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ABSTRACT: In this work we consider some integral operators on the
special subclasses of the set of analytic functions in the unit disc which
are defined by the Hadamard product. Using the univalence criterions, we
obtain new sufficient conditions for these operators to be univalent in the
open unit disk. We give some applications of the main results.
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1. Introduction

Let H denote the class of analytic functions in the unit disc D = {2z : |2] < 1}
on the complex plane C. Let A denote the class of all functions f € H normalized
by f(0) =0, f/(0) = 1. Let S be the subclass of A whose members are univalent in
D. Recall that a set £ C C is said to be starlike with respect to a point wy € E if
and only if the linear segment joining wy to every other point w € FE lies entirely in
FE, while a set F is said to be convex if and only if it is starlike with respect to each
of its points, that is if and only if the linear segment joining any two points of E lies
entirely in E. The set of all functions f € A that are starlike univalent in D will be
denoted by S&*. The set of all functions f € A that are convex univalent in D by K.
Robertson introduced in [6] the classes S*(«), K(a) of starlike and convex functions
of order a < 1, which are defined by

S*(a) = {feA: %e{sz(g)} >a, for auzem}, (1.1)
K(a) == {f EA: Re {1 + Z;;S)} >a, forallze ID)} . (1.2)
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If a € [0;1), then a function in either of these sets is univalent, if a < 0 it may fail to
be univalent. In particular we denote S*(0) = S*, K(0) = K. For functions f,g € H

given by
)= anz", g Z (2| < 1), (1.3)
n=1 n=1

their Hadamard product (or convolution) is defined by:
(f*g)(z Zanb 2" (2] < 1). (1.4)

For a function g € H we define the subclass $*(g;a,b, \) of functions f € H
satisfying the condition:

ANf*9)(2)
(f *9)M (=)

such that (fxg)(z) #0. If f € A g(z) = 2/(1 —2) (J]z| < 1) and A = 1 we have
(f *g)(2) = f(z) and so:

—a

<b; (zeD,la—1]<b<a,A>1), (1.5)

2f'(z)
(2)

where the class Sj(a,b) was introduced and studied by Jakubowski in 1972 (see [4]).
Note that

—a

5 (g:a,b,0) = §5(a,b) = {f cA:

<b,z€D,|a—1|<b§a},

S:(a,b) € Si(a—1b) CS*(0) =S8 CS.

Recently Deniz, Raducanu and Orhan [2] defined the following general integral
operator:

Faﬂ(z){ /0 e 1H< fZ*gl >aidt}}3; (s,B€C,zeD),  (L6)

where fi,gi,hi € A, Re(B) > 0, o = (aq,...,ay) and (f; * g;)(2)/hi(z) # 0. Note
that all powers in (1.6) are principal ones.
Using the convolution, we introduce the following integral operator:

z) :/0 H((fz *Qi)/(t))m (W) dt; (aivﬂi €Cze D)7 (1‘7)

where a = (011, . 'aan)a B = (ﬂlw . aﬂn) and (fl *gl)(z)/hl(z) # 0

Remark 1.1 It is useful to see that the integral operators F, g(z) and Gq, 5(2) extend
some operators defined by many authors, for example:
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=fo=fig=...=g,=2/1—-2), hh =... = h, = 2z
ap=...=a, =a, i =... =, =B and n = 1, then we obtain the following

integral operators:
z @ %
Fop(z) = {ﬁ/ A=t (fit)> dt}
0

and 5
z N f t
Gane) = [ rwpe (1) ae.
2) For g1 = ... = g, = ﬁ, hi = = h,, = z, we obtain the integral
operators:
z n %
Fap(2) = {6 / ¢! H(fz(t))‘“dt}
0 i=1
and

Gap(2) = /O Z TR0 + 77 (o) (F1(2) .

In this paper we give new sufficient conditions for the operators F, g(z) and
Ga,3(2) to be univalent in D, where the functions f; belong to the class S*(g;; a4, b, \;)
foralli=1,...,n. In order to get our main results we will use the following lemmas,
so we recall them here.

Lemma 1.1 /5] Let 8 € C with Re(B) > 0. If f € A satisfies:

1— |Z|2£Re(ﬂ) zf“(z)
Re(B) f'(z)

<1, (z€eD),

then the function )
Fy(z) = {B /0 ztﬁ—lf%t)dt}ﬁ (L8)

is univalent in D.

2. Main Results

Using the previous lemmas, we state and prove the following;:

Theorem 2.1 Let f; € §*(gi;ai,bi, \i), gi,hi € A for alli=1,...,n and let |(f; *
9:))(z)] < M for all z € D and M > 0. Assume also that |zh}(z)/h(2)] < 1. If
c € C\ {-1} and B with Re(B) >0

n

Re(B) > (Z Jeui (1 + (as +bi)MAi1)> , (@ €C),

i=1

then the function defined by (1.6) is univalent in D.
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Proof. Define the function:
A S WA T DO ,
o(z) = /0 11;[1 (hz(t)) dt, (a; € C,z € D).
Then we have ¢(0) = 0,¢/(0) =1 and:
(i gz)(z)>a
= 0 (2.1)
E < hi(z)
also ¢(z) is analytic in D. From (2.1) we obtain:
Z¢" - 2(fixgi)'(2) _ zhi(2)
Z ( Gea)@) hi(z>>,(z€ID)). (2.2)

Since f; € S*(gi;ai,bi, Ni) and |(f; * g;)(2)| < M, by the well-known Schwarz
lemma in complex analysis, we see that:

29" (2) —~ (2(fixg)(2)  zhi(2)
G| Z“( (i 90 (2) m@))’
S (12 ) () || i) () [T | 2hi()
. ;'a"< Girg™) || e )
< Xn:|ai|(1+(ai+bi)M>\i_l)~
Now the last inequality shows that:
1 — 2?70 | 24" (2) 1 12¢"(2)
Re(B) (2) Re(B) | ¢'(2)
T (2 ol (1+ (s + bz')MAil))

< 1.

Applying Lemma 1.1 for the function ¢(z), we conclude that F,, g(2) € S. m
Letting a1 = by =n =\, f1 = f,91 = /(1 — 2)? and hy(z) = z in Theorem 2.1,
we obtain the following result.

Corollary 2.1 Let f € A, |f(2)] < M for all z € D and |zf/(2)/fi(2)] < 1. If
a, B € C with Re(B) > 3|a| > 0, then the function:

Fap(z) = {ﬁ/ tﬂ‘l(f’(t))“dt}é 7

0

is univalent in D.
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We next give some sufficient conditions for the operator G, (%) to be univalent
in D.

Theorem 2.2 Let fori=1,...,n,g;,h; € A, fi € ANS*(gi; a:,bi, N;) and:
[(fi*gi)(2)| < M; (z€D, M > 0).

If fl € 8*(gi(2)/z; a;,b;,1) and |zh;(2)/hi(2)| <1 for all z € D,i =1,...,n, also:

s Wi Yo

n

3 Jail(ah +5) + 18] (1 + (a5 +bi) M) < 1,

i=1
then the function G 5(z) defined by (1.7) is univalent in D.
Proof. Define the function ¢(z) b

zn . Bi
62) = Gap) = [ Ty @) (F290) s (aupr e e m),

then we have:

wu>=11«ﬁ*%y@»m(uﬂig()> ,

i=1
#(0) = 0,¢'(0) = 1 and ¢(z) is analytic in D. Differentiating logaritmically from
¢'(z), we obtain:

Zﬁqﬂgfn(}dﬁ*gWT@ (2ixgi)(z)  zhi(z)
¢'(z) ; " (fix9i)(2) o ( (fixgi)(z)  hi(z) ) .
Because f;, g; € A, we see that:

(fi*xg:)"(2) _ (fi * (gi/>
(fixgi)(z)  (fi*(9:/2))(z)

Now, by suppositions of theorem, we find that:

2¢/(2) d « (9:1/2)(2)
) Z;{ /NG |

Ai—1

. s %ﬁ*mY().(ﬁ*mX@ NEZS
(fix gi)i (=) z hi(z)
< Z\cm P00 1Bl (14 (as + b)) M)
Using Lemma 1.1 and the last inequality, we conclude that G, g(z) € S. m
Taking a; = b; = \; = a, = b, = 1,f; = f,9: = z/(1 — 2)? and h;(z) = z for

1=1,...,n, in Theorem 2.2, we obtain the following result.



68 A. Ebadian, J. Sokdt

Corollary 2.2 Let f € A, |zf"(2)/f'(2)] < 1 and |zf'(2)| < M with M > 0 for all
2 eD. If

Z(Qf” _|_Zf///)
f/ +Zf//

and Y 2a;| + 3|8 <1, for oy, B; € C, then the function:

—1‘<1(ze]D)),

Gop(2) = / ) P O) (),

is univalent in D.

Proof. Because g;(z) = =52 = g(2), it is easy to see that, (f*9)(z) = zf'(2), also
'€ 8*(g9(2)/2;1,1,1) if and only if:

Z(2f// +Zf///)
f/ +Zfl/

—1‘<1.

This completes the proof. m
Using the proof of theorem (2.2), we obtain another result:

Corollary 2.3 Suppose all conditions of Theorem 2.2 are satisfied, then the function
Ga,5(2) defined by (1.7) is in K(v), where:

v=1=lasl(aj + ) + |B:i| (1+ (a; + b)) M)
=1
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