Journal of

Mathematics
and Applications

JMA No 39, pp 69-80 (2016)

A Refinement of Schwarz’s Lemma
and its Applications

V. K. Jain

ABSTRACT: By using the value of the second derivative of the function
at 0, along with the values of the function and its first derivative at 0, we
have obtained a refinement of well known Schwarz’s lemma and have used
this refinement to obtain refinements, of Aziz and Rather’s inequalities
[2004] for a polynomial of degree n having no zeros in |z| < k, (k > 1).
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1. Introduction and statement of results
Concerning the values of a function, analytic in the interior of a disc, we have the
following well known result, known as Schwarz’s lemma [2, p. 189-190].

Theorem A. If f(z) is analytic in |z| < 1, where it satisfies the inequality | f(z)| < 1,
and if f(0) =0, then the inequality

£ (2)] < 2]

holds whenever |z| < 1. Moreover equality can occur only when f(z) = ze'®, where «
is a real constant.

There is a generalization of Theorem A, known as generalization of Schwarz’s
lemma [6, p. 212], which can be stated as

Theorem B. If f(z) is analytic and |f(2)| <1, in |z| <1 then

F(2)| < 22T

T 1 < 13
S a1 A

where

a = f(0).
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Govil et al. [4] obtained the following refinement of Theorem B, by using the value
of the first derivative of the function at 0, along with the value of the function at O.

Theorem C. If f(z) is analytic and |f(2)| <1, in |z| < 1 then

(1—a])|2|*+[bz|+lal(1-|a])
£ (=) S{ JoTC1~faDFEP+1e=T+ (e ’la: - i } 2] < 1, (1.1)
b al = )

where

The example

shows that the estimate is sharp.

In this paper we have firstly obtained a refinement of Theorem C, thereby giving
a refinement of Theorem A also, by using the value of the second derivative of the
function at 0, along with the values of the function and its first derivative at 0. More
precisely we have proved

Theorem 1. Let f(z) be analytic in |z| < 1, with

FEI<1, Jz <1,

a= f(0), b= f'(0), c= f"(0), (1.2)
| argg, a #0,
7= { any value, a =0, } ’ (1.3)
A = 2(1—la*)(1 ~|af* — b)), ‘ (1.4)
B = 2a|[b|(1—|al* —[b]) + [la*c — 2¢"[a]b?* — ¢], (1.5)
C = 2b|(1—lal® = |b]) + |al||a]?*c — 2¢7 |a|b® — ¢| (1.6)
and
D =2[a|(1 —[a|*)(1 — |af* — [b]). (1.7)
Then
A|z]>+B|z|*+C|z|+D
QEABELECEER o < 1and [b] <1 —af?,
N e Jal<1land |p|=1—]af% ¢+ l2I<1.  (1.8)
! ol =1,

Remark 1. By using the result [5, p. 172, exercise # 9] one can show that Theorem 1
is a refinement of Theorem C.
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Further for a polynomial p(z), let

1 27 ]
Iole = {5z [ Iote)agyin. oo
IPlloo = max|p(2)].

Then secondly we have used Theorem 1 to obtain a refinement of Aziz and Rather’s
result [1, Theorem 1 and Corollary 1]

Theorem D. Let P(z) = Z;L:O ajzj be a polynomial of degree n, having no zeros in
|z| < k, (k> 1), with

1<s<n
and - )
C k* s|k<®
5. = Clus)laolk*! + | wo)
’ C(n, s)|ao| + [as|ks+?
Then ( ) ( )
—1)...(n—s+1
P, < 1 Plls, ¢>0
” Hq — |‘6k,s+z|‘q ” ”q q
and
C(n, s)|ag| + |as|k* !
PO < —1)...(n—s+1 ’ s Plo.
” H _’I’L(’I’L ) (n s+ ){C(n,s)|ao|(1+k5+1)+k5+1(/€5’1+1)\as|}H ||

More precisely we have proved

Theorem 2. Let P(z) = Z?:o ajz? be a polynomial of degree n, having no zeros in
|z] <k, (k>1), with
1 <s<n,

C(n, s)|ao| + |as|k*+!

E= , 1.10
C(n, s)|aolk + |as|k® (1.10)

Ok,s = k°/E, (by (1.9)),
F = |n(s+ 1)agas+1 — (n — s)ajas), (1.11)

H = nlao)*{C(n,s)}* + |ao||as|nC(n, s)k* (k* — 1) — n|as|?k>*T>
+k°T2C(n, s)F,
J = nk*{C(n,s)}*|ag|* — nC(n, s)|ao||as|k®(k* — 1) — n|as|*k**

+k*T2C(n, s)F,
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dks

)

{ k*J/H, C(ns se| <1,
kS [

ao

’ C’(n C(n,s) ’

Ap+1 = 0,

kPas
any value s Clmsiag = 0,

k°as kag
= { arg (C(n,s)ﬁ) ’ C(n s)ao # 0,

lag{n?(n — 1)ad(s +2)(s + 1)asro — 2n(n — s)ag((n — s — 1)azas +

(n = 1)(s + Darasi1) + 2(n = 1)(n — s)’afa k> |as|* —
(C(n,5))?|ao|*} — 2¢™ (n. — D)]ac||as|k** {n(s + 1)aoas1 —

(n — s)aras}?|, (1.12)

L = 20*(n—1){(C(n,s))’lao|” + (C(n, s))"k>|ac|°|as| —
2(C(n, 5))*k*|ao’|as* — 2(C(n, 8))*k**3|ao|*|a,[*
+C(n, 8)k*ao*|as|* + k7 |ag|*|as|°} +
2n(n — 1)C(n, s)k* T ao|*F(k* — 1){|ao>(C(n, s))* —
(C(n,))*|ao*|as[k*+! = (C(n, 5))|aollas|*k** +
las|2E3 1Y + C(n, s)kST3G{C(n, s)|ao| + |as|k*T} —
2(n —1)(C(n, 5))?k*T3F2|ao|*{kC(n, s)|ao| + k*|as|}, (1.13)

2n%(n — 1)|ao[*{(C(n, 5))’|ao|’k* + (C(n, 5))*|ao|*|as k> —

2(C(n, 5))*|ao|*|as| K>+ — 2(C(n, 5))?|ao|?|as |k +

C(n, s)|ao||as|*k** ™3 + |as|Pk**} + 2n(n — 1)|ao|*k* T C(n, s)(k* — 1)
F{~(C(n,s))*klao|* + (C(n, s))*k"|ao|*|as| + C(n, s)k***|ao||as|?
—lasPk*} = 2(n — 1)(C(n, 5))*k** 3 |ao|* F?{|ao| C(n, s) +

kSt Has|} + GEST3C(n, s){|aolk + |as|k®}, (1.14)
° as s+l as
kLS’ = S)| | <1 and n‘a |205L 5 < 1- 7an S))2| 2, (1.15)
_ L R as
Thys = n\a POy — L~ (C(nT))2| |2, (1.16)

k® C(;s \“sl =1 (1.17)
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Then for g >0
nn—1)...(n—s+1)

1P, < 1Pllg,
! [k, + 2llq !
< n(n—l)...(n—s+1)”PHq’
l|dk,s + 2llq
< n(n—l)...(n—s—i—l)”PHq’
10k,s + 2llq
nn—1)...(n—s+1)
< 1P|, (1.18)
[k + zlq !
Remark 2. With the additional assumption
ant2 =0,
one can show that Theorem 2 is true for s = n also.
By letting ¢ — oo in (1.18), we obtain
Corollary 1. Under the same hypotheses as in Theorem 2
—1)...(n— 1
PO < MOl D gy
(’Yk’,s + 1)
n(n—l)...(n—s+1)||P”
> (dk,s T 1) 00
n(n—l)...(n—s+1)||P”
= (5k78 + 1) [e.op]
nn—1)...(n—s+1)
< Plloo-
< P

Remark 3. With the additional assumption
Apy2 = Oa
one can show that Corollary 1 is true for s = n also.

Remark 4. Corollary 1 is also a refinement of Govil and Rahman’s result [3, Theorem 4].

2. Lemmas

For the proofs of the theorems we require the following lemmas.

Lemma 1. If f(z) is analytic and |f(2)| <1, in |z| <1 then

If(z) <

TR
AP ER

)

where

a = f(0).
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Proof of Lemma 1. 1t easily follows from Theorem B.

Lemma 2. If f(2) is analytic and |f(2)] <1, in |z| <1 then

(1 Jal) 22 +]02 +|al (1)
F(2)| < 4 TartapEErearratay - ol <L oy
1 al =1,

where

a= f(0), b= f'(0).
Proof of Lemma 2. 1t easily follows from Theorem C.

Remark 5. By using the result [5, p.172, exercise # 9] one can show that Lemma 2
is a refinement of Lemma 1.

Lemma 3. Let f(z) be analytic in |z| < 1, with
f)I <1, [ol <1,

a= f(0), b= f/(O), c= f”<0)’

[ arga ,a # 0,
" ]| any value,a=0, [’

Then
Alz|*+B|z|*+C|z|+D
S et e fa] < 1 and [b] < 1 - |af?,
+
f(2)] < llil|a|‘\az|\ Jal<land b =1—|af?, ¢, [2[S1
1 slal =1,

where A, B, C and D are, as in Theorem 1.
Proof of Lemma 3. 1t easily follows from Theorem 1.
Remark 6. By Remark 1 one can say that Lemma 3 is a refinement of Lemma 2.

Lemma 4. Under the same hypotheses as in Theorem 2

k1P (2)] < 01| PP (2)] < dis| PO (2)] < s PP () < 1QW ()] 2] = 1, (2.1)

where

Q(z) =2"P(1/z). (2.2)
Proof of Lemma 4. Let

G(z) = =2"P(k/z) =k"Q(z/k),
H(z) = 2"GO(1/7) = (k2)" QW (1/(kz)). (2.3)
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Then by using the result [1, inequality 32] we get
KPP (k2)| < [H(2)], |2 =1, (2.4)

with H(z) having all its zeros in |z| > 1. Further let

H(z) = ®(2)Hi(2), (2.5)
with
Hi(2) #0, [2|=1
and
e JH(z) £0on |2| = 1,
®(2) = { 7 (2 = 24), |2y = 1V ; H(2) has certain zeros on |z| = 1. (2:6)

Then by (2.4), (2.5) and (2.6) we have

EPY)(kz) = ®(2)Pi(2), (2.7)

with
[P1(2)] < [Hi(2)|, |2 =1. (2.8)

Now
1) = 29)

is analytic in |z| < 1, with

lf()I <1, [zl =1, (by (28))

and therefore

[f(z)| <1, |z] <1, (by maxiumum modulus principle), (2.10)
with
lf(z)] < M, |z| <1, (a refinement of (2.10)), (2.11)
~ 1+ allz] -
(1—la])|z|?+]b]|z|+|al(1~]al)
F(2) < 4 Teli-laper+pea—ta) - ol <1 oy
1 slal =1,
(a refinement of (2.11)), (by Remark 5)
(2.12)
and s ,
Alz Blz Clz|+D
AELABELACEER o] < 1and [b] < 1— af?,
|f(2)] < q Lzl Jal<1land bl =1—la?, ¢» [2I<1,
I+|allz]
1 ylal =1,

(a refinement of (2.12)), (by Remark 6).
(2.13)
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Further if
(2) = kS P (kz)
TG
then

a = f(0), (by (1.2)),
g(0), (by (2.5), (2.7) and (2.9)),

kiag
= - 2.14
C(n,s)ag’ (2.14)
b = f(0), (by (1.2)),
= (0, (by (2.5), (2.7) and (2.9)),
ks+1
= m{n(s + Dagast1 — (n — s)ajas}, (2.15)
0
c = f"(0), (by (1.2)),
= ¢"(0), (by (2.5), (2.7) and (2.9)),
ks+2
= 1 N agro —
n2(n— 1)a3C(n, s) {n*(n = Dag(s + 1)(s + 2) a2
2n(n — s)ag((n — s — 1)agas +
(n—1)(s+ 1Dajass1) +2(n —1)(n — s)%atas} (2.16)
and on using (2.13), with
z:lele, 0<6 < 2m,
we get
Eeott as
1 " L/S nlag \iC{:L s) <1l- (C(" 9))2| |2
|f(EeZ <q E 7Cg€ns |a | < Land 7o |2c{n g =1- (C(Z,s)) R
1 ) C(n,s) ao
(by (2.14), (2.15), (2.16),(1.3),(1.4), (1.5), (1.6), (1.7), (1.11),(1.12), (1.13), (1.14)
and (1.10)),
ie.
as k5+1F k?a as
1 ’ L/S, CkTSIS | |<1and 7,”'& lgglg‘ns) <1_W| |2 1 ,
[Pi(ze®) = E waoPcs = 1~ ey e G
1 3 C( ) as‘ == 17
n,s) lag

(by (2.9)),
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which, by (2.5) and (2.7), implies that

B IPO )

s sSHE _ K>  jas2
L/S, c ns |a | <1and n\a Izg‘}gn 5 <1 (CECZ;S))Q ZO 27 1 4
=17 o s>|a | <land Spinefsy = 1= whoap el ¢ HEE)
1 » C(n,s) a:, =5
(2.17)
And as
H(z/k) = 2"°QW(1/7),  (by (2.3)),
we get, by using (1.15), (1.16) and (1.17) in (2.17), that
s PO ()] <1QW (), 0<6< 2. (2.18)
Now as we have obtained (2.18) by using (2.13), we can similarly obtain
di.s| P ()] < 1Q¥(e?)], 0<6<2n,
Ts PO () < 1QW(e)], 0<f<2m
and _ _
F[PO(?)] <1QW (), 0<6 <2,
by using (2.12), (2.11) and (2.10) respectively. Further
k® < 5k,s < dk,s < Vk,s (219)

follows from the fact

Alz|?4+B|z|?4+C|z|+D

A ABELHOELD (o) < 1 and [b] < 1 - [af?,

+
Ji\a\lrzn JJal < 1and [b| =1 —laf?,
1 Jal =1,
(1 [a]) |2+ [8]|z|+]a](1—a])
<! farictaErsaon ool <t U ldled o )
1 a) =1, 1+ |al|z|

(by (2.13), (2.12), (2.11) and (2.10))

and the way, L. H. S. of inequality (2.17) was obtained from R. H. S. of inequality
(2.18). This completes the proof of Lemma 4. O

Remark 7. With the additional assumption
an+t2 = 0,

one can show that Lemma 4 is true for s = n also.
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3. Proofs of the theorems

Proof of Theorem 1. 1If
1F(0)| =1

then result follows trivially. Therefore from now onwards we will assume that
If(0) < 1.
Now we consider the function

() - )]
9 = Tl 7() — 1

which is analytic in |z| < 1, with

g < 1, f2l <1,

g9(0) = 0,
lg(z)] < |z|, 2| <1, (by Schwarz's lemma),

iy €71(0)

7O = o1
g"(0) = W[f”(o)ﬂf(oﬂ — 1} = 2¢"[£(0)[(f(0))°]

and the function

which is analytic in |z| < 1, with

|2(2)] < 1, [#] <1,
¥(0) = 4'0)
We apply Theorem C to ®(z). If
[@(0)] =1

then by (1.1) and (3.4)
<1 <<,

e f(z) = 1£(0)]
[£(0)[ef(2) -1

i.e.

| [ <zl [zl <1, (by (3.1)),

(3.1)
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which implies
2] + [ £(0)]
L+[f(0)]l2]’

thereby proving second part of (1.8). And if

e f(2)] <

|z| <1,

|2(0)] <1

then by (1.1) and (3.4)

|g(2)‘ (1= [@(0)Dz]* +[2'(0)]|z] + [2(0)|(1 — [®(0)])
z 7 [2(0)[(1 = [2(0))]=]* + [@(0)]]2] + (1 = [2(0)])°

0< |z <1,

i.e.

e f(z) — |£(0)
[£(0)]e" f(z) —

L < 1o <1,

| (1= [2(0)D]z[* + 2" (0)]]] + | 2(0)|(1 — [2(0)])
|

[2(0)|(1 = [@(0)])|2]* + [@"(0)[|2] + (1 — [@(0)])
(by(3.1)),
= Ey, (say), [2[<1,

which implies

; Eo 4+ |f(0)]
eVflz) < ———, |z| <1,
RN < fepay
_ AlzP+ BJz]2+Clz|+ D 2] <1
~ D]zB+C]z2+BJz|+ A’ ’
(by (3.5), (3.6), (3.2), (3.3), (1.2), (1.4), (1.5), (1.6) and (1.7)),
thereby proving first part of (1.8). This completes the proof of Theorem 1. O

Proof of Theorem 2. As Aziz and Rather [1, Theorem 1] had obtained

PO, < nn—1)...(n—s+1)
a

Pllg,
< ewt2ly |l

by using

51es PO(2)] < 1D, |2] =1, (by (2.2) and (2.1)),
one can similarly obtain
nn—1)...(n—s+1)
[Vk,s + 2l
nn—1)...(n—s+1)
dk,s + 2llq

1Pl

IN

1P[lg,

IN

1Pl 1P1lq
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and
P, < Mgttt Dy,
by using
el PO < 1QWE), 2] =1, (by (2.2) and (2.1)),
dies| PP2)] < 1QW ()], el =1, (by (2.2) and (2.1))
and

K |PO) ()]

respectively. Further

IN

Q) (2)

, |z =1, (by (2.2) and (2.1))

1 < k® < 5k:,s < dk,s < Yk,s5 (by (219))
implies
k° 4 €] < [6ks + €] < |dis + €] < s+, 0<0 < 2m,

thereby proving last three inequalities in (1.18). This completes the proof of
Theorem 2. O
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