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1. Introduction and Preliminaries

The notion of the difference sequence space was introduced by Kızmaz [1]. It was fur-
ther generalized by Et and Çolak [2] as follows: Z(∆µ) = {x = (xk) ∈ ω : (∆µxk) ∈ z}
for z = ℓ∞, c and c◦, where µ is a non-negative integer and

∆µxk = ∆µ−1xk −∆µ−1xk+1, ∆◦xk = xk for all k ∈ N

or equivalent to the following binomial representation:

∆µxk =

µ∑
v=0

(−1)v (µv )xk+v.

These sequence spaces were generalized by Et and Basaşir [3] taking z = ℓ∞(p), c(p)
and c◦(p). Dutta [4] introduced the following difference sequence spaces using a new
difference operator:

Z(∆(η)) =
{
x = (xk) ∈ ω : ∆(η)x ∈ z

}
for z = ℓ∞, c and c◦,
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where ∆(η)x = (∆(η)xk) = (xk − xk−η) for all k, η ∈ N.
In [5], Dutta introduced the sequence spaces c̄(∥., .∥, ∆µ

(η), p), c̄◦(∥., .∥, ∆µ
(η), p),

ℓ∞(∥., .∥, ∆µ
(η), p), m(∥., .∥, ∆µ

(η), p) and m◦(∥., .∥, ∆µ
(η), p), where η, µ ∈ N and

∆µ
(η)xk = (∆µ

(η)xk) = (∆µ−1
(η) xk −∆µ−1

(η) xk−η) and ∆◦
(η)xk = xk for all k, η ∈ N, which

is equivalent to the following binomial representation:

∆µ
(η)x =

µ∑
v=0

(−1)v (µv )xk−ηv.

The difference sequence space have been studied by authors ([6], [7], [8], [9], [10],
[11], [12], [13], [14], [15]) and references therein. Başar and Altay [16] introduced the
generalized difference matrix B = (bmk) for all k,m ∈ N, which is a generalization of
∆(1)-difference operator, by

bmk =


r, k = m

s, k = m− 1

0, (k > m) or (0 ≤ k < m− 1).

Başarir and Kayikçi [17] defined the matrix Bµ(bµmk) which reduced the difference
matrix ∆µ

(1) incase r = 1, s = −1. The generalizedBµ-difference operator is equivalent

to the following binomial representation:

Bµx = Bµ(xk) =

µ∑
v=0

(µv ) r
µ−vsvxk−v.

Let ∧ = (∧k) be a sequence of non-zero scalars. Then, for a sequence space E, the
multiplier sequence space E∧, associated with the multiplier sequence ∧, is defined as

E∧ = {x = (xk) ∈ ω : (∧kxk) ∈ E} .

An Orlicz function M is a function, which is continuous non-decreasing and convex
with M(0) = 0, M(x) > 0 for x > 0 and M(x) → ∞ as x → ∞.
Linderstrauss and Tzafriri [18] used the idea of Orlicz function to define the following
sequence space

ℓM =

{
x ∈ ω :

∞∑
k=1

M

(
|xk|
ρ

)
< ∞

}
which is called an Orlicz sequence space. The space ℓM is a Banach space with the
norm

∥x∥ = inf

{
ρ > 0 :

∞∑
k=1

M

(
|xk|
ρ

)
≤ 1

}
.

It is shown in [18] that every Orlicz sequence space ℓM contains a subspace isomorphic
to ℓp(p ≥ 1). The ∆2-condition is equivalent to M(Lx) ≤ KLM(x) for all values of
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x ≥ 0 and for L > 1. An Orlicz function M can always be represented in the following
interval form

M(x) =

x∫
0

η(t)dt,

where η is known as the kernel of M, is right differentiable for t ≥ 0, η(0) = 0,
η(t) > 0, η is non-decreasing and η(t) → ∞ as t → ∞.
A sequence M = (Mk) of Orlicz functions is called a Musielak-Orlicz function see
([19], [20]). A sequence N = (Nk) defined by

Nk(v) = sup {|v|u−Mk(u) : u ≥ 0} , k = 1, 2, ...

is called the complimentary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space tM and its subspace
hM are defined as follows:

tM = {x ∈ ω : IM (cx) < ∞ for some c > 0},

hM = {x ∈ ω : IM (cx) < ∞ for all c > 0},

where IM is a convex modular defined by

IM(x) =

∞∑
k=1

Mk(xk), x = (xk) ∈ tM .

We consider tM equipped with the Luxemburg norm

∥x∥ = inf {k > 0 : IM (x/k) ≤ 1}

or equipped with the Orlicz norm

∥x∥◦ = inf

{
1

k

(
1 + IM (kx)

)
: k > 0

}
.

The concept of 2-normed spaces was initially developed by Gähler [21] in the mid of
1960’s, while that of n -normed spaces one can see in Misiak [22]. Since then, many
others have studied this concept and obtained various results, see Gunawan ([23],
[24]) and Gunawan and Mashadi [25]. Let n ∈ N and X be linear space over the field
K, where K is the field of real or complex numbers of dimension d, where d ≥ n ≥ 2.
A real valued function ∥., ..., .∥ on Xn satisfying the following four conditions:

(1) ∥x1, x2, .., xn∥ = 0 if and only if x1, x2, x3, ...xn are linearly dependent in X;
(2) ∥x1, x2, .., xn∥ is invariant under permutation ;
(3) ∥αx1, x2, .., xn∥ = |α|∥x1, x2, .., xn∥ for any α ∈ K and
(4) ∥x+ x′, x2, .., xn∥ ≤ ∥x, x2, .., xn∥+ ∥x′, x2, .., xn∥
is called an n-norm on X and the pair (X, ∥., .., .∥) is called a n-normed space over

the field K. For example, we may take X = Rn being equipped with the Euclidean
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n-norm ∥x1, x2, .., xn∥E as the volume of the n-dimensional parallelopiped spanned
by the vectors x1, x2, .., xn which may be given explicitly by the formula

∥x1, x2, .., xn∥E = |det(xij)|;

where xi = (xi1, xi2, xi3, ..., xin) ∈ Rn for each i = 1, 2, 3, ..., n and ∥.∥E denotes the
Euclidean norm. Let (X, ∥., .., .∥) be an n-normed space of dimension d ≥ n ≥ 2 and
{a1, a2, ..., an} be linearly independent set inX. Then the following function ∥., ..., .∥∞
on Xn−1 defined by

∥x1, x2, .., xn∥∞ = max
{
∥x1, x2, .., xn−1, ai∥ : i = 1, 2, ..., n

}
defines an (n− 1) norm on X with respect to {a1, a2, ..., an}.
A sequence (xk) in a n-normed space (X, ∥., ..., .∥) is said to converge to some L ∈ X
if

lim
k→∞

∥xk − L, z1, .., zn−1∥ = 0, for every z1, ..., zn−1 ∈ X.

A sequence (xk) in a normed space (X, ∥., ..., .∥) is said to be Cauchy if

lim
k→∞
p→∞

∥xk − xp, z1, .., zn−1∥ = 0, for every z1, ..., zn−1 ∈ X.

If every Cauchy sequence in X converges to some L ∈ X then X is said to be complete
with respect to the n -norm. Any complete n-normed space is said to be n-Banach
space.

A sequence x = (xk) ∈ l∞, the space of bounded sequence is said to be almost

convergent to s if lim
k→∞

tkm(x) = s uniformly in m where tkm(x) = 1
k+1

k∑
i=0

xm+i

(see [26]).
By a lacunary sequence θ = (kr), r = 0, 1, 2, · · · , where k0 = 0, we shall mean an
increasing sequence of non-negative integers with hr = (kr − kr−1) → ∞ as r → ∞.
The intervals determined by θ are denoted by Ir = (kr−1, kr] and the ratio kr

kr−1
will be

denoted by qr. The space Nθ of lacunary strongly convergent sequences was defined
by Freedman et al. [27] as follows:

Nθ =
{
x = (xk) : lim

r→∞

1

hr

∑
k∈Ir

|xk − L| = 0 for some L
}
.

By [ŵ]θ, we denote the set of all lacunary [ŵ]-convergent sequences and we write
[ŵ]θ − limx = s, for x ∈ [ŵ]θ.
Let (X, ||·, · · · , ·||) be a n-normed space and w(n−X) denotes the space of X-valued
sequences. Let p = (pk) be any bounded sequence of positive real numbers and
M = (Mk) be a Musielak-Orlicz function. In this paper, we define the following
sequence spaces
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[ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] =

=
{
x = (xk) ∈ w(n − X) : 1

n+1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk

→ 0

as n → ∞, uniformly in m, for some s
}

and
[ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ ={
x = (xk) ∈ w(n−X) : sup

m

1

hr

∑
k∈Ir

Mk

(
||
tkm(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk

→ 0

as r → ∞, for some s
}
.

The following inequality will be used throughout the paper. If 0 ≤ pk ≤ sup pk = H,
K = max(1, 2H−1) then

|ak + bk|pk ≤ K{|ak|pk + |bk|pk} (1.1)

for all k and ak, bk ∈ C. Also |a|pk ≤ max(1, |a|H) for all a ∈ C.

The main goal of the present paper is to introduce [ ŵ(M, Bµ
Λ, p), ∥., .., .∥ ] and

[ ŵ(M, Bµ
Λ, p), ∥., .., .∥ ]θ. We also examine some topological properties and prove

some inclusion relation between these spaces.

2. Main Results

Theorem 2.1. Let M = (Mk) be a Musielak-Orlicz function and p = (pk) be
a bounded sequence of positive real numbers. Then [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ] and
[ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ are linear spaces over the field of complex number C.

Proof. Let x, y ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] and α, β ∈ C. In order to prove the

result we need to find some ρ3 > 0 such that

1

n+ 1

n∑
k=0

Mk

(
||
tkm

(
Bµ

Λ(αx+ βy)− s
)

ρ3
, z1, · · · , zn−1||

)pk

→ 0 as n → ∞, uniformly in

m, for some s.

Since x, y ∈ [ ŵ(M, p, ∥., · · · , .∥) ] there exist positive numbers ρ1, ρ2 such that

1

n+ 1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(x− s))

ρ1
, z1, · · · , zn−1||

)pk

→ 0 as n → ∞, uniformly in m, for

some s
and

1

n+ 1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(y − s))

ρ2
, z1, · · · , zn−1||

)pk

→ 0 as n → ∞, uniformly in m, for
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some s.
Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Since M is non-decreasing and convex

1

n+ 1

n∑
k=0

Mk

(
||
tkm

(
Bµ

Λ(αx+ βy)− s
)

ρ3
, z1, · · · , zn−1||

)pk

≤ 1

n+ 1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(αx− s))

ρ3
, z1, · · · , zn−1||

+||
tkm(Bµ

Λ(βy − s))

ρ3
, z1, · · · , zn−1||

)pk

≤ 1

n+ 1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(x− s))

ρ1
, z1, · · · , zn−1||

+||
tkm(Bµ

Λ(y − s))

ρ2
, z1, · · · , zn−1||

)pk

≤ K
1

n+ 1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(x− s))

ρ1
, z1, · · · , zn−1||

)pk

+ K
1

n+ 1

n∑
k=0

Mk

(
||
tkm(Bµ

Λ(y − s))

ρ2
, z1, · · · , zn−1||

)pk

→ 0 as n → ∞, uniformly in m, for some s.

Thus αx + βy ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]. This proves that [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]
is a linear space. Similarly, we can prove that [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ is a linear
space.

Theorem 2.2. Let θ = (kr) be a lacunary sequence with lim inf qr > 1. Then
[ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ] ⊂ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ and [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ] −
limx = [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ − limx.

Proof. Let lim inf qr > 1. Then there exists δ > 0 such that qr > 1 + δ and
hence

hr

kr
= 1− kr−1

kr
> 1− 1

1 + δ
=

δ

1 + δ
.

Therefore,

1
kr

kr∑
i=1

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk

≥ 1

kr

∑
i∈Ir

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk

≥ δ

1 + δ

1

hr

∑
i∈Ir

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk
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and if x ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] with [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]−limx = s, then it fol-
lows that x ∈ [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ with [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ − limx = s.

Theorem 2.3. Let θ = (kr) be a lacunary sequence with lim sup qr < ∞. Then
[ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ ⊂ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] and [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ −
limx = [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]− limx.

Proof. Let x ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ with [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ − limx = s.
Then for ϵ > 0, there exists j0 such that for every j ≥ j0 and all m,

gjm =
1

hj

∑
i∈Ij

Mk

(
∥
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1∥

)pk

< ϵ,

that is, we can find some positive constant C, such that

gjm < C (2.1)

for all j and m, lim sup qr < ∞ implies that there exists some positive number K
such that

qr < K for all r ≥ 1. (2.2)

Therefore, for kr−1 < n ≤ kr, we have by (2.1) and (2.2)

1

n+ 1

n∑
i=0

Mk

(
∥
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1∥

)pk

≤ 1

kr−1

kr∑
i=0

Mk

(
∥
tim(Bµ

Λ(x− s))

ρ
, z1, · · · zn−1∥

)pk

=
1

kr−1

r∑
j=0

∑
i∈Ij

Mk

(
∥
tim(Bµ

Λ(x− s))

ρ
, z1, z2, · · · zn−1∥

)pk

=
1

kr−1

[ j0∑
j=0

r∑
j=j0+1

]∑
i∈Ij

Mk

(
∥
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1∥

)pk

≤ 1

kr−1

(
sup

l≤p≤j0

gpm

)
kj0 + ϵ(kj − kj0)

1

kr−1

≤ C
kJ0

kr−1
+ ϵ K.

Since kr−1 → ∞, we get x ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] with [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ] −
limx = s. This completes the proof of the theorem.

Theorem 2.4. Let 1 < lim inf qr ≤ lim sup qr < ∞. Then [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] =

[ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ.
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Proof. It follows directly from Theorem 2.2. and Theorem 2.3. So we omit
the details.

Theorem 2.5. Let x ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] ∩ [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ.
Then [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ] − limx = [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ − limx and

[ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ − limx is unique for any lacunary sequence θ = (kr).

Proof. Let x ∈ [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ] ∩ [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ. and
[ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]θ − limx = s, [ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ − limx = s′. Sup-

pose s ̸= s′. We see that

Mk

(
||s− s

′

ρ
, z1,· · ·, zn||

)pk

≤ 1

hr

∑
i∈Ir

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn||

)pk

+
1

hr

∑
i∈Ir

Mk

(
||
tim(Bµ

Λ(x− s
′
))

ρ
, z1, · · · , zn||

)pk

≤ lim
r

sup
m

1

hr

∑
i∈Ir

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1

)pk

+ 0.

Hence there exists r0, such that for r > r0,

1

hr

∑
i∈Ir

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk

>
1

2
Mk

(
||s− s

′

ρ
, z1, · · · , zn−1||

)pk

.

Since
[
ŵ(M, Bµ

Λ, p), ||., · · · , .||
]
− limx = s, it follows that

0 ≥ lim sup
hr

kr
Mk

(
||s− s

′

ρ
, z1, · · · , zn−1||

)pk

≥ lim inf
hr

kr
Mk

(
||s− s

′

ρ
, z1, · · · , zn−1||

)pk

≥ 0

and so, lim qr = 1. Hence by Theorem 2.3.,

[ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ ⊂ [ ŵ(M, p, ∥., .., .∥) ]

and

[ ŵ(M, Bµ
Λ, p, ∥., .., .∥) ]θ − limx = s

′
= s = [ ŵ(M, Bµ

Λ, p, ∥., .., .∥) ]− limx.
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Further,

1
n+1

n∑
i=0

Mk

(
||
tim(Bµ

Λ(x− s))

ρ
, z1, · · · , zn−1||

)pk

+
1

n+ 1

n∑
i=0

Mk

(
||
tim(Bµ

Λ(x− s
′
))

ρ
, z1, · · · , zn−1||

)pk

≥ Mk

(
||s− s

′

ρ
, z1, · · · , zn−1||

)pk

≥ 0

and taking the limit on both sides as n → ∞, we have

Mk

(
||s− s

′

ρ
, z1, · · · , zn−1||

)pk

= 0

that is s = s
′
for Musielak-Orlicz function M = (Mk) and this completes the proof

of the theorem.
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[2] M. Et, R. Çolak, On some genelalized difference sequence spaces, Soochow J.
Math. 21 (1995) 377–356.
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