q)n—2(b’ q>n—2 M- (f7 q, TL)

B, — By =
T =)@+ b5 Q) n2(q5@)n—2

where
Mi(f,q;n) =(1—¢")(1 =gt (1 = ¢") = (L= ¢" ) (1 = g*T" ) (1= ¢
=—¢"(A) +¢"(B).
Hence
anl - Bn+1 :(anl - Bn) + (Bn + BnJrl)
(149" "A+ (14 ¢*)¢*" *B =g(q,n)

which is positive from the hypothesis, since A < 0 from 1(a), B > 0 from 1(b).
Combining these we have B,,_1 — B, is positive. Further

oo

S _ 1 Z (a; q)n72(b; q)n72

1-a42= (GDa(en

1—q*)(1—¢° n—2(b;q)n—
o Q)(q q)<glq7abz % Dn—2(0:@)n—2 204

g(gq;n)

a+b q) ( Q)n—2

n:l

a+b;¢)n(q;q)n—3

aqn qunQ
— b)
92(q; a, nz:: +bq)qqn1 >
<1

(@;Q)n—2b;@)n-—2 ,_
1+q2 Q2Q)2q2

(1—¢)(1 —¢")Ty(a+b)

=l+ag )493((1,@ ,b)

Iy(a+2)0 (b+2)(

from 1(c) of the hypothesis.
Proceeding similar to the first part, we can easily see that g(g,n) is negative from
the hypothesis 2(a) and 2(b). Hence

> (@ q s 2 )”729(%”)

n (@ On

1—q

n=0
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(1-¢*)(1—¢")Ty(a+b)

= bt i g @ =
from 2(c) of the hypothesis and the proof is complete. O
Theorem 1.3. Thezfunction z¢(a,b;a + b;q, z) belongs to PK, with respect to the
starlike function m, whenever

(A== + - —g") x

(=g -d)-1-a%2) >0 (1.15)

Proof. Consider ¢(a,b;c;q,z) = Z Wz", then
G 4)n\454)n

n=0
e n 1 b q) n
z¢(a,b;c;q,2) —2+ZA22+Z z,
In—1(4; @)n—1
1—q" 5 n— b; n—
therefore B, = - =9 (G Dna(Bidn 4 o > |Bui — 2By + By Then,
1—q (6Q)n-1(¢ Dn—1 =
from Lemma 1.1, it is sufficient to show that S < 1. Infact, we show that |S] = 1.
Now
1 (a59)n—2(0;¢)n—2
Bn—l - 2Bn + B7L+1 - h(Q: n)
l—q (6On(g)n
where

h(g,n) = (1= ¢ (1 =g (1 = g™ ) (1 - ¢")(1 - ¢" )
_ 2(1 o qn)(l _ a+n 2)(1 b+n—2)(1 _ qa+b+n—1)(1 _ qn)
=+ (1 _ qn+1)( _ a+n 1)(1 a+n—2)(1 _ qb-',-n—l)(l _ qb-',-n—Q)7
=1 -ql(¢"” 1A+ (1+4q)¢>"*B),

where A and B are respectively, as in (1.13) and (1.14). Thus, taking
(1= HA-¢"H>-1-9A-¢""?) and
(1—g")(1—q") > (1—q)%q""?

satisfies the hypothesis (1.15) of the theorem, which means we get B,,—1 —2B,,+ By +1
is positive. On the other hand, if we take

1—¢"N1-¢"H<-(1-¢)(1—¢"**?) and
(1—g")(1—¢") < (1—q)°q*"?
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we again see that the hypothesis (1.15) of the theorem is satisfied to yield B,,—1 —
2B, + B, +1 negative. This means B, _1 — 2B, + Bp4+1 # 0.

Now

S| =

- i p Z (a5 q)n—2(b; q)n72h(q,n)

n=0 (C; q)n(qy q)n

1—g¢q a+bQ7L(qCI)n1

a 1—¢*)(1-¢") (@;@)n—2(b;@)n—2  on_
:‘—Hq(l—w(l—qb)(( Z 2050)n=2 on-s

> a C] n— 2 b q)n 2 n—-2 = (a Q)’ﬂ 2(b q)n*Q a+b+3n—>5
-~ + q
Z (a+b;9)n(g;q)n— Z (@ +b;9)n(¢;¢)n—1

n=1 n=1
=1,
which satisfies Lemma 1.1 and the proof is complete. O

We define the g-Alexander transform, analogous to the Alexander transform [3] in
the following way. Given f € A, the ¢-Alexander transform is given by

Afq(z / /) a(1), feA zeD. (1.16)

Hence, for f(z) = z + Z Apz", we see that
n=2

Az =243 An%z".
n=2
With this, we give our next result.
Theorem 1.4. Let a, b and c satisfy any one of the following properties.
1. a,be (1,00) and Tg(a+b—1) < 2T';(a)l4(b),
2.a€(0,1),be(1—a,1) and Ty(a+b—1) < 2T, (a)T(b), and

Fgla+b-1)
3. a€(0,1), b€ (1,0) and —L————= > 0.
Lq(a)lq(b)
Then the g-Alezander transform (1.16) of the function z¢(a,b;a + b — 1;q,2) is in

PK, with g(z) = &

Proof. Given f(z) = z¢(a,b;a+b—1;¢;2), Ay q(2) is given by

7Q) 17q
" e D.
Z+Z a+b DG 1— g ‘
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Then, in both the cases, viz., a,b € (1,00) and a € (0,1) , b€ (1 —a,1),
(a5 @)n-1(b; @) n—1

Byi1— B,| =

[Bot: | (a+b=10)n(g)n

[(1 _ qa+n—1)(1 _ qb+n—1) _ (1 _ qa+b+n—2)(1 _ qn)] ,

so that

< _ = (@190 (b—1Lq)n ,
§:= 2 [Bu Bn|_z(a+b—1;q)n(q;q)nq

n=1 n=1

since I'y(a + b — 1) < 2T (a)'y (). In the case a € (0,1) and b € (1, c0),

N ol = (a=19n(b—Lq)n 4,
S'_;Ugnﬂ Bal = Z(CHrb—1;q)n(q;q)nq

n=1
—1_ Fyla+b-1) <1,
Lg(a)Tq(b)
r b—1
using IW > 0 and the proof is complete. O]

Corollary 1.2. Let a and b satisfy any one of the following conditions
1. a,b€ (0,00) and T'y(a+b—1) < 2Ty (a)L'y(b),
2. a€(-1,0),be (-1—a,0) and Ty(a+b—1) < 2T (a)Ty(b),

Lyla+b-1)
3. a€(—1,0), be (0,00) and T @0 > 0.

(1—¢*")(1—q)

Then the function
(1—¢*)(1—¢")

[z¢(a7 b;a + b; q,z)] belongs to PK, with respect

to g(z) = T

Proof. The g-Alexander transform of g(z) = z¢(a + 1,b+ 1;¢+ 1; ¢, 2) is
“9() (1-q)(1—¢°)
A, (2 :/ dgt = a,b;c;q,z) —1
!J7f( ) 0 t q (1 _ qa)(l _ qb) [(b( ) ]

and the results follow from Theorem 1.4 by replacing a = a+ 1, b = b+ 1 and
c=a+b+1. O
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ABSTRACT: In arecent paper by A. Ebadian and A.A. Shokri [1], a a-
Lipschitz operator from a compact metric space X into a unital bounded
commutative Banach algebra B is defined. Let (X,d) be a nonempty
compact metric space, 0 < o <1 and (B, | . ||) be a unital bounded com-
mutative Banach algebra. Let Lip, (X, B) be the algebra of all bounded
continuous operators f : X — B such that

[ fx) = f) |

:x,yeX,xséy} <00 .
d*(z, y)

Do (f) :=sup {
In this work, we characterize the maximal ideal space of Lip, (X, B).

AMS Subject Classification: 47B48, 46J10.
Key Words and Phrases: Banach algebra, Lipschitz operator algebras, Mazimal ideal
space.

1 Introduction

Let (X,d) be a compact metric space with at least two elements and (B, || . ||) be a
Banach space over the scaler field F (= R or C). For a constant 0 < o < 1 and an
operator f: X — B, set

W=

palf): S‘;lgt) (s, 1) )

(s,t € X),

which is called the Lipschitz constant of f. Define

Lipa(X,B):={f: X > B : pa(f) < oo}
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and

lipa(X,B) == {f : X — B : W—m as d(s,t) =0, s,t € X, s #t}.
The elements of Lip, (X, B) and lip, (X, B) are called big and little a-Lipschitz
operators, respectively [1]. Let C(X, B) be the set of all continuous operators from
X into B and for each f € C(X, B), define

| f lloo:= sup || f(z) | -
reX
For f, g in C(X, B) and X in IF, define

(f+9)(@) = f(2) +g(x), A)(x):=Af(z), (zeX).

It is easy to see that (C'(X, B), || . |lco) becomes a Banach space over F and Lip, (X, B)
is a linear subspace of C'(X, B). For each element f of Lip, (X, B), define

1S o=l £ lloo + Pa(f)-

When (B, | . ||) is a Banach space, Cao, Zhang and Xu [6] proved that
(Lipa (X, B),|| . |la ) is a Banach space over F and lipo(X, B) is a closed linear
subspace of ( Lipa(X,B),|| . |la ), and when (B, || . ||) is a unital commutative
Banach algebra, A. Ebadian and A.A. Shokri [1] proved that (Lipe (X, B), || . l) is a
Banach algebra over F under pointwise multiplication and lip, (X, B) is a closed linear
subalgebra of (Lip, (X, B), || . ||o). Furthermore, Sherbert [4,5], Weaver [7,8], Honary
and Mahyar [9], Johnson [3], Cao, Zhang and Xu [6], Ebadian [2], Bade, Curtis and
Dales [11], and etc studied some properties of Lipschitz algebras.

Finally, in this paper, we will study the Maxima Ideal space of Lip, (X, B).

2 Maximal Ideal Space of Lip, (X, B)

In this section, let us use (X, d) to denote a compact metric space in C which has at
least two elements, (B, || . ||) to denote a unital bounded commutative Banach algebra
with unit e over the scalar field F(= R or C), Lip,(X) =Lipo(X,C) and 0 < a < 1.
Let E; and E5 be Banach spaces with dual spaces Ef and F3. Then we define for
X eFE ®FE,

| X fle=sup { [ (X, o1 @ o) | ¢; € B:[0, E}] for j =1,2},

where
X = Zx§k>®x<’“>,(meN,x(’“)eE1, e e By, 1<k<m),
k=1
and . -
(X, 01 ® ) = <Z$§k) ® 257,61 @ ¢o) = Z (@) ga (),

k=1 k=1



Maximal ideal space of certain a-Lipschitz operator algebras 85

and Bi[0, E7] is called ball in Ex; with radius 1 centered at 0 for j = 1,2. We call
| . |lc the injective norm on E; ® Es. The injective tensor product Ey@Fs is the
completion of Eq ® Ey with respect to || . || [10].

Theorem 2.1. (Lipo(X,B),| . |la ) is isometrically isomorphic to (Lipa(X)®B,
I lle )-
Proof. See [1]. O

Lemma 2.2. Let f €Lip,(X, B) and
p(@) =l f(z) IV, (ze€X).
Then ¢ €Lip,(X).

Proof. Firstly, we show that ¢ € C(X). For this purpose, suppose that z € X and
{zn,} C X is a sequence such that z,, — z (in X). Let f €Lip,(X,B). Then
f € C(X,B), and so f(z,) — f(x) (with || . ||). Thus for every € > 0, there is
N € N such that for every n > N,

I f(zn) = f(2) 1< 2l f(2) V2.

Now for every n > N we have

o) —o(@) | = [l Fle) IV2 = || () V2]
| Fa) [ = 1| £(@) |
1 7o) 172 1 | £(2) 172
_ e - f@)
= T fGon) 2+ 1] F(z) 72
21| f(x) |IV2 €
= 2@ e
— e (J() #0).

Also this holds for f(x) = 0.
This implies that ¢(x,) — ¢(x), so ¢ € C(X). Now, we show that p,(¢) < oco.
For every x,y € X such that z # y, we have

oy, L 2E) = 0(y) |
palp) = W ey
Since f €Lipa (X, B), pa(f) < 0. So
I f(x) = f(y) |
Ay
and then
@ =15 |

T#y e (zv y)
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So
(1@ 172+ 17 172 ) (I £@) 172 = 1 ) 172

sup <0
T#yY d (.T, y)

Since B is bounded, ||f]| < oo, (z € X). Thus

[ f@) 172 =W F) 2]

sup

T#y da (.’L', y)
and so
sup | w(afa) Wl _
Therefore p,(¢) < co. Hence ¢ €Lip,(X). O

Remark 2.3. Note that, in lemma 2.2., we suppose that 0 < « < 1. Because
for a = 1, the function f(x) = x'/2 on [0,1] is not Lipschitz, where B = C and
d(l’,y) = ‘l’ - y|} (.T,y € X)

Lemma 2.4. Let f €Lip,(X, B) and

oo L @172 f@) ()
g(x) : { 0, f(l‘)

[N

8 fwex)
Then g € Lipo (X, B).
Proof. Case 1: f(z) #0, (z € X). Let

pla) =] f@) V2, (e X).

Then by lemma 2.2., ¢ €Lip,(X). Let 2 € X and {z,} C X be a sequence such that
xn, — x in X. Since f € C(X, B), f(x,) — f(z) with || . ||. So

| f(@n) || 72— flz) |72

For every € > 0, we have

lg@@a) = g(@) | = [ Il F@a) 172 fl@a)= 1| £(2) 1772 f(2)|

1 f () 1720 f(@n) = fl2) |
FrG) I F ) (17H2 = f) 72

E.

AN+ IA

So g € C(X, B). Now we have

f@)=|l f(2) |12 g(x), (€ X).
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Since f €Lipa(X,B), || f [la< 00. S0 || f |lco< 00. Then || g [o< o0. Also
Da(f) < 00, thus

wup LS @) = 1) |
THY da($7y)
I () 112 ()= 1 £ ) 112 g(w) |

< o0,

ey d(z,y) R
Then
sup I f (@) 112 g(x)= || f(2) 1M g)+ || F@) 172 )= 1l f) 12 9(y) |l <0
TH£yY do‘(l‘,y) .
So
| @) (9(x) — 9)) + 90) (@) — (W) |
sup <00,
T#Y da(zvy)
| g(z) —g(y) | | o(x) —ey) |l
(iilch(x) X Ty ) - (iil; | g(y) |l X—da(x,y) ) <0
Hence

16 lloo Pa(9)= 1| g lloo Pa(p) <00
Since || g [|oo< 00 and || ¢ ||oo< 00 and pa (@) < 00, Pal(g) < 00. So g €Lip, (X, B).

Case 2: f(z) =0, (z € X). Firstly, we show that g is continuous. Let x € X with
f(x) =0 be fixed. Let ¢ > 0 and n € N with 2 < e. Then V defined by

Vi f{teX | £ < )

is a neighborhood of z satisfying || g(¢) |< oo for each t € V. Indeed, f(¢) = 0 implies
that
9@ [=10]=0<e.
If t € V satisfies f(t) # 0, then there is k > n with
1 1
— < t) 1< —.
G <10 1<
Since oo <l £ 1| 5 2 <)l F8) 172 - So
1 -1
— t 12< 1.
17 1<

Thus we get

£ 172 F )

1 —1/2
= g7 HFO | P (k+1)f) |
< (k+1) [ fQ@) |
E+1 2k _

I9(t) ]
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Which proves the continuity of g. Now for every =,y € X, x # y we have

| 9(z) —9(y) |
pa(g) = Sup —— 7~
THy da(l‘,y)
[0—0
= sup——— =0<¢,
THy do‘(x,y)
so g €Lipy (X, B). O

Theorem 2.5. FEvery character x on Lip, (X, B) is of form x = vod, for some
character v on B and some z € X.

Proof. Let
j i Lipo(X) = Lipa (X, B)
h—h®e,
be the canonical embedding. Since (Lipa (X, B), || . |lo ) is isometrically isomorphic

to (Lipa(X)®B, || . || ) by theorem 2.1., j is a well define map. Then there is z € X
such that xoj is the evaluation in z. Consider the ideal

I:={f € Lipa(X,B) : f(z) = 0}.
We will show that I is contained in the kernel of x. Given f € I we define

p(@) =l f(x) IV (2 € X).

By lemma 2.2., ¢ €Lip,(X) and has the same zeros as f. The function g : X — B
defined by

_ [ @) 172 f@) i f(z) #0
9(z) = { 0 if f(z) =0 ,

is in Lip, (X, B), by lemma 2.4. Now for every x € X with f(x) # 0 we have

f@) = | f@) "2 g(z) = el2)g()
= plx) e g(r) = (p@e)(r)g(x)
)

= ((90® ) JQOQ)

So f = j(p)g. Since ¢ has the same zeros as f, we conclude

x(f) = x(i(e)g) = (x0i) (©)x(9) = 6-(¢)x(g) = ¥(2)x(g) = 0.

The evaluation 4, is an epimorphism and since kerd, = I C kery, we obtain the
desired factorization x = ©od, for some character 1) on B. O
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1 Introduction and main results

Throughout the paper we shall work with real valued random variables on a complete
probability space (2, F, P). The following Baum-Katz type result (cf. [5]) quantifies
the rate of convergence in the strong law of large numbers for general sequences of
random variables in the form of a complete convergent series:

Theorem 0. If (X,)n>1 is an LP-norm bounded sequence for some 0 < p < 2,
i.e., Sup,>1 [|[Xnllp < C for some C > 0, then there exists a subsequence (Y )n>1 of
(Xn)n>1 such that, for all 0 < r < p, we have

n

in”/T_QP({w €N ZYJ(w) > snl/r}> < oo fore > 0. (1)
n=1

j=1

In particular the strong law of large numbers holds along the subsequence (Yy,)n>1,
i.e., Y /n'/? =0 a.s.

The examples in [6], [4] and [3] show that (1) may fail if one drops the LP-norm
boundedness hypothesis. Inspired by the celebrated Komlds-Saks and Mazur-Orlicz
extensions of the law of large numbers, in this note we shall prove two versions of

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland



92 G. Stoica

the Baum-Katz theorem under special boundedness hypotheses, more general than
LP—norm boundedness condition required in Theorem 0.

Theorem 1. Let 0 < p < 2 and (Xp)n>1 a sequence such that lim sup,, | X, (w)|? < oo
forallw € Q. Then there exists a subsequence (Y )n>1 of (Xn)n>1 such that (1) holds
for all0 < r <p.

Theorem 2. Let 0 < p < 2 and (X,,)n>1 @ sequence satisfying the following con-
dition: for every subsequence (X,)n>1 of (Xn)n>1 and n > 1, there exists a con-

vex combination Z,, of {\Xn|p, | X1, .. .}, such that limsup,, | Z,(w)| < oo for all

w € Q. Then there exists a subsequence (Yy,)n>1 of (Xn)n>1 such that (1) holds for
all0 <r <p.

Remarks. (i) Both Theorems 1 and 2 hold for uniformly bounded sequences (X, )n>1
in LP,0 < p < 2. On [0, 1] endowed with the Lebesgue measure, the sequence X, (w) =
n? if 0 < w < 1/n and 0 otherwise, satisfies Theorem 2 because X,, — 0 Lebesgue-a.s.,
yet it does not satisfy Theorem 1 with p = 1 because it is not bounded in L![0,1].
As a matter of fact, both Theorems 1 and 2 may fail for unbounded sequences, e.g.,
X, =n.

(ii) The idea beneath Theorems 1 and 2 is to construct a rich family of uniformly
integrable subsequences of (X,,),>1 as in [2], for which condition (1) holds; note that
the hypotheses in [6] and [3] cannot produce Baum-Katz type theorems, as the families
of subsequences therein are no longer uniformly integrable.

2 Proofs of the results

Proof of Theorem 1. Note that limsup,, | X, (w)|P < 0o is equivalent to

sup | X, (w)|P < o0
n>1

for all w € Q). For any natural number m > 1, let us define

A = {w € Q:sup | X, (w)|P < m}.

n>1

Assume that r < p and fix ¢ > p/r — 1. As P(A,,) — 1 as m — 0o, we can choose

my > 1 such that P(Aml) > 1 —27% Integrating and applying Fatou’s lemma, we

obtain

sup/ | X0 (W) |PAP(w) < my. (2)
A

n>1

my

We now apply the Biting Lemma (cf. [1]) to the sequence (X,),>1 and obtain:
an increasing sequence of sets (Bj)r>1 in F with P(B}) — 1 as k — oo, and a
subsequence (X}),>1 of (X,)n>1 such that (X!),>; is uniformly integrable on each
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set A, N B}, k > 1. The latter fact together with estimate (2) show that Theorem
0 applies to the sequence (X!),>1 and gives

(o) n
Zn”/TQP({w € Am, N B > _Xj(w)| > enl/r}> < oo fore>0and k> 1.
n=1 7j=1

Another application of the Biting Lemma to (X}),>1, instead of (X,,),>1, produces:
a measurable set A,,, with P(A4,,,) > 1—37%, an increasing sequence of sets (B )s>1
in F with P(B?) — 1 as k — oo, and a subsequence (X2),>1 of (X}),>1 such that
(X2),>1 is uniformly integrable on each set A,,, N B, k > 1, such that

an/T2P<{w € A, N B} : ZXJQ(w) > Enl/r}> < oo fore>0and k> 1.
n=1 j=1

By induction, we construct for each ¢ > 1: a measurable set A,,, with P (Amj) >
1 — (i 4+ 1)7%, an increasing sequence of sets (Bj)r>1 in F with P(B) — 1 as

k — 0o, and a subsequence (X ),>1 of (Xi71),>1, with the convention that (X2),>1

is precisely (X,,)n>1, such that (X?),,>1 is uniformly integrable on each set A,,, N B},
k>1,and

Zn”/TQP({w € A, NB;: ZXJ’(w) > 5n1/r}) < oo for e >0and k,i > 1.
n=1

j=1

Now define Y,, := X' and, using a diagonal argument in the above formula, we obtain
that

n

an/r—2P<{w € A, NBy - ZYJ(W) > 5n1/r}> <oofore>0and k>1. (3)
n=1

Jj=1

As P(B}) —+ 1 as k — oo for all n > 1, formula (3) and the dominated convergence
theorem imply that

oo

an/T2P<{w €An, : ZYj(w) > sn”’”}) < oo for e > 0. (4)
j=1

n=1

Therefore, to prove that series (1) converges for our subsequence (Y,,),>1 and r < p,
it suffices to prove (4) with A, replaced by its complement, i.e.,

inp/r2P<{w €eQ\ A4, : iyj(w) > anl/r}> < o0 for e > 0. (5)

n=1 j=1

Indeed, the latter series is

< an/r2p<{w €O\ Amn}> < an/“%l < o0 (6)
n=1 n=1
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as P(An,,) >1—=(n+1)"">1—n"%and a > p/r — 1. The proof is achieved in the
case r < p.

If » = p, then we modify the induction process as follows: choose measurable sets
Ay, with P(Ay,,) > i/(i+1) for all i > 1; as such, the diagonal argument above gives
the following replacement of (4):

o0 1 n
- Ap DY, Lr f 0.
nz_:ln({we N J; (w)| > en }) < oo for € >

To show that series (1) converges for our subsequence (Y,),>1 and r = p, it suffices
to prove the following replacement of (5):

o0 1 n
ZP({w eQ\ A4, : ZY](w) > snl/’"}> < oo for € > 0.
n:ln j=1

Indeed, the latter series is
=1 = 1
< —P Q\ A < _
<2 G“e \MJ>—Z%m+U<“

by the choice of P(A,,,),n > 1. The latter is the substitute of (6) in the case r = p,
and the proof is now complete.

Proof of Theorem 2. By hypothesis we can write

Zy = Z )\?|)~(n+i|p for some A" > 0 with Z A =1,
icly, i€l,

and where I,, are finite subsets of {0,1,2,...}. In addition, the sequence (Z,)n>1
satisfies the condition sup,,>; |Z,(w)|? < oo for all w € Q. For any natural number

m > 1, let us define 4,, = {w € Q i sup,>q [Zn(w)| < m}. As P(A,,) — 1 as

m — oo, we can choose my > 1 such that P(Aml) >1-—27%or 1/2, according to
p > rorp=r, and where a > p/r — 1 is fixed. Integrating and applying Fatou’s
lemma, we obtain

sup Z )\7/ | X i (W)|PAP(w) < my.
nZlieIn Amy

Hence there is a subsequence (Xn)n21 of (Xn)n21 (therefore of (X,,),>1 as well), such
that
sup [ Xa)PdP(w) < mi,

A

n>1

my

which is precisely eq. (2) along a subsequence. The remainder of the proof goes
exactly as in the proof of Theorem 1.



Complete convergence under special hypotheses 95

References

[1] 1 J.K. Brooks, R.V. Chacon, Continuity and compactness of measures, Adv.
Math. 37 (1980) 16-26.

[2] C. Castaing, M. Saadoune, Komlds type convergence for random wvariables and
random sets with applications to minimization problems, Adv. Math. Econ. 10
(2007) 1-29.

[3] S.J. Dilworth, Convergence of series of scalar- and vector-valued random vari-
ables and a subsequence principle in Lo, Trans. Amer. Math. Soc. 301 (1987)
375-384.

[4] E. Lesigne, D. Volny, Large deviations for martingales, Stoch. Proc. Appl. 96
(2001) 143-159.

[5] G. Stoica, The Baum-Katz theorem for bounded subsequences, Stat. Prob. Lett.
78 (2008), 924-926.

[6] H. von Weizsiicker, Can one drop the L'-boundedness in Komlds’ subsequence

theorem? Amer. Math. Monthly 111 (2004) 900-903.

DOI: 10.7862/rf.2012.8

George Stoica
email: stoica@unb.ca

Department of Mathematical Sciences,
University of New Brunswick,
Saint John NB, Canada

Received 17.12.2010, Revisted 27.10.2011



Journal of

Mathematics
and Applications

No 35, pp 97-106 (2012)

On parameters of independence,

domination and irredundance in
edge-coloured graphs and their products

Andrzej Wioch and Iwona Wioch

Submitted by: Jan Stankiewicz

ABSTRACT: In this paper we study some parameters of domination,
independence and irredundance in some edge-coloured graphs and their
products. We present several general properties of independent, dominat-
ing and irredundance sets in edge-coloured graphs and we give relation-
ships between the independence, domination and irredundant numbers
of an edge-coloured graph. We generalize some classical results concern-
ing independence, domination and irredundance in graphs. Moreover we
study G-join of edge-coloured graphs which preserves considered parame-
ters with respect to related parameters in product factors.
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1 Introduction

Consider a finite connected graph G with a vertex set V(G) and an edge set E(G).
A path from a vertex x1 to a vertex x,, n > 2, in G is a sequence of distinct vertices
X1, ..., &, such that z;z;11 € E(G), for i = 1,...,n — 1; we denote it simply by
x1...x,. If 1 = x, the path form a cycle. An edge-m-colouring of G is a mapping
c: E(G) = {1,...,m}. We then say that G is edge-m-coloured by c¢. An m-coloured
graph G is monochromatic if ¢(e) = ¢(f) for any e, f € E(G). We abuse the notation
slightly and call ¢(G) = ¢(e), for any e € E(G). A path (cycle) is m-coloured if its
edges are coloured using m-colours. A path is called monochromatic if its edges are
coloured alike. The set of all vertices y for which there is a monochromatic path y...x
is called the chromatic neighborhood of x and is denoted by N* (z). We write N/*[z]
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instead of N7 (z) U {z}. For a subset X of V(G) we write N7 (X) and N7 [X]
instead of |J NZ7(xz) and |J NZ7P[X], respectively.
zeX zeX

A subset S C V(G) is said to be independent by monochromatic paths of the edge-
coloured graph G if for any two different vertices x,y € S there is no monochromatic
path between them. In addition a subset containing only one vertex and the empty set
are independent by monochromatic paths. For convenience we will write an imp-set of
G instead of an independent by monochromatic paths set of G. For any proper edge-
colouring of the graph G an imp-set of G is an independent set in the classical sense.
Moreover every imp-set of G is independent. The lower and upper independence by
monochromatic paths numbers iy, (G) and aum,,(G) of G are respectively the minimum
and maximum cardinalities of maximal imp-set of vertices of G.

A subset Q C V(G) is dominating by monochromatic paths, shortly dmp-set of
the edge-coloured graph G if for each x € V(G) \ @ there exists a monochromatic
path x...y, for some y € Q. We will write a dmp-set of G instead of dominating by
monochromatic paths set of G. For proper edge-colouring of the graph G a dmp-set
of G is a dominating set of GG in the classical sense. Moreover every dominating set of
G is a dmp-set. The lower and upper by monochromatic paths numbers vym,(G) and
Ip(G) of G are respectively the minimum and maximum cardinalities of minimal
dmp-set of vertices of G.

Parameters v,,,(G) and ay,,(G) will be named as the domination by monochromatic
paths and independence by monochromatic paths numbers, respectively.

Let G be an edge-coloured graph and X C V(G). For every z € X, define I/”(z, X) =
NGP[x]) — NGP[X — {x}] the set of private chromatic neighbours of the vertex relative
to the set X. If I1}*(x, X) = (), then x is said to be redundant by monochromatic path
in X. A set X of vertices containing no redundant by monochromatic paths vertex
is called irredundant by monochromatic paths. The lower and upper irredudance by
monochromatic paths number ir,,,(G) and IR,,,(G) of a graph G are respectively
the minimum and maximum cardinalities of maximal irredundant by monochromatic
paths set of vertices of G. The parameter irp,,(G) is the irredundance by monochro-
matic paths number of an edge-coloured graph G. In this paper we will write an
irmp-set of G instead of an irredundant by monochromatic paths set of G. For the
proper edge-colouring of the graph G an irmp-set of G is an irredundant set in the
classical sense.

Note that for the proper edge-colouring of the graph G we have the following equal-
ities: aump(G) = (G), Ymp(G) = Y(G), Tip(G) = L(G), imp(G) = i(G), irmp(G) =
ir(G) and IR,,,(G) = IR(G).

The concepts of independence, domination and irredundance have existed in lit-
erature for a long time, see [14]. There are several generalizations of these concepts,
for instance generalization in distance sense see [10, 13].

Concept of independence and domination by monochromatic path in graphs were
studied in [1-8] and [15-21]. More generalized concept was considered recently in [9].

In this paper we study parameters of independence, domination and irredundance
by monochromatic paths in an edge-coloured graphs and their products. We give some
general properties of imp-sets, dmp-sets and irmp-sets in an edge-coloured graph and
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we give some relationships between studied parameters which generalize results for
independent sets, dominating sets and irredundance sets in the classical sense.

2 General properties of imp-sets and dmp-sets in
graphs
In this section we give some relations between imp-sets, dmp-sets and irmp-sets in

graphs.

Theorem 2.1. [20] For an arbitrary edge-coloured graph G and a subset S C V(G)
the following conditions are equivalent:

1. S is a mazximal imp-set od G.
2. S is an imp-set of G and a dmp-set of G.
8. S is both a maximal imp-set and a minimal dmp-set of G.

Theorem 2.2. Let X be an irmp-set of an edge-coloured graph G. If there exists x €
X such that x € 1" (z, X) then I (x,X) € NG [v], for any v € V(G) — NP [X].

Proof. Assume that there exists € X such that I.”(z,X) C N5*[v] for some
v e V(G) — NGP[X]. Then z € IJ?(z,X) C NSP[v], that is, v € N5P[z], which
contradict the choice of the vertex v € V(G) — NSP[X]. O

Theorem 2.3. Let G be an edge-coloured graph and let Q be a dmp-set in G. Then
Q is a minimal dmp-set in G if and only if IZ7(x, Q) # 0, for each x € Q.

Proof. If @ is a minimal dmp-set in G, then for each z € @ we have that N*[z] U
NGPIQ —{z}] = N:P[Q] = V(G). Since NLP[Q — {z}] C V(G), so IZP(z, Q) # 0.
Assume now that @ is a dmp-set in G and I/”(z,Q) # 0, for each 2 € Q. Suppose
on contrary that @ is not minimal. This means that for some z € Q, Q — {«} is
a dmp-set in G. Therefore N;7[Q — {z}] = V(G) and since N;*[z] C V(G), so
IZP(x,Q) = 0, contrary to the hypothesis. O

From the definition of an irmp-set and Theorem 2.3 it follows the following rela-
tionships between minimal dmp-sets and maximal irmp-sets:

Corollary 1. Let Q be a dmp-set of an edge-coloured graph G. Then Q is a minimal
dmp-set of G if and only if Q is a mazximal irmp-set of G.

In view of the facts that every maximal imp-set of a graph G is a minimal dmp-set
and every minimal dmp-set is a maximal irmp-set it follows the following string of
inequalities:

Proposition 2.4. For any edge-coloured graph G,

iTmp(G) < Ymp(G) < imp(G) < amp(G) < Ui (G) < TRy (G).
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Theorem 2.5. If X is a smallest mazimal irmp-set in an edge-coloured graph G and
X is an imp-set, then

inp(G) = Yimp(G) = tmp(G).

Proof. By Proposition 2.4 we obtain that i7,,,(G) < Ymp(G) < imp(G), so it suffices
to prove that iry,,(G) = imp(G). Suppose on the contrary that ir,,,(G) # imp(G).
Then | X| = irpp(G) < imp(G) and this implies that X is not a maximal imp-set in G.
Consequently V(G) — N5P[X] # 0 and for any z € V(G) — NZP[X] the set X U {x}
is an imp-set of G. Therefore by previous considerations X U{z} is an irmp-set in G,
contrary to the maximality of X. O

Theorem 2.6. Let G1,...,G, be the connected components of an edge-coloured graph
G and X be a mazimal irmp-set of G and X; = X NV (G;). Then X; # 0 and X; is
a mazimal irmp-set of G;, for each i =1,...;n.

Proof. If X; = @ for some i, 1 < 4 < n then we can observe that X U {y} is an
irmp-set of G for any y € V(G;) which contradicts the maximality of X. This implies
that X; # 0 for each ¢ = 1,...,n. Because X is a maximal irmp-set of G hence
IGP (@, X) # 0, for each € X and since X; C X, so X is also an irmp-set of G;.
Suppose that there exists 1 < i < n such that X; is not a maximal irmp-set of G;.
Then there exists at least one vertex y € V(G,;) such that X;U{y} is also an irmp-set,
and consequently we have that X U {y} is also an irmp-set of G, a contradiction to
the maximality of X. O

Theorem 2.7. Let G be an edge-coloured graph. If X is a mazximal irmp-set of G
then for any u € V(G) — N5 [X] there exists some © € X such that

(1) 137 (, X) € NZP(u),

(2) for x1,x0 € ISP (x,X) such that x1 # xo either there is a monochromatic path
x1...x2 i G or there exist y1,y2 € X — {x} such that there is a monochromatic path
from 1 to each vertex of 15" (y1,X) and there is a monochromatic path from xo to
each vertex of 107" (y2, X).

Proof. (1). From the assumption about maximality of X we obtain that the set
X U{u} is not an irmp-set in G. Consequently I;”(z, X U {u}) = 0 for some z €
X U{z}. Since u € V(G) — N5P[X], hence there is no monochromatic path u...y, for
every y € X, sou € I7(u, X U{u}) and therefore x # u. Because I,?(z, X U{u}) =
NZla] = NEPIX U u} — {a}] = NZla] = NZPIX — (o] — NOlu] = 0, then
IGP(, X) = NGP[x]) = NGP[X — {z}] C N5"[u] and this gives I;"(z,X) C N&P(u)
as u & I7 (z, X).

(2). Let @1, 22 be two distinct vertices of I/ (x, X) such that there is no monochro-
matic path x1...x2 in G and suppose on the contrary that for x; or xs, say for x; and
for all y; € X — {z} there is z; € I (y;, X) that there are no monochromatic paths
Zj...w1 in G. Thenzy € ISP (z, XU{21}), u € 15" (21, XU{21}), 2 € 157 (yi, XU{21})
for each y; € X — {z} and therefore X U {z;} is an irmp-set in G, which contradicts
the maximality of X. O
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Theorem 2.8. Let X be a smallest maximal irmp-set in G. Let Xo C X be a subset
such that Xo U {x} is an imp-set in G, for each x € X and |Xo| = k < |X|. Then
Ymp(G) < 2irmp(G) —k —1

Proof. Because | Xo| = k < |X|so X — Xg # 0. Let X — Xo = {z1,...,2}. Clearly
n > 2. For each z; € X — X we choose any z} € I”**(z;, X) and we define the set
X' = XU{z),...,2},}. From the assumption of X, we obtain that z; & I (x;, X), so
x} # x; for i = 1,...,n and therefore | X'| < 2ir,,,(G) — k. Moreover the assumption
of the set Xy implies that for every x, € X — X there is z; € X — X( and a
monochromatic path z,...z, in G. We shall show that X’ is a dmp-set in G. Assume
on the contrary that X’ is not a dmp-set and let u € V(G) — N7 [X']. Consequently
X is not a dmp-set in G. Thus for every y € X there is no monochromatic path
...y in G. Then Theorem 2.7 (1) gives that I”(xz, X) C N5%(u) for some z € X.
If + € Xo, then z € IJ”(x,X) and there is a monochromatic path x...u, which
contradicts the assumption. If x € X — X, then « = x; (for some ¢ € {1,...,n}) and
by previous considerations x; € Ity? (x4, X). Because 1537 (24, X) C Ng(u) so there is
a monochromatic path x;u in G, a contradiction. Therefore X’ is a dmp-set. Since
X C X', hence Corollary 1 implies that X’ is not a minimal dmp-set. Consequently
Vmp(G) < |X'| < 2irmp(G) — k and ypmp < 2015, (G) — k — 1. O

Corollary 2. For any edge-coloured graph G, Ymp(G) < 2ir;,,(G) — 1.

Proof. Let X be a smallest maximal irmp-set in G. If X is an imp-set then by
Proposition 2.4 we have that ¥, (G) < irmp(G) and therefore v,,,(G) < 201y, (G)—1.
If X is not an imp-set and G[X] has a subset Xy on k vertices such that Xy U {z}
is an imp-set in G, for each x € X, then by Theorem 2.8 it follows that v,,,(G) <
2irmp(G) — k — 1 < 201, (G) — 1. O

A vertex x of an edge-coloured graph is called a monochromatic vertex if it belongs
to exactly one maximal (with respect to set inclusion) connected monochromatic
subgraph of G. A connected monochromatic subgraph of a graph G containing at least
one monochromatic vertex is called a monochromatic simplex of G. Note that if = is
a monochromatic vertex of G then G[N;”[z]] contains a subgraph being the unique
monochromatic simplex of G containing z. A graph G is monochromatic simplical
if every vertex of G is a monochromatic vertex or belong to the monochromatic
simplex. Certainly, if G is a monochromatic simplical graph and My, ..., M,, are the

n

monochromatic simplices in G, then V(G) = |J V(M;).
i=1

The following theorem was proved in [20].

Theorem 2.9. [20] If an edge-coloured graph G has n monochromatic simplices and

every vertex of G belongs to exactly one monochromatic simplex of G, then Ymp(G) =
imp(G) = Wmp(G) = Lp(G) =1

The monochromatic covering number 6,,,(G) of an edge-coloured graph G is the
smallest integer n for which there exists a partition Vi, ..., V,, of the vertex set V(G)
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such that each V; induces a connected monochromatic subgraph of G. It is easy to
observe that app(G) < 0,,p(G).
To prove the next theorem we need the following lemmas:

Lemma 2.10. Let G be an edge-coloured graph without p-coloured cycles, 2 < p < 4
and let S and T be disjoint sets of vertices of G. If G[S] and G[T] are connected and
monochromatic then there is a vertex sy € S such that NP (so) NT = NZP(S)NT.

Proof. The proof is by induction on m = [S N NZP(T)|. If m < 1 then the result
is obvious. Assume that m > 1 and that the result is true for all m’ < m. Let
s € SN NZP(T). By the induction hypothesis there is s’ € S — {s} such that
NGP()NT = NZP(S — {s}) NT. Evidently if N;P(s) N T C NZP(s')NT or
NGP(s)NT C NGP(s)NT, then s or s, respectively is the desired vertex. To complete
the proof it suffices to show that at least one of two sets N”(s)NT and N5P(s")NT
contains the other one. Suppose to the contrary that neither N (s)NT C NP (s")NT
nor N*(s")NT C NZP(s)NT. Then for every t € (N (s) — N&(s'))NT and every
t' e (NZP(s") = NP (s))NT vertices s, s, ¢, t’ belong to a p-coloured cycle, 2 < p < 4,
a contradiction.

This completes the proof of this Lemma. O

Theorem 2.11. If G is an edge-coloured graph without p-coloured cycles, 2 < p < 4,
then the following statements are equivalent:
(1) every vertex of G belongs to exactly one monochromatic simplex

(2) imp(G) = Qmp(G) = Opmp(G).

Proof. Let My, ..., M,, be the monochromatic simplices of G. If every vertex of G
belongs to exactly one of them, then by Theorem 2.9 we have that i,,,(G) = app(G) =
n and consequently 6,,,(G) < n. From this fact and by a,,(G) < 0,,,,(G) we have
that @,p(G) = 0mp(G). This proves the first implication. To prove the converse
implication assume that My, ..., M,, are monochromatic subgraphs covering G, where
1N = Omp(G) = Amp(G) = imp(G). Firstly we shall show that M, ..., M,, are mutually
disjoint

Suppose on contrary that v € M; N M; where (i # j) and assume that S is any
maximal imp-set of G such that v € §. Because |S N (V(M;) UV (M;))] = 1 and
[SNV (M) <1for k=1,...,n we have that |[M| <n—1 < am,(G), a contradiction
with the maximality of S. Next we prove that M, ..., M,, are monochromatic simplices
of the graph G.

Assume on the contrary that at least one of the monochromatic subgraphs is not a
monochromatic simplex of G. Without loos of generality we can assume that M, is not
a monochromatic simplex of G. Clearly n > 2 and for every vertex « € V(M,,) there
is a monochromatic path z...y to some vertex y of V(G)—V(M,,) and c(zy) # c(My).
Let S be any minimal subset of V(G) — V(M,,) such that V(M,) C NZ*(S), say
|S| = k. We shall show that the set S is an imp-set in G. Suppose on the contrary
that S is not an imp-set. Hence there exist u,v € S and a monochromatic path
u...v in G. Applying Lemma 2.10 to sets {u,...,v} and V(M,,) we have that there
is a vertex sg € {u,...,v} such that NZ*({u,...,v}) N V(M,) = N5¥(so) NV (M,).
Clearly V(M,) C N5P((S — {u,v}) Usg). We consider the following casses:
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1. (8 = {u,v}) U{se} is an imp-set of G.

Then we obtain the contradiction with the minimality of S.
2. (8 —{u,v}) U {so} is not an imp-set of G.

Then there is z € S\ {u,v} and a monochromatic path z...sp in G. Applying
Lemma 2.10 to sets {z, ..., s} and V(M,,) and proving analogously as above we obtain
either case 1 or case 2. Using at most k — 1 steps we obtain the contradiction with
the maximality of S.

Thus S is an imp-set and this gives that |[SNV(M;)| < 1 for i = 1,..,n — 1.
Consequently k = |S| < n — 1 and we can assume that |[S NV (M;)| = 1 for i =
1,..,k. Let J C V(G) — NZ"(S) be any (possibly empty) imp-set of G. Because

n—1
J CV(G)—=NZP[J] € > V(M;) so it immediately follows that |J| < n —k — 1.
j=kt1
Moreover, since JNNLP[S] = 0, then SUJ is an imp-set of G and there is an imp-set
J such that S U J is a maximal imp-set in G and |[S U J| < n —1 < ayp(G), which
gives a final contradiction. O

3 Parameters of independence domination and ir-
redundance in edge-coloured graphs products

It is often easy to work with graphs whose structure can be characterized in terms
of smaller and simpler graphs, so many of the existing results come from the study
of products of graphs. The operations on graphs allow us to build several families
of graphs and in a large family of considered sets can be characterized in therms of
smaller and simpler graphs.

In this paper we study edge-coloured G-join o(a, G) of graphs which preserves
considered parameters with respect to related parameters in the product factors. Let
G be and edge-coloured graph on V(G) = {z1,...,7}, n > 2 and a = (G)ieq1,... n} be
a sequence of vertex disjoint edge-coloured graphs on V(G;) = {y1, ...y Yp, }, pi > 1,4 =
1,...,n. Then the G-join of the graph G and the sequence « is the graph o(«, G) such

n
that V(o (o, @) = U ({ai} x {V(Gi)) and E(0(a, G)) = {(xs, ;) (g, y{)-coloured v);
i=1
(zs = 4 and yjy; € E(Gs)-coloured 9) or (zsz4 € E(G)-coloured ¢)}. By Gf we
mean a copy of G; in o(a, G). It may be noted that if all graphs from the sequence «
have the same vertex set, then from the G-join we obtain the generalized lexicographic
product of the graph G and the sequence of graphs G;, i.e. o(a, G) = G[G, ..., Gy).
If all graphs from the sequence « are isomorphic to the same graph H, then we obtain
the classical product of graphs, namely the composition G[H| of the graph G and H.

Let X CV(G)and X = {zy,, ..., x4, }, 1<k<n. If Gi:{ 2Ky andi=tj, j=1,...k

K1 otherwise,
then o(a, G) is the duplication G, see [11, 12, 13].
Independent sets and dominating sets in G-join of digraphs were studied in [11,
12, 13, 1, 2]. Recently interesting concept of H-kernels in G-join of digraphs were
studied in [9]. It generalize imp-sets and dmp-sets in edge coloured graphs.
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Imp-sets and dmp-sets in G-join of digraphs were studied in [9]. Using the same
method we can prove similar results for maximal imp-sets and minimal dmp-sets.

Theorem 3.1. Let G be an edge-coloured graph on n wvertices, n > 2 and « be

a sequence of vertex disjoint edge-coloured graphs G;, i = 1,...,m. A subset S* C

V(o(a,Q)) is a mazimal imp-set of o(a, G) if and only if S C V(G) is a mazimal

imp-set of G such that S* = |J S;, where T = {i;x; € S} and S; C V(GS) and S; is
i€T

an arbitrary nonempty 1-element subset of V(GS), for every i € T.

Theorem 3.2. Let G be an edge-coloured graph on n wvertices, n > 2 and « be a

sequence of vertex disjoint edge-coloured graphs G;, i = 1,....n. A subset Q* C

Vio(a, Q)) is a minimal dmp-set of o(a, G) if and only if Q C V(G) is a minimal

dmp-set of G such that Q* = |J Q;, where T = {i;z; € Q}, Q; C V(GS) and Q; is
i€z

an arbitrary nonempty 1-element subset of V(GS), for every i € I.

For irmp-sets we prove an analogous theorem.

Theorem 3.3. Let G be an edge-coloured graph on n wvertices, n > 2 and « be a

sequence of vertex disjoint edge-coloured graphs G;, i = 1,....,n. A subset X* C

V(o(a, Q)) is a mazimal irmp-set of o(a, G) if and only if X is a mazimal irmp-set

of G such that X* = |J X;, where T = {i;z; € X} and X; is an arbitrary nonempty
i€T

subset of V(G$), for every i € T.

Proof. Let X* be a maximal irmp-set of o(o,G). Denote X = {x; € V(G); X* N
V(GS) # 0}. First we shall prove that X is not an irmp-set of G. This means that
there is a vertex x; € X such that 1} (z;, X) = (0. Hence by the definition of o(a, G)
and the set X we have that X* N V(GS) # 0 and for every (z;,yi), 1 < t < p;
holds 15" ((xi,y,), X*) = 0. Consequently every (z;,y;), 1 <t < p;, is a redundant
by monochromatic paths, contradicting the irredundance by monochromatic paths of
X*. Now we will prove that X is maximal. Suppose on contrary that X is not a
maximal irmp-set of G. Then there is z; € (V(G) \ X) such that X U {z;} is an
irmp-set of G. Hence for every (¢, ym), 1 < m < p; the set X* U {(x¢, Ym )} would
be a greater irmp-set of o(a, @), a contradicting the maximality of X*. Clearly
X* = U Xi, where T = {i;z; € X}. The definition of o(a, G) implies that for every
i€T

two vertices from each copy G¢, ¢ = 1,...,n there is a monochromatic path between
them in o(o, G). Let X; C V(GY). If | X;| > 2, then for an arbitrary subset Y C X;,
where |Y| > 2 and for each (‘Ti, y;:))7 (xia y;) holds Na’(a,G)[(xia y;;)] = NU(O(,G)[(xi7 yé)]
Consequently one vertex from copy G¢ can belong to irmp-set of o(a, G). So X; is
an l-element set containing arbitrary vertex from V(GY), for every i € Z.

Let X C V(G) be a maximal irmp-set of G and let X;, where i € 7 and 7 =
{i;2; € X} be an 1l-element set containing an arbitrary vertex from V(G¢). We will
prove that X* = |J X; is a maximal irmp-set of o(a,G). It is obvious from the

i€
definition of o(«, G) that X* is an irmp-set of o(«, G). Assume on the contrary that
X* is not a maximal irmp-set of o(a, G). Then there is (z¢,y%,) € (V(o(a,G) \ X*)
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such that the set X* U {(z,9},)} is an irmp-set of o(a, G). Consequently (z¢,y!,)
is not a redundant by monochromatic paths in X*. The definition of X™* implies
that z; ¢ X in other case we get a contradiction with the assumption of S, t € Z.
Moreover the definition of o(a, G) gives that x; is not redundant by monochromatic
paths in X. So X U {z;} is an irmp-set of G, a contradiction with the maximality of
X.

Thus the Theorem is proved. O

From the above theorems immediately follows the following results for parameters
of independence, domination ond irredundence by monochromatic paths in o(a, G).

Theorem 3.4. Let G,G,...,G,, be edge-coloured graphs. Then

1 amp(o(a, G)) = amp(G)

2. imp(0(a, G)) = imp(G)

8. Ymp(o(a, @) =vmp( )

4. Tiplo(a, G)) = i (G)

5. irmp(o(a, G)) = irpp(G)

6. IR,p(0(or,G)) = IRy (G)
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