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On the Derivative of a Polynomial

Vinay Kumar Jain

ABSTRACT: For an arbitrary polynomial P(z), let M(P,r) =
max|.|—, |P(z)| and m(P,r) = min|,—, |P(z)|, (r > 0). For a polyno-
mial p(z) = Z;L:[) ajzl = ap [[l_,(z — z,), of degree n, having all its
zeros in |z| < k, (k > 1), with a zero of order s, (s > 0), at 0 and

Fo, F1, Fo,Gr—s, F3, Fy,Hy s, F_s, By, B1,Ep_1,B2, B3, D,y and By, _1,
as in Theorem, we have obtained a refinement

, 2 - k
M(p,1) > 1+k”_5(;k+|zy|)M(p’l)

n

! k
+k‘”(1 + kn—s) (; k + |ZU‘ )m(pa k)

2 ~ k B4
+k71—5(1+kn—s)(yz:lk+‘zy|)Fn75+Wa

of our old result (1997), thereby obtaining a new refinement of known
results

Mp',1) > M(p, 1), (1973)

1+kn

and

2 o~ k
M@p',1) > M(p,1),(1 .
WD 2 e (O )M D, (1983)
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1. Introduction and statement of result

For an arbitrary polynomial P(z), let M(P,r) = max,;—, |P(z)| and m(P,r) =
min|,|—, |P(z)|, (r > 0). For a given polynomial p(z), concerning the estimate of [p’(z)|
on |z| < 1, we have the following well-known result due to Turdn [9], suggesting a

lower bound for M (p/, 1).
Theorem A. If p(z) is a polynomial of degree n, having all its zeros in |z| <1 then
M(p',1) > gM(zml)

The result is sharp with equality for the polynomial p(z) having all its zeros on |z| = 1.
Malik [8] obtained a generalization of Theorem A, namely

Theorem B. Ifp(z) is a polynomial of degree n, having all its zeros in |z| < k, (k < 1)
then n
M(p',1) > ——M(p,1).
¥, 1) 2 7M. 1)

The result is sharp with equality for the polynomial p(z) = (2 + k)™,
and Govil [4] obtained the generalization
Theorem C. Ifp(z) is a polynomial of degree n, having all its zeros in |z| < k, (k > 1)

then
n

My, 1) >
(p,)_1+kn

The result is sharp with equality for the polynomial p(z) = 2™ + k™.

M(p,1).

Aziz [1] obtained a refinement of Theorem C in the form

Theorem D. If all the zeros of the polynomial p(z) = ay, H;Lzl(z — z;), of degree n
lie in |z| < k,(k > 1) then

2 (~ Kk
M@ 1) = 1+k”(jz_; k+ IZjI>M(p’1)'

The result is best possible with equality for the polynomial p(z) = 2™ + k™,
which was further refined by Govil [5] to give

Theorem E. Let p(z) = Z?:o ajzl = an [[}—,(z — 2:), be a polynomial of degree
n 2 27 ‘Zt| S Kt;
1<t<n andlet K =max(K1,Ks,...,K,) > 1. Then

n

2 K
M(p',1) > 1+Kn<;K+Kt)M(p7l)+

2an_1| [ — 1 Kr—1 Kr?2-1 1
- 1——), P
1+K"(ZK+K)( n n_2 )+|“1|( K2)"”
t=1
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and
2 " K (K "
M@, 1) > ( )M 1 (
@) > e §K+Kt (p )+1+Kn\1\z

t=1
1
+|a1|<1 — ?>, n = 2

The result is best possible with equality for the polynomial p(z) = z™ + K".

We, in our old result [6], had considered the polynomial having all its zeros in
|z| <k, (k> 1), with a possible zero of order m, (m > 0), at 0 and had obtained the
following refinement of both Theorem C and Theorem D.

Theorem F. Let p(z) = > asz® = ay H:Zl(z — zy) be a polynomial of degree n,
having all its zeros in |z| < k,(k > 1). Then

2 ok C 1
M@, 1) > ( )M 1)+ ( >+D,
w1 2 = ;kﬂzﬂ (P )+ Fa —k+ 5]
(1.1)
where
p(z) = 2Mp1(2), with p1(0) # 0, for some non-negative integer m,
non-negative real number
4|an72‘ {Cn7m72(k) - cn7m74(k)_
(it -t m>4&0<m<n—4,
4|an—o] Dk—(%f%)} ,n>4&m=n-—4,
C= 4]y, o] Fk—@ n>3& m=n—3,
lan—1|k(k — 1) nm>2& m=n-—2,
(lanlk — |an—1])k(k — 1) m>1&m=n—1,
0 ,n>1& m=n,
non-negative real number
2as|(+ — 5 ) (VK2 +1-1) n>4&m<n—1,
20az|( 1 — &= ) (VE2P+E+1-1) m=4&m<n-1,
D= 2|Z2‘( k22+1_1) ,n=3&m§n—1,
\aﬂ(l—%) m=2&0<m<n-—1,
0 ,n>1&m=n,
0 ,n=1,




8 V.K. Jain

k
ci(k) = /rt\/r2—|—ldr,t>0,
1
k
D, = /(7‘2—7’)\/7"2+T+1d7“
1

and

k 2 1
Fk:/r s dr
1 2

In (1.1) equality holds for the polynomial p(z) = z™ + k™.

In this paper we have obtained a refinement of our old result, namely Theorem
F, thereby obtaining a new refinement of Theorem C and Theorem D. More precisely
we have proved

Theorem. Let p(2) = Y7, ajzl = an [[h_,(z — 2,) be a polynomial of degree
n, having all its zeros in |z| < k, (k > 1), with a zero of order s,(s > 0), at 0. Then

n

M@, 1) > Hins(z_:kHzVI) 1)+ k”k:rk”8<z_:k+|z”|> o

Bn 1
n—s 5 1.2
s k" STl (jé:k:+-\y|> Y (1.2)
where
BO = 07
By = (k—1)ail,
k2 + 1
B2 = max(E2|a1|,2\a2|k( ; 1)),
By = max(E3|a1|,2\a2|( VI 171)),
B,_.1 = max( n—1la1l, 2|az| Dy — ) 1>4
E,q1 = kK1 —k"3n-1>2,
D, | = (k”*QA—k”*4)(\/k24—14—1),n—71 > 4,
FO = 0,
I o= 0,
k—1)2
F, = ‘an71|ku
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F3 = max (k2an—1|G3,2/<;|an_2(/lkr\/?dr _ k22_ 1))7

Fy, = max (kgan—1|G4,2k2an—2|(/ll(€T2 - T)mdr o (kd — o - 1)))’

3 2
Fn—s = Inax (kn_s_l‘an—ﬂGn—sa 2kn_s_2|an—2|Hn—s)7 n—s2> 57
kn—s _ 1 kn—s—2 -1

ans: - P ’I’L—SZ?)
n—s n—s—2
and
k k n—s—1 n—s—3
k -1 k -1
H,_, :/r”_S_Q\/TQ—l—ldr—/ r"_5_4\/r2+1d7"—( — ),
1 1 n—s—1 n—s—3
n—s>>5.

In (1.2) equality holds for the polynomial p(z) = 2™ + k™.

Remark 1. In many cases, our Theorem gives a better lower bound for M (p’, 1) than
those given by other known results, as for the polynomial p(z) = 2z(2® + 8)(z + 3),
having all its zeros in |z| < 3, we get

M(p',1) > 25.5, by Theorem,
Mp',1) 13.1, by Theorem F,

>
M(p',1) > 23.4, by Theorem E
and

M(p',1) > 5.8,by result [7, Theorem 1.7].

2. Lemmas

For the proof of Theorem we require the following lemmas.
Lemma 1. If p(z) is a polynomial of degree n(> 2) then for all R > 1
M(p, R) < R"M(p,1) — (R" — R"?)|p(0)|.
Lemma 1 is due to Frappier et al. [3, Theorem 2].
Lemma 2. Let p(z) be a polynomial of degree n(> 2) and let R > 1. Then
M(p,R) < R"M(p,1)—[p'(0)[(R"* =R 3)(VR2+1-1), n>4,
M(p,R) < R"M(p,1) —[p'(0)|(R* = R)(VR* +R+1-1), n=3

M(p,R) < R"M(p,l)—|p/(0)\R(\/R22+1—1),n:2.

A

and
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Lemma 2 is due to Frappier et al. [3, Theorem 4].
Using Lemma 1 and Lemma 2 one easily obtains

Lemma 3. If p(z) is a polynomial of degree n then for R > 1
M(p,R) < R"M(p,1) — B,(p, R),
where

B B) = max(EIO)B( L 1) o)),

By(p,R) = max(Bs(R)|p(0)], (B* — B)(VR? + R+1-1)p/(0))),
Bu(p.R) = max(E,(R)p(0)], Du(R)p(0)]), n > 4,
E.(R) = R"—R"2 n>2

and
D,(R) = (R '—R"3)(VR2+1-1), n>4.
Remark 2. One can note that Lemma 3 is trivially true for n = 0, with By(p, R) = 0.

Lemma 4. If p(z) is a polynomial of degree n, having no zeros in |z| < 1 then
n
M@y, 1) < 5 {M(p,1) = m(p, 1)} (2.1)

There is equality in (2.1) for p(z) = a + B2",|a| = |B].
Lemma 4 is due to Aziz and Dawood [2].

Lemma 5. If p(z) = Z;L:O ajz? is a polynomial of degree n > 2, having no zeros in
|z| <1 then for R>1

R"+1 R" -1 R*"—1 R 2-1
(Tt )

n—2
Equality holds in (2.2) for p(z) = z™ + 1.

Proof of Lemma 5. It is similar to the proof of Lemma 4 [5] with one change:
Lemma 4 instead of Lemma 2 [5].

Lemma 6. If p(z) is a polynomial of degree n > 4, having no zeros in |z| < 1 then
for R>1

< Rn; LM, 1) - an_ Smn(p.1) — [0 (0)] {ena(R) — ea_a(R)

_(R”_l—l_R”_?’—l)}7 (2.3)

n—1 n—3

M(p, R)
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where "
ct(R) = / r'\/12 + 1dr,t > 0.
1
There is equality in (2.3) for p(z) = a+ 2", |a] = |8].

Proof of Lemma 6. Tt is similar to the proof of Lemma 4 [6] with one change:
Lemma 4 instead of Lemma 2 [6].

Lemma 7. If p(z) is a polynomial of degree n = 4, having no zeros in |z| < 1 then
for R>1

R +1 R 1 , R -1 R>-1
M < _ _ _ _

where "
Dg = / (r? — )V 712 4+ r + ldr.
1
There is equality in (2.4) for p(z) = a+ 82", |a| = |8].

Proof of Lemma 7. It is similar to the proof of Lemma 5 [6] with one change:
Lemma 4 instead of Lemma 2 [6].

Lemma 8. If p(z) is a polynomial of degree n = 3, having no zeros in |z| < 1 then
for R>1

R"+1 R"—1
5 M(p1) -

R2—1)

M(p,R) < 5

m(p,1) = [p"(0)] (FR - (2.5)

R 2 1
FR:/ M/T + dr.
1 2

There is equality in (2.5) for p(z) = a+ 2", |al = |6].

where

Proof of Lemma 8. It is similar to the proof of Lemma 6 [6] with one change:
Lemma 4 instead of Lemma 2 [6].

Lemma 9. If p(z) is a polynomial of degree n = 2, having no zeros in |z| < 1 then
for R>1

n n _ —1)2
1) < 1)~ L) - oy B

<— (2.6)

There is equality in (2.6) for p(z) = a+ 2", |a| = |B].

Proof of Lemma 9. Tt is similar to the proof of Lemma 8 [6] with one change:
Lemma 4 instead of Lemma 2 [6].
Using Lemma 5, Lemma 6, Lemma 7, Lemma 8 and Lemma 9 one easily obtains
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Lemma 10. If p(z) is a polynomial of degree n, having no zeros in |z| < 1 then for
R>1
R"+1 R"—1

M(p7 R) < m(pvl) —Fn<p, R)’ (27)

where

Fl(pa R) = 07
(R—1)°

Fy(p,R) = |p'(0)] 5

R, 1) = mx (G O [/ e~ o),

Fi(p, R) = maX(G4(R)|p’(O)|,(/15"2—7~)\/r2 e tar— (E2 1)) o),

3 2

Fulp, R) = max (Ga(R)|p' (0), Ha(R)|p"(0)]), n> 5,

R*"—-1 R"2_1
— — >
Gn(R) ( n n—2 )’ nz3
and
R R Rn—l_l Rn—3_1
Hn(R):/r”_Q\/TQ—l—ldr—/7“"_4\/7“2—&—1d7“—( e B ), n > 5.
1 1 - -

There is equality in (2.7) for p(z) = a + 2", |a| = |5].

Remark 3. One can note that Lemma 10 is trivially true for n = 0, with Fy(p, R) = 0.

3. Proof of Theorem

It is similar to the main part of Proof of Theorem [6] with two changes:
Lemma 3 along with Remark 2 instead of Lemma 3 [6],
Lemma 10 along with Remark 3 instead of Lemma 4 [6].
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Pontryagin’s Maximum Principle for
Optimal Control Problems Governed by
Nonlinear Impulsive Differential Equations

Hugo Leiva

ABSTRACT: In this paper, we derive the Pontryagin’s maximum prin-
ciple for optimal control problems governed by nonlinear impulsive differ-
ential equations. Our method is based on Dubovitskii-Milyutin theory, but
in doing so, we assumed that the linear variational impulsive differential
equation around the optimal solution is exactly controllable, which can be
satisfied in many cases. Then, we consider an example as an application of
the main result. After that, we study the case when the differential equa-
tion is of neutral type. Finally, several possible problems are proposed for
future research where the differential equation, the constraints, the time
scale, the impulses, etc. are changed.

In honor to Dr. Zoltan Varga

AMS Subject Classification: 49K20, 35K2.

Keywords and Phrases: Pontryagin maximum principle; Optimal control problem;
Nonlinear impulsive differential equations; Dubovitskii-Milyutin theory; Variational
impulsive differential equation.

1. Introduction

Pontriaguin’s maximum (minimum) principle is used to optimize a functional depend-
ing on the state of the system and the best possible control that takes a dynamical
system from one state to another, especially in the presence of constraints on state
or input controls. It was formulated in 1956 by the Russian mathematician Lev
Pontriaguin and his students(see [41]). It has as a special case the Euler-Lagrange

COPYRIGHT (©) by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland



16 H. Leiva

equation of the calculus of variations. The result was first successfully applied to
minimal time problems when input control is constrained, but it can also be useful in
studying state constrained problems. In the following decades several abstract theo-
ries have been published to give a synthesis that would include different chapters of
optimization, such as mathematical programming, classical variational calculus, and
optimal control. The two most prominent theories are: Dubovitskii-Milyutin [16] and
TIofee-Tihomirov [22]. In [22], the main result is a first order necessary condition for
problems called “soft convex”. The condition is formulated in terms of Lagrange’s
multipliers. In the Dubovitskii-Milyutin theory (which is applied in the present work)
the fundamental idea is the following: Conic approximations are constructed to the
data of an optimization problem with constrains, and in terms of duals elements of
these cones, the optimality condition is expressed in the abstract Euler—Lagrange
equation form. Given a class of optimization problems, the application of this theory
consists in specifying the cones and their dual to express the Abstract Euler-Lagrange
equation in terms of the problem in question. In the book of I. V. Girsanov [18] this
method is carried out for several cases, such as the optimal control problem with a
finite number of constraints on the state of the system. The main goal of this paper is
to derive a general optimal condition (Pontryagin’s maximum principle ) for optimal
control problems governed by impulsive differential equations. More specifically, we
shall study the following problem

PrROBLEM 1.1.

/OT ®(z(t), u(t), t)dt — min loc. (1.1)
(z,w) € E = PW([0,T);R") x L7_([0, T|;R"), (1.2)
z(t) = p(x(t), u(t), t), =(0)==xo (1.3)
2(T) = a1; 21, 20 € R", (1.4)

z(th) = 2(ty) + Te(z(te)), k=1,2,3,...,p. (1.5)
ut)e M, te[0,T], ae., (1.6)

where 0 < t; < t3 < -+- < t, < T, are fixed real numbers, x € PW([0,T];R"), the
control function u belongs to L%, M C IR" and the functions

¢ : R"xR x[0,T] — IR,
® : R"xIR x[0,T] — R",

Je R" _)an’



Maximum principle for impulsive differential equations 17

where PW([0,T]; R™) and L% are define by

PW(0,T;;R") = {z:[0,T) - R":z€ C(J;R"),3z(t]), 2(t;.)
and  z(tx) = 2(t;,), k=1,2,...,p},

where J = [0,7] and J" = J\{t1,t2,...,t,}, endowed with the norm

Izllo = sup [lz(t)][r~,
te[0,T]

)

and LT = LI_([0,T];R") is the space of measurable function essentially bounded with
the essential supremum norm.

For now these functions are smooth enough, so to prove the main results we will
impose some additional conditions on the terms involved in the problem 1.1. The
study of the controllability of differential equations with impulses is in effervescence
at the moment, we can mention the following recent works on the controllability
of such equations (see [8, 10, 28, 29, 30, 31, 32, 33, 36]), this in finite dimension,
whereas in infinite dimension we can cite the following works ([2, 3, 5, 20, 38]). The
Dubovitskii-Milyutin theory has been used to study optimal control problems for a
long time, but not for impulsive differential equations, in this sense it is worthwhile
to mention the work done in [9, 14, 15, 19, 21, 16, 24, 34]. Furthermore, we know
there are a lot of works on optimal control problems using different techniques, for
which one can see the research done in [23, 35, 37, 40] But, as far as we know, the
optimal control problems for impulsive differential equations have not been studied
much, only some particular works can be found in the literature, to mention some of
them, we have the works carried out by ([1, 4, 6, 11, 26, 39, 42]).

Outline of the work: Section 2 contains preliminary results, here we summarizes
the fundamental concepts and results of Dubovitskii-Milyutin theory that will be
applied later; the intersection of cones lemma is presented. Then, the optimality
condition in the abstract Euler-Lagrange equation form for a general optimization
problem with constraints is formulated. To apply the general scheme of this theory
to a specific class of problems, we must first compute the approximation cones. To do
this, in subsections 2.3-2.5, we summarize and develop the methods to calculate the
decay, admissible and tangent cones that appear in [18]. In addition, several exten-
sions of these results are demonstrated, which facilitate the treatment for impulsive
differential equations. In subsection 2.6, we present and prove some modifications of
Minkowski-Farkas’s Theorem, which simplify the explicit calculation of dual cones.
Results of this subsection are useful to express the corresponding Euler-Lagrange
equation to many problems in future investigations. In section 3, an optimal con-
trol problem governed by a nonlinear impulsive differential equation is considered.
The main objective is to see that under certain conditions the impulses do not affect
the optimality condition obtained by Pontryagin; roughly speaking, if the pulses are
small enough, the maximum principle remains the same. In section 4, we prove that
the necessary condition of optimality presented in Theorem 3.1 (maximum principle),
under certain additional conditions, is also sufficient. To do this, we must assume
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conditions that allow us to apply the general theorem of sufficient condition of opti-
mality from the Dubovitskii-Milyutin theory, Theorem 2.17.

In section 5 we modify the optimal control problem by changing the boundary con-
dition in its final state by placing a finite number of nonlinear constraints, and under
certain conditions we again prove that the maximum principle persists.

In section 6 an example is presented as an application of these results obtained here.
In this section 7, we will show how Dubovitskii-Milyutin theory can be applied to
generalize the Maximum principle of [18] to the case of optimal control problems gov-
erned by impulsive nonlinear neutral differential equations.

Finally, in section 8, we present several problems that could be solved in a similar
way, which are part of future research.

2. Preliminaries Results

In this section, we summarize some fundamental results of the Dubovitskii- Milyutin
theory. We formulate the general optimization problem with constraints and construct
the approximation cones to the problem data (the objective function and restrictions),
and the optimality condition in terms of the approximation cones dual is expressed
by the Euler-Lagrange equation. The proof of these results can be refereed in [18].

2.1. Cones, Dual Cones and Dubovitskii—-Milyutin Lemma

Let E be a locally convex topological linear space, and denote its dual space by E*,
the space of continuous linear functionals.

Definition 2.1. K C E is a cone with apex at zero , if

AK =K, (A>0).

Definition 2.2.
Kt ={feE"/f(zx)>0, VxeK},

is called the dual cone of K.

Proposition 2.3.
a) KT is a w*— closed and convex cone.
b) Kt = (K)*, (K is the w— closure of K).
¢) (Unea Ka)+ = Npeca K& where A is an indez—set.

d) If K C Ky, then K C K.
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Definition 2.4. Let A be an arbitrary set and K, C F, « € A, be cones with apex
at zero. Then, we define the following set

ZKi:{falJrfaer"'Jrfaw fa, €KL, neN, ;€A (i=1,...,n)}.
acA

Lemma 2.5. Let K, CE (a € A) be conver cones w—closed, then

+ [
(ﬂ Ka> = Z K& (w* — closure ).

acA acA

Lemma 2.6. Let K C E be a convez cone with apex at zero, L C E a linear subspace
such that K NL # 0. Then (KNL)T =Kt +L*.

Lemma 2.7. Let K1, Ko,..., K, C E be open convex cones such that

i=1

Then

n + n
<fpa> :EjKj
=1 =1

Lemma 2.8. (Dubovitskii—Milyutin). Let K1, Ko,...,K,+1 C E be convex cones
with apex at zero, with Ky, Ko, ..., K, open. Then

n+1
mm:w
i=1
if and only if there are f; € K;7  (i=1,2,...,n+ 1), not all zero such that

fi+fo+ -+ fn+ =0

2.2. The Abstract Euler—Lagrange Equation

Let us consider F' : E — IR, and

Q:CE (i=1,2,...,n+1) such that the interior Q;# 0 (i =1,2,...,n). Consider
the following problem

F(x) — min loc (2.1)

T € Qy (1=1,2,...,n+1). (2.2)
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Remark 2.9. The sets Q;, (i =1,2,...,n) usually are given by constraints inequality
[e]
type, and Q11 by constraints equality type, and in general the interior Q1= 0.

To study the above problem, we give some previous definitions and lemmas.

Definition 2.10. The vector h € E is a vector of decay direction of F : E — IR
at the point z° € FE, if there exists a neighborhood U of the point z°, numbers
a = afF, 2°, h) < 0 and 9 € IRy, such that for all ¢ € (0, &9) and all h € U the
following inequality holds

F(z° +¢h) < F(z°) +ca.

Lemma 2.11. The decay vectors of F' in x° generate an open cone with apex at zero
which will be denoted by K4 = Kq(F, x°), and it will be called as decay cone.

Next, we introduce similar definitions for different constraints of the problem. For
a constraint of inequality—type, we give the following definition.

Definition 2.12. The vector h € F is an admissible vector to Q C E in the point
z° € Q, if there is a neighborhood U of the point z° and ¢ € IR, such that for all
e € (0, g9) and all h € U, we have that

°+eheq.

Lemma 2.13. The admissible vectors to Q in x° generate an open cone with apex at
zero, which will be denoted by K, := K,(Q, z°), and will be called admissible cone to
Q in x°.

To constraints of equality—type, we introduce the following definition.

Definition 2.14. The vector h € F is called a tangent vector to Q C E at the point
x°, if there are gy € IRy and a function 6 : [0, e] — E, such that

and
2°+eh+0() e (e € (0, &9)).

The set of all tangent vectors to @ in x° is a cone with apex at zero, which will
be denoted by K1 := K7 (Q, z°); and will be called tangent cone.

Theorem 2.15. (Dubovitskii—Milyutin). Let us consider the following problem

F(z) — min loc
(2.3)
ze€R;, (i=1,2,...,n+1).

Let 2° € E be a solution of problem (2.3), and suppose that:

a) Ky is the decay cone of F in x°.
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b) K; are the admissible cones to Q; inz° € Q; (i=1,2,...,n).
¢) Kp41 is the tangent cone to Qpni1 in x°.

Then, if K; (i=0,1,2,...,n+ 1) are convez, there exist functions f; € K,
(i=0,1,...,n+ 1) not all zero such that

fot frto ot fap1 =0 (2.4)

Equation (2.4) is called the Abstract Euler-Lagrange equation.
Remark 2.16. Sometimes it is important to ensure that fy # 0; an examination of
the proof of Theorem 2.15 shows that a sufficient condition for this is that

n+1

() K:=0.
i=1

To apply the Dubovitskii-Milyutin theorem to specific problems, we must follow
the following scheme:

i) Determine the decay vectors.

i1) Determine the admissible vectors.

iii) Determine the tangent vectors.

v

)
)
)
) Build the dual cones.

Next, we will face problems (i) - (iv). The necessary optimality condition stated
in Theorem 2.15, under certain conditions, is also sufficient:

Theorem 2.17. Suppose that the following conditions hold:
«a) F is continuous and conver,
B) Q; is convex (i=1,2,...,n+1),
o

7) (ﬂ Qi) N Qi1 # 0,

i=1

e) K; (i=0,1,...,n+1) are defined as in Theorem 2.15.

Then, z° is a solution of the problem (2.3) if and only if there exist f; € K7 (i =
0,1,2,...,n4 1) not all zero such that

fot+tfi+fot-+ fanp1=0.
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2.3. Cones of Decay Vectors

In this subsection we explicitly compute the cones of decay vectors for several func-
tions.

Definition 2.18. Let E be a linear space and F' : E — IR a function. Then, we
shall say that F' has directional derivative in z° € E on the direction of h € E if the
following limit there exists:
F(x° h) — F(x°
lim (2" +eh) (z%) =: F'(z°, h). (2.5)

e—0+ £

For z° € E.
Theorem 2.19. If h € K4 and there exists F'(x°, h), then F'(z°, h) < 0.

Theorem 2.20. If E is a Banach space, F is locally Lipschitzian in z°, and
F'(x°, h) <0, then h € K4(F, z°).

Theorem 2.21. (See [18, pg 45]). Let F : E — IR be a continuous and convex
function in a topological linear space E and z° € E, then F has directional derivative
in all directions at ©° and also we have that

o) F'(2°, ) :inf{F<x°+5h)‘F(”“"°’/sem},

g
b) Kq(F, 2°) = {h € E/F'(z°, h) < 0}.

Theorem 2.22. (See [18, pg 48]). If E is a Banach space and F is Fréchet—
differentiable in z° € E, then

Kq(F, z°) ={h € E/F'(z°)h < 0}
where F'(x°) is the Fréchet’s derivative of F in x°.

Example 2.23. In the same way as the example 7.3 of (See [18, pg 50]) we obtain
the following result:

Let E =PW([0,T];R™) x LT[0, T] and F' : E — IR defined as follows

T
F(x, u):= /0 O(x(t), u(t), t)dt,

®: R" x IR" x R — IR is a continuous function in its first two variables and
measurable in the third variable, and has a derivative in its first and second variables
®, and P, respectively bounded. Then, we have that

F'(z°, u®)(z, u) = /0 [@,(x°, u®, t)x(t) + Po(x°, u®, t)u(t)]dt,

and Ky(F, (z°,u°)) = {(z,u) € E/F'(z°, u°)(z, u) < 0}.
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2.4. Cones of Admissible Vectors
Let E be a topological linear space, F': E — IR a continuous function, z° € F and
Q={xe€ E/F(z) < F(z°)}.
Lemma 2.24. Let K, = K,(Q, z°) and Kg = K4(F, x°), then K4 C K,.
The proof of above Lemma is trivial. There are cases in which Ky = K,.
Theorem 2.25. (See [18, pg 58]) Suppose that
i) There exists F'(z°, h) (h € E).

ii) There exists h € E such that F'(x°, h) < 0.

iii) F'(x°, ) is convez.
Then

K,Cc{heE/F'(z° h) <0} = K.

Theorem 2.26. (See [18, pg 59]). If Q is an arbitrary convex set with COQ;A 0, then

Ko=1{heE/h=Az"—2), €Q, A€ R,}.

2.5. Cones of Tangent Vectors

In this section we basically mention the so-called Lusternik Theorem, which is a
powerful tool for calculating the cone of tangent vectors.

Theorem 2.27. (Lusternik). Let Eq1, Es Banach spaces, and suppose that
a) x° € By, P: Ey — Ey is Fréchet’s differentiable in x° and P(xz°) = 0.
b) P'(x°): Ey — Es is surjective.

Then the cone of tangent vectors K to the set Q := {x € E1/P(x) = 0} in the point
x° € Q, is given by
Kr = Ker P'(2°).

The proof of above theorem (which is not trivial) can be found in [22, pg 30].

2.6. Relationship Between Approximation Cones and Their
Dual

In this subsection, we present results that establishes a closed relationship between
approximation cones and their dual.
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Theorem 2.28. If K is a linear subspace of a topological linear space E, then
Kt={feE"/f(x)=0, VoeK}= K",
where K+ is called the annihilator of K.

Theorem 2.29. Let f € E* and Ky :={z € E/ f(z) =0},
Ky:={zxe€E/f(x)>0},Ks:={x € E/f(x)>0}. Then:

i) If f #0, then K7 = {\f/ e R}, Kif =K ={\Nf/)\&Ryo}.
i) If f =0, then K = {0}, Ki ={0} and Kj =E*.
The proof of Theorems 2.28 and 2.29 is trivial.

Theorem 2.30. Let E be a topological linear space and F' : E — IR continuous and
convex. For x° € E, let us consider the following set

Q:={x € E/F(x) < F(z°)}.

Now, we define
Q" :={feE"/f(x) > f(z°), (ze€@)}
Then
i) K7 (Q, 2°) = Q",
i1) If there exists T € E such that F(T) < F(x°), then

Kf=K'=Ki=q"

Proof. Let f € @* and h € Kr; then, by definition of Kr, there are ¢y € IR, and
0 : [0, eg] — E such that

lim @ =0,
e—0t €
and
2°+eh+6() e, (c€/(0,c<0)).
Therefore

f@®+eh+0(c) = f(z°), (e €0, €0)).
Then f(h) > 0. Hence f € K, that is to say

Q* C K.

Let f € qu and z € @, then by the convexity of ), we have that x — z° is a tangent
vector to () in the point z°, then it follows

f(x_x0)207
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or equivalently f € Q*.
Therefore

K =Q"
Suppose (ii) hods, i.e., there exists Z € I such that F(Z) < F(z°), this implies that
there exists h € F such that F'(z°, h) < 0. In fact

Let h =% — «°. Then, since F' is continuous and convex, it follows

F'(z°,h) < F(2°+h)— F(z°)

= F(Z) - F(z°) <0.
Now, let us see that K, C Kg4; by Theorem 2.21, we have that
Ky={he E/F'(z° h) <0}

Let h € K,, then there is g9 € R4 such that xg+eh € Q for all € € (0, &), therefore
F(z° +¢eh) < F(z°), (e € (0,ep)), which implies that F'(z°, h) < 0. Since K, is
open, there is a neighbourhood U of h such that U C K,. Then, for v € IR small
enough, we have that

hy = h+~(h—h) e U.
Then

1 O
F'(z°, h,) < d h=—nh ——h.
(l’, ’Y)—O an 1+,y 'Y+1_|_,y

Due to the fact that F’(x°, -) is convex, we obtain that

1 Y T
F'(z°, h) < ——F'(2° h,)+ ——F'(2°, h) <O.
( ) 1+~ ( 7) 1+~ ( )

By Theorem 2.25, we have that K, C K .

Let us prove that K} = K. In fact, condition (ii) implies that Q# 0. Thus, by
Theorem 2.26, it follows that

K,={he€eE/h=Xz—-2°), z€Q, I€R,}
Let f € K} and z €Q, then x — z2° € K, thus, we have that

f@) > fa°)  (z€Q),

o _
Given that F' is continuous and convex, @) = @) = @, we have that

f@) 2 f(2°)  (zeq).
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Therefore f € Q*, that is

but K, C Kr. Then

From the above proof, we have the following consequence

Corollary 2.31. If F is conver and continuous, and there is T € FE such that
F(T) < F(x°), then

F'(x°, h) < 0 if and only if, there exists A € Ry, x € E such that F(z) < F(z°) and
h =Xz —2°).

Theorem 2.32. Let Ey1, E5 be topological linear spaces and A : Ey — Fo a linear
operator. Let E = Fy x Ey be the product space and consider

K:=Ga={x€E/x=(x1,x2), Axi=uma}.
Then

Kt ={feE* f=(f1, f2)/ i =—A"fo}.

The proof of above Theorem is trivial.

2.6.1. Minkowski-Farkas’s Theorem and its Aplications

Theorem 2.33. (Minkowski-Farkas see [18, pg 70]). Let E1 and Ey be topological
linear spaces, and Ko C Fo a convexr cone with apex at zero, and consider A : B —»
Es5 a continuous linear operator. If we define

K = {.’El c /ASCl € KQ},
and suppose that there exists T1 € Ey such that AT, EI%Q, then

K = A°KF.

Remark 2.34. Below we will give different versions of Minkowski-Farkas’s Theorem.
Before, we shall prove a known Lemma since part of its proof given here will be
applied in the proof of Theorem 2.36.

Lemma 2.35. Let E be a locally convex topological linear space, and A, B linear
subspaces such that A is finite-dimensional, and B is closed. Then A + B is also
closed.
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Proof. Assume, without loss of generality, that AN B = {0}. Let {ej, e2,..., e, } be
a basis of A, then, since the space E is locally convex and e; € B, i =1, 2,..., n, by
Separation Theorem there are g; € E* (i =1, 2,..., n) such that

gi(ei) > 0 (i:1,2,...7n)
gi(x) = 0 (1=1,2,...,n; ¢ €B).

We consider the following functionals

fi= (i=1,2,...,n).

Let’s introduce the following operator

P . E-—R'"A,

P o= (fu, f2--s fn)

Then we have that
P(z) = =z (x e A)

P(x) = 0 (x € B).

Let as +bs € A+ B (s € S) be a generalized sequence such that (as + bs) converges
to z € E. The fact that P is continuous implies that P(as + bs) converges to P(z),
which implies that (as) — P(z), and given that A is closed P(z) € A, and by the
same reason (bs) = z — P(z) € B, that is

z=P(z)+z—P(z), P(z)eA, =z—P(z)eB.
O

Theorem 2.36. Let FEy, Es topological linear spaces and A : E1 — E5 a continuous
linear operator. Let Ky C Fy be a conver cone with apex at zero such that K is
finitely generated, and define

Kq = {.131 c By /A.Z‘l € K2}.
Then

(KNL)* =Kt + LT and K = A*Kj.

Proof. Let EF := F; X Ey, K := E; x Ky and L = G4. By the hypotheses
K+ = {0} x K is closed and finite-dimensional, and since L* is a subspace, which is
w*— closed, then we claim that K+ + Lt is w*—closed. In fact, since E}, Ej are lo-
cally convex topological linear spaces with respect to the w*-topology, it follows that
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ET x E3 is a linear locally convex topological linear space with the product-topology,
then we can apply Lemma 2.35 by taking A the subspace generated by K+, B = LT
and P : E* — A in the same way as in lemma 2.35.

Let as +bs € K¥ + Lt = A+ B (s € I) be a generalized convergent sequence to
z € E*, then

as — P(z) and by — z— P(z2).
Since KT, LT are closed, we have that P(z) € KT and z — P(z) € L™.

Now, by applying Lemma 2.5, we obtain that

(KNL)" =Kt +L*.
On the other hand, we have

K+t = {(fi, ) €E*)f1 =0, fo € K},

Lt = {(91, 92) € E* /g1 = —A%ga},

by Theorem 2.32. Let f; € K;" and put f := (f1, 0). Then, f € (K N L)*. In fact,
let z € (KN L). Hence x = (21, Axq) and Azq € Ko, this implies that 2; € K7 by
definition of K7, thus f(z) = fi(x1) > 0 for all z € (K N L), that is f € (KN L)T.
Then, there exist

(07 h) € K+7 h e K;u (917 gQ) S L+7 g1 = _A*.927

such that
(f17 O) = (0’ h) + (917 92)7
which implies that f; = g; and h + go = 0, and therefore f; = A*h, h € K. Thus

K c A" K.
This claim A*K C K is trivial. O
Theorem 2.37. Let E1, E5 be topological linear spaces and A : Ey — Es5 a contin-

uwous linear operator, and let Ko C Ey be a convexr cone with apex at point zero. Let
us define the following cone

K = {581 S /Axl € KQ}
Suppose that there are g € EY and h € K2+ such that
A*h 7& O7 K = {1‘1 IS /g(xl) > 0}
Then

K = A°K
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Proof. The proof that A*K5 C K is trivial. Let us see that K7 C A*K5 . In fact,
since A*K;r C Kf, by Theorem 2.28 there is g € IR such that A*h = S g. Now, let
fi€ Kf‘, then there exists Ay € IR, such that f; = A1 g. Therefore

fi=A" (2]1), %hEK;,

which implies that K;” C A*K . O

Proposition 2.38. Let Ey, Fy be Banach spaces and A : By — Es a continuous
linear operator such that Im A = Es, and a convex cone Ko C Fy with apex at zero.
Now, we define K1 as follows

K, = {xl S /A.’ﬂl € KQ}
Then
K c Im A*.

Proof. From the fact that Kj = K,, we can assume without loss of generality
that 0 € Ky; which implies that Ker A C K7, then by item d) from Proposition 2.3,
we have that K;” C (KerA)*. But (Ker A)T = (Ker A)%, then from the factorization
lemma from [22, pg 16], we get that (Ker A)* = Im A*. O

Proposition 2.39. Let Ey, Es be topological linear spaces and A; : By — Es (i =
1,2,..., h) continuous linear operators, and consider Ko C Eo a convex cone with
apex at zero. Let us define the following cones

Kljz{,’ljleEl/AifL'leKQ 2:172’771}

Suppose that there exists Ty € Ey such that A;T; 6[0(2 (i=1,2,...,n). Then

K= (Z Ai> Ky
i=1
Proof. Let us define the following cones
KliZ:{.’ﬂlGEl/Ail'lGKQ}; t=1,2,..., n.
Then by the continuity of A; (i = 1,2,...,n), we have that T GI%M, (i =
1, 2,..., n), which implies that <ﬂ Io{li =: K3 # (). So, by Lemma 2.7 it follows

that
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We have that K3 C Kj, which implies

n

Kf c Kf =Y (ku)*" =Y K,
=1 i=1

Therefore K~ C Z K{; and Z K. C Kif, which implies that
i=1 i=1

K=Y Kf.
i=1
But, from Theorem 2.33, we have that K;\ = A¥KJ (i=1,2,..., n), then

K = zn:A;* K.

=1

O

To conclude this section, below we will see some applications of the Minkowski-
Farkas’s Theorem and its versions.

Proposition 2.40. Let us consider E = PW([0,T),IR") and the following cone
K={zxeFE:xz(T) =0}
Then f € KT if, an only if, there is a € IR™ such that
f(@) ={a, =(T))  (z€E)
Proof. The sufficiency is trivial. Let us prove the necessity. Define the operator
L:E— R", L(z) :=z(T), (z € E), and consider f € K*. Then, Im L = IR" and

Ker L C Ker f, hence by The Factorization Lemma from (see [22, pg 15]), there is a
linear-continuous function g : IR™ — IR such that

f=golL.
But it is well known that g has the following form

g9(x) = {a, z), (€ R"),
for some fixed a € IR". Therefore

f(@) =(a, 2(T)),  (z€E).
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Example 2.41. Let A : [0, T] — R™ " and B : [0, T] — RR"*" be measurable
and bounded functions; and consider the following linear control system

©(t) = A(t)z(t)+ B(t)u(t), te0,T],a.e, (2.6)
z(T) = 0

where (z, u) € Ey :== PW([0,T];R™) x LT [0, T]. Let us define the following cone
Ky :={(x, u) € Ey/(2.6) — (2.7) hold}.

Proposition 2.42. If (2.6) is controllable, then dim K" = n, and also for all f € K

there is a € IR™ such that

T
[z, u) = <a, /0 [A®)z(t) + B(f)U(t)]dt>, ((z, u) € Ey).

Proof. Let By := PW([0,T);R™) and Ky := {x € Es /z(T) = 0}, and define the
following operator A : 1 — Es as follows

Az, u)(t) := /0 [A(T)z(T) + B(T)u(r)]dr ((z, u) € Eq, t €10, T)).
Then

Ky ={(z, u) € By /] A(z, u) € Ka}.

A is a continuous linear operator and dim K, = n. In fact, the assertion for A is
trivial. Let us see that dim KJ = n; for which it is enough to see the following:
f2 € K5 if, an only if, there is a € IR™ such that

fa(x) = (a, z(T))  (x € Ea).

This follows from Proposition 2.40.
Now. let {e1, ez,..., ex} be the canonic basis of IR", and define the following linear
functionals f, : Bs = R, i=1,2,...,n

fi(z) = {ei, 2(T)),  (z € En).

Then, given f» € K5 there exists a € IR" such that fao(z) = (a, (T)). On the other
hand, we now that a = >_'" a;e;. Then,

1=
n —

fgzZaifi (aiEB,izl,Q,...,n).
i=1

Let us see that {f,, fo,..., f,} is alinearly independent family, for which we consider
a; €R (i=1,2,...,n) such that

o fi+agfot - +anf, =0.
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Next, since (2.6) is controllable, then for each e;, ¢ = 1, 2,..., n, there is (z;, u;) €
E, (i=1,...,n) such that

x(T)=wie; (i=1,2,...,n).

Thus .
arfi(@) + -+ anf,(w) =Y af =0,
=
which proves that {f,, fo,..., f,} is linearly independent; therefore dim K = n.

Then, by Theorem 2.36 (Minkowski-Farkas s theorem version), we have that
Kt = NKS
That is to say, for all f; € K", there is a € IR"™ such that

fHlw, w) = (a, Az, u)(T))

T
<a /0 [A(t)x(t)+B(t)u(t)]dt> ((z, u) € By).

O

Proposition 2.43. Let A, J;, : [0, T] — R™",k=1,2,3,...,p and B: [0, T| —
IR™™" be measurable and bounded matrix Junctions. Suppose the following impulsive
linear system is controllable on [0,T] for any b = (b1,ba,...,by) € R" = (IR™)?

{ i(t) = A)z(t) + Bt)u(t), te(0,7], t#t
:E(tk) = jk(tk)x(t,:) +br, k= 1,2,3,...,p.,

where (z, u) € By := PW([0,T);R"™) x L. [0, T|. Let us define the following cone

(2.8)

KQ = {(33, U’) EEI/Z‘(T):O? J"(t;:)_jk(tk)x(t]:)zo7 k:172737"'7p}'
Then dim K = n(p + 1), and also for all f € K there is a € R™P*Y such that
fl@,u)=(a, (@(T),2(tr) — Te(t)x(ty), ... a(tp) — Ti(ty)2(t,))), (z, u) € Er.

Proof. Consider the following linear and continuous operator A : E; — R"(HP)
defined as follows

Ale,w) = (2(T),2(tr) = Tu(t)a(ty), - alty) — Tilty)alt;)) -

Since system (2.8) is controllable, then Im A = R"(HP) . Now, let f € K3, then
ker A C ker f, and by the factorization lemma from (see [22, pg 15]), there is a linear-
continuous function g : R™**P) — IR such that

f=goA.
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But, it is well known that g has the following form
g(@) = {a, @),  (z€ R"P),
for some fixed a € R"*?). Therefore
f(@,u) =(a, (@(T),x(tr) = Te(t)z(ty), .., x(ty) = Tu(tp)x(t,))),  ((z,u) € En).

Now. let {ei, ea,..., €npt1)} be the canonic basis of R"P*D where ¢; =
(€i,1,€i2,- € (ps1)), With ez € IR", and define the following linear functionals
fioBi—R, i=12.... n(p+1),

fil@) = (i, (@(T),2(tr) = Ti(t)z(ty), ..., 2(tp) = Tp(tp)z(t,)) . ((z,u) € Br).
Then, given f, € K3 there exists a € R™?*Y such that
falw,u) = (a, (@(T),2(tr) = Ti(t)z(ty), - .., 2(tp) — Tp(tp)a(t;))) -
On the other hand, we know that a = >7* a;e;. Then,

p+1
fQZZai?i (C%ER,ZZLQ,,TL(])—Fl))
=1

Let us see that {f;, fo,..., ?(p +1)} is a linearly independent family, for which we
consider o; € R (i =1, 2,..., p+ 1) such that

arfi tasfy+ -+ an(p+1)?(p+1) =0.
Since, for any b = (b1,b,...,b,) € IR™ the impulsive system (2.8) is controllable,

then for each e;, i =1, 2,..., n(p+1), with e; = (e;1, €52, -+ , €ip), there is (z;, u;) €
E, (i=1,...,p+1) such that

z(T) = ajesn, and  z(ty) — Te(tr)z(ty) = aue (k=2,3,...,p+1).

Thus
_ o p+1
anfy(wr, )+t anf i (@ upn) =Y _af =0,
which proves that {f,, fo,..., ?(p+1)} is linearly independent; therefore dim K =
n(p+1).

O

Now, we will give an important example related with support functionals.
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Example 2.44. Let M C R" and Q := {u € LT[0, T] /u(t) € M, t € [0, T],a.e.}
and consider u°® € Q, a € LT[0, T] and f : LT, — IR defined as follows

T
flu) = /o (a(t), u(t))dt, (ue LL).

Let us suppose that f(u) > f(u°) (u € @), then for all U € M and almost all
telo, T

{a(t), U —u°(t)) > 0.
For details of this example see [18, pg 76].

Finally, we have the well known formula for integrating by part in the Lebesgue
Integral

Proposition 2.45. (Integration by parts for Lebesgues integral)
Let f,g9 : [a, 5] = IR be two differentiable function almost every well, such that
f'g,fg’" € L*([o, B, IR). The the following formula holds

Fgdp = lim f(#)g(t) = lim f(H)g(t) = | fg'dp.

t—a [0, 8]

[, 8]

3. Optimal Control Problem for Impulsive Differen-
tial Equations

In this section we will show how Dubovitskii-Milyutin theory can be applied to gen-
eralize the maximum principle of [18]. The generalization consists in admitting an
finite number of impulses in the differential equation presented in the problem. We
will also see that in a linear dynamics case, under certain additional conditions, the
maximum principle is a sufficient condition for optimality. After that, we shall give
an example that illustrates the applicability of the main result of this section.

3.1. Maximum Principle in the Space PW([0,T];R") x L”_
Let n, r € Nand T € IRy, and consider the functions ®, ¢, Jj :

¢ : R"X R x[0,T] — IR,
® : R'"xR x[0,T] — R",
T+ R"— IR",
where PW([0,T];R™) and L’ are define by

PW(0,T;R") = {2:0,7) = R":2z€ C(J;R"),3z()), 2(t;,)
and  z(tx) = z2(t,), k=1,2,3...,p},
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where J =[0,7] and J" = J\{t1,ts,...,t,}, endowed with the norm

Izllo = sup [[z(t)|[en,
t

)

and LT, = L7 ([0,T];R") be the space of measurable function essentially bounded
with essential norm.

Let us suppose that the following conditions are fulfilled

a) @, v and Ji are continuous functions, with derivatives ®,, @, @z, Pu,
J;. are bounded functions on compact sets of IR™ x IR" x [0, T].

b) M C IR" is convex and closed with ]\0475 0.

¢) The following linear system is controllable
&(t) = @u(x°(t), u°(t), )z (t) + pu(z°(t), u(t), t)u(t), te (0,7], a.e. (3.1)

d) The corresponding impulsive linear variational equations around the point
(z°, u°) € E is controllable on [0, T] for any b = (b1, bg,...,b,) € (IR™)P

{a‘c(t>=wz<x°<t>, W (), O2(t) + pu (1), w(t), ult), te(0.T), t#t,
2(t7) = T (6 )alty) + be, k=1,2.3,....p.

(3.2)

REMARK 3.1. According to the results presented in the references [10, 28, 29, 30,
31, 32, 33]) on the controllability of control systems governed by impulsive differential
equations, a sufficient condition for system (3.2) to be controllable is that system (3.1)
1s controllable and the following condition holds for the impulses.

_ 1

Theorem 3.1. Suppose that conditions a) - d) are fulfilled. Let (z°, u®) € E be a
solution of Problem 1.1:

Then, there exists Ao € R4 and a function ¢ € PW([0,T];R™) such that Aoy and
both are different from zero, and v is solution of the following differential equation

U(1) = —pi(a°(7), u* (1), T)U(T) + AoPu(2°(T), u(7), 7),
{ H(T) = a. 0 (3.4)

Moreover, for allU € M and almost all t € [0, T] the following inequality hols

(—ou(@®(t), u®(t), )Y () + Ao Pu(2°(t), u°(t), 1), U —u(t)) =0 (3-5)
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Proof. Let F : E — IR be a function defined as follows

F(x, u) = /0 D(x(t), u(t), t)dt,

H. Leiva

and let Q := Q1 N Q2 where @3, Q; are given by points (z, u) € F, which satisfy
(1.3)-(1.5) and (1.6) respectively.
Then, Problem 1.1 is equivalent to

a)

F(z, u) — min

(x, u) € Q.

Analysis of the function F.

Let Ko := K4(F, (z°, u°)) be the decay cone of F' in the point (z°, u°). Then,

by Theorem 2.22, we have that

Ko ={(z,u) € E/F(2°, u°)(x, u) < 0}.

Suppose for a moment that Kg # (), then by Theorem 2.29 we obtain

Ki = {2 F(z° u®) / Ao € Ryo}-
By example 2.23, we obtain that
— T
F (2° u®)(z, u) = / (@, (2%, u®, t)x(t)+Py(z°, u°, t)u(t)]dt,
0

Therefore, for all fo € K, there exists A9 € IR} such that

folz, u) = —)\0/0 [@,(x°, u®, t)x(t) + Po(z°, u®, t)u(t)]dt,

Analysis of constraint Q.

Let us consider the set

((z, u) € E).

((z, u) € E).

Qh = fue L[, T)/u(t) € M, te[0,T], ael}.

Then Q1 = PW([0, T];R™) x Q). Moreover, by the hypothesis M is convex and

closed, with ]\04 = (). So, the following statements hold

i) Q1, Q) are convex and closed.

i) Q0 Q0.
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If we call K; the admissible cone to @7 in (z°, u°) € @1, then
K; =PW([0,T];R") x K7,

where K is the admissible cone @} in u°® € Q).
Therefore, for all f; € K there is f] € K|T such that f; = (0, f}).

By Theorem 2.26, it follows that f] is a support of @} at u°.

Analysis of the constraint Q5.

Let us find the tangent cone to Q2 at the point (z°, u°)

K2 = KT(QQ, (JZO, Uo)).
Consider the space By = PW([0,T];R") x R"*P) = E, and the operator:
P : E; — FE5 defined by

P(z,u)(t) = (x(t) — T —/0 pz),u(),Ddl, S(z,u), z(T)- x1> ,
where

Sz, u) = (x(t) — Ji(@(ty)), x(t2) — Fala(ty)) - x(tp) — Tp((ty,))) -
Then
P/(a,u")(@. ) =

(x(t)—/(%(ﬂc(’(l),w’(l% D) + u(x°(1), u* (1), Du))dl, S'(z,7), w(T)>,

0
with
S'(z,a) = (T(tr) — J{ (@ () z(ty), -+ JE(ty) = Ty (2°(t,)z(t,) -

We want to find conditions under which the operator P’(z%, u°) is onto in order
to apply Lustenik theorem 2.27. So, for (a(-),b1,b2,...,bp,x1) € E9, we want
to solve the equation

P/(xo,uo)(f’ﬂ) = (a’(')v blv b27 DR} bpaxl)'

Now, suppose that @ = 0. Then, from ( [25], pg 89), we know that the following
Volterra integral equation

2(t) = alt) + / (@ (1), (1), D=(D)dl,
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has a solution z € PW([0,T]; R™).
Next, since the impulsive linear variational equation (3.2) is controllable, for a
point (b1, ba,...,b,) € IR" with

b = b — 2(te) + TL(20(t;))2(ty),  k=1,2,3,...,p,

there exists a control w € L% such that the corresponding solution y(t) of (3.2)
satisfies y(T) = 21 — z(T) and

y(tr) = Tt )yt ) +be, k=1,2,3,...,p
Let us make the following change of variable T = y + z. then
P/(@,u) @, 0)(0) = ((y+2)(1)-
(ula Dy + 20 + 90 DTN S/, o+ 2)(T) )
() + o(0)-
(o (2, u®, Dy(1) + pu(2®, v Du))dl,  S'(z,7), (y+ Z)(T))
(a(t), S'(z,w), w1).

Now, we shall see that S'(Z,w) = (b1, be, ..., b,). In fact,

”N”\

( y ):

(@(t) = T/ (@O @)zt ), T(ty) — Ty (20(t;))Z(t,)) =

((y +2)(t1) — J{(wo(tf))(erZ)(tI% (y+z)(tp) Tp(@0(t)(y + 2)(t,))
((b1+z t) § T @Ot )N z(t] ), by + 2(tp) — T (20(t;)2(t)
bi,ba,...,b,).

Therefore, the operator P'(2°,u°) is onto. Then, applying Lusternik’s Theorem
2.27, we get that tangent cone K» is given by

Ky = {(z, u) € Ey /| P'(2°, u®)(7,u) = 0}.

i.e., K5 is the set of points (T,u) € E; such that

T(t) = @u(a°(t), u(t), DT() + pu(z°(t), u(t), hult), t+#ty (3.6)
() = FEE)Et;), k=1,2,3,...p. (3.7)
Z(T) = 0 (3.8)

Consider the following linear subspaces
L, ={(z,u) € E1/(3.6) — (3.7) hold}, L,={(z,u)e€ Ey/ =(T)=0}.

Then, K5 = Ly N Ly. Now, let us compute K;‘. By Proposition 2.40, we have
that fap € L7 if, and only if, there exists a € IR” such that

fgg(&?, U’) = <a’7 x(T)> (('Ta u) € E)
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Moreover, the controllability of systems (3.1) - (3.2) implies that L; + Lo is
closed, then it follows that L] + L is w*— closed; hence by Lemma 2.5 we
obtain that

K =L+ L.

Since L; is a linear subspace, it follows from Theorem 2.28 that, for any

fo1 € LT, f21(7, 1) = 0 for all (7,7) satisfying (3.6)-(3.7).

Euler-Lagrange equation.

It is easy to see that Ky, K1, K5, are convex cones. Hence, by
Theorem 2.15 there are functionals f; € K;” (i = 0, 1, 2,) not all zero such
that

fot+rfit+fo=fo+ fi+ far+ faa=0. (3.9)

Equation (3.9) can be written in the following form

—)\O/ [D,(2°, u®, t)x(t) + Po(z°, u®, t)u(t)]dt+

Fl(@ 1)+ for(x, w) + (@, 2(T)) =0, ((x, u) € E).

Now, for all u € L7 there exists Z, solution of system (3.6)-(3.7) with Z(0) = 0.
Then (Z, u) € L;. Therefore fo1(T, u) = 0.
Let 9 be the solution of equation (3.4), that is

{ D(t) = =3 (x°(7), u*(7), T)Y(7) + Ao@u(2°(7), u®(7), 7)
Y(T) = a.

Multiplying both sides of this equation by T and integrating from 0 to T, we
get

Ao /0 D, (2°, u®, O)Z(t)dt — (a, (T)) =
T T

/ (W), T(t))dt + / (gt (22, u®, By (t), E(t))dt
0 0

~(a, 7(T)) = (1), T — / (W(2), 7(t))dt



40

H. Leiva

Then, from Euler-Lagrange equation (3.9), we obtain for (u € L [0, 1), that

T
fi(t) :/o (—ou(@®(t), u®(t), )Y (t) + Ao Pu(2°(t), u®(t), t)u(t))dt. (3.10)

Since fi is a support of Q] at the point u°® € @}, from example 2.44, it follows
that

(= (a®(t), uo (1), )(t) + Ao Pu(2°(t), u(t), 1), U —u°(t)) = 0,

for all U € M and almost all ¢ € [0, T.
Now, we will see that the case Ay = 0, ¥ = 0, is not possible. In fact

If » = 0, then ¥(T) = a = 0. Thus
f22(xv u) = <a’ m(T» =0 ((xa u) € E)v

that is foo = 0. So, from the fact that \g = 0, we get that fy = 0. Also, from
(3.10), we have that f{(u) =0 (u € L7 [0, T]); then from Euler— Lagrange
equation it follows that fo; = 0, where

fo=fo1+ faa =0,

which contradicts Theorem 2.15.
So far, we have two additional assumptions:
Firstly, we assumed that Ky # (), and secondly, we assumed that system

&= (2%, u®, )x(t) + pu(z°, u°, ,t)u(t)

is controllable.
Now, we will prove, that these assumptions are superfluous. In fact, if Ky = 0,
then by definition of Kj, we have that

/0 (@2 (2°(2), u®(t), D)a(t) + Pu(2°(t), w(t), hu(®)ldt =0 ((z, u) € E).

Let us put Ag = 1, ¥(T') = a = 0, then, from last computation, we have that

/0 (@522, u®, D) (t), x(t))dt = — / (@h(a®, u®, (), u(t))dt,

for all (z, w) such that x is solution of equation the (3.6)-(3.7). Then

/O (0 (@°(t), w(t), )ip(t) + Pu(2®(t), u®(t), u(t))dt =0 (u € LL[0, T])

which implies that
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<_SDZ(‘T07 u®, t)w(t) + q)u(lp? u®, t), U-— uo(t» =0,
for all U € M and almost all ¢ € [0, T.

Now, suppose that system (3.1) is not controllable, then there is a non-trivial
function ¢ € C([0, T'], IR™) that is solution of

D(t) = i@ (1), w(1), )(t),
such that, for all ¢ € [0, T] it follows that

pu(2°(t), w(t), 1)(t) = 0.
By taking Ao = 0, we get that ¢ is solution of (3.4), and therefore

(=pu(@®(t), u®(), )(t), U —u°(t)) = 0,
for all U € M and almost all ¢ € [0, T.

Thus, the proof of Theorem 3.1 is completed.

4. Sufficient Condition of Optimality
The necessary condition of optimality proved in Theorem 3.1 (Maximum Principle),

under certain additional conditions, is also sufficient. In fact, let us consider the par-
ticular case of Problem 1.1 in which the differential equation is linear.

PROBLEM 4.1.

T
/ B(a(t), u(t), t)dt —s min
0

(4.1)
(z,u) € E=PW([0,T];R™) x L ([0, T]; R"),
z(t) = A(t)z(t) + B(t)u(?), (4.2)
z(0) =z, x=(T)=ux1; x1, 9 € R", (4.3)
z(t) =a(ty) + Te(z(tr), k=1,2,3,...,p. (4.4)
u(t) € M, t €0, T], a.e. (4.5)
where A(-) : [0, T] — R™™", B(:):[0, T] — IR™™" are measurable and bounded
matrix functions and Jp —n x n matrix, k =1,2,3,...,p . Let (2°, u°) € E be a

point satisfying conditions (4.2)— (4.5).
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Theorem 4.1. Let us suppose that the conditions a) - d) from Theorem 3.1 are sat-
isfied.

Besides, let us assume the following hypotheses:

I) The system (4.2) and the impulsive system (4.2)-(4.4) are controllable.
II) There exists u € L7 [0, T| such that u(t) GJ\(ZI, for almost all t € [0, T).

III) ® is a convex function in its two first variables.

Then (x°, u®) is global solution of Problem 4.1.

Proof. Let us define the function F : E — IR as follows

T
F(x,u) = /0 O(x(t), u(t), t)dt,

and the set @ := Q1 N Q2, where Qs is given by (4.2)-(4.4) and Q1 by (4.5).
Then, Problem 4.1 is equivalent to:

F(z, u) — min

(z, u) € Q.
It is clear that @; (i = 1, 2) are convex sets, and from the condition I1I) we have

that F is convex, and from condition II) we have that (7, @) €Q; NQs.
Thus, by Theorem 2.17 it follows:

(2°, u°) is a minimum point of F in Q if, and only if, there are f; € K;* (i =0, 1, 2),
not all zero such that
Jot+ i+ f2=0.

Here, K; (i =0, 1, 2) are cones defined as in Theorem 3.1. Now, suppose that the
Maximum Principle of Theorem 3.1 holds. That is to say, there exist Ao € IRyo and a
function ¢ € PW([0, T]; R™) such that Ao and ¢ are not both zero, and ¢ is a solution
of the following differential equation

D(t) = —A* ()Y () + AoPu(2°(t), u°(t), 1)
{ i 0 (4.6)

Moreover, for all U € M and almost all ¢ € [0, T|, we have that
(=B* () (t) + Ao Pu(2°(2), u°(t), t), U —u°(t)) > 0. (4.7)

Then, to prove the theorem, it is enough to see that there are f; € Kj (i=0,1,2)
not all zero, such that fo + f1 + fo = 0. To do so, we define the following functionals:
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fi « L,—RmR fi:E—R

() = / (—B*()(t) + Ao @ (2°(8), u2(2), 1), u(t))dt,

fl = (07 f{)
Let
Qy={uell /ult)eM, t€l0,T], ae.}.

Then, from (4.7), we obtain
fitw) = filw®)  (ueQ)).

Therefore f] is a support of Q] at u°. Hence f; = (0, f]) € K. Let us define the
functional fo; : F — IR as follows

For (@, 1) = Ao / (@ (2° (1), (), )(t) + (2 (1), u (1), Dyu(t)]dt

0
—fi(uw) = (a, z(T)).
Now, we will see that fo; € LT, where
Ly ={(x,u)/(4.2),(4.4) hold},

as in the Theorem 3.1. In fact, suppose that (z, ) € Ly, then multiplying both sides
of the equation (4.6) by ¢ and integrating by parts from 0 to T', we obtain that

T
X / (4 (2° (), u(t), D)(t), z(t))dt

~a, 2(T)) = — / (B (1) (1), u(t))d.

Then

for(x, u) = —f{(u) —/0 (B*(t)¥(t), u(t))dt + Ao/o D, (2°(1), u(t), thu(t)dt.
Therefore
f21(x7 u) = _f{(u) + f{(u) =0,

Thus f21 S Lii_
Next, we shall define the following functionals

an f17 f27 E— Ra



44 H. Leiva

by
T
folz, u) = )\0/0 [ (2°(t), u®(t), t)a(t) + Pu(z°(2), u°(t), t)u(t)]dt

fg(.’[, 'LL) = fgl(l', U) -+ <a, l'(T» = f21($, ’LL) + f22(CE, U)

Then fo € K, f1 € K{, fo € K, and also

fo+ fi+ f2=0,

not all these functionals are zero, because by hypothesis Ay and v are not both zero.
From the convexity conditions, it follows the global-minimality of (z°, u°). O

5. Modification of Boundary Conditions

We now discuss problem 1.1 with modified boundary condition. We replace the end
condition of (1.4) by a more general condition, in other word, we consider the following
optimal control problem

PROBLEM 5.1.

/0T<I>(x(t), w(t), £)dt —> min loc. (5.1)

(z, u) € E = PW([0, T|; R") x LT, ([0, T); "), (5.2)
#t) = plalt), ult), 1), o(0) = o (53)

vo € R™; Gy(z(T)) =0, i=12....q. (5.4)
z(th) = 2(ty) + Tu(z(te)), k=1,2,3,...,p. (5.5)
u(t) €M, te[0,T), ae. (5.6)

where G;(z) are differentiable scalar functions on IR". So arguing exactly as in the
previous problem 1.1, under certain conditions that we will present immediately, the
cone of tangent vectors K is the set of points (Z,u) € E such that

z(t) = @u(@®(t), u’(t), )T(t) + pu(z (),U"(t)vt)U(t), t#t,  (5.7)
zt)) = FE)T,), k=1,2,3,... (5.8)

k
(GL(2°(T)),z(T)) =0, z:1,2,3,...,q. (5.9)
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But, in order to compute the tangent cone K5 we have to assume the following
condition on G4(x°(T)). Consider the jacobian matrix of

G(x) = (G1(x), G2(x), G3(x), - -, Gg(x)) (5.10)

around the point z°(T)

R HER 2
E=G@(T)=| . = o . (511
G (z°(T)) Gya(z°(T)) -+ Gy, (z°(1))

Additional Hypothesis

H) Rank(Z)=gq.

REMARK 5.1. Condition H) is equivalent to say that the operator = : IR" — IR? is
onto (Range(Z) = IRY), which is equivalent that (E2*)~! exists. Therefore 2+ =
EX(EE*)"! is a right inverse of 2. So, the equation Zx(T) = a admits the solution

2(T) = =*(22*)~la.

In order to compute the tangent cone, we have to modify the operator P defined
in problem 1.1, Let us find the tangent cone to ()2 at the point (z°, u°)

K2 = KT(QQ, (SEO, uo)).

Consider the space By = PW([0,T];R™) x R™ P x IR = E, and the operator:
P : E; — E5 defined by

Pl = (s~ 0 [ olall. a0, S0, Gar).
where
S ) = (2(02) — il {ta) — Talalt3)) -~ (ty) — Tplalt )
and G is given by (5.10). Then
P’(xo,uo)(?,ﬂ) =

<x(t)—/(wx(w°(l)7U°(l), D) + eu(x(1), (1), Du(l))dl,  S'(z,), E9C(T)>

0
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and E is given by (5.11). We want to find conditions under which the op-
erator P’(z° u®) is onto in order to apply Lustenik Theorem 2.27. So, for
(a(-),b1,b2,...,by,a) € Ey, we want to solve the equation

P'(2°,u°)(z, 1) = (a(-), b1, b, ..., by, ).

Now, suppose that @ = 0. Then, from ( [25], pg 89), we know that the following
Volterra integral equation

has a solution z € PW([0,T]; R™).
Next, since the impulsive linear variational equation (3.2) is controllable, for a point
(b1,ba,...,bp) € IR" such that

b = by — 2(t) + Tt )=(ty), k=1,2,3,...,p
Then, there exists a control w € L such that the corresponding solution y(¢) of (3.2)
satisfies
y(T) = *(E2") a— «(T).
Let us make the following change of variable T = y + z. Then
P2 u0) (@, 7)(t) = ((y + 2)(t)—
¢
(a0 D+ )0 + e DU, '@, S+ 2)D))
0
= (y(t) + a(0)-
(pula®, . Dyl + 90, o D)L, '), == (22") )
0
= (a(t), S'(z,u),a).
Now, we shall see that S'(Z,@) = (b1,b2,...,bp). In fact,
S'(z,u) =
(@(t1) — F{ (2t NT(tr ), JZ(ty) — Ty (2°(t,))z(t,)
((y +2)(t1) = T{(@°(t)(y + 2)(t1), - (y+2)(tp Ty
x

= (by + 2(t1) = F{(«°(t7)2(t7 ), -+ Jbp + 2(tp) — T,
= (by,ba,...,by).

Therefore, the operator P’(x°,u") is onto. Then, applying Lusternik’s Theorem 2.27,
we get that tangent cone Ky is given by

Ky = {(z, u) € By / P'(2°, u®)(7,w) = 0}.
i.e., K is the set of points (Z,w) € E; such that
T(t) = pu(a®(t), u (), OT() + pu(2°(t), w(t), ult), t # e (5.12)

z(t)) Ti(@ e Nz(ty), k=1,2,3,...,p. (5.13)
Ez(T) = o. (5.14)
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Consider the following linear subspaces
Ly ={(z,u) € E1/(5.12) — (5.13) hold}, Lo={(z,w)e€ E1/ =z(T)=0}.

Then, K9 = L1 N Ly. Now, let us compute Kj. By Proposition 2.40, we have that
fa2 € L2+ if, and only if, there exists a € IR* such that

for(x, u) = (a, Z2(T))  ((z, u) € E).

Moreover, the controllability of systems (3.1)- (3.2) implies that L; + Lo is closed,
then it follows that L] + L3 is w*— closed; hence by Lemma 2.5 we obtain that

Kf=L{+Lj.

Since L; is a linear subspace, it follows from Theorem 10.1 of (See [18, pg 59]) that,

for any fo; € Ly, f21(Z, @) = 0 for all (Z,w) satisfying (5.12)-(5.13).
Euler-Lagrange Equation.

Clearly that Ky, Ky, Ko, are convex cones. Hence, by Theorem 2.15 there are func-
tionals f; € K;” (i =0, 1, 2,) not all zero such that

fotfi+tfa=fo+ fi+ fa+ f2=0. (5.15)

Equation (5.15) takes the following form

—)\0/0 [, (2°, u®, t)x(t) + Po (z°, u®, t)u(t)]|dt+ 510

+f1(z, u) + for(z, u) + {a, Zx(T)) =0, ((z,u) € E).

Now, for all uw € L7 there exists z, solution of equation (3.2) with z(0) = 0, then
(z, u) € L. Therefore fo;(x, u) = 0.
Let 9 be a solution of the system

{ (1) = =i (°(r), w(7), T)Y(7) + Ao®au(2°(7), u(7), 7)
Y(T) =Z*a

Multiplying both sides of this equation by T and integrating by parts from 0 to T, we
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get
T — ——

Mo /O B, (2°, v, F(H)dt — (a, SF(T)) =

/ (W (t), T(e))dt + / (@ (@, u, B (), T(E))dt — {a, ST(T)) =

0 0
T . T

W(t), 7(6)]T - / (Wb(), #(t))dt + / (@h(a®, u®, pp(t), () dt — (a, BR(T)) =
0 0

(1]
*
8
g
—
~
=
|
<
—~
S
8

T .
7(0)) — (a, ET(T)>+/0 (1), pa(2°, u®, )T(t) —T(t))dt =

T T
—/ (W(t), pu(@®, u®, t)u(t))dt = —/ {0 (2%, u® )9 (), ult))dt.
0 0

Then from Euler-Lagrange equation (5.15), we obtain for (v € L’_[0, T]), that

T
fi(u) = / (= (@°(t), u(t), )p(t) + Ao Pu(2°(t), u’(t), t)u(t))dt. (5.17)
0
Since f] is a support of @} at the point u° € @Q, from example 2.44, it follows that

<_‘p2(xo(t)7 uo(t)7 t)lﬁ(t) + Ao Q)u(mo(t), uo(t)= t)? U-—- uo(t)> >0,

for all U € M and almost all t € [0, T1.

0

REMARK 5.2. Now, we will see that under these assumptions, the case \og =0, 1) =0,
can not occurs. If v =0, then (T) = Z*a = 0. Thus

foa(x, u) = (a, Ex(T)) =0 ((z, u) € E),

that is fae = 0. So, from equation (5.16), and the fact that A\g = 0, which implies that
fo=0. Also, from (5.17), we have that fi(u) =0 (u € L5 [0, T]); then from Fuler—
Lagrange Equation it follows that fo; = 0, hence

fo=fo1+ faa =0,
which contradicts Theorem 2.15.

REMARK 5.3. Analysis of the exceptional cases. In the course of the proof we
have to made two additional assumptions: Firstly, we assumed that Ko # 0, and
secondly, we assumed that system

x(t) = pu(2°(1), uo(t)7 t)z(t) + @u(xo(t)ﬂ uo(t)7 t)u(t), te (077—]7 (5‘18)

is controllable.
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Now, we will prove, that these assumptions are superfluous. In fact, if Ky = 0,
then by definition of Ky, we have that

T
/0 [, (z°(1), u®(t), Da(t) + By (2°(t), u®(t), Hu(t)dt =0 ((z, u) € E).

Let us put \g = 1, (T) = E*a = 0, then, from last computation, we have that

| @, v = [ (il 0u.u)at
0 0

for all (z, u) such that x is a solution of equation the (5.18). Then

T
/0 (—eu(a®(t), w(t), ) (t) + o (a°(t), u®(t), thu(t))dt =0, (u e LL[0, T]),
which tmplies that

(—pk (20, u®, )(t) + @y (2°, u®, t), U —u°(t)) =0,
for allU € M and almost all t € [0, T).

REMARK 5.4. The controllability of the linear system,
x(t) = A(t)x(t) + B(t)u(t), te(0,7], (5.19)
where A(t) = p(x°(t), u°(t), t) and B(t) = . (z°(t), u°(t), t), is equivalent to:
B*(t)[¥* ] t)z =0, Vt€[0,T]= 2=0.

Here U(t) is the fundamental matriz of the uncontrolled system z = A(t)z and
PY(t) = [W*]7L(t)20 is a solution of the adjoint initial value problem

2=—-A"t)z, 2z(0)= z.

Now, suppose that system (5.19) is not controllable, then there is a non-trivial
function ¢ € PW([0,T];R™) that is a solution of

h(t) = =i (a°(t), u®(t), D)P(D),
such that, for almost all ¢ € [0, T it follows that
—pu(x°(t), u®(t), H)(t) = 0.
By taking \g = 0, we get that ¢ is a solution of (3.4), and therefore
(=n(@®(t), u®(t), )(t), U —u°(t)) = 0,
for all U € M and almost all ¢ € [0, T.

Throughout this reasoning, we have proved the following theorem:
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Theorem 5.1. Under conditions of Theorem 3.1. Let assume that Rank(E) = q and
(z°, u®) € E be a solution of Problem 5.1:

Then, there exists Ao € IRy¢ and a function ¥ € PW([0,T]);R™) such that Ao and ¥
both are different from zero, and v is a solution of the following differential equation

(1) = —1(a°(), w2 (), T() + Ao (o), (), 7)
{ == 0 (5:20)

Moreover, for allU € M and almost all t € [0, T] the following inequality holds
(=pu(@®(t), u®(t), )ip(t) + Ao Pu(2°(t), u®(t), 1), U — u’(t)) = 0. (5.21)
REMARK 5.5. Consider the function
H(x,u,,t) = (p™(x, u, t),0(t)) — MP(x,u,t).

Then
Hu(xoauo7w7t) = @Z(xoa uo’ t)¢(t) - )\O(I)u(l‘o7uovt)'

Since a necessary condition for H(xz°,u,,t) to have a maxzimum on M, as a function
of u, is that —H,(x°,u®,1,t) be a support ot M at the point u°(t), it follows that
(5. 5) may be paraphrased as follows. If (x°,u°) is a solution of Problem (1.1) and
the assumptions of Theorem 3.1 hold, then H(x°,u,,t) as a function of u on M,
satisfies the necessary conditions for a maximum for almost all 0 < t < T at the
point u = u°(t). A comparison of this statement with the classic maximum principle
justifies the designation ”local mazimum principle”. Specifically we have the following:

(—Hy(a%u®,9,1),U —u’(t)) = 0 <
Hu(xoauovwvt)uo(t) 2 Hu(xo7uoa¢’t)U'

Hence,
Hu(m ) U 7’1/)7t)u (t) = {fnea]\}}Hu(x ) U ad)at)Ua te [OvT]a a.e.

Since the linear system (3.1) is controllable, then slight modification of the proof of
Theorem 8.1 allows us to assume that A\g = 1.

6. Example

Now, we shall give an example as an applications of the main result of this work. In
this regard, we will give below two previous propositions.

Proposition 6.1. Let xg € IR", and A = (a;j)nxn be a real matriz, such that
ai; >0 (i#74,4,7=12,...,n). Then

ety € RY, (te€lR).
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The proof of above proposition is trivial.
Let M C IR" be a set, then we define the set Q) as follows:

Qum ={ue Ll [0,T]/u(t)e M, t€[0,T], a.e.}.

Proposition 6.2. Let g € IR'}, and B = (bij)nxr a real matriz. Then there exists
M C IR" convezx and closed, with ]\3_[76 (0 such that

t
(eAt T —I—/ eAt=)B u(s)ds) € R, (u€ Qum, t €0, T], ae.).
0

Proof. Let {e1, ea,..., e,} be the canonical basis of IR", and define
. At .
i = ) ’ = 1; 2; cey y
! terr[%)l,nT] (es, €™ gy, (i n)
V o= (o, ag,..., ay).

Then, by proposition 6.1 it follows that V' € IR'}.

Let ¢ := min{e; /¢ = 1, 2,..., n}; then for all z € IR™ such that |z| < §, we have
that V +z € IRY}.

Let us consider

K;:= max |[e?], Ky:= max [e” .
te[0, T] tel0, T]
Then
T
/ =% Bu(s)ds| < T K1 Ka| Bl|||ul| o,
0
and taking
)
M=}XUeR /U< =——7,
V& R0V S g )
we finish the proof. O

Next, we shall consider the following example where Theorem 3.1 can be applied:

Example 6.3. Let n =2, » = 1 and suppose that & satisfies the same conditions as
in the Problem 1.1, furthermore let us consider

b1 a11 a2
B = s A= i a2 >0, ag, >0
bis agy Qg2
M o= {UER/|U| < 5}
' T TK KBl J”

where 0, K1, Ky are defined as in Proposition 6.2.
Let us consider the following problem

/T O(x(t), u(t), t)dt — min —loc. (6.1)
0
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(2, u) € PW([0, T); R") x L, (0, T]; R")

#(t) = Az(t) + Bu(t) (6.2)

2(0) = zo, x(T) =13 0, 21 € R (6.3)
a(th) = x(ty) + Te(z(ty), k=1,2,3,...,p. (6.4)
u(t) e M, t €0, T], a.e. (6.5)

Let (z°, u®) € E = PW([0,T];R™) x L% ([0,T]; R") be a solution of the above prob-
lem, then conditions of Theorem 3.1 are fulfilled. In fact, clearly condition a) is
satisfied. Also, M closed and convex set with M° # ().

c¢) The linear system (6.2) is controllable. Since this is an autonomous system, we
assume that Kalman’s Rank condition is satisfied (see [12, 13, 27]). i.e.,

Rank [B:AB] = 2.

d) The linear system (6.2) with impulses (6.4) is controllable if the following condition
is assumed:
pmax || Tkl <1, k=1,2,...,p.

(see [8, 29, 31, 33]). Hence, there exist A\ € IR;, a € IR? and a function ¢ €
C([0, T), IR?), which is a solution of the equation

PY(t) = —A*(E)Y(t) + NP, (z°(t), u°(t), t), (6.6)

such that Ao and ¢ are not both zero, and for all U € M and almost all ¢ € [0, T,
we have that

(=B (t) + Ao Pu(2°(t), u®(t), 1), U —u’(t)) 2 0
or equivalently

max (B ¢(t) — Ao u(z®(2), u®(t), 1), U) = (B"%(t) — Ao Pu(a”(t), u°(2), 1), u*(2))
(6.7)

for almost all ¢t € [0, T7.
Let us consider the particular case, in which

®(z, u) = Cu ((z, u, t) € R* x R x [0, TY),
and let us see how should be the controls u € Ly [0, T] that solve the problem:
G(t) = —ATOY(E) + AP (2°(1), u(1), 1),
max(B(H) ~ WO = (B(H) — 2 Chu(), U € [—p, g

for almost all ¢t € [0, T, where p = 6/Ky K || B||T.
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Let
Np- = {z€R*/B*z— \C =0},

S = {tel0,T1/y(t) & Np-},
then u°(t) := p sig (B*(t) — Ao C) if t € S.

This means that the optimal control should be of the “bang-bang” type over the
set S.

7. Optimal Control Problem for Impulsive Neutral
Differential Equations

In this section we will show how Dubovitskii—-Milyutin theory can be applied to gener-
alize the Maximum Principle of [18] to the case of optimal control problems governed
by impulsive nonlinear neutral differential equations. We will also see that in a lin-
ear dynamics case, under certain additional conditions, the Maximum Principle is a
sufficient condition for optimality.

7.1. Maximum Principle for Neutral Differential Equations in
the Space PW([0,T];R™) x LL_.

Let n, r € Nand T € IRy, and consider the functions ®, ¢, Jj :
¢ : R"xR" x[0,T] — R,
¢ : R'xR x|[0,T] — R",

J. : R"— R,
f . R*"— R"

where PW([0, T];R™) and L7 are define by

PW(0,T;R™) = {z:[0,T] - R":ze€ C(J;R"),3z(t;), 2(t;)
and  z(tp) = 2(t,), k=1,2,...,p},

where J = [0,7] and J' = J\{t1,t2,...,tp}, endowed with the norm

[2llo = sup ||z(t)||rn,
t€[0,T]

and LT = LL_([0,T];R") is the space of measurable function essentially bounded with
essential norm.
Let us suppose the following conditions are fulfilled
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a) ®, ¢, fand Ji are continuous functions, with derivatives
O, Py, Yz, Pu, Jy, f'are bounded functions on compact sets of
R" x R" x [0, T.

b) M C IR" is convex and closed with ]\04# 0.

¢) The following linear neutral system is controllable on [0, 77,

d

SO @ @)®)] = @a(®(t), u? (@), )2 (t)+pu(2°(t), u*(#), Du(t). (7.1)

d) The corresponding impulsive linear variational equations around the point
(°, u°) € E is controllable on [0, 7] for any b = (b, ba,...,b,) € (IR")P

{ %[(I + f1(@°(1)x ()] = @a(2°(1), u®(t), )a(t) + u(x°(t), u®(t), t)u(t),
2(th) = T @O (;)a(ty) +op, k=1,2,3,....p.
(7.2)

e) The following conditions hold for all k=1,2,3,...,p

sup |[f/(@°()] <1, (2 () Ti(@0(t;)) = Ti(@ (G (2° (). (7.3)

t€[0,T)

Let us consider the following optimal control problem governed by a nonlinear neutral
differential equation:

PRrROBLEM 7.1.

/O " B(a(t), u(t), )dt —s min loc. (7.4)

(xz, u) € E:=PW([0,T];R") x L_([0,T];R"), (7.5)

%[w(t) + 1)) = (), u(t), 1),  2(0) = zo (7.6)
2(T) = z1; 71, 20 € R, (7.7)

z(t) =z(ty) + Te(z(ty), k=1,2,3,...,p. (7.8)

u(t) e M, te€l0,T], a.e., (7.9)
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Theorem 7.1. Let us suppose that conditions a) - e) are fulfilled, and (z°, u®) € E
18 a solutions of the Problem 7.1.

Then, there exists Ao € IRy¢ and a function ¥ € PW([0,T];R™) such that Ao and ¥
are not both zero.

Moreover, ¥ is a solution of the following differential equation

9(7) =~ (pala(r), w?(r), IO7H) () + A0 (2°(r), (7). 7)
Rt (710

where T'(1) = I+ f'(x°(7)), and also, for allU € M and almost allt € [0, T it follows

(—eu(@®(t), u®(t), )Y (t) + Ao Pu(x°(t), u°(t), 1), U —u’(t)) = 0. (7.11)

Proof. Let F: E — IR be a function defined as follows

T
Pl w)= [ @(t), ult), )i,
0
and let Q := Q1 N Q2 where Q2, Q1 are given by pairs sets (z, u) € E, which satisfy
(7.6)-(7.8) and (7.9) respectively.
Then, Problem 7.1 is equivalent to
F(z, u) — min loc

(z, u) € Q.

a) Analysis of the function F.

Let Ko := K4(F, (2°, u°)) be the decay cone of F' in the point (z°, u°). Then,
by Theorem 2.22, we have that

Ko={(z,u) € E/F(2°, u°)(x, u) < 0}.
Suppose for a moment that Ky # (), then by Theorem 2.29 we obtain

KSF = {—A0F($O7 ’U,o)/)\o S R+O}.
By example 2.23, we obtain that
F(z° u)(z, u) = / [@,(2°, u®, £)x(t)+DPy(x°, u®, t)u(t)]dt, ((x, u) € E).
0

Therefore, for all fy € KS' , there exists Ao € IRy such that

T
ﬁ@ﬂo:fMA[@w%w»nm+¢4fﬂ&wMM@ (z, u) € E).
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Analysis of constraint Q1.
Let us consider the set

Qy:={ue Ll [0, T)/u(t)e M, tel0,T], ae.},

and Q1 = PW([0, T]; R™) x Q). Moreover, by hypothesis M is convex and closed,
with A= 0. So, the following statements hold

i) @1, Q) are convex and closed.
i) Q#0, Q1#0.
If we call K7 the admissible cone to @7 in (z°, u°®) € @1, then
Ky = PW(0, TIR") x K,

where K7 is the admissible cone to @} in u°® € Q.
Therefore, for all f; € K there is f| € K|T such that f; = (0, f}).

By Theorem 2.26, it follows that f] is a support of Q) at u°.

Analysis of the constraint Q.

Let us find the tangent cone to Q2 at the point (z°, u°)
K2 = KT(QQ, (LL'O, 'LLO)).

Consider the space By = PW([0,T];R") x R"*P) = E, and the operator:
P : E; — FE5 defined by

P(z,u)(t) = (L(z,u)(t), S(z,u), =(T)-—1x1),

where
e, u)(t) = a(t) — o — fwo) + fla(t)) / (1), u(l), DL,

S(z,u) = (x(tr) = Ji(z(ty)), @(t2) = Fal(a(ty)) -, x(tp) — Tp(z(t,))) -
Then



Maximum principle for impulsive differential equations 57

§'(@,m) = (3(t1) = TG )FED ), T(ty) — T )E(E))
We want to find conditions under which the operator P’(x°, u") is onto in order

to apply Lustenik theorem 2.27. So, for (a(-),b1,b2,...,bp, x1) € E2, we want
to solve the equation

P'(2°u")(z,7) = (a(-),b1,ba, ..., by, T1).

Now, suppose that @ = 0. Then, we want to solve the following integral differ-
ential equation

[(t)z(t) = a(t) +/0 (pu(2°(1), w (1), D2(D)dl,

which is equivalent to the integral equation

2(t) :I‘_l(t)a(t)—i—/ T (). (2°(1), u(1), 1)z(1)dl.

From ( [25], pg 89), we know that this is a Volterra integral equation, which has
a solution z € PW([0,T];R™).

Next, since the impulsive linear variational equation (7.2) is controllable for all
points b € IR™. In particular, for a point (b1,bs,...,b,) € IR™ such that

by = b, — 2(ty) + T (2 (t;)2(ty), k=1,2,3,....,p,

there exists a control @ € L’ such that the corresponding solution y(t) of (7.2)
satisfies y(T') = x1 — z(T).
Therefore,

t
LOu(t) = [ (pala®u D) + pula” 0 DuO)dL, 1 0.7,
0
Let us make the following change of variable T = y + 2. Then

D@, u)y + 5 W) = Ty + T (00
/ (o (@® 0 1)y + 2)(1) + u(a® u®, Da(D)dl

0

=T()y(t) +a(t) - /0 (pa(2, u®, Dy(l) + u(a®, u®, Du(l))dl = a(t).

Clearly that x(T') = ;. Now, we shall see that S'(Z,w) = (b1,ba,...,b,). In

fact,
S'(z,w) =
T(t) — J{(=0(t))z(ty ), JT(ty) — Ty (2°(t,)z(t,) =

((yjr z)(t1) — {(wo(tf))(erZ)(tI% (y+Z)(tp = Tp(@®(t,))(y + 2)(t,))
= (B + 2(02) — F{ @), By + 2(t) — Tyt )z (ty)

(b17b27"'3 p)'
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Thus
P’(xo,uo)(f,ﬂ)(t) = (L' (z°,u®)(z,w), S"(z,u), (T)) = (a(-), b1, b2, ..., by, x1).

Therefore, the operator P’(z°,u°) is onto. Then, applying Lusternik’s theorem
2.27, we get that tangent cone Ks is given by

Ky = {(z, u) € By / P'(2°, u®)(7,u) = 0}.

i.e., Ko is the set of points (Z,u) € E; such that

LOzZ®)] = wala®(t), u(t), T(t) + pulz°(t), u° (1), Yu(t),
z(t)) = Ja(t)T(ty), k=1,2,3,...,p.
Z(T) = 0

From condition (7.3), we can see that this system is equivalent to the following

COHZ®)]) = (pul(@®(t), u®(t), 01 (E) TO)T(E) + pul(@®(t), u®(t), t)u(t),
rehz) = FKEEG))TE)zE), k=1,2,3,...,p.
D(TZ(T) = 0

Making the change of variable z(t) = I'(¢)Z(t), we get the following equivalent
controllable system

2t) = (palz®(t), w(t), O0TH(2)) 2() + pu(2®(t), u®(t), tu(t),(7.12)
() = FUE )y, k=1,2,3,...,p. (7.13)
2(T) = 0 (7.14)

Consider the following linear subspaces
L, ={(z,u) € E1/(7.12) — (7.13) hold}, L.={(z,u) € E1/ z(T)=0}.

Then, K5 = L1 N Ly. Now, let us compute K;. By Proposition 2.40, we have
that fao € LQ+ if, and only if, there exists a € IR" such that

foa(x, ) = (a, 2(T))  ((z, ) € E).

Moreover, the controllability of systems (7.1)- (7.2) implies that Ly + Lo is
closed, then it follows that L + L3 is w*— closed; then by Lemma 2.5, we
obtain that

Ky =L{+L3.

Since L; is a linear subspace, it follows from Theorem 2.28 that, for any

fo1 € LT, f21(Z,w) = 0 for all (Z,7) satisfying (7.12)-(7.13).
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e) Euler-Lagrange equation.

It is easy to see that Ky, K7, Ko, are convex cones. Hence, by
Theorem 2.15 there are functionals f; € K;” (i = 0, 1, 2,) not all zero such
that

fot+rfi+fo=fot+ fi+ far+ faa=0. (7.15)

Equation (7.15) can be written in the following form

T
—)\0/ [P (2°, u®, t)z(t) + Py (x°, u®, t)u(t)]dt+

Fiwr ) + for (, w) + (o, 2(T)) =0, (&, u) € B).

Now, for all @ € L there exist z, solution of system (7.12)-(7.13) with Z(0) = 0.
Then (Z, u) € Ly. Therefore f21(Z, w) = 0.

Let 9 be the solution of equation (7.10), that is
{ B(1) = = (pa(a®(r), u*(r), ITHT)) " (1) + Ao®a(2°(7), u®(7), T)

P(T) =a
Multiplying both sides of this equation by Z = I'(7)T and integrating from 0 to
T, we get
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Then, from Euler-Lagrange equation (7.15), we obtain for (w € L7 [0, T]), that

T
fi(t) :/o (—ou(@°(t), u®(t), )Y (t) + Ao Pu(°(t), u®(t), t)u(t))dt. (7.16)
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Since fi is a support of Q] at the point u°® € @}, from example 2.44, it follows
that

(= (a®(t), u(t), )p(t) + Ao Pu(2°(t), u(t), 1), U —u°(t)) = 0,

for all U € M and almost all ¢ € [0, T.
Now, we will see that the case Ay =0, 1 = 0, is not possible. In fact

If 4» = 0, then ¥(T) = a = 0. Thus
f22(33’ u) = <a7 .%‘(T)> =0 ((SL‘, u) € E),

that is foo = 0. So, from the fact that \g = 0, we get that fy = 0. Also, from
(7.16), we have that f{(u) =0 (u € L. [0, T]); then from Euler— Lagrange
equation it follows that fo; = 0, where

fo=for+ faa =0,

which contradicts Theorem 2.15.
So far, we have two additional assumptions:
Firstly, we assumed that Ky # (), and secondly, we assumed that the system

[C@Oz(0)]) = @a(2®, v, Da(t) + ula®, u®, ,Hu(t)

is controllable.

Now, we will prove, that these assumptions are superfluous. In fact, if Ky = 0,
then by definition of Ky, we have that

T
/o [D,(x°(t), u®(t), t)x(t) + Pu(z°(t), u°(t), u(t)]dt =0 ((z, u) € E).

Let us put A\g =1, ¥(T) = a = 0, then, from last computation, we have that

T T
/ Dy (27, u®, t)a(t)dt = —/ (P (x, u®, )v(t), u(t))dt,
0 0

for all (x, u) such that x is a solution of equation the (7.12)-(7.13). Then

T
/O (0 (2°(t), u® (1), 1)h(t) + Pu(2°(t), u®(t), 1), u(t))dt =0 (u € L0, TT)

which implies that
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<_SDZ(‘T07 u’, t)w(t) + q)u(lp? u’, t), U - uo(t» =0,
for all U € M and almost all ¢ € [0, T.

Now, suppose that system (7.1) is not controllable, then there is a non-trivial
function ¢ € PW([0,T]; R™) that is a solution of
B(t) = (9 (x°(1), u(t), T () (1),
such that, for all ¢ € [0, T] it follows that
—@u(@°(t), u®(t), )¥(t) = 0.
By taking Ao = 0, we get that 1 is a solution of (7.10), and therefore
(=en(@®(t), u(t), )(t), U —u°(t)) = 0,
for all U € M and almost all ¢ € [0, T.

Thus, the proof of Theorem 7.1 is totally completed.

8. Open Problems

Our first open problem concerns with optimal control problems for impulsive nonlinear
neutral differential equations with modified boundary condition. In other word, we
want to propose the following optimal control problem for future research

8.1. Open Problem

PRrROBLEM 8.1.

/0T<I>(as(t), u(t), t)dt —s min loc. (8.1)

(z, w) € B :=PW([0,T};R") x L ([0, T];R"), (8.2)
%[x(t) + f(2(®)] = (@), u(t), ),  =(0) =xo (8.3)
zo € R"; Gi(x(T)) =0, i=1,2,...,q (8.4)
z(th) =x(ty) + Tu(z(tr)), k=1,2,3,...,p. (8.5)

u(t) e M, te€l0,T], a.e., (8.6)
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8.2. Open Problem

Second open problem is about optimal control problem on time scales. Basically, we
want to analyze the following optimal control problem on time scales for our future
investigation:

PROBLEM 8.2.

T
/ B(x(t), u(t), )At —> min loc. (8.7)
0
(z,u) € E:=PC([0,T]r; R"™) x Crq([0, 7], R"), (8.8)
22(t) = p(a(t), ult), t),  x(0) = o (8.9)
2o € R"; Gi(x(T)) =0, i=12,...,q. (8.10)
z(t) =z(ty) + Te(z(ty), k=1,2,3,...,p. (8.11)
u(t) e M, tel0,T]r, ae., (8.12)
where the state function z(t) € IR", the control u belongs to Cy4([0, 7]T, R"), the
points ¢, € T are right dense for k =1,...,pwith 0 <t < --- < t, < T, x(tﬁ) =

lim z(ty + h), z(t,)) = lim x(tx — h) denotes the left and right limits of x(t) at
h—0+ h—0+t

t = t; in terms of time scales. Also, we consider the Banach space:

PC([0,T)r; R") = {z:[0,7]r — R" : 2z € C(J'; IR"), there exist z(t]),z(t; )
and z(ty) = (t, ), k=1,2,...,p}

where J' = [0, Tt \ {t1,...,tp}, is endowed with the norm

2]l pe = sup{llz(®)]| = ¢ € [0, T]r}.

8.3. Open Problem

In the third problem we will study an optimal control problem governed by differential
equations of the neutral type on time scales:

PROBLEM 8.3. .
/ B(2(t), u(t), )At —> min loc. (8.13)
0

(z, u) € E:= PC([0,T)r; R") x Crq([0, 7], R"), (8.14)

[ (t) + f(t,x()))* = p(a(t), ult), ), 2(0) = zo (8.15)
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x0 € R"; Gi(x(T))=0, i=1,2,...,q. (8.16)
z(th) = 2(ty) + Te(x(te)), k=1,2,3,...,p. (8.17)
u(t) e M, te€l0,T]p, a.e. (8.18)

8.4. Open Problem

Our fourth open problem can be an optimal control system governed by an impulsive
equation of the neutral type and nonlocal conditions. It can also be formulated in
time scale .

PROBLEM 8.4.

/0 ’ ®(z(t), u(t), t)dt —s min loc. (8.19)

(z,u) € E = PW([0,T];R") x L7 ([0, T];R"), (8.20)
%[x(t) + [t x(t)] = e(x(t), ut), 1),  x(0) = g(x) + %o (8.21)
zo € R"; Gi(x(T)) =0, i=1,2,...,q. (8.22)

z(t) =z(ty) + Te(z(ty), k=1,2,3,...,p. (8.23)
u(tye M, tel0,T], a.e. (8.24)

8.5. Open Problem

Our fifth open problem deals with an optimal control problem for non-autonomous
semilinear neutral differential equations with unbounded delay, non-instantaneous
impulses, and nonlocal conditions. Specifically, we are interested in finding a maximal
principle for the following problem.

PROBLEM 8.5. -
/ ®(x(t), u(t), t)dt — min loc. (8.25)
0

(xz, u) € E:=PW((—oo, T|;R™) x LL_([0,T];R"), (8.26)

N
%[m(t) —g(t,20)] = AW)(t) + BOu(t) + F(tzeu®), te | JJIL  (827)
k=0

z(t) =Tyt z(ty ), ulty)), teJik=1,...,N, (8.28)
z(s) + C(xry, .- 2x,)(8) = P(s5) s € (—00,0]. (8.29)
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z(T)=xz1; 21 € R", ¢ €L, (8.30)
u(t) e M, tel0,T]r, ae., (8.31)

where the state function z(t) takes values in IR", meanwhile the control u(-) be-
longs to L7 ([0,T];R"), the space of admissible control functions. The matrices
A(t) and B(t) are continuous of order n x n and n x m, separately. The functions
x¢ ¢ (—00,0] — IR"™ given by z:(0) = x(t + 0),6 < 0, belong to the phase space £
and represent the history of x up to t. Here 0 < Ay < Ay < --- < Ay < T are prefixed
numbers selected conveniently according the phenomenon to be modelled. Similarly,
S0 =0<t1 <851 <ty < - <ty <sy < tNt1 = T, Jy= [O,tl],J% = (Sk,tk+1] and
J? = (tk, sk]. The functions g: [0,7] x £ — R", f:[0,T] x £ x R™ — R", z; € £,
¢ €L Ty: (tg,sg] x R" x R™ — IR" and ¢ : £7 — £ are appropiate functions. In
particular, I'x, kK = 1, 2, ..., describes the non-instantaneous impulses in the model and
¢ denotes the nonlocal conditions. For more information about the controllability of
differential equations with noninstantaneous pulses, nonlocal conditions, and infinite
delay, one can review the following references [11, 17, 28, 30].

9. Conclusion and Final Remark

As we have seen in this work, Pontryaguin’s maximum principle is still valid for
optimal control problems governed by differential equations with impulses as long as
the impulses are small in some sense; that is, the linear variational equation around
the optimal point is controllable. In many articles, of which we can mention ( [7, 8,
10, 28, 29, 30, 31, 32, 33, 36]), it has already been verified that the controllability of
the linear system is robust if we add impulses to the differential equation, delays and
the non-local conditions as disturbances of the system. So, here we have seen that
the maximum principle remains invariant under certain conditions on the impulses,
so we believe that we can also say something if we add non-local conditions, and also
consider dynamical equations on time scales.
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1. Introduction

In coding theory for the last five decades, many researchers has been attraction in
codes over finite rings and the special types of the rings Zs,,, where 2n is the ring of
integers modulo.

The authors was discovered the best well known non-linear binary codes can be
constructed by cyclic codes and gray map over a finite ring Z4 in [19] and many
research articles has indicated codes over a finite ring Z, received much attention
[1,5-9]. Coding theory, the covering radius is one of the important parameter to find
the maximum error-correcting capability of codes. In Binary code, [3,4,13-15], the
covering radius of codes are studied for linear and non-linear codes can be received
from codes over a finite ring Z4 via the gray map. In [10-12], the author to find lower
bound and upper bound of covering radius in a suitable of different types repetition
codes by using some finite rings with respect to various weight.

In this paper, to determine the covering radius of some attraction classes of rep-
etition codes over a finite commutative ring Zs> of interger modulo 32 by using to
different weight(distance).

COPYRIGHT © by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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2. Preliminaries

Let Zs2 be a finite set with nine elements {0, 1,2,3,4,5,6,7,8} with two operation
@32, O3z is said to be a finite commutative ring. It is denoted by (Zsz, B3z, ©32) = Z
with a characteristic 32. Let C' C Z, then C is say that a code. A code C is called the
linear code, if the ring Z is an Z-submodule of Z!, where [ is the length of a code(that
is, C' = (11111), I(C) =5, C1 = (3333), I(C1) = 4). The elements of C is called a
codeword of C.

A Gray Map h : Zs> — (Zg x Zs3) is defined by

h(0) =00, h(1) = 01, h(2) = 02, h(3) = 10,h(4) = 11, h(5) = 12,

h(6) = 20, h(7) = 21, h(8) = 22,

then the Gray map hy : Zéz — (Z3 x Z3)" is define hy(y) = (h(y1), h(y2), - s h(yn)),
where y = (y1, Y2, ,yn) in [17].

Let y € Z' be a codeword of code, that is y = (y1, Y2, -+ ,¥n) and in [20], the Lee
weight of y as given

0 if y=0
)1 y=1,8
weW) =9 9 i y—o7
3 if y=3,4,5,6.

Let y; € Z be the codeword of Lee weight of y; is defined as > wr(yi)yi=o to 8 -

If ¢1,c0 € C, be any two distinct codewords of Lee distance is defined as d,(C) =
{dr(c1,c2)lc1 — c2 # 0 and ¢1,c € C}. The minimum Lee weight of C is di(C) =
min{dy(c1,¢2)lc1 —ca # 0 and ¢1,¢c2 € C}. In C is a linear code C, thus dp(C) =
min{wy(c)|c # 0 € C}. Therefore, dr(c1,c2) = wr(c; — ¢2). If C is a linear code of
length [ over Z with the number of codewords W and the minimum Lee distance dp,,
is said to be an (I, W, dy) code in Z. In C'is a linear code of length [ over Z, therefore
the Lee distance between z and C' is defined as dp(z,C) = min{d.(z, ¢)|Ve € C}, for
any z € ZL.
The Chinese Euclidean weight of z is

0 if y=0
1 if y=1,8
wep(y) =4 2 if y=2,7
3 if y=3,6
4 if y=4,5
in [18], where y = (y1,%2, - ,¥n) be a codeword of code over Z!.

The parameters of Chinese Euclidean weight code is an (I, W, dcg). In Chinese
Euclidean distance(weight), let c1,co € Z! be any two different codewords is defined
as dog(ci,c2) = wtegp(cr — ¢a). Let C' be a linear code of length [ over Z. Then
dog(z,C) = min{dcg(z, c)|Ve € C}, for any z € Z!.



On Some Classes of Block Repetition Codes - - - 71

In Gray weight, let i € Z! be a codeword of code, is define as

0 if y=0
we(y)=¢ 1 if y=1,2,3and6
2 if otherwise

in [17].

In C is a linear code with Gray weight(distance), is an (I, W, dg) code. Define,
dg(c1,c2) = wtg(cy — c2), where c1,¢c2 € Z! and dg(z,C) = min{dg(z,c)|Ve € C},
for any z € Z'.

In [2], Let y € Z'. The Bachoc weight of z is defined as

0 if y=0
U)B(y): 1 if y:1?27475a7a87
3 if y=3,6.

In C is a linear code with Bachoc weight(distance) is an (I, W,dp) code. Define,
dp(c1,c2) = wtp(cy — ¢2), where ¢1,c2 € Z™ and dp(z,C) = min{dg(z,c)|Ve € C},
for any z € Z™.

Example 2.1. Lety=13472¢cZ5 Then,
wr(y) = wr(1) + wr(3) + wr(4) + wr(7) +wr(2) = 11,
wep(y) = wee(l) + wep(3) + wep(4) + wee(7) + wep(2) = 12,
we(y) = we(l) + we(3) + wa(4) + we(7) + we(2) = 8 and

wp(y) =wp(l) + wp(3) + wp(4) + wp(7) + wp(2) = 10.

3. Repetition code with Covering radius of code in
7

Let d be the distance of a code C in Z with respect to different distance(weight),
such as Lee weight, Chinese Euclidean weight, Gray weight and Bachoc weight. The
covering radius of a code C' is

weZm™ | ceC

R4(C) = max {min {d(w,c)}},
where C' is a code and R4(C) is a covering radius of the code C' with distance d.

In F, = {0,1,72,- -+ ,¥4—1} is a finite field. Let C be a g-ary repetition code C
over F,. That is C = {§ = (yy---7)|y € F,} and the repetition code C is an [[,1,]]

code. Therefore, the covering radius of the code C' is L@J by using in [16].
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Let C be a block repetition code of size I, the parameter of C'is an [{(¢—1),1,1(q—
1 1

1
1)] be a generated by G = [11--- 1727272+ - Yg—1Yg—1 " - - Yg—1)- In [16], thus the
covering radius of the code C' is LM
code of length (¢ — 1)I.
A code C C Z is also linear code and is called the Generator matrix(G), if the
basis elements in a row of matrix.
In repetition code over Z, there are two type of repetition codes of length [ viz.

|, since it will be equivalent to a repetition

1. Type A-(A Generator matrix(G 4) with unit element in Z and its generated by
the code C4 )

2. Type B-(A Generator matrix(Gp) with zero divisor element in Z and its gen-
erated by the code Cp )

1 ] ]
Type A (Ga) — [11---1],[22---2],[44--- 4], [ k=1,d; =1],
l l l
55---5],[77---7],[88---8 1={L,CE,G, B}

l l
Type B (Gp) — 33---3],[66-- 6], (I,W = 3,d; = 31),
l l

36 36---36),[63 63---63] | j={L,CE,G,B}

Theorem 3.1.
° RL(CA) = 2l7

e Rp(Cp) =2l, here Rp(Ca(p)) is a covering radius of codes Cs(py for generator
matriz G o(p) by using Lee weight and [ is a length of code in Type A and Type
B.

Proof. Let y € Z! by oo times 0's, p; times 1’s, po times 2's, p3 times 3's, o4 times
4's, o5 times 5's, gg times 6's, p7 times 7’s, pg times &'s in y and Y o; = I and the
i

code ¢; € {7(Ca)|y € Z'}, where i =0 to 8. Then

dr(y,co) = witr(y—00---0)

0go + 101 + 202 + 303 + 404 + 505 + 606 + To7 + Bos
01 + 202 + 303 + 304 + 305 + 306 + 207 + 08
dr(y,co) = 1— 00+ 02+ 203+ 204 + 205 + 206 + 07.

Alike,

dr(y,c1) =1 — 014 03 + 204 + 205 + 206 + 207 + 05,
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dr(y,c2) =1 — 02+ 00 + 04 + 205 + 206 + 207 + 20s,
dr(y,c3) =1 — 03+ 200 + 01 + 05 + 206 + 207 + 208,
dr(y,ca) =1 — 04 + 200 + 201 + 02 + 06 + 207 + 208,
dr(y,cs) =1 — 05 + 200 + 201 + 202 + 03 + 07 + 20s,
dr(y,c6) =1 — 06 + 200 + 201 + 202 + 203 + 04 + 03,
dr(y,cr) =1 — 07+ 00 + 201 + 202 + 203 + 204 + 05,
dr(y,cs) =1 — 08 + 01 + 202 + 203 + 204 + 205 + 06-
Then, dy,(y,Ca)

= min{dr(z,¢;)|i =0 to 8} <2l and r;(Ca) < 2.
k k k k k k

/_/A/—/H/—H/—M/—/R/—M
Ifylezl whereas y; =00---011---122.--233-.-344---455---5
k 1—8k
/—’H/—/A/—’H
66---677---788---8, here k = ngJ Thus, dr.(y1,¢i) = 12k, i = 0to 8 and rp(Cy) >
min{dr(y1,¢)| i =0 to 8} > 2l and hence, r;(C4) = 2I.

(S

2

l l . .

Let y = 33---3000---0 € Z'. The code Cp = {y(33---3) | v € Z'} and it is
generated by Type-B. Thus, r(Cg) > 2I.

If y € Z' be any codeword and take y has g; links i’s, with Y o; = [, where

i =0 to 8. Then, r(Cp) < 2I.
O

Theorem 3.2. For Ry(C) = maxy,ezn {min.cc {d(w,c)}}, where
d = { Chinese Euclidean weight, Gray weight and Bachoc weight }.

1. Rop(Ca) = 20[ Sn < Rcge(Cg) <2,
2. Rg(Ca) =%, Ra(Cp) =1 and

3. Rp(Ca) %,% < Rp(Cp~) < 2l, where B* = Type-B and 1 is a length of

code in Type A and Type B.

Proof. The methods of proof is follows from Theorem 3.1, by using the Type A and
Type B with different weight, such as weg(x), wa(z), and wg(z). O

4. Same size of length in Block repetition code
Let BRC? be a Block Repetition Code with length 2/ and its generated by Gap =
l l

11---133---3] is size of length(l) for each block and the parameters of BRC?' code
is an [21,1, 31,31, 31, 31].
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Theorem 4.1.
1. Rp(BRC?) =41,
2. Rep(BRC?) = 38,
3. Rg(BRC?) =1 and
4. Rg(BRC?) =8

Proof. Generator matrix G4p and [13] and by using theorem 3.1, then

Rp(BRC*) > 4.

Chella Pandian P.

(4.1)

Consider y = (y; | y2) € Z?, where y1, y» € Z?' and also take in y1, 0j appears j's,
and in ys, o; appears j's, WichT] = ZS] =landc; € {y(Gap)|y € Z*},j = 0to38.

Then, dy(y, BRC?) =
41. Thus, dr.(y, BRC?") < 4l. Hence,

Rr(BRC*) < 4l
By (4.1) and (4.2), thus Rz (BRC?) = 4.

The remaining Proof of the Theorem 4.1 is pursue from first part.

Corollary 4.2. Let
l 1 1 1 1

Dt st N Ny oroule Vo
Ga=[11---122..-244...455--.577---

1s a Type A with unit element in Z. Then,

e RL(BRC®) =121,

« Rep(BRC®) = 4L,

e Rg(BRCSY) =8l and

e Rp(BRCS) =3l.
Proof. From (4.3) and use to Theorem 3.1, 3.2 and 4.1.
Corollary 4.3. Let

l l
Gp=[33---366---6

is a Type B with zero divisor element in Z. Then,
e RpL(BRC*)=4l,
e 3l < Rop(BRC?) < 4l,
e Rg(BRC?) =2l and
e 3l < Rp(BRC?) < 4.
Proof. In (4.4) is apply to Theorem 3.1, 3.2 and 4.1.

8

m{dL(y7 C])|] =0 to 8} is less than or equal to 2] + 2] =

(4.2)
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5. Different size of the length for Block repetition
code

Let

k1 ko
Gap=[11---133.-.3 (5.1)

be the generated matrix for the two various block repetition code for a size of length
is ki,kp and it is denoted by BRC¥ **2. The parameters of BRCp* +*2 code is
an [kl + kg, 1, min{3k1, kl + 3k2}, min{kl, k’l + kg}, min{3k1, kl + 3k2}, min{Skl, kl +
3k2}, min{3k1, 2]€1 + 32}]

Theorem 5.1.
. RL(BRCk) =2k,
¢ Rop(BRC*) = 29 4 2k,

_ 4k
o Rg(BRC*) =2 and
2
« Rp(BRC*) =2k, there with k = 2211%
1=
Proof. A generator matrix (5.1), use to Theorem 4.1 and apply the two different size
of length(kq, k2). O
Corollary 5.2. Let
k1 ko
Gp=1[33---366---6 (5.2)
is a Type B with zero divisor element and two distinct length(ky, ks) in Z. Then
e Rp(BRC*) = 2k,
o 3 < Rop(BRC*) < 2k,
e Rg(BRCF) =k and

2
o 2k < Rp(BRC*) < 2k, here k = > ki

=1

Proof. In (5.2) by two distinct length(ky, ko) and different weights in put to Theorem
5.1. O

Corollary 5.3. Let

k1 ko k3 kg ks ke
Ga=[11---122.--294..-455...577-.- 788 -8). (5.3)

be a Type A with unit element and alternate size of length in Z. Then
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e Rop(BRCF) = 2%k

Chella Pandian P.

« Ry (BRC*) = 2k,

9

« Rg(BRCF) =2 and

6
e Rp(BRC*) =2k where k =3 k.

3
=1

Proof. In (5.3) with alternate size of length and also weight is apply to Theorem

5.1. ]
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ABSTRACT: A method of solving a non-cooperative game defined on a
product of staircase-function strategy spaces is presented. The spaces can
be finite and continuous as well. The method is based on stacking equilib-
ria of “short” non-cooperative games, each defined on an interval where
the pure strategy value is constant. In the case of finite non-cooperative
games, which factually are multidimensional-matrix games, the equilibria
are considered in general terms, so they can be in mixed strategies as well.
The stack is any combination (succession) of the respective equilibria of the
“short” multidimensional-matrix games. Apart from the stack, there are
no other equilibria in this “long” (staircase-function) multidimensional-
matrix game. An example of staircase-function quadmatrix game is pre-
sented to show how the stacking is fulfilled for a case of when every “short”
quadmatrix game has a single pure-strategy equilibrium. The presented
method, further “breaking” the initial staircase-function game into a suc-
cession of “short” games, is far more tractable than a straightforward
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1. Introduction

Non-cooperative games are applied for rationalizing the distribution of limited re-
sources (e.g., see [23, 4, 26, 15]). A simple case of the non-cooperative game is
a finite non-cooperative game, which always has an equilibrium, either in pure or
mixed strategies [22, 23, 10, 9]. An infinite or continuous non-cooperative game is far
more complicated as, opposed to a finite game, an equilibrium is not always deter-
minable. Moreover, a solution of an infinite game, in which a strategy has an infinite
support, is not practically realizable [8, 23, 21, 12, 15]. This is due to a finite number
of factual actions of a player. Therefore, any game is approximated to a finite one,
which always has an equilibrium [22].

A finite non-cooperative game is easily rendered to a multidimensional-matrix
game [13, 17], wherein the pure strategy can be a complex action through time rather
than an elementary action [4, 26, 3, 1, 17, 18]. Although the game rendering can be
fulfilled regardless of the pure strategy complexity [22, 13], such rendering is impos-
sible if the set of the player’s strategies is either infinite or continuous. If the player’s
pure strategy is a function (commonly, it is a function of time), and every player
possesses a finite set of such function-strategies, the rendering results in huge mul-
tidimensional payoff matrices. This is a far more complicated finite game, in which
the player’s payoff is a functional [25, 16, 17, 18]. Regardless of the function-strategy
set finiteness, each player’s functional maps every set of functions (pure strategies of
the players defined on a time interval) into a real value. However, a finite game is
not obtained by just breaking (sampling) a time interval, on which the pure strategy
is defined, into a set of subintervals, on which the strategy could be approximately
considered constant. This is so because of the continuity of possible values of the
strategy on a subinterval. The continuity is removed by sampling along the strategy
value axis [13, 16]. Then the set of function-strategies becomes finite, and that results
in a finite non-cooperative game. The size and properties of such a game strongly
depend on both samplings [13, 17].

2. Motivation

The number of factual actions of a player in any game has a natural limit, whichever
the form of the pure strategy is [23, 10, 9, 12]. Nevertheless, if the rules of a system
which is game-modeled are defined and administered beforehand, the administrator
is likely to define (or constrain) the form of the strategies players will use [21, 26, 24,
16]. The most trivial case is when the player’s pure strategy is an elementary action
whose duration is negligibly short and thus is represented as just a time point. This
case is exhaustively studied as bimatrix, trimatrix, and dyadic games [6, 22, 23, 15].
In a more complicated case, the player’s pure strategy is a function of time [25, 16], so
the player’s action is a complex process whose duration cannot be reduced to a time
point. A way to appropriately administer the players’ actions is to constrain them to
staircase functions whose points of discontinuities (breakpoints) have to be the same
for all the players [20, 24, 16]. Along with the discrete time, possible values of the
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player’s pure strategy should be discrete as well. Then the game can be represented
as a multidimensional-matrix game, in which the player’s selection of a pure strategy
means using a staircase function on a time interval whereon every pure strategy is
defined.

It is easy to get convinced of that the number of the player’s pure strategies in the
multidimensional-matrix staircase-function game grows immensely as the number of
breakpoints (“stair” intervals) or/and the number of possible values of the player’s
pure strategy increases. For instance, if the number of intervals is 4, and the number
of possible values of the player’s pure strategy is 5, then there are 5* = 625 possible
pure strategies at this player, where every strategy is a 4-interval 5-staircased function
of time. Whereas the respective bimatrix 625 x 625 game still may be solved in a
reasonable time, the respective trimatrix 625 x 625 x 625 game appears to be big
enough (having 244140625 situations), let alone 625x 625 x 625 x 625 quadmatrix game
whose number of situations is 152587890625 (more than 152 billion). This trivialized
example shows that a finite staircase-function game becomes practically intractable
to solve it when there are more than two players. An exclusion is the ultimately
trivialized instance, when every player has 2-interval 2-staircased function-strategies.

Then the respective 4 x 4, 4 x4 x4, 4 x4 x4 x 4, ..., games can be solved fast enough
10

even for 10 players, although the X 4 game has 1048576 situations. It is worth
n=1

6
noting that it may take no less than 0.4 seconds to solve a X 4 game on a laptop

with an Intel Core i7 processor, whereas a 10 x10x 10x 10 gan?e ils solved at least in 1.1
seconds. When every strategy, say, is a 6-interval 10-staircased function of time, even
the respective bimatrix 108 x 108 staircase-function game appears to be intractably
gigantic (there is a trillion situations in this game!). This is a simple example of the
intractability even for a bimatrix game, let alone finite staircase-function games with
three or more players. This means that, instead of rendering a non-cooperative game
defined on a product of staircase-function finite spaces to a multidimensional-matrix
game, a tractable method of solving it should be suggested.

3. Objective and tasks to be fulfilled

Issuing from the impracticability of rendering a finite non-cooperative game with
staircase-function strategies to a multidimensional-matrix game, the objective is to
develop a tractable method of solving non-cooperative games defined on a product of
staircase-function finite spaces. For achieving the objective, the following five tasks
are to be fulfilled:

1. To formalize a non-cooperative game (of any number of players), in which the
players’ strategies are staircase functions. In such a game, the set of the player’s
pure strategies is a continuum of staircase functions of time. Herein, the time can be
thought of as it is discrete.

2. To discretize the set of possible values of the player’s pure strategy so that the
game be defined on a product of staircase-function finite spaces.
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3. To formalize a method of solving non-cooperative games defined on a product
of staircase-function finite spaces.

4. To consider an example of solving a finite game defined on a product of
staircase-function spaces. A special attention should be paid to the computation
time.

5. To discuss and conclude on applicability and significance of the method, as well
as its possible drawbacks and limitations.

4. A non-cooperative game with staircase-function
strategies

Consider a non-cooperative game of N players, N € N\ {1}. In this game the player’s
pure strategy is a function of time. Let each of the players use time-varying strategies
defined almost everywhere on interval [t1; 2] by t2 > t;. Denote a strategy of the
n-th player by z,, (t), n =1, N. These functions are presumed to be bounded, i.e.

x%min) < (t) < xglmax) by xglmin) < x;max) (1)
defined almost everywhere on [t1; t2]. Besides, the square of the function-strategy is
presumed to be Lebesgue-integrable. Thus, pure strategies of the player belong to a
rectangular functional space of functions of time:

X, =
- (t) te [t - ] b <t (min) < 8 < (max) b (min) (max)
- n ) 1, 2], b1 2 ITn \l'()\CCn Y ITn < Tn C
C Lo [t1; to] (2)

is the set of the n-th player’s pure strategies, n =1, N.
The player’s payoff in situation

{zn (0}, (3)

is presumed to be an integral functional [2, 11, 18, 19]. Thus, the n-th player’s payoff
in situation (3) is

Ko (o)) = [ (fas )y, ) duto @
[t1; t2]

by a function
fo ({2 0L, t) (5)

of time functions (3) explicitly including time ¢. Therefore, the continuous N-person

o <{Xn}£7_1 A (a3 }f_1> (6)
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is defined on product

il X =
Xz

X, C

1 n

Lz [t1; to] (7)
1

of rectangular functional spaces (2) of players’ pure strategies.

First, it is presumed that game (6) is administered so that the players are forced to
use pure strategies {z; (t)}fil such that they change their values for a finite number
of times. Denote by M the number of intervals at which the player’s pure strategy is
constant, where M € N\ {1}. Then the player’s pure strategy is a staircase function
having only M different values. If {T(l)}l]\i;l are time points at which the staircase-
function strategy changes its value, where

t =70 <« 70 « Q) |« 7 M=1) (M) to, (8)

e () ©

are the values of the n-th player’s strategy in a play-off of game (6), n =1, N. The
staircase-function strategies are right-continuous [2]:

then

lim x,, (T(l) +5) =2, (T(l)) for =1, M—1 by n=1, N, (10)
=)

whereas
1i>n01 Ty (T(l) — 5) #+ xp <T(l)) for =1, M —1 by n=1, N. (11)
e—0

As an exception,
lim z,, M) _g) = Ty (M) ) (12)
e>0

e—0

T (T(M_1)> =z, (T(M)) Vn=1, N.

Then constant values (9) by (8) mean that game (6) can be thought of as it is a
succession of M continuous games

<{ {x;min); x;maX)} }5:1 ’ {K” ({ail}ﬁil) }:[—1> (13)

defined on hyperparallelepiped

SO
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Vit e [T(lil); T(l)) for =1, M —1 and Vte [T(M*I); T(M)], (15)
where the factual players’ payoffs in situation {a“}f\il are

K, ({aﬂ}iN:l) - / fn ({au}ﬁil : t) du(t) V=T, M—1  (16)

[rt=1; 7))

Ko(fondl) = [ fa(foany. ¢)dut (a7

[r(M=1); 7))

for n = 1, N. So, let such game (6) be called staircase [18, 19]. A pure-strategy
situation in staircase game (6) is a succession of M situations {ail}i]\il in games (13).

Theorem 1. In a pure-strategy situation of staircase game (6), represented as a
succession of M games (13), functional (4) is re-written as an interval-wise sum

Ko ({os O}) =
= ~ / In ({ail}ﬁil ; t) du(t) +

=1 [r-1); 7))

[ f(eanly, 6 dut). (13)

[r(-1); (0]

Proof. Situation {ail}f\il is tied to half-interval [r(=1; 7)) by 1 =1, M —1 and
to interval [T(M’l); T(M)] by I = M. Function (5) in this situation is some function
of time ¢. Denote this function by v, (¢). For situation {au}ﬁvzl function

bt (1) =0 VL ¢ 7070, 70, (19)
and for situation {a; M}i\[:1 function
Gt (1) =0 Vi g [, £OD] (20)
Therefore,

o (fo 01 1) =36 ) (21)
=1

in a pure-strategy situation {z; (t)}fv:1 of staircase game (6), by using (19) and (20).
Consequently,

Ko (o)) = [ ({0} 1) diste) =

[t1; t2]
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M-—1
- Ut (£) dp (t) + Yo (1) dp () =

[r0-1; 7)) [r(=1); ()

M—-1
=D IR B (R PAIOR:
=1

[T(l—1>; )

[ s (fean ) duto (22)

[rM=1); (D]

in a pure-strategy situation {z; (t)}f\;l of staircase game (6). O

In other words, if every equilibrium situation in pure strategies in game (6) on
product (7) by conditions (1) — (5) is (or forced to be) of staircase functions satisfying
conditions (8) — (12), then this game is equivalent to the succession of M games (13)
defined on parallelepiped (14) by (8)—(12) and (15)— (18). In this case game (6)
can be represented by the succession of games (13).

Theorem 2. If each of M games (13) by (8) — (12) and (15) — (18) has a single
equilibrium situation in pure strategies, and game (6) on product (7) by conditions
(1) — (5) is equivalent to the succession of these games, then the equilibrium situation
in pure strategies in game (6) is determined by independently finding pure-strategy
equilibria in M games (13), whereupon these equilibria are successively stacked.

Proof. First, the equivalency means that game (6) has only staircase pure-strategy
equilibria. Next, it should be proved that game (6) has a pure-strategy equilibrium

situation, which is a successive stack of the M “short” games (13). Let {{a;‘l}i]\il
be pure-strategy equilibria in games (13) by (8) —(12) and (15) —(18). Then

Ko ({{onbl \ant} Utomt) < Ka ({andl)
YV ay € {x%min); x%max)} and Vn=1, N and Vi=1, M. (23)

=1

Inequalities (23) are re-written using statements (15) — (18):
K ({{any i s } udam}) =
= [ s ({enlo e} otan £ dut <
[T(z—l); T(l))
< [ h(e e =K (teil)
[rt=D; )

YV oy € {x%min); x%max)] and Vn=1, N and Vi=1, M — 1, (24)
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K ({{O‘IM}?L1\{O‘;M}} U {anM}) =
- / Jn ({{an}f-vﬂ\{aZM}} U{ann}, t) du(t) <

[r(-1); ()

< / Fo ({ota}iy s 1) dia () =

[ra=1); £ (an)]

=K, ({a;‘M}iJ\Ll) Y o € [Iglmin); a:%max)} and Vn =1, N. (25)

Owing to Theorem 1,

Sk ({feals \{am}} utau}) < Sk, (foi}ly) ¥n=TN.  (20)

M

Therefore, the successive stack of pure-strategy equilibria {{a;"l}f\il} is a pure-
==

strategy equilibrium in game (6). Obviously, games (13) can be solved independently,

whose equilibria are stacked afterwards to form the pure-strategy equilibrium in game

(6). O

In fact, Theorem 2 claims that if each of N “short” games (13) has a single pure-
strategy equilibrium, then the solution of N-person game (6) can be determined in a
simpler way, by solving games (13) and successively stacking their equilibria. They are
solved in parallel (independently), without caring of the succession. However, Theo-
rem 2 does not determine a probability (likelihood) of the case when every “short”
game has a single pure-strategy equilibrium. Obviously, the likelihood decays as the
number of intervals increases.

Besides, Theorem 2 does not directly imply that the stacked equilibrium in game
(6) is single. The question of whether the stacked equilibrium in game (6) is single or
not is answered by the following assertion.

Theorem 3. If each of M games (13) by (8) — (12) and (15) — (18) has a single
equilibrium situation in pure strategies, and game (6) on product (7) by conditions
(1) — (5) is equivalent to the succession of these games, then the equilibrium situation
in pure strategies in game (6) is single being the successive stack of the “short” games
equilibria.

Proof. The pure-strategy equilibrium in game (6) is constructed according to The-

M
orem 2, i.e., it is the successive stack of pure-strategy equilibria {{afl}ﬁl}l . Let
i=1,_,

this equilibrium be referred to as the

M
{{a;.kl}ivzl }1:1 -stack equilibrium. (27)
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Suppose that there is another pure-strategy equilibrium in game (6). Without losing
generality, let this equilibrium differ from (27) in just that the first player uses some

ag(,? € {xﬁmin); xgmax)} instead of aj, by some k € {1, M} So, this is the

* IV 0 *x 1IN o1 s
{{{a“}i_l}le{l,M}\{k} U {agk)7 {aik}i_Q}} -stack equilibrium,
which means that
Z K, (Ozu, {afz}i\;) + Ky (alka {afk}f\;g) <
1e{T, M }\{k}

< Y E(fel) (ol fandsy). (28)
1e{T, M I\ {k}

> K ({fonhl \fend U fau)) +
1{T, M}\{k}

i ({{a, (@b \ (i} Udand) <

< Y Ea(fewhl) + K (ol feiis) vo=2N.  (29)
1e{T, M}\{k}

ie,
53 (o, oitll,) < Ko (toghl,)
Vay € [xgm“‘); x(lma">] and Vi e {T, M} \ {k} (30)
by
K (s faihile) < Ki (ol {anl,) Vawe [of™™af™] (s)
and
Ko ({{at \ont} Ufamt) < K (fon)
Y o € {x;mi“); xS;n‘”‘)} and Vie {T, M}\{k} and ¥n=2 N  (32)
by

6 (i fod o\ (o U o) < K (o {0 )
Y ay € [z%min); x%max)] and Vn =2, N. (33)
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Inequalities (31) and (33) imply that {0‘1 o {ozm}z 2} is a pure-strategy equilibrium

at the k-th interval (in the k-th game), which is impossible due to every interval

has a single pure-strategy equilibrium. The impossibility of the other pure-strategy

equilibrium for the remaining players in such a case is proved symmetrically.
Suppose that the other pure-strategy equilibrium differs from (27) in that the

first player uses some a§k) € [zgmin); x(lmax)] instead of aj; by some k; € {1, M}
and the second player uses some ag,g € {xémm); xémax)} instead of a3, by some

ko € {17 M} So, this is the

* N 0 N 1. .
{{{ail}i=1}l€{1.M}\{k1} U {agk)l a%l {0%1}z 3}}—stack equilibrium  (34)

if k1 = k9, and is the

N
* 1 U
{{{a”}’_l }ze{w}\{kl, ko }
U {O‘E?c)l {a;‘kl }512} U {O‘Tkz’ ozé%l, {oz;‘kz }f\ig}}—stack equilibrium (35)
if k1 # ko. Thus, (34) means that

* * N
Z K (Oélh {ail}il\;2> + Ky (alkl’ agl)c)ﬂ {aikl }i:3) <
le{W}\{kl}

< 3w leh) (el el (o)D) 60)
1e{T, M)\ {k1}

and
* * * N
Z K> (Oéu» Qi {ail}i]\il}) + Ky (Ozg%)l, Q2k1 s {aikl}z’=3> S
1e{T, M\ {k1}
* 1IN 0 N
< Z K2 ({ail}izl) + K2 (agk)l a2k1 {allﬁ }'L 3) (37)
1e{T, M\ {k1}

and

> K ({femdl \fend U fau)) +

1e{T, M}\{k1}

+1 ({{al ol {an i)\ {oi Ut ) <

< Y K ({a;;}i:l) + K, (agf]?l o {a;kl}jvzg) Vn=3, N, (38)
1e{T, M}\{k1}
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i.e., inequalities (30) by k = k1 and inequality
s (s o o)) < K0 (o2 o), faz 1)
Y agk, € [mgmin); xgm"“‘)} (39)
hold along with (23) for n = 1, inequalities

K (o) az, {af}ly) < Ko (fai b))

Vag € [ucémi“); :vémax)} and Vie {1, M}\{k} (40)
and inequality

(0) « N 0 (0) « UV
Ko (a1k17 A2k s {aik1}i:3> < Ko (alkl’ Qo {ailﬂ}i:g)

Y agk, € [zgmin); xémax)} (41)
hold along with (23) for n = 2, inequalities (32) by k& = k1 and inequality

K, ({{ag(/?p ag’?l, {a;‘kl}f;s} \ {a;’;kl}} U {ank1}> <
« N
< Ky (0‘5(1?1’ O‘gl)c)l’ {a’ikl}i:3>

Y Gk, € {xamm); :cE{“a")} and Vn =3, N (42)

hold along with (23). Inequalities (39) —(42) imply that {ai?l, a;%)l, {afkl}j\;}

is a pure-strategy equilibrium at the ki-th interval (in the ki-th game), which is
impossible. The same conclusion is valid for a two-person non-cooperative game,

where (34), (36), (37), (39), (41) are written by retaining {aj;, }N 5 =0, {O‘;'kz}i]i:a =0,

and (38), (42) are omitted. If (35) is true, then "

S Ko {oihl) +

1e{T M }\{ki, ko}
* N * N
+K; (alk“ {aikl}'LZQ) + K (alkgu aé(,?y {Oéikg}i:g) <

< > K ({afz}?;) +
1e{T, M\ {k1, k2}

0 * N * 0 * N
+K1 (agk)lv {aikl}i:2> + Ky (a1k27 O‘ék)y {aikz}izg) (43)

and

Z K (Cf{p a2, {afl}fi?)) +
1e{T M\ {k1, k2}
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(0) N N
+Ko (aucla oty {0k, iy ) + Ko (@lhgs @2k, {@f), }iy) <

< Y m({enl)+
ZE{W}\{k17 ka}
0 * N * 0 % N
+Ko (O‘gk)lv {aikl}i:2> + Ko (alk2’ aék)z’ {aikz}i::),) (44)
and

> K ({fenrl\fan)f ufaud) +
1e{T, M\ {k1, ko}

+K, ({{aﬁ‘,?l, {afkl}jvﬂ} \ {azkl}} U {ankl}) +
+En ({{O‘T’@’ O‘gf)v)z’ {afk2}ij\i3} \ {O‘Zkz}} U {ankz}) <

< Z Ky (“{afl}f\;) + Kn (ag(l)c)ﬁ {a?kl};;) +
1{T, M }\{k1, k2}
1K, (w;kz, o), {az,}Y 3) VYn=3 N, (45)
i. e., inequalities
Ky (au, {O‘fz}i]iz) <K ({afz}f\;)
Yy € [xgmi“% xﬁma")] and V1€ {T, M)\ {k1, ks} (46)

and inequality

Ky (alku {O‘Tkl}j-v:g) + Ky (alkzv aé?c)z’ {a;kz}ji(g) S
< Ky (ag(l)c)ﬂ {afkl}ig) + K (a’fky agl)c)za {O‘;‘kkg}ilig
Vg, € [:rgmin); xgmax)} and V oy, € {xgmin); xgmax)} (47)
hold along with (23) for n = 1, inequalities
K> (a’{l, aal, {afz}f\ig) < K2 ({a?z}f\Ll)
Y ag € [:c;mi“); xgma@] and Vi€ {T, M}\ {k1, ko} (48)

and inequality

(0) N N
K2 (a1k17 2k 5 {a:kl}i::g +K2 OX{kQ7 Q2ky 5 {aij}i:3 <

* N * * N
< Ko (ag(z)c)lv {aih}i:z) + K» (alkz’ 0‘;(11’ {aikz}izg)

Y agk, € [ajémin); xémax)} and V agg, € {xgmin); xémax)} (49)
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hold along with (23) for n = 2, inequalities
1INV * 1INV
Ky ({{O‘il}i:1 \ {O‘nl}} U {O‘nl}) < Ky <{ail}i:1>
o {w%mm); xgbmaxq and Vi€ {1, M}\{ki, k2} and Yn=3, N (50)
and inequality
0 * N *
Ky ({{agk)p {aikl }izz} \ {ankl}} U {ankl}) +
* 0 * N *
+Kn ({{amgv aék)zv {aikQ}i:;s} \ {ankg}} U {ank2}) <

< Kn (a1k17 {aikl}i=2) + Kn (alkz’ Aoy {aikg}izg

Y ok, € [acgmin); x%max)] and YV ang, € [w%min); x&max)] and Vn =3, N (51)

hold along with (23). Plugging a1z, = af,, in the left side of inequality (47) and
plugging ook, = Ozg?cl in the left side of inequality (49) and plugging a,k, = «

the left side of inequality (51) for n = 3, N gives inequalities

* N * N min max
K (0411@17 {O‘ikl}izz) <K, (agz)l, {aikl}i:2) Y aqg, € [xg ); acg )} ,  (52)

*

nkz m

K2 (ag(])c)l’ Oéle, {arkl }»Z\LB) < K2 (ag?c)17 {a;‘ku }522)

va2k1 c |:x(2min); xémax):| 7 (53)

o ({2 o}, P fon ) U ) < K (a2, {as 1)
Y ank, € {x%min); x%max)} and Vn=3, N, (54)

which are impossible due to {ag?ﬁ {afkl}ij\;
Therefore, the supposition about (34) and (35) are true is contradictory. The same
conclusion is valid for a two-person non-cooperative game, where (35), (43), (44),
(47) — (49), (53) are written by retaining { o, }zli3 =0, {ozz‘l}j\[::3 =0, {aj, }513 =0,
and (45), (50), (51), (54) are omitted.

Now, for the case of N > 3, suppose that the other pure-strategy equilibrium dif-

fers from (27) in that the first player uses some ag(;)l € [m&min); mgmax)] instead of a7,

by some ki € {1, M }, the second player uses some agil € [a:émin); J;émax)} instead

} is not a pure-strategy equilibrium.

of a3y, by some ko € {1, M}, and the third player uses some ozg,)c)S € [a:gmin); xémax)}

instead of aj, by some ks € {1, M}. So, this is the

* * N * * N
{{{a“}il}le{l,]\/[}\{kh ko, ks) U {ag(l)c)la {aik1}i:2} Y {0‘11@’ agl)f)z’ {aikz}i:?)} Y
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{{{a s } _ \ {ag, }} {agk }}}—stack equilibrium. (55)

Thus, (55) means that
Z K (04117 {aZl}iJ\LZ) +
1e{T MR\ {ku, kz, ka}
£ (o, {ofi }0p) + K (o gl {ad} ) +
+5; (o, {{ofi, o\ {od, U {afl}) <
<Y (e

1e{T, M}\{k1, k2, ks}
8 (o2 Ao ) 40 (o (o b fol)) +
w1 ({{ei )i\ {ad, } o {adi }) (56)

and

> K ({{enli\an) fUfoa}) +

1e{T M\ {ky, ka, ks)
+K, (ag(,?l, Q2ky 5 {Oéfkl}jv:3> +
s ({{od b5\ o} | U tom)) + Ko (ain, am, i ol }il) <
< Y K(leph)+

1e{T, M}\{k1, k2, ks}
+K (ol {adi )L, ) + K ({{afi, i, \as  pu{afll }) +
+1 ({{ai, 2\ e, f U {ai }) (57)

and

> K ({{enrl\{an}f Utaa}) +

1e{T MR\ (k1 k2, ks
+Ks (ol {{oi, }imp \ {0t} U fasn}) +
+K3 (0@27 g O, {O‘ikz}iﬂ;) + K3 ({{O‘m}i:l \ {a3/€3}} U {askg}) <
< 3 K ({ahl,) +

lE{l M}\{kl, k2, k3}

+K3 (O‘lk {ein, } ) + K ({{a;kz}ilil \ {a;k2}} {a;%) }) *
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+Ks ({{ai, )1 \ e, U {alil }) (59)

and

> K (e e} uten) +

1e{T, M }\{k1, k2, ks}
+EKn () {{ak} o\ o b U e }) +
K (ks ods {0l }ims \ {odm U dame}) +
16 (Lo 2 {0 03} U ol o) <
< 3 Ko ({aibly) + Ko (0l {0 }i,) +

1e{T, M P\ {k1, k2, ks}
Ko ({{oi i\ ez} fu{al}) +
({{ak b\ o pu{afl}) va=17N, (59)
i. e., inequalities
5 (onn, {aihl,) < K ({oa)l)
Vau € o™ 2{™] and Vi€ (T M)\ {ky, ko, ks) (60)

and inequality

K (alkﬂ {a:kl}jig) + Ky (alkzv aé(l)c) {a*k }]\13) +
k1 (aarey {{of, 1y \ o U {afl}) <
<K (ol {ag, 1) + Ko ({{or )\ {ag} fu{afl}) +
({2 i)} ol }) Ve, € [ 2]
and V aqp, € [ (m ) (ma )} and V oy, € [:cg ); x&max)} (61)
hold along with (23) for n = 1, inequalities
K ({{aih \fag} U aa}) < K ({an )
Y o € [:cgmi“); xgma»o} and V1€ {T, M}\ {ky, ks, ks} (62)

and inequality

K (ol oy, {1 1Ly) + K ({{o o) \{os, } U dazi}) +
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* 0 * N
TR (O‘lkgv O2ks 5 O‘:(ak)gv {aik3}i:4) S
0 * N * N * 0
< Ko (a(lk)l’ {aikl}izg) + K> ({{aikg}izl \ {a2k2}} U {a;k) }) +

(0) }) v o, € [xémin); xémax)}

+5 ({{as, 1\ o, U { o)

and V agy, € [xémm), zgmax)} and V agy, € {xémm) :L’émax)} (63)
hold along with (23) for n = 2, inequalities
K ({{anh \ag utand) < Ks ({ag}h,)
Vo € [:cgmi“); xgma")} and Vi€ {T, M}\ {k1, ks, ks} (64)
and inequality
K3 (), {{ai, o\ g} Udas}) +
+K3 (afky a(z(;gl’ O3kz s {aflm}?;;) +
+Ks ({5, )1, \ g, ) udase}) <
< Ks (ag(;c)ﬁ {a;kl}i]ig) + K3 ({{azkz i1 \ {a2k:2 } U {aé?c)g})
+K3 ({{aka}il \ {agks}} U {ag%l}) Y asg, € {xémin); a:gmax)}
and V agg, € [:Egmin); xémax)} and V agk, € {xgmm), xémax)] (65)

hold along with (23) for n = 3, inequalities
Ko ({{ontl \ant} Utam) < K (faidl)

Y o € [x;“““); x;ma’ﬂ and V1€ {T, M\ {k1, ko, ks} and ¥n =4, N (66)

and inequality

Ky { ad b 2\{ank1}}u{ankl}> +

(asz, aéﬁll {{or) s\ @i} Utom}) +
Ko ({0 o o} o {ali: o }) <

< Kn (alk ’ {azkl}z 2) + Kn ({{asz}?]z1 {ad,} } agl)c)z})

) vn=1'N (67)

+K, ({{@fkg}izl \ {agkg}} U {O‘skg

ajy, and aig, = aj,  in the left side of

+
=

hold along with (23). Plugging ai, =
inequality (61) gives inequality
(min) aj(max):|, (68)

K, (oqkl, {O‘fkl}j\ig) < K; (O‘E?c)ﬂ {a;‘kl}j\;) YVaig, € [3:1 ;T
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plugging aar, = aé(,i and aok, = a3, in the left side of inequality (63) gives inequality

0 « NV 0 « N
K> (agk)p A2y 5 {aikl}izs) < Ko (agk)p {aikl }i:2)
v o, c |:x(2min); xémax):| 7 (69)

plugging asg, = a3, and asg, = a:(,,(,)ﬁ)a in the left side of inequality (65) gives inequality

K (ol {{an, Foo\ {ose, } udasn}) < Ks (ol {an,)0)

(min)

Y asg, € {x?) ; xémax)} , (70)

and plugging ank, = o, and aur, = o, in the left side of inequality (67) for
n =4, N gives inequality

Ko (af, {{on )\ ot ) Ulan}) < K (ol {ag, 1)

(min)

Y ok, € [a:n ; x;max)} and Vn =4, N. (71)

Inequalities (68) — (71) imply that {ag(])c)l, {og,, }jvzz} is a pure-strategy equilibrium,
which is impossible. Therefore, (55) is false. The same conclusion is valid for a three-
person non-cooperative game, where (57), (58), (63), (65) are written by retaining

{afk3}jv:4 =0, {O‘fk2}j\;4 =), and (59), (66), (67), (71) are omitted. The impossi-
bility of the other pure-strategy equilibrium for the remaining players’ subsets in the
case of three different strategies at three players is proved symmetrically.

Finally, suppose that the other pure-strategy equilibrium differs from (27) in that

the first player uses some ag(,?l € [xgmin); xgmax)] instead of aj, by some ki €

{1, M} and some ag?cl € [:C(lmin); :cgmax)} instead of aj;, by some ks € {1, M}. The

respective

N
- U
{{{O&Zl}z_l }ZE{W}\{kl, ko)
U {ag(z)N {afkl}j\;} U {ag?cl, {aka}jv_g}}-Stack equilibrium (72)
means that

Z K (Oéu, {a:l}fiQ) +
1€{T, M}\{k1, k2}
+K (alkn {a:kl}ili2) + G (0611@27 {a;‘kkz}?iz) S
< Y m(fenlk)+

1e{T, M\ {k1, k2}
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+K; (04”€1 {a,kl} > + K, (O‘lkz {alkz}jv2> (73)

and

> K ({tenlion} uta) +

1e{T I\ k1, a2}
6, (o ({0t} \ e U ane}) +
+K, (ang {{ozzkz}z 5\ {ankz}} U {ankz}) <
S > Ky ({aZ‘z}L) +

1€{T, M\ {k1, k2}
+K, (alkl {Oélkl}z 2) + K, (ag(,?z, {az‘kQ}jVﬁ) Vn=2, N, (74)
i.e., inequalities (46) and inequality
K, (qul, {azkl} )+K1 <a1k27 {0411@2}1\[ ) <
<K (o), {ag, 1) + K (ol {an, )
Vg € [xgmm) x&max)} and V oy, € {xgmm) :cgma")} (75)
hold along with (23) for n = 1, inequalities
Ko ({fan i \esd } U o) < Ka ({ag))
Y o € {xgmin); xglmax)} and Vi€ {T, M}\{ki, ks} and ¥n=2, N (76)
and inequality
Ko (ol {{an i\ (et} Uans ) +
+Kn (af, {{atn} o\ fan U tan}) <
<Ko (0 {oi}l,) + Ko (ol {0l },) Yn=2N ()

hold along with (23). Plugging aqx, = Ozg(,)fl in the left side of inequality (75) and

plugging a,r, = ay,  in the left side of inequality (77) for n = 2, N gives inequalities
(68) — (71), which are impossible due to {ag?c)l, {a;‘kl}i\;} is not a pure-strategy
equilibrium. So, the supposition about (72) is contradictory. The same conclusion is
valid for a two-person non-cooperative game, where (70), (71) are omitted, and it is
valid for a three-person non-cooperative game, where (71) is omitted. The impossi-
bility of the other pure-strategy equilibrium for the remaining players in such a case
(of two intervals) is proved symmetrically. The impossibility of other pure-strategy
equilibria differing from (27) in that the players use some other values at intervals is
proved symmetrically as well. O
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Therefore, Theorem 3 along with Theorem 2 allows obtaining the single pure-
strategy solution of game (6) directly from equilibria in games (13). The application
of these assertions significantly simplifies the solving of game (6). Under conditions
of the assertions, game (6) is “discretized” or “broken” into simpler N-person games,
whereupon their equilibria are stacked [18, 19].

But what if the conditions are inverted? Does the equilibrium singularity in games
(13) change when the single pure-strategy equilibrium of game (6) is already known?
This question is answered by the following assertion.

Theorem 4. If game (6) on product (7) by conditions (1) —(5) and (8) — (12)
has a single equilibrium situation in pure strategies, then each of M games (13) by
(8) — (12) and (15) — (18) has a single pure-strateqy equilibrium, which is the respec-
tive interval part of the game (6) equilibrium.

Proof. Let game (6) have (27) which is single. This implies that inequalities (26)
hold. Plugging
o = oy Ve {1, M}\ {k.}

in the left side of inequalities (26) gives inequalities

* N * % N
Ko ({{on b\ o b udam ) < Ka ({ag}0)

Y ok, € [m%min); x%max)} and Vn=1, N (78)
whence {a;‘k* }iV:l is a pure-strategy equilibrium at the k.-th interval (in the k.-th
game) for every k, € {1, M}.

Suppose that 3 kg € {1, M} such that {ag(,)c)o, {a;‘ko}i\;} is an equilibrium by

ag(;c)o # ajy,- Then inequalities

* N 0 * N min max
K, (alko, {O‘iko}izg) < K, (agk)o, {aiko}i=2) Y aqg, € [xg ); mg )} (79)

and

Kn ({{aﬁ)w {a:ko}ij\LQ} \ {O‘Zko}} Y {anko}) < Ky (045?20’ {afko}ij;)
v ank, € {l’%min); x%max)} and Vn=2, N (80)

hold, whence inequalities
* N * * N
Z Ky ({{O‘ik* }izl \ {alk*}} U {alk*}) + K (Oélkm {aiko}izg) <
ke {T, M P\ {ko}

< Y K ({er D)+ K (o) fai,)l) (s1)
ko €{T, M P\ {ko}
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and
Z K, ({{a;‘kk* }i\il \ {azk*}} U {ank*}) +
kv e{T, M P\{ko}
6 ({{all (i}l o)} U fan)) <

S Ka({on i)+ Ka (0 {ai}l,) Va=2 N (2)
ko €{T, M\ {ko}

N

must hold as well. However, inequalities (81) and (82) imply that there is the

{{{Ozfz}ﬁvl }le{m}\{ko} u {ai?jo, {afko }f\;}} -stack equilibrium,

which is impossible. Supposing that {ag?w aé%)w {O‘Tko}i]\is} is an equilibrium by

ag%)o # aj,, and aé%)o # oy, leads to inequalities

(0) x N (0) (0) « N
Ky (amo, Qg s {aiko}i:3) < K,y (alko, LTy {aiko}i:?))

Vo € 0, o "
and
A (ol e foii o) <5 (o0, o (o 1)
Y aze, € [af™; ™) (84)
and

0 0 « v *
Ky ({{agk)g’ a;k)u’ {aiko}i:?,} \ {anko}} U {anko}> <
0 0 « N
< Kn (agk)o’ O‘ék)o’ {aiko}i:3>
Y g, € {x%min); x%max)} and Vn =3, N. (85)
Inequalities (83) — (85) imply that inequalities
* N *
Z K ({{aik*}izl\{%k*}}U{qu*}) +
ki €{T, M P\ {ko}
« N
Ky (s g {0l }15,) <

< Z K ({Oé:k*}fil) + K, (ag(,?g, ag?%, {a;‘ko}ig) (86)
ke €{T, M P\ {ko}
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and
> K ({fon L\ on  utan)) +
ko €{T, M }\{ko}
+K> (ag(j?oa Q2K {a:ko}iv:3> S
C Y m(lenll) el o ) e
ko €{T, M }\{ko}
and

S E({{en i\ {en  utand) +

ke €{T, M\ {ko}
i <{{a§?’ﬂ)0’ aé?f)o’ {O‘Tko}ij\ig} \ {O‘Zko}} U {anko}) <

{ z} o ({oi ) + Ko (f, o2, {oii })
k.e{1, M }\{ko}

N

Yn=3 N (88)
must hold as well. Then inequalities (83) — (85) imply that there is the

{{{a;}i]\il}le{w}\{ko} u {oé?w ag?c)o, {afko}i]\i:g}}—stack equilibrium,

which is impossible again. The same conclusion is valid for a two-person non-

cooperative game, where (83), (84), (86), (87) are written by retaining {a;‘ko }1113 =0,
{afko}j\;?) = (), and (85), (88) are omitted. The impossibility of other pure-strategy
equilibrium cases in “short” games (13) is proved symmetrically. O

In finite games of three players and more, which are a partial case of non-
cooperative games, the case when every “short” game has just a single pure-strategy
equilibrium seems to be rarer than the case with multiple equilibria. Obviously, the
equilibrium singleness likelihood expectedly decays as the number of players increases.
This, however, does not diminish the importance of Theorem 2 along with Theorem 3
and Theorem 4. These assertions allow to build a simpler proof of a more generalized
assertion.

Theorem 5. If each of M games (13) by (8) — (12) and (15) — (18) has a nonempty
set of equilibrium situations in pure strategies, and game (6) on product (7) by condi-
tions (1) — (5) is equivalent to the succession of these games, then every pure-strategy
equilibrium in game (6) is a stack of any respective M equilibria in games (13). Apart
from the stack, there are no other pure-strategy equilibria in game (6).

N Y
Proof. Let the [-th game have J; equilibria {{afm}‘ 1} by J; € N, where
=) gi=1

a:(max)} Yn=1, N.

n

(min).
n )

*
Oznljl € |T
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Then
o ({fot ) e oo ) < 5 ({os} )
Y g € { (min), :c;“‘a")] and Vn =1, (89)
whence

ZK ({{alljl i= 1\{anljl}}u{anl}> gi/[:Kn ({afljl}il) Vnzm. (90)
=1

Inequalities (90) directly imply the

M

{{afljl }fil}zd -stack equilibrium (91)
for every j; € {1, Jl} by I = 1, Apart from stacks (91), there are no other
pure-strategy equilibria in game (6) owing to Theorem 4 along with Theorem 3. [

It is quite obvious that Theorems 2—5 are valid for any non-cooperative games
whose players are constrained (forced) to use staircase-function strategies, i.e., they
are valid for finite non-cooperative games (with staircase-function strategies) as well.
It remains only to study a possibility of equilibria in mixed strategies in such finite
games.

5. Representation by a succession of finite games

Along with discrete time intervals, players may be forced to act within a finite subset
of possible values of their pure strategies. That is, these values are

(™) = 2O < 2 « 2@ « < g@nmD < g(@n) — pmax) (92)

for the n-th player, @, € NVn =1, N. Then the succession of M continuous games
(13) by (8)—(12) and (15) — (18) becomes a succession of M finite games

(=) )

with the n-th player’s payoff matrix
H,; = [hual » (94)

whose format is

N
7= X (@u+1) (95)

1
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and elements are

hnio = / fn ({xl(-mil)}N ) t) du(t) for 1=1, M -1 (96)

i=1
[ra-1; @)

man= [ ({7 (o)

[r(M=1); 7]

and

by indexing

Q={whp,, wre{l, Qu+1} Vk=T1, N. (98)
It is well-known that a finite non-cooperative game always has an equilibrium either
in pure or mixed strategies. So, if game (6) is made equivalent to a series of finite
games (or, in other words, is represented by a succession of finite games), then it is
easy to see that, unlike the representation with continuous games (13) by (8) — (12)
and (15) — (18), the game always has a solution (at least, in mixed strategies).

Theorem 6. If game (6) on product (7) by conditions (1) — (5) is equivalent to the
succession of M finite games (93) by (94) — (98), then the game is always solved as
a stack of respective equilibria in these finite games. Apart from the stack, there are
no other equilibria in game (6).

Proof. An equilibrium situation in the finite game always exists, either in pure or
mixed strategies. Denote by

Uy = [ugzlnn)

} 1x(Qn+1)

a mixed strategy of the n-th player in finite game (93). The respective set of mixed
strategies of this player is

U, = {Unl e RUH u{) >0, 3 Wl = 1} : (99)
mp=1
so U, € Uy, and {Uil}évzl is a situation in game (93), where J; equilibria exist,

N M
Ji € N. Let {{Ujljl }11} be equilibria in M games (93) by (94) — (98), where

=1
= [u“"")*} U (100)
nlj; nlj; 1X(Qn+1) n:

N M
Henceforward, the proof is similar to that in Theorem 5. For equilibria { {U;‘l i } }

Ji=1),4
by (100), inequalities

() (m« | _
> | hwauwg™ JI wii” | =

mr=1, Qr+1 k=1, N
k=1, N k#n
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SO SN R ol B B CE R SR PO

= k=1, N _1).
my :11’Q]\1;+1 k;lén [T(z 1), T(z))
< X [T i fn {x }i:1, t)du(t) | =
mp=1, Qr+1 k=1, N [T(hl); T(l))
k=1, N

= 2 |t IT w5

me=1, Qr+1 k=1, N

€U, for l=1, M -1 Vn=1, N, (101)

nl

VUy = [u(m")}
1x(Qn+1)

> honauiny’ T winils | =

mp=1, Qr+1 k=1, N
k=1, N k#n

mkzzll Q]\x;+1 k?;’nN [7-(1\4—1); T(M)]
N

M )* m;—1

< X ((maw) [0 sl )me] -
mi=1, Qx+1 k=1, N [T(Mfl); 7_(M)]
k=1, N
= Z h”]\/jn H ul(cn];bfj);
mr=1, Qr+1 k=1, N
k=1, N
v U = [uly] U, and Yn=T, N (102)
1x(Qn+1)

hold. So, inequalities
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o e I Wi | =

mr=1, Qr+1 k:ﬁ
k=1, N k#n
M-1
n * i—1
- R N R | I I <{ e t) an(t) | |+
=1 = k=1, N _ B
mkk:i Q]\l;‘l‘l k;lén [7_(1 1);7(1))
N
S ( i) o] [ s ({0} )| <
=1, Qx k=1, N 1)
mkk:inJ\l;""l k;lén [.,.(M 1)17.(1\1)]
M-1 N
* i—1
< Z u%f) / fn <{x§m )}i:f t) du(t) | |+
=1 mr=1, Qr+1 k=1, N [T(l_l): T(l))
k=1, N ’
N
* i—1
+ ) I wiis / fn ({xEm )}i:17 t) du(t) | =
mp=1, Qx+1 k=1, N [r=1); 7]
=T N '
M-—1
SIS R P | A B
I=1 1,=T, Qri1 k=T, N
=1, N
+ Z hnare H ul(Cﬂ]CIkJM Vn=1, N (103)
mE=1, Qr+1 k=1, N
-1, N

N M

hold as well. Therefore, the stack of successive equilibria {{U;“lﬂ} } is an
1=1

equilibrium in game (6). The sub-assertion of that, apart from such stacks, there

are no other equilibria in game (6) is proved similarly to Theorem 4 along with
Theorem 3. O

Clearly, inequalities (89) by I = 1, M are a partial case of inequalities (101), (102).
Inequalities (90) are a partial case of inequalities (103). In a way, Theorem 6 is a
generalization of Theorem 5 for the case of finite game (6), which is correspondingly

defined on a product of staircase-function finite spaces. Nevertheless, stacking up
N

pure-strategy equilibria and mixed-strategy equilibria of >< (Qn + 1) finite games

(93) can be cumbersome. The best case is when every “short” game has a single
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pure-strategy equilibrium, although the likelihood of the best case is low.

The likeliest case is when those M finite games have multiple pure-strategy
equilibria and mixed-strategy equilibria. To hit on a series of single-pure-strategy-
equilibrium finite games, plainly speaking, many tries should be done. For instance,
5 x5 x5 x5 games, in which payoffs are generated by a 5 x5 x5 x 5 standard-normally-
distributed array multiplied by 10 and rounded to the nearest integers towards —oo,
have roughly 27.5 % mixed-strategy equilibria only. The percentage rate of the case
when the game has one pure-strategy equilibrium is at least 36 %. Meanwhile, these
rates for 5 x 5 x 5 games are 28 % and 37 %, respectively.

6. An example of solving a finite game

To exemplify how the suggested method solves finite games defined on a product
of staircase-function spaces (which are obviously finite), consider a case in which
t € [0; 0.167], the set of pure strategies of the first player is

X1 ={x1(t), t €]0; 0.167] : 2 < 21 () <3} C Ly [0; 0.167], (104)

the set of pure strategies of the second player is
Xo={x2(t), t €[0; 0.167] : 4 < o (t) < 4.75} C Lo [0; 0.167], (105)

and the set of pure strategies of the third player is

X ={a3(t), t€[0; 0.167] : 1 <a3(t) <15} CLy[0; 0.167],  (106)
and the set of pure strategies of the fourth player is

Xy =A{xy(t), t €]0; 0.167] : 3 < x4 (t) < 3.4} C Lo [0; 0.167]. (107)
The players’ payoff functionals (4) are

Ky (z1 (), 22 (t), 23 (1), 24 (1)) =

= / sin (0.2zxox324t) dp (1), (108)
[0; 0.167]

Ky (21 (t), 2 (t), 23 (1), x4 (t)) =

= / sin (0.3x1x2x3m4t — %) dp (t), (109)
[0; 0.167)

Kz (1 (1), 22(t), 23(t), 4 (1)) =

— / sin (O.15x1x2x3x4t — g) du (1), (110)
[0; 0.167]
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Ky(z1(t), z2(t), x3(t), 24 (1)) =

= / sin (O.54x1x2x3x4t — %) dp (). (111)
[0; 0.167]

The players are forced to use pure strategies {x; (t)}f:1 such that

21 () €{2+05- (my — 1)}, _, C[2 3] (112)
e 2y (t) € {4+0.25- (ma — 1)}, _, C [4; 4.75] (113)
. w3 (t) € {1+05-(ms—1)}2, _, C[1; 1.5] (114)
. 2y (t) €{3+0.2- (mg — 1)}, _, C[3; 3.4], (115)

and they can change their values only at time points

7
{TU)}H = {0.027}7_, . (116)
Consequently, this game can be thought of as it is defined on parallelepiped lattice
{2405 (m1 — 1)} x {4+0.25- (ma — 1)}, _; X
X {1405 (mg— 1)}, _, x{3+0.2-(ms— 1)}, _, C

mg=1

C[2 3] x [4; 4.75] x [1; 1.5] x [3; 3.4], (117)

that is this game is a succession of 8 finite 3 x 4 x 2 x 3 (quadmatrix) games
<{{x(1m1_1)}i11_1 ’ {xémz_l)}an:l ’ {xgma_l)}fngzl ’ {ximrl)}fm_l} ’
{Hu, Hy, Hy, H4l}> =
= <{{2 +0.5- (my— 1)} 1 {44025 (may— 1)}y, {1405 (mg —1)}2 ),
{34+0.2: (my — 1)};4:1}, {Hy;, Hy, Hz, H4l}> (118)
with first player’s payoff matrices

8
{Hu = [hllw1w2w3W4]3><4x2><3}1:1

whose elements are

hllm1 moms3mag =
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_ fl (xgml—l)’ xém2—1)7 :L.:(Sm;;—l)’ xflm4—1)7 t) d/i (t) _
[0.02-(1—1)m; 0.0217)
= / F2405 (my—1), 44025 (my—1), 1+
[0.02-(1—1)7; 0.02lm)
+0.5-(m3—1), 3+0.2- (my — 1), t)du(t) =
- sin(0.2+ (2405 (my — 1)) (4+0.25 - (mg — 1)) (1 +
[0.02-(I—1)7; 0.02lm)
H0.5- (s — 1)) (34 0.2+ (my — 1)) £)dp () =
- / sin (0.0025¢ - (3 + my) (15 + ma) (1 + my) (14 + ma)) dpu (¢)
[0.02-(1—1)m; 0.02Im)
for [=T1,7 (119)
and

h1,8m1m2m3m4 =

= / sin (0.0025¢ - (3 +mq) (15 + ma) (1 +ms) (14 + my)) du (¢), (120)

[0.147; 0.167)

with second player’s payoff matrices
8
{H2l = [thw1w2w3W4]3><4><2><3}l:1
whose elements are

h2lm1 mo2Mm3mmag -

fo (2™, e, e e ) dp (1) =

[0.02-(1—1)m; 0.0207)

. / F2(2 405 (my— 1), 440.25- (my — 1), 1+

[0.02-(1—1)m; 0.0207)
+0.5- (mg —1), 3+0.2- (my — 1), t)dp(t) =

= / sin(0.3-(2+0.5- (my —1)) (44 0.25- (mg — 1)) (1 +

[0.02-(I—1)m; 0.02lm)
+0.5-(m3 —1)) (3402 (myg — 1))t — Z)dp(t) =

- sin (0.00375t (34 ma) (15 +ma) (1 +my) (14 + ma) — %) dp (1)

[0.02:(I1—1)m; 0.02i7)
for i=1,7 (121)
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and

h2,8m1m2m3m4 ==

= / sin <0.00375t (34 mq) (15 +ma) (1 4+m3) (14 + my)

[0.147; 0.167)

-3 du(®),(122)

with third player’s payoff matrices

8
{Hgl = [h31w1w2w3w4]3><4><2><3}1:1

whose elements are

h3lm1m2m3m4 =
= f3 (x§"“‘”, mémrl), xém3_l)7 :chlm“l), t) du (t) =
[0.02:(1—1)m; 0.0217)
= / F3(2405- (my—1), 44025 (my —1), 1+

[0.02-(1—1)m; 0.0217)
+0.5-(m3—1), 3+0.2- (my — 1), t)du(t) =

- / sin(0.15 - (2+ 0.5 (my — 1)) (4+0.25 - (my — 1)) (1 +
[0.02-(1—1)m; 0.0217)
105+ (m3 — 1)) (3+ 0.2+ (my — 1))t — T)du (t) =

- / sin (0.00187575-(3-|—m1)(15+m2)(1+m3)(14+m4) - %) du (t)
[0.02-(1—1)x; 0.02I7)
for i =1, 7 (123)

and

h3,8m1m2m3m4 =

- / sin (0.001875t (34 ma) (15 +ma) (1 +ms) (14 + my) — g) du (), (124)

[0.147; 0.167]

and with fourth player’s payoff matrices

8
{H4l = [h4lw1w2w3w4]3><4><2><3}l:1
whose elements are

h4lm1 momszmyg —

= fa (gcgml_l), mémz_l), xgm3_l)7 x£m4—1)7 t) dp (t) =

[0.02-(I—1)7; 0.02lm)
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= / f1(2405-(my—1), 44025 (my —1), 1+
[0.02-(I—1)7; 0.02lm)
+0.5-(m3—1), 3+0.2- (my — 1), t)du(t) =
= / sin(0.54- (24 0.5 (m1 — 1)) (4+0.25- (ma — 1)) (1 +
[0.02-(1—1)m; 0.0217)
+0.5 (m3 — 1)) (3+0.2- (my — 1))t — Z)dp(t) =
- / sin (0.0067515- (3 +ma) (15 + ma) (1 + ms) (14 + my) — %) du (t)
[0.02-(1—1)7; 0.02i7)
for i=1,7 (125)
and

h4,8m1m2m3m4 =
- / sin (0.0067575 (3 +my) (15 + ma) (1 +ms) (14 + myg) — g) du (t). (126)
[0.147; 0.167]

Each of the 3 x 4 x 2 x 3 quadmatrix games (118) with (119) — (126) is solved in pure
strategies. It takes no longer than 1.2 seconds to obtain all the 8 interval solutions
with an Intel Core i7 processor. Besides, each of the games has a single pure-strategy
equilibrium on intervals

{]0.02- (I — 1) m; 0.02l7r)}l7:1 , [0.14m; 0.167].

Consequently, there is a single equilibrium stack z} (t) € X,, for the n-th player,
where z (t) takes on values {a;l}?zl only. It is shown player-wise in Figure 1. The
respective players’ payoffs

* * * * * * * * * * * *
{Kl (o), agys oy, o)), Ko (af;, a3, a3, o), Ks(ag, a3, ay, af),
8
8
* * * * — * * * *
Ky (ay, o), ag, 0‘41)} . {hies h3y By Wit (127)

are presented in Figure 2 along with the polylines of payoff cumulative sums
l l l l
POLEAD DIED LS oIIN:
g=1 k=1 k=1 k=1
The final payoffs of the players
8 8 8 8
{;htq’ I;hsfﬁ I;hgw ;hzq} = {hggg’ hfg’ hi(’)sg’ hz(isg} (129)

are highlighted in Figure 2 with circles. Note that payoff cumulative sums hél)i and

hé(ll)i are not increasing polylines. Contrary to this, cumulative sums hgl)g and hi(il)f:

8
= {n{%, ni RS BR L (128

8
13 May My My,
1=

1
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are increasing polylines. Generally speaking, payoff cumulative sums

M
! N N M
* _ O
S, (g} (130)
g=1 i=1) 1= =
do not have to be non-decreasing polylines.
3 -
X, (l) 2.5 —
20, ( . : _ : : T
0 0.021 0.041 0.067 0.081 0.1m 0.121 0.14m 0.16n
475
4.5
% (1)
4.25
4L ¢
0 0.021 0.047 0.067 0.081 0.1n 0.121 0.141 0.16n
15+
x (1)
1- . . . . _‘ ¢
0 0.021 0.041 0.067 0.081 0.1n 0.121 0.14n 0.16m
3.4  — ———————
X, (t) 3.2 ——
3, h 1 1 L t
0 0.021 0.041 0.067 0.081 0.1 0.121 0.14n 0.16m

Figure 1: The players’ pure-strategy equilibrium stacks in the game by (104) — (116)
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cooofPrRrRrkrkrONNNNCW
ORE D N O 00N NA Oy O W

cooo ocooo oooo o

E | | | | 7777 i ]
0.02m 0.04n 0.06m 0.08m 0.1m 0.121 0.14m 0.16m

——————

T

-0.04 - T _—
| | | | | e t
0.02m 0.04m 0.06T 0.081 0.1m 0.127 0.147m 0.16m

O OO0 _o0oo
o ocooofRrikk
RORERD N

0.021 0.04m 0.06T 0.081 O.in 0.127 0.147m 0.16m d

-0.02
-0.03
-0.04

0.021 0.04n 0.061 0.087 0.17 0.121 0.147 0.167

t

Figure 2: Interval-wise payoffs (127) and payoff cumulative sums (128) in the game
by (104)— (116)
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7. Discussion

The example clearly shows that solving a succession of multidimensional-matrix
(quadmatrix in the considered example) games is far easier than tackling games whose
players’ pure strategies look like those staircase functions in Figure 1. Indeed, with-
out solving the succession, the respective finite game by (104) —(116) defined on
parallelepiped lattice (117) is rendered to a

6561 x 65536 x 256 x 6561 staircase-function game.

This quadmatrix game has 722204136308736 (more than 722 trillion) situations in
pure strategies, which can hardly be handled in a reasonable computation time. By
the way, the computation time has an exponential growth pattern as the size of the
(hypercubic lattice) matrix increases.

Even if not every multidimensional-matrix game has a single equilibrium, a solu-
tion of the initial staircase-function game is built in the same way as (104) — (126).
The only difference is that then there will be multiple stacked equilibria, which com-
monly induce instability of the players’ behavior [23, 5, 14]. The time spent on com-
putation of a stack depends on both the number of the player’s pure strategies (on
an interval) and the number of intervals. Stacking the “short” games’ pure-strategy
equilibria (by Theorem 5) is fulfilled trivially. When there is at least an equilibrium in
mixed strategies for an interval (that actually falls within conditions of Theorem 6),
the stacking is fulfilled as well implying that the resulting pure-mixed-strategy equi-
librium in game (6) is realized successively, interval by interval, spending the same
amount of time to implement both pure strategy and mixed strategy equilibria [18,
19].

The abovementioned behavior instability is a serious problem in non-cooperative
games having multiple equilibria differing in the player’s payoffs [22, 23, 15]. It is
particularly solved by equilibria refinement with using domination efficiency along
with maximin and the superoptimality rule [14]. The necessary condition is to have
an asymmetry in the payoffs. The asymmetry allows distinguish more profitable (and
thus stable) equilibria, whereupon the best equilibrium (equilibria) or equilibrium
stacks are selected. Otherwise, they are not distinguishable.

Continuous games are ever struggled to be approximated or rendered to finite
games so that their solutions could be easily implemented and practiced [10, 9, 11,
12, 15]. However, even a finite (that is, multidimensional-matrix) game may be not
tractable due to gigantic number of situations in game. The presented method further
“breaks” the initial staircase-function game with a purpose to obtain an equilibrium
in a more reasonable time. So, the method is far more tractable than a straight-
forward approach to solving directly the staircase-function multidimensional-matrix
game would be.

Here, the tractability does not depend on the number of (time) intervals. Un-
less the sets of possible values of players’ pure strategies are of order of hundreds or
thousands (when searching for equilibria in a “short” multidimensional-matrix game
may take a few seconds and more), the method is entirely applicable. Moreover,
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the presented method is a significant contribution to the mathematical game theory
and practice for avoiding too complicated solution approaches resulting from game
continuities and functional spaces of pure strategies. This is similar to preventing
Einstellung effect in modeling [16, 7]. The “breaking” of the staircase-function finite
game into a succession of “short” multidimensional-matrix games herein “deeinstel-
lungizes” such non-cooperative games.

A drawback is that a “short” multidimensional-matrix game may be intractable
itself if its size is too big or there is a large number of players. The size limitation
depends on requirements from the administrator, which, say, can limit the number of
players to 3 or 4. If the interval breaking is over-thick, the “long” staircase-function
multidimensional-matrix game may be solved in an unreasonable amount of time
(although every “short” game is tractable and solved relatively fast). Consequently,
the size of the “short” multidimensional-matrix game should be made as small as
possible. The number of players should be necessarily limited.

8. Conclusion

A non-cooperative game defined on a product of staircase-function finite spaces is
equivalent to a multidimensional-matrix game. In this game, a (pure) strategy
is a complex set of simple actions ordinarily represented as a function of time.
Players’ payoff matrices in this game are built very slowly, so it is impracticable
to find any equilibria (as well as the other solution types) in such games using
straightforwardly methods to solve a finite non-cooperative game. However, the
multidimensional-matrix staircase-function game is equivalent to the succession of
“short” multidimensional-matrix games, each defined on an interval where the pure
strategy value is constant.

Owing to Theorem 6 along with Theorem 4 and Theorem 5 the equilibrium of
the initial staircase-function game can be obtained by stacking the equilibria of the
“short” multidimensional-matrix games. The stack is always possible, even when
only time is discrete (and the set of pure strategy possible values is continuous).
Any combination of the respective equilibria of the “short” multidimensional-matrix
games is an equilibrium of the initial staircase-function game. Moreover, Theorem 5
allows finding a pure-strategy equilibrium of the initial (infinite or continuous) game
by stacking the pure-strategy equilibria of the “short” (infinite or continuous) games.
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Bayer Noise Symmetric Functions and
Some Combinatorial Algebraic Structures
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ABSTRACT: Symmetric functions play a crucial role in classifying
representations of symmetric groups, and they are largely involved with
combinatorial algebras and graph theory. Bayer filter technique is largely
applied in most of the professional digital cameras due to the fact that it
is a low-cost, and it allows photosensors not only to capture the intensity
of light, but also to record the wavelength of light as well. Using Bayer
Pattern, we introduce the Bayer Noise symmetric functions and the Bayer
Noise Schur functions, and we study some combinatorial structures on
the Bayer Noise modules. We study the connection between Bayer Noise
symmetric functions and other bases for the algebra of symmetric func-
tions, and we explicitly calculate special cases over a fixed commutative
ring k. We also study the compatibility of such algebraic and coalgebraic
structures.

AMS Subject Classification: 05E05, 05E40, 05E18, 05E15, 16T15.
Keywords and Phrases: Symmetric functions; Schur functions; Algebra; Coalgebra;
Noise.

1. Introduction

A Bayer filter mosaic is a color filter array by which RGB color filters are arranged
on a square grid of photosensors. This approach is very common and applied in
most single-chip digital image sensors and extensively in professional equipment. Half
(50%) of the filter elements are green and the rest are composed of blue and red (25%
red and 25% blue). This gives an approximation for human photopic vision where the
M and L cones amalgamate to produce a bias in the green spectral region [1, p. 124].

COPYRIGHT © by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Bayer Filter Mosaic (in terms of colors) Bayer Filter Mosaic (in terms of letters).

Basically, there are four patterns of this filter: GBRG, GRBG, BGGR and RGGB.
A Bayer pattern array can be shown in the following figure.
There are basically four patterns of this filter: GBRG, GRBG, BGGR and RGGB.

“m u " m"

GBRG Pattern GRBG Pattern BGGR Pattern RGGB Pattern

Every BGGR-Bayer Young diagram of shape A\ corresponds to a unique symmetric

monomial function whose degree equals to the number of its pixels. This monomial
function (which we call the Bayer Noise monomial function) can be seen as splitting
an image into three parts GB-part, G-part and R-part. The GB-part can be thought
of as a full-size (free color (G, B)) image (the original image) while the other parts can
be seen as full-sizes (free color G) and (free color R) images respectively (see Figure 5:
Block diagram of the proposed restoration technique in [6]). Such monomial functions
allow us to define and study some interesting modules over a fixed commutative ring k.
More importantly, we study some combinatorial algebraic and coalgebraic structures
on such modules. The order and color of the cells in the Bayer filter mosaic play a
crucial role in defining such algebraic and coalgebraic structures.
This paper is basically an application of combinatorial algebra in image processing.
To see the connection more clearly, we refer the reader to [6]. The paper is organized
as follows. In section 2, we recall some basic concepts of symmetric functions. In
section 3, Bayer Young diagrams and Bayer Noise monomials have been introduced.
In section 4, we study some algebraic structures on Bayer Noise modules while section
5 is devoted for studying some coalgebraic structures on such modules. In section 6,
we introduce Bayer Noise Schur functions, and we prove that the set of all Bayer
Noise Schur functions forms another basis for the Bayer Noise module I'.

2. Preliminaries

Throughout this paper, k is a commutative ring, and all unadorned tensor products
are over k. Following [2], we recall some basic concepts of symmetric functions.
For the basic notions of symmetric functions, the reader is referred to [2], [3], [8],
[5], [11], [10], [4] or [9]. Given an infinite variable set x = (z1, 2, ...), a monomial
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x®* = x'x5? .-+ is indexed by a sequence o = (o, aq,...) in N having finite
support; such sequences « are called weak compositions. The nonzero entries of the
sequence o = (aq,a,...) are called the parts of the weak composition a.

The sum oy +as+az+- -+ of all entries of a weak composition o = (g, a2, as, .. .)
(or, equivalently, the sum of all parts of «) is called the size of a and denoted by |«|.

Consider the k-algebra k[[x]] := k[[z1, 2, x3,...]] of all formal power series in
the indeterminates x1,x2,x3,... over Kk; these series are infinite k-linear combina-
tions Y cax® (with ¢, in k) of the monomials x* where o ranges over all weak
compositions. The product of two such formal power series is well-defined by the
usual multiplication rule.

The degree of a monomial x* is defined to be the number deg(x®) := >, a; € N.
Given a number d € N, we say that a formal power series f(x) = >  cox® € k[[x]]
(with ¢, in k) is homogeneous of degree d if every weak composition « satisfying
deg(x®) # d must satisfy ¢, = 0. In other words, a formal power series is homogeneous
of degree d if it is an infinite k-linear combination of monomials of degree d. Every
formal power series f € k[[x]] can be uniquely represented as an infinite sum fy +
fi+ fa+---, where each f; is homogeneous of degree d; in this case, we refer to each
fa as the d-th homogeneous component of f. Note that this does not make k [[x]]
into a graded k-module, since these sums fy+ f1 + fo + -+ can have infinitely many
nonzero addends. Nevertheless, if f and g are homogeneous power series of degrees d
and e, then fg is homogeneous of degree d + e.

A formal power series f(x) = Y cax® € k[[x]] (with ¢, in k) is said to be of
bounded degree if there exists some bound d = d(f) € N such that every weak compo-
sition @ = (a1, a9, g, . . ) satisfying deg(x®) > d must satisfy ¢, = 0. Equivalently, a
formal power series f € k [[x]] is of bounded degree if all but finitely many of its homo-
geneous components are zero. (For example, x%+x%+x§+~ -~ and 14+x1+z2+23+ -
are of bounded degree, while x1 + 2179 + 217223 + -+ and 1 + 21 + 27 + 23 + -+ are
not.) It is easy to see that the sum and the product of two power series of bounded
degree also have bounded degree. Thus, the formal power series of bounded degree
form a k-subalgebra of k [[x]], which we call R(x). This subalgebra R(x) is graded
(by degree). The symmetric group &,, permuting the first n variables x1, ..., z, acts
as a group of automorphisms on R(x), as does the union &) = |J,~( S, of the
infinite ascending chain &9 C &1 C &2 C - - of symmetric groups. This group &)
can also be described as the group of all permutations of the set {1,2,3,...} which
leave all but finitely many elements invariant. It is known as the finitary symmetric
group on {1,2,3,...}. The group &, also acts on the set of all weak compositions
by permuting their entries:

g (011, Qo, 3, .. ) = (01071(1), 04071(2),0[071(3), .. )

for any weak composition (aq,as,as,...) and any o € S(x0)- These two actions
are connected by the equality o (x%*) = x7 for any weak composition « and any
0 € S(x)- The ring of symmetric functions in x with coefficients in k, denoted
A = A(k) = A(x) = A(k)(x), is the & )-invariant subalgebra R(x)® ) of R(x):



118 A.H. Abdulwahid, E. Elamami

={f€ERX):0(f)=fforalloc € S}
= {f = anxa € R(x) : ¢ = cp if o, B lie in the same G(M)—orbit} .

We refer to the elements of A as symmetric functions (over k); however, despite
this terminology, they are not functions in the usual sense.

Note that A is a graded k-algebra, since A = €,,~., A, where A,, are the symmetric
functions f = > coax® which are homogeneous of degree n, meaning deg(x®) = n
for all ¢, # 0. A partition A = (A, Aa,..., A, 0,0,...) is a weak composition whose
entries weakly decrease: Ay > --- > Ay > 0. The (uniquely defined) ¢ is said to
be the length of the partition A and denoted by £(\). Thus, £()) is the number
of parts of A. One sometimes omits trailing zeroes from a partition: e.g., one can
write the partition (3,1,0,0,0,...) as (3,1). We will often (but not always) write
A; for the i-th entry of the partition A (for instance, if A = (5,3,1,1), then Ao = 3
and A\s = 0). If )\; is nonzero, we will also call it the i-th part of A. The sum
AM+A+ -+ A=A+ X+ (where £ = £())) of all entries of A (or, equivalently,
of all parts of \) is the size |A| of \. For a given integer n, the partitions of size
n are referred to as the partitions of n. The empty partition () = (0,0,0,...) is
denoted by &. Every weak composition « lies in the & 4)-orbit of a unique partition
A= (A, N,...,0,0,0,...) with Ay > -+ > Xy > 0. For any partition \, define the
monomial symmetric function

my = Z x. (2.1)
aEG(m))\

Letting A run through the set Par of all partitions, this gives the monomial k-basis
{my} of A. Letting A run only through the set Par, of partitions of n gives the
monomial k-basis for A,,.

It is straightforward to check that (A, m,u, A, €) is a connected graded k-bialgebra of
finite type, and hence also a Hopf algebra, where

e The multiplication is the map
ARA %A, My @ My — My My
e The unit is the inclusion map
k=Ay — A.
e The comultiplication is the map

A
A A@A mye > my@my,

(pv):
pUr=X\

in which pUv is the partition obtained by taking the multiset union of the parts
of ;1 and v, and then reordering them to make them weakly decreasing.
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e The counit is the k-linear map
k=Ay = A

with €|a,—k = idx and §|1:® A, =0
n>0""""

3. Bayer Young Diagram

Definition 3.1. Let A be a partition.

(1) A colored Young diagram of shape X is a Young diagram of shape A whose cells
are colored with green, blue or red.

(2) A Young diagram of shape ) is called a BGGR-Bayer Young diagram of shape A
if the corresponding Young diagram of A has a BGGR pattern. If a tableau does
not have enough cells for BGGR pattern (it takes 4 cells to have BGGR), then
do it whenever possible. Similarly, GBRG-Bayer Young diagram, GRBG-Bayer
Young diagram and RGGB-Bayer Young diagram can be defined.

(3) By Bayer Young Diagrams, we will simply mean BGGR-Bayer Young Diagrams
(since the other Bayer Young Diagrams can be characterized similarly). Clearly,
Bayer Young diagrams are colored Young Diagrams. The converse, however,
needs not be true.

(4) Let YD be the set of all Young diagrams. Let T : Par — YD be the bijective
map that takes any partition A to its corresponding Young diagram T'(\). Let

BYD be the set of all Bayer Young diagrams. There is a bijective map B :
Par — BYD, A — B(\).

Example 3.2. Let A = (7,7,4,3,2). We have

B(7,7,4,3,2)

Definition 3.3.

(1) Let B(A) be a Bayer Young diagram of shape A. Then its corresponding Bayer
Noise Young diagram, denoted by C(A, GBR), is the (colored) Young diagram
obtained by rearranging the colored cells of B()) using the order G < B < R as
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follows. First, we rearrange the colored cells of B(\) to be weakly increasing left-
to-right in rows, and then we rearrange the colored cells of the resulting colored
Young diagram to be weakly increasing top-to-bottom in columns. One might
note that the green part of C(\, GBR) forms a colored Young subdiagram, de-
noted by C(A\, GBR, G), of C(\, GBR) (of shape Ag) while the region of both the
green part and the blue part of C(A\, GBR) forms a colored Young subdiagram,
denoted by C(A\,GBR,GB), of C(\, GBR) (of shape Agg). Here, A\¢ and \gp
are the shapes of the colored Young diagrams C(A, GBR, G) and C(A\,GBR,GB)
respectively. Analogously, one could define C(\, GRB), C(\, RBG), C(\, RGB),
C(A\, BRG), C(\, BGR) and C(\, BRG). Unless confusion is possible, Ar always
denotes the partition corresponding to the Young subdiagram C(A, RGB, R) of
C(A\, RGB).

(2) Let € be the set of all colored Young diagrams and 2 = {GBR, GRB, BGR, BRG,
RGB, RBG}. then C can be thought of as a map

C:ParxA—=¢€, (\E)—C\E),
for any (A, E) € Par x 2.

(3) Define a map Dgpr : Par — Par x Par x Par, A — (AgB, g, \g).- f A\, N €
Par with (A¢p, Mg, Ar) = (Agp: A\g: A\g), then Ag = A\, Ag = N and A\gp =
Mg - This implies that C(A, GBR) = C(X,GBR). Since A\¢ = A\, Ag = N and
AeB = Agp, we have Ap = M. Thus, Dgpr is injective (but not surjective).
Composing this map with the projections maps wgp : Par x Par x Par —
Par, (AGB,Ag,)\R) — )‘GBa TG . ParxParx Par — PCLT, (>\G37>\G,/\R) — )\G
and ng : Par x Par — Par, (AgB, g, Ar) — Ar, we respectively obtain the
maps

Dap : Par — Par, A\ — A\gB,

D¢ : Par — Par, A — g,

and

Dgr: Par — Par, A\ — Ag.
One might note that the maps ®gp and D are neither injective nor surjective
maps.

Example 3.4. Consider A = (8,8,6,6,5,4,2). To get C(x,¢pr), We first use the order
G < B < R to rearrange B(\) to be weakly increasing left-to-right in rows. So, we
have

B(8,8,6,6,5,4,2)
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Then we rearrange the resulting colored Young diagram to be weakly increas-
ing top-to-bottom in columns to obtain C(\, GBR). Explicitly, C(A, GBR) and its
corresponding Young subdiagrams C(A\,GBR,GB) and C(A\,GBR,G) are given re-
spectively by the following

C((8,8,6,6,5,4,2), GBR) C((8,8,6,6,5,4,2), GB)
C((8,8,6,6,5,4,2),G)

Similarly, one might check that using the order R < B < G gives the following

C((8,8,6,6,5,4,2), RBG) C((8,8,6,6,5,4,2), RB)
C((8,8,6,6,5,4,2), R)

Remark 3.5.

(i) Tt is well-known that the color channels for a color image are represented by
three distinct 2D arrays with dimension m x n for an image with m rows and
n columns, with one array for each color, red (color channel 1), green (color
channel 2), blue (color channel 3). A pixel color is modeled as 1x 3 array [7]. It is
also well-known that the spatial domain of each RGB image can be represented
as a 3D vector of 2D arrays. The Bayer Noise Young machinery, however,
provides us with a new approach by which every Bayer Young diagram can be
represented by three special types of colored (noise) diagrams RG, G and R
diagrams. This can be depicted in the following example:
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Original RGB Image

Red Channel in Red Green Channel in Green Blue Channel in Blue

3 RGB Channels

Original RGB Image

Bayer Noise Young Channels

(ii) Let A, € Par and write A = (A1, -+ ,Ap,) and X = (A}, -+, \). Using the
convention \; = 0 and A} = 0 for any i > m and j > n, we recall that A + \" is
defined as follows:

AN = (X A+ X,

where k = maxz{m,n}. For example, if A = (3,1) and X = (2,2,1), then
A+ X =(5,3,1). This can be depicted as follows:



Bayer Noise Symmetric Functions and Some Combinatorial Algebraic Structures123

[ ] [ ]

T()) T(N) T(A + X)

The following proposition is an obvious consequence.
Proposition 3.6.

(1) The colored Young diagrams C(A\, BGR, B) and C(A\, BRG, B) have the same
shape A\p. Similarly, C(\,GBR,G) and C(A\,GRB, G) have the same shape \g
while C(A\, RGB, R) and C(\, RBG, R) have the same shape AR.

(2) We have >\GB = )\Bg, )\GR = )\RG and >\BR = )\RB'

Definition 3.7. Let A = (A1, -+, Ayn)) € Par, where £()) is the length of \.

(1) Define A"~ = (s s Hyyy ), where

i if 7 is odd
=95 if © and \; are both even

A
% if 7 is even and \; is odd

/

(2) We define X" to be the sequence of nonzero integers X\ = (-~

/
10 aMZ(A))7 where

% if \; is even
,ui/ = ’\"2_1 if 4 and \; are both odd
)‘1;1 if ¢ is even and ); is odd
(3) We define X' to be the sequence of nonzero integers N = (W, -+, pyy,), where
= % if Ag; is even
% if Ag; is odd

and

V-1 .
m:{ =L if 4()) is odd

@ if £()\) is even

Let A = (A1,---,Agn)) € Par. Note that X7 X% and A" need not be in Par.
More explicitly, write XN o= (- ’Me/m) and X' = (u’, -+, ur). Then if ¢ is odd

17
and A\; = 1, then g} = 0. Similarly, if ¢ is even and A; = 1, then p = 0. The
following proposition gives an equivalent setting for Definition (3.3), and the proof is

straightforward.
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Proposition 3.8. Let A = (A1, , Ayn)) € Par, where £(X) is the length of A.

1) Let X7 be the partition obtained by reordering the parts of X to make them
p by g the p
weakly decreasing. Then we have X'~ = )\, .

(2) Let X be the partition obtained by taking the multiset union of the parts of )\G,
reordering them to make them weakly decreasing and removing all zero parts of
~G
them. Then X = ),.

(3) Let X' be the partition obtained by taking the multiset union of the parts of )\R,
reordering them to make them weakly decreasing and removing all zero parts of
them. Then X' = A

Example 3.9. Let A = (8,8,6,6,5,4,1) € Par.
(1) We have \°”° = (8,4,6,3,5,2,1) and X"~ = (8,6,5,4,3,2,1) = \,,,.
(2) We have X* = (4,4,3,3,2,2,0) and X" = (4,4,3,3,2,2) = \..
(3) We have X' = (4,3,2) = X = A,.

Definition 3.10. For any partition A € Par, the Bayer Noise monomial is defined
to be the monomial

pA(2,Y,2) = Mg () ® mag (y) © mag(2).

We will simply write it as py = myop @ Mag @ Ma,.

Example 3.11. We have
r = mr ®mr &® mr

Remark 3.12. If A € Par, then the partition Ag could be the empty partition, for
example, we have

e g o © e

where @ here is the correspondent empty Young diagram B((0)) of the empty parti-
tion (0).
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Definition 3.13. Let I';,(k) be the free k-module with the basis {py}repar,, where
Par,, is the set of partitions of n. Note that dim(T,(k)) = |Par,|, where |Par,]| is
the number of elements of Par,. Let I'(k) = @,,~, 'n(k). Then the set {px}rcpar
forms a basis for T'(k) over k, and T'(k) is called the Bayer Noise module. Obviously,
as modules, I'), (k) = A, (k) for every n € N and hence I'(k) = A(k).

Remark 3.14.

(1) When no confusion is possible, we will simply write I',, and I" instead of T'y, (k)
and I'(k) respectively.

(2) Let u,v € Par. Then, in general, (ugp + vas, b + VG, br + Vi) need not be
in ®gpr(Par), and hence p, p, need not be in I', where p, p, is the regular
multiplication of the monomials p,, and p,. For example, if 4 = (1,1) = v, then
e =vap = (1,1), pg = vg = (1) and pr = vg = (0) (the empty partition).
However, (ugp +vep, b +va, pr +vr) = ((2,2),(2), (0)) which is clearly not
in ®gpr(Par). It turns out that the operation (p,., pr) — pu pr does not define
an algebra structure on I'.

(3) One might notice that in general if (u,v) € Par x Par, then ((pUv)gs, (uU

v)a, (mUV)R) # (MeBUves, prUvR) and (uep Uves, e Uva, pr UvR) need
not be in ®gpr(Par). For example, if = (3,3,2), v = (3,1), then we have

- T ) -

B() C(p, GB) C(u, G) C(u, R)

e e : s

B(v) C(v,GB) C(v,G) C(v, R)

B((pUv)) C((pUv),GB) C((pUv),G) C((nUv),R)
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| | H -

T((puv)es) T(pesUves) T(peUve)  T((pUv)r)  T(prUvr)

Thus, ((pUv)es, (kU V)a),(pUV)R) # (baB Uves, pa U vg, pr U vg) and
(reB Uves, pa Uva, pr UvR) & Dapr(Par).

4. Algebraic Structures

Recall that for any n,mq,--- ,m; € N with 25:1 m; = n and t > 2, the multinomial
coefficient, denoted by ( ), is defined by

n
my,,m

Let n be the map

AL+ [X]
'l - T ;o /
n ® ON ®PA ( ‘)\|’|)\,| PAUN 5

and let

k=Tg T
be the inclusion map. We have the following proposition.
Proposition 4.1. The triple (I',n,u) is a k-algebra.
Proof. Consider the following diagrams:

d®n

rerel —" _1er Frok<"-T-—">k@Tl
n®idl \Lﬂ id®ul idl iu@id
rerl r rer—2-r<" rer

(4.1)
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We have to show that they are commutative. Write px ® pxr = n(px ® par).

AL+ [N
(Px © px) © par = ( AL V] pAuN) © par

A+ [N
AL V] PALN © parr)

_ ( (
A+ N (IAU N+ N
N (w X )( AL, [V ) P
O VR
- (w By )( A+ [N, [V
(AL + N[+ V!
(D! (VY (E Ao
A+ [X] + [\
N ( DARPURIY ) P

) PAUN U

On the other hand, we have

N4 [A]
Pr© (px © par) = pa © ( N, V| PALN)

||+ [A]
= ‘)\/| |)\//| (pA @ pkl\_‘/\”)

|)\/|+|)\N| ( |)\|+|)\/|_I)\”|
N, 1A AL [V L] ) PAUGeA)
[N+ |\ ( IA| N+ [N
I, |\ AL V] + [V PALIN LA
(I INT
B I, [N, |\ PAUNUN -

Accordingly, we have (px ® px) ® pxr = px © (px @ prr) for any A\, N, N\’ € Par,
and hence the commutativity of the first diagram (the associativity diagram) of (4.1)
follows. For the other diagram, we note that

nu®id)(px @ 1) = n(pr@1)

Al + 10|
|)\| |®| Pup

(
- (||AA||+00>
(1) »
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As a consequence, (T',n, €) is a k-algebra.

Definition 4.2. Let Par® = {\ € Par :

Ie(k) = D,>0 I'(¢™) (k). Then the set {px}rcpare forms a basis for T'¢(k) over k.

The proof of the following lemma is straightforward and left to the reader.

A.H. Abdulwahid, E. Elamami

= p)\
= id(px)

(0N

“\op,/) ™

_ (m+|x>
0], 1A ) 0=

= n(1®py)
= n(id @ u)(1® py)

O

all A- parts are even}, and let I'(®™ (k) be
the free k-module with the basis {px}rc parc.m, where Par(®™) = Par, (| Par¢. Let

Lemma 4.3. We have (A + X)gp = Aagp + Agp and (A+ XN)g = Ag + Ny for every

M\, N € Pare.

The following theorem emphasizes the importance of Definition (4.2)

Theorem 4.4. We have the following:

(1) (I(A+A’>c3\) - (IAGBIHA’GB\) - (IAGB

[AcE| [Aes| Yers!

[CO+A" ey — (2(xaBl+HAgsD)) —
(2) (" |2/\GB|GB) = ( Shan " ) =

AN € Par.

(3) (I(M-)\')GB\) (\(A+N+>\”)GB\) — (I/\GB|+\>\/GB\+I/\/C/;B|

[Ae Bl [(A+XN)e Bl PYed?]

(4) In general, we have

<|()\(1) +A@ 4t /\(t))GB
MGhL AGEL -y A

for every AW, AP XD € Pare,

<|(2(A<1> + 2@ £+ AO))gp|
1 2
2L 2GR, - 2108

for every AW AP A®) € Par.

HWGB“) for any A\, X

RV

(2(|>\GB|+\)\'GB\)) — (2(\>\GB\+|>\'GBI)

2|05 gl

LIAGsLIAG B

t
s
and
1 2
) B <2|A<G]>3| F20EL 42
- 1 2
21AGBls 2AEB) -, 2AGp

€ Par®.

2|xaBl; 2| ;5|

) for any

1 2
) (Ag;|+|Agg|+...+AggD
- 2
PYSARPYSAN

) for any A, N, X" € Pare.

)
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(5) The triple (I'°(k),ne, ue) is a k-algebra, where 1, is the map

KA+XMM)
AL

he : T @ TS(k) > TE(k), p, @p,, (
Aasl

and
k =T (k) 29 1e(k)

is the inclusion map.

Proof. (1) We have

A+ N A AL
<|( F;GB)GB|) = <| GB)\;LBch') (by using Lemma (4.3))

- CAGB|+¢AbB>

|AaBl
(Dl D),
[Acsl, A5l
(2) An easy calculation gives the following:

/ /
C@Q+A»Gm> (ﬂ@+kkwo($mepM_2MLVAer)
12A¢B| 2|\gBl|

2(|AaB| + [A\gal)
vipYersl

~
(QIAGB|+AGBD)
(

) (by using Lemma (4.3))

2|
2|AGB|+AGBD)
2|Aaal; 21\l

(3) We calculate

((A + )\')GB> (|()\ + AN+ A) GB|> (|)‘GB| + [\en ) (|)‘GB + [ \esl + |XC/;B|>
RYerE] |(A+XN)ap| pYer:] el + 2G5
_ (el + X)) (AaBl+ [Aapl + [AGpD)!
(A (IAesD! ([AaBl + Mg (IAER])!
_ (Aasl+ Pepl +1AgsD)!
(IAaBDMIAG g DIIAEG B!
_ (|)\GB| + [ \epl + |)‘Z:B|>
‘)‘GBlv |)‘,GB|’ |)‘/C/¥B| .

(4) This follows immediately from the proof of the previous part.
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(5) This can be easily proved using parts (i7) and (ii¢) of the proposition.

Example 4.5.
(1) Let A =(4,2,2) and X = (2,2). Then we have

n(pr ® pl) = 495

=495 (my @ Mgy @ myg)

(2) A direct calculation gives the following:

ne(ﬂr ® PH) =120

=120 (my ® Mgy © mg)

5. Coalgebraic Structures

Consider the map
Apy = Z Pu @ pu, (51)

(pn,v)EParxPar:
pUv=X\
in which g U v is the partition obtained by taking the multiset union of the parts of p
and v, and then reordering them to make them weakly decreasing. Interestingly, one
might define the map A : I' = ' ® I' defined k-linearly by

Apy = > ('MI - |V> Pu ® pu, (5.2)

(u,v)EParxPar: |M|’ |V|
My Uy, =X, YUE{GB,R}

in which g, Uy, is the partition obtained by taking the multiset union of the parts of
i, and 1, , and then reordering them to make them weakly decreasing. From image
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processing point of view, we find the image noise corresponding to the Bayer Noise
Young diagram of A, and then we split the resulting one into pieces: one with less
noise having only two color sensors (G and B), and one with more noise having only
one color sensor R. We have the following theorem.

Theorem 5.1. Let ' 5 k be the map defined k-linearly by

€|Fo:k = idk and €|I=@ T =0.
n>0" "

Then
(i) The triple (T, A, €) is a k-coalgebra.
(ii) The triple (T, A, €) is a k-coalgebra.

Proof. The proof of () is obvious. To prove part (ii), we have to show the following
diagrams are commutative.

rererl rok—2 >T<Y koo

=T I

1d®e id e®id

rer rer rel<—TI—>Torl
r

(5.3)

Here ® and ¥ are the isomorphisms @ : I'®@k = I', pp®1 —prand V: kI —
I, 1® px — pa. For any A € Par, we have

A A A i
(A ®@id)Apy = (A ®id)( Z (|M|+|[/L|> 0 ® o)
(p,p’)EParx Par: |,U,|7 |/1‘ |
4y Uy, =X, YUE{GB,R}

+1e'T\ &
T (ul 1 > App ® pu

’
(p,p')EParx Par: |,LL|, |ﬂ ‘
s '—’H{, =\;,VUE{GB,R}

= |l + 1] |+ V|
- Z < |IU/|5|MI‘ Z ‘V|,|l/" (pV®Py/)®pH/

(1" )EParx Par: (v,v')EParx Par:
p.UI_l,u[']:)\U,VUG{GB,R} VWuu‘iV:,u,W VYWe{GB,R}

Il + 1T\ (vl + V]
N 2 ( l ) ) S0 o

/!
(v, 1" )EParx Parx Par: |M|7 |'u |
VUUV[; I_I,u,[lj =X\,,YUE{GB,R}
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One can easily check the following;:
A= el + Arl = luas| + lnasl + lual + 1Rl = lul + 11|

and

ul = luesl + |prl = lvas| + [vapl + val + [Vl = v+ V/].

As a result, we have

<Iu|+u’l) (IV|+IV’> _ <V|+V’|+Iu’|> < |l )
il [ ], |V il 1| ], |V

! Vi
_ (ul + V| + | |> (by part (2) of Proposition (4.1)).

], (], ||

Thus, we have

X o N A v+ [V + [
(Awid)Ap, = > (| ||u| H | l) Pu b & ut
(v,v',u")EParx Parx Par: ’ IH

/ ’_
vy Uy Ul =X, YUe{GB,R}

= [l =+ | Wl + V|
- Z <|M,,u’| Z v, || Pu @ (py & pur)

(p,pt")EParx Par: (v,v')€Parx Par:
”’UUML/;:/\U YUe{GB,R} Uy |_|IJ‘:V :u‘:v VYWe{GB,R}

_ |l + 1| |+ ||
B Z / Pu® Z / (pu ® Pu’)
(1 M/)EPGTXPar: |M‘7 "U/ | (v ll/)EParXPar: |V|? |V |

pUl_I,u('J:)\U YUe{GB,R} l/WLlVV,V:p.‘LV VWe{GB,R}

|| + || X
= 2 ( il | ) P B

(") EParx Par:
s I_I,ur/Jku NVUe{GB,R}

/!
(,p")EParx Par: Ll (1]
1y Ul =N, YUE{GB,R}

Therefore, the commutativity of the associativity diagram follows. Checking the
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commutativity of the unity diagram can be done as follows:

LN R . + |
V(e ®id)Apy = V(e ® id)( > (“' "f > Pu® pur)
w,pu’YEParx Par:

ey LIM[;:)\U NVYUe{GB,R}

ST ("5 ) o 0

/
(p,p/)EParx Par: |M|, |'u ‘
p.UI_I,u['J =X\, ,YUE{GB,R}

_ 3 (Iul + Iu’|> €(0,) pu

/!
(p,p’)EParx Par: |M|7 |/~L |
Hyy uu{] =X, NYUe{GB,R}

L =0).

n

= py ( since €|y = idx and 6|I:€B

=id(px)

B > (Iul + Iu’|> o clon)

/!
(p,p’)EParx Par: |M|’ |M |
ey uul’] =X\, ,YUe{GB,R}

oY (7 ) o o

/
(p,p")EParx Par: "UI|’ |M |
Hyy \_WI; =N, NYUe{GB,R}

SLCEL IR SEN Cynio FOrrm

/
(M7H/)6PGT><PCLT: |:u|a |‘U |
pyy Unl, =X, YUE{GB,R}

= ®(id ® €)Ap,.

n>0

It follows that (T, A, €) is a k-coalgebra. O

We call the k-coalgebra (T, A, €) as the Bayer Noise coalgebra over k. The following
proposition gives an explicit description for primitive with respect to the comultipli-
cation A.

Proposition 5.2. Let A € Par. The element py is primitive (with respect to A) if
and only if A = (m) for some non-negative integer m.

Proof. It is straightforward to prove that ApA =pa®1+1®p, if and only if A = (m)
for some non-negative integer m. This completes the proof. O

Let A : Ire(k) — I'e(k) ® I"°(k) be the map defined k-linearly by

~ + v
A/))\ = Z (“L | ) Pu & pu, (54)

(n,v)EPar®x Par®: |M|7 |V|
Wy Uy, =X, YUE{GB,R}
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in which g, Uy, is the partition obtained by taking the multiset union of the parts
of u, and y,, and then reordering them to make them weakly decreasing.

Using part (3) of Theorem (4.4), the following theorem can be proved similarly to the
proof of Theorem (5.1).

Theorem 5.3. The triple (Fe(k),ﬁ,é\) is a k-coalgebra, where T' = k is the map
defined k-linearly by

aF(e,O):k = de and a12® I(en) =0.
n>0

The primitive elements in I'¢(k) (with respect to the comultiplication 5) can be
explicitly described as follows:

Proposition 5.4. The primitive basis elements for I'¢(k) (with respect to the co-
multiplication A) are precisely of the form py, where X\ = (m) for some m € 2N =

{0,2,4,...}.

Proof. The proof is very similar to the proof of Proposition (5.2). O

Similarly, we define the map A(®) : ' - T' @ I" defined k-linearly by

2\p| +2|v
Al py = > ( il + 21 |) P ® pu, (5.5)

( Ve
w,v)EParXx Par:
Hey Uy, =X, YUE{GB,R}

in which g, Uy, is the partition obtained by taking the multiset union of the parts
of u, and y,, and then reordering them to make them weakly decreasing.

The following are analogous consequences to those of Theorem (5.3) and Proposition
(5.4) respectively.

(©
Theorem 5.5. The triple (F,A(€)7e(5)) is a k-coalgebra, where I' — k is the map
defined k-linearly by
=0.

Iy
n>0 "

E(e)h“():k = ’idk and E(e)|12®

Proposition 5.6. The primitive basis elements for I' (with respect to the comulti-
plication A©)) are precisely of the form px, where X = (m) for some non-negative
integer m.
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Example 5.7.

(1) Let A =(3,3,2). Then we have

AP,\ZAP(:’,,sa)
=0(3,3,2)®Pz +0(3,3)®P2) +P2)DP(3,3) 03,2 DP3) +P3)DP3,2) TPz DP(3,3,2)
=p(3,3,2)01+p3.3)@p2)+P2)®0(3,3)+03,2)RPE)+P3) P32 F1®P3,3,2)
= (M(3,2,2) @M(2,1,1) @M(1)) @ 1+ (M(3,2) @M(2,1) @M (1)) @ (M2) @M (1) @ 1)
+(m2)y@m1y@1)@(ms 2 @ma,1) @m))+(mea 1 @ma 1y @ 1)@ (mg) @m1) @1)
= (m(3,2,2) ®M(2,1,1) @MY1) ) O 1+ (M(3,2) ©M(2,1) @M(1)) B (My2) @MY1) D)
+(m2)@m 1) @1)®(m(3,2) @m(2,1) @m(1)) +(M(3,1) @m(1,1) ®1) @ (M3 @M (1) @1)
+(m 3y @m 1)y @1) @ (m(3,1) @Mm(1,1) @M(1)) + 1@ (1(3,2,2) @M(2,1,1) DM(1))-

This can be pictured as
A”':”'W‘Z’+”-®”-+”-®p-+p'®p-
+P-®P'+P@®P'
EETT

mm@mn@m.)@(mu@m.‘@)m_)
mr®mm®m”)®(m-®m”®l)
+ (my Qmp®1)® (my ® mpy @ M)
[ (] F I (|

+ (my @ M @ my Q my ® mga)

(| (] .l ' “ (|

mr®mr®m.).

On the other hand, we have
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AP/\ ZAp(3,3,2)
=(3,3,2) ®Pz+28p(3,3)@p(2) +28p(2) ®P(3,3) T P2 ®P(3,3,2)
=p332) QL+ p33) @p2) +po0 @pa33 +10p03g32
= (M(3,2,2) @M (2,1,1) @M(1)) @ 1+ (M(3,2) @M (2,1) @M (1)) @ (2) @MY1) @M(1))
+ (M) @m ) @m1)) @ (M(3,2) @My2,1) @M(1)) + 1@ (My3,2,2) OM2,1,1) D7)

This can be visualized as

Ap'zp'®pg+28p-®p-+28p-®p-+pg®p'
T

+ 28(m' ® m“ ® m_) ® (m-] @ mpg ® m-)

+ 28(m- @ mgg ® m.]) & (m' & mr & m.)

+1®(mr®mr®m.).

Similarly, one could visualize A(®) p(3,3,2) as follows:

A(e)p':p' ® pg+1820p' & p-—|—1820pl ® p'—FpQ & p'
B

+ 1820 (m' ® m“ ® m_) ® (m-] @ mpg ® m-)

+ 1820 (m- @ mpg ® m.]) ® (m' ® mr ® m-)

+1®(mr®mr®m.).
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(2) To see the difference between A, A and A more clearly, let A = (2,2,2,2).
Clearly, we have

Apy =A,0(2,2,272)
=p(2,2,2,2) ® PoT0(2,2,2) @ P2)TP2) @ P2,22)TP2:2) @ P22 TP @ Pi222.2)
=p(2.222) @1+ p222 @ pe)+pe) @pe22) + P22 QP22 +1&p02222)
=(m(2,2,1,1)®M(1,1,1,1) @M(1,1)) @1+ (M(2,2,1) @M(1,1,1) @M(1)) @ (My2) @M1y 1)
+ (M2 @m) ® 1) @ (Mma,21) ® M,1,1) @ M(1))
+ (m2,1) @ m@,1) @ me1)) ® (My2,1) ® m(1,1) ® m))
+1® (m2,2,1,1) @ M(1,1,1,1) @ M(1,1))s

which can be visualized as the following.

ApI:pI®pg+pl®p-+p-®p.
+p.®p.+pg®I

:(Mr@)m ®ml)®l+(m'®ml®m.)®(m-@m-@l)

+(m-®m.®1)®(m'®ml®m-)

+(m“®ml®m.])®(m“®m“®m.])+ 1®(mr®m ®mm).

It is easy to check that Ap,\ is given by

APA = AP(2,2,2,2)
= 0(2,2,2,2) @ o+ p2,2) D P2,2) T P D P2,2,2,2)
= p(2,2,2,2) @ 1+70 (p2,2) @ p(2,2)) + 1 ® p2,2,2,2)
= (Mm2,2,1,1) ®M(1,1,1,1) ®M(1,1y) ® 1
70 (m2,1) @ m1,1) @ ma)) © (M2,1) @ m,1) @ ma))
+1® (m22,1,1) @ M1,1,1,1) @ M(1,1))
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One might visualize Apy as follows:

Aplzpl®pg+70(p.®p.)+pg®pl

= (mr @my ®mm)®l+70(m“® ml® m.])® (mr]® ml® m_)

+1 ® (mr ® mI ® mm)

Notably, gp(2’2’2’2) looks very similar to Ap(2,2,2,2). Indeed, the only difference
between them is their coefficients. Explicitly, we have

ﬁplzpl®pg+20(p.®p.)+pz®pl

= (mr @my ®mm)® 1+20(m“ ®ml ®m.]) ®(mr] ®ml ®m_)

+1 ® (mr & mI ® mm)

Consider the diagrams:

rer—=> -1 rer-<~kgk k—" >T k—™" -k
o Y N RN
rererer A M— >k kok—>Tal r
id®9®idl
rerolel —=Tal

(5.6)
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where 0 : '@ I' = I' ® I is the twist map. The proof of the following consequence is
obvious.

Proposition 5.8.

(1) The last three diagrams of (5.6) commute while the map n needs not be a k-
algebra morphism.

(2) The last three diagrams of (5.6) are still commutative if one replaces A by A.
(3) Let CAlgyx be the category of commutative k-algebras. Then the assignment

€r'(R)

4 . CAlge — CAlge, R—T(R), RL R — 0(R) " R L R 1(R))

defines a semiendofunctor of C Algx. Furthermore, we have
Y(RYW R) = (T(R) " RY R"Y" I'(R)) = ur(myer(n)
the convolutional identity element in End(T'(R)).
Let A € Par. Write NGB0 = X\ \GBD — X\op and MGB2 = (\gp)ap =

MGEEBD) o 5. Inductively, we have A(GB:t) = (\(GB.t—1) for any t € N with ¢ > 1.
GB z
Similarly, one could define \(f:t).

Definition 5.9. Let A € Par.

(1) The GB-order of A, denoted by |\“B, is the least positive integer ¢ with
MEBY = (\EB=1) . Note that |\[¢F > 1.

(2) Let t = |\|9B. Define the sets
Par(@B)" = {Ne Par : N9B <t}

and )
Par(@B™" = (X € Par, : |N%F <t}.

(3) For any n € N, let B(n) denote the partition defined by
B(n) = (n,n,...,n).
——
n times
Example 5.10.

(1) To find | B (4)|“2 and | B (8)|“Z, one might easily calculate

and
Thus, | B (4)|8 =5 and | B (8)|92 = 8.
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53(4)(613,0) E(4>(GB,1) E(4)(GB ,2) E(4)(GB,3) EE(4)(GB ,4)
m(4) (4,4,2,2) | (4,2,2,1) | (4,2,1,1) | (4,1,1,1)
B(8)(“B0) | |(8)

B(8)(EED | (8,8,8,8,4,4,4,4)

B(8)(EB2 | (8,8,4,4,4,4,2,2)

B(8)(EE3) | (8,4,4,4,2,2,2,1)

B()EED | (8,4,2,2,2,2,1,1)

B(8)(¢F) | (8,2,2,2,1,1,1,1)

B(8)(¢E | (8,2,1,1,1,1,1,1)

B(8)¢EN | (8,1,1,1,1,1,1,1)

(2) Similarly, one could check that | 8 (3)|% =5, | @ (5)|9% = |B (6)|°F =8 and
| B (10)|98 = 11.

Remark 5.11. Let A € Par and ¢t € N with ¢t > 2.
(1) Clearly, |A\|9B < || for A € Par with |A| > 1.

(2) If X € Par(©B)" then \gp € Par(@B)™Y

(3) If A € Par(©B)" then (AEBt=1)) o = . In particular, if A € Par(@B)* | then
()\(GB72))R — (2)7 )\(R,Z) — (Z) and ()\(GBv ))R — @
Consider the map
AGB
I'k) ———T'(k) ® I'(k) (5.7)

defined k-linearly by

OB 1®1 ifA=10
A PN = .
Prcoiacr-ny @ L+ 1@ p s nos_yy fAF#D
We have the following proposition.

Proposition 5.12. (T'(k), A“?) is a nonunital k-coalgebra.

Proof. We have to show that the following diagram is satisfied.

(T'(k (5.8)
ACB i i ACE
i / \(F

\/
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(AYP @id) AP py = (AP @ id)(py(emnen— @1+ 1@ pyannes_r)
= AP (pyap s ) © 1+ AYP(1) ® pyonines
= (paenines) ®L+1®@ pyapnes) ®1+101® pyepnos
= p)\(GB,|>\|GB)®]- ®R1+1® PrcBnGE) ® 1+41®1® PGB, NGB _1)

(id ® A“P)AGE py = (id @ AP (pyanxe5 -1 @ 1+ 18 pyonr65-1))
=pPy@EB,ACB-1) & AP +1@ AGB(P,\(GB,WGB—n)
=pyc5.268 -1 @(1R1)+1®(p, 5. 268, @LO1+1Rp, (e5.17165) )
=Py 2B 11T+ 1® pyennen @1 +1R1® p,en,aeB)

For any A € Par, AGBAI?) = \(GB.NT%-1) (by the definition of |\|¥#). It follows
that (A9B ®id)AYP = (id @ ASB)ACE. Thus, the diagram (5.8) is commutative,
and hence (I'(k), A9P) is a nonunital k-coalgebra. O

Definition 5.13. Fix t € N with ¢ > 1. Let I'(GB)"(k) be the free k-module
with the basis {px}y\cpar@nmt- Let @B (k) = D,>0 [(GB:m)" (k). Then the set

{Pa} xeparccnyt forms a basis for I'(@B) (k) over k, and T(@B)" (k) is called the (GB, t)-
Bayer Noise module over k.

Now consider the map

AGB)E

I(GB) (k) r(EB) (k) @ T(EB) (k) (5.9)
defined k-linearly by
: 1®1 ifA=0
AGB) p = )
prcei-1) @1 +1Q® py@pi-n  if X #Q.

We have the following proposition.

Proposition 5.14. (I'CB)'(k), A(B)") is g nonunital k-coalgebra.

Proof. The proof is very similar to the proof of Proposition (5.12). O
It is well known that the nonunital k-coalgebras (T'(k), A9?) can be extended for

a unital k-coalgebra (I'(k), AGB, ¢GB) where I'(k) = I'(k) @ k, and €GB : T(k) =
I'(k) ® k — k is the projection map, and A5 is the map

JE— AGB JE— JE—

(k) T(k) ® T(k) (5.10)
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defined by

ACB(f+a)=AB(HH+fol+1@f+a(l®])

for any f € T'(k) and a € k. Similarly, the nonunital (I'G5)" (k), A(GB)") can be
extended for a unital k-coalgebra (I(GB)(k), A(GB)" ¢(GB)")  where I'(GB) (k) =
@B (k) @ k, and e(GB)" : T(GB) (k) = T'(@B)' (k) @ k — k is the projection map,
and A(GB)' is the map

AGB)?

_F(GB)t(k> I(GB) (k) @ T(GB) (k) (5.11)

defined by
AGCBY (f4+a)=AGB (At fol1+1®f+a(l®l)

for any f € I'(GB)' (k) and a € k. Consequently, we have the following.

Proposition 5.15. (I'(k), AGB ¢GB) and (T(GB) (k), AGB) e(GB)") gre (unital) k-
coalgebras.

Example 5.16.

(1) A direct calculation for A5 P(4,4,2,2) gives the following:

BT
r@mr®1 )®1 + 1@ (m r@mr@)l).

(2) Calculating AGB)® PE(6) = A(GB)gp(Gﬁ,Gﬁﬁ,G) gives the following:

r®1+1®r
(mr®mr®1)®1+1®(mr®mr®l).

A(GB)®
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)11

(3) One could calculate AGB)" pm(0) = ACE
lows:

A(GB)H

£(10,10,10,10,10,10,10,10,10,10) &S fol-

+1em r r®1>'

6. Bayer Noise Functions and Other Bases

Recall that for any A € Par, the Schur function is defined to be

Sx = Z xcont(T) (6.1)
T

where 7 runs through all semistandard tableaux of shape A, that is, T is an assignment
of entries in {1,2,3,...} to the cells of the Young diagram for A\, weakly increasing
left-to-right in rows, and strictly increasing top-to-bottom in columns. Here cont(T)
denotes the weak composition (|7-1(1)[,|7~(2)],|71(3)],...), so that x<m(T) =

:z: gl [2]. For example,

W DN =
IS

T:

- W o

6

is a semistandard tableaux of shape A = (5,3, 3,2) with x°""T) = 2322222320222,
It is well-known that the set {sx}xepar forms a k-basis for A for any commutative
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ring k, and for any A € Par, one has
S}\ = Z KA,I/ mua
vEPar

where K, is the Kostka number (a non-negative integer that is equal to the number
of semistandard Young tableaux of shape A and weight v). This can be used as a
inspiration for the following definition.

Definition 6.1. For any A\ € Par, define the Bayer Noise Schur function

5)\ - Z K)\,V Pv = Z K/\,l/ ml/G,B ®mVG ®mVR'

vEPar veEPar

Example 6.2. For A = (2,2), one has

5(2,2) = x%x% —I—x%xg +l‘%l‘2.’1)3 +l‘%l‘2.’1)4 +I1$%.’L‘3 +T1T2T304 +X1T2L3T4 + -
11 11 11 11 12 12 13
22 33 23 24 23 34 24

=m(2,2) + M2,1,1) +2m(1,1,1,1)-

The Bayer-Schur function 42 2y, however, is given by

d(2,2)=P2,2) + Pe2,1,1) T 20(1,1,1,1)
=(m2,1)®@ma,1) ® m(1)) +(Mmz,1,1) @ m(1,1) @ mp)+2(ma,1,1,1) @ M1,1) ® myg).

This can be visualized as follows:

5(272)ﬂ5+pnj+2pi

Recall that the dominance or majorization order on Par, is the partial order on
the set Par, whose greater-or-equal relation > is defined as follows: For two partitions
A and p of n, we set Ab p (and say that A dominates, or majorizes, ) if and only if

M+ X+ N>+ +p fork=1,2,...,n[2].

It is well-known that the Kostka numbers are triangular with respect to the dominance
order. The following is an immediate consequence of the triangularity of the transition
matrix of {) }repar-

Proposition 6.3. The set {0x}rcpar forms a k-basis for T for any commutative
ring k.
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Following [3], define of the families of power sum symmetric functions p, and elemen-

tary symmetric functions ey, for n =1,2,3,... by
P, =] Fay e = M, (6.2)
e, = Z Tiy - Ty, = M(1n). (6.3)
1< <in
Here,

1 =111,...,1
——

. ones

We have the following consequence.
Proposition 6.4. Let n € N and A = (A1, A2, ..., ) € Par with Ay > -+ > ¢ > 0.

(1) We have
D, ®p, ®1 if n is even
2

Py = p,®p,_, ®1 ifnis odd
2
(2) We have
e, ®e, ®1 if n is even Sany @ S % ®1 if n is even
= 2 —
par) e, ®e, , ®1 ifnisodd Sumy ®8 ., @1 ifnisodd
2 1"2)

Proof. (1) We have p(,) = m(n)_, ® M(n), ® M(n), . Since (n),, = (n), (n), =0
and

(%) if n is even

(21) if nis odd

Thus

)

D, Op, ®1 if n is even
2

Pim) = p,®p,_, ®1 ifnisodd
2

(2) We have panry = M(n), ® m(in), ®m(1n)R. Since (1”)GB — (1"), (1")R =0

and
(1), = (1%) if n is even
G (lnT_l) if n is odd
Thus,
e, ®e, @1 if n is even Sy @ 5( 3, ®1 if n is even
— 2 _ 1
par) e, ®e, , ®1 ifnisodd Sumy ®s ,, ®@1 ifnisodd
7 172 )
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Recall that a sequence oo = (a1, @, . ..) in N that have finite support is called a
weak composition. The nonzero entries of the sequence o = (g, aa, . ..) are called the
parts of the weak composition . The sum ay + as + a3 + - - - of all entries of a weak
composition a = (aq, ag, ag, . ..) (or, equivalently, the sum of all parts of «) is called
the size of @ and denoted by |a|. A composition is a finite tuple o = (a1, @, ..., )
of positive integers. In other words, it is a weak composition with no zero entries. We
write @ or (0) for the empty composition (). Its length is defined to be m and denoted
by ¢(a); its size is defined to be a1 + as + - - - + a;,, and denoted by |«l; its parts are
its entries ag, s, ..., ;. The compositions of size n are called the compositions of
n. Clearly, any partition of n is a composition of n. Let Comp,, denote the set of all
compositions of n, and let Comp denote the set of all compositions. An expansion
of a composition « is a weak composition a such that removing the zeros from &
one obtains a. If a, 3,7 € Comp, then we say ~ is a shuffle sum of the other two
compositions if there are expansions @ and § of a and 3, respectively, which have
length ¢(7) such that v = & 4 3. Here, addition is componentwise [8].

It is well-known that for any A\, \' € Par, we have

— — v
m(m, ®m,,) =mm,, = E X My, (6.4)
vePar:
VRN

where c , is the number of ways of writing v as a shuffle sum of A and \".

Let ¥ : I'¢(k) @ I'°(k) — I'*(k) be a map defined by

9o, ®p,) = > S h,
vePar®: y H|(A+X"), |
vYUe{GB,R}

R R T
vEPar®: y, =N, H_‘)\l// |
vUe{GB,R}

where cf ), is the number of ways of writing v as a shuffle sum of A and M, and the
map

k =0 (k) 22 (k)

is the inclusion map.
Let 6 : T'¢(k) — I'¢(k) ® I'¢(k) be the map defined k-linearly by

dp, = Z JR (6.5)

(pn,v)EPar®xPar®:
Hy Uy, =X, YUE{GB,R}

in which g, Uy, is the partition obtained by taking the multiset union of the parts
of 1, and y,, and then reordering them to make them weakly decreasing. We end up
this paper with the following theorem.
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Theorem 6.5.

(1) The triple (T'°(k), 9, u.) is a k-algebra, where

k =0 (k) 22 1e(k)

is the inclusion map.

(2) The triple (T¢(k),6,€) is a k-coalgebra, where T 5 k is the map defined k-

linearly by
ap(e,o):k = idk and a12® len) = 0.
n>0

(8) (Te(k), ¥, ue, d,€) is a k-bialgebra, and hence (I'°(k), ¥, u., d,€) is k-Hopf alge-

bra.

Fix a commutative ring k. We end this paper with the following few things as

suggestions to the reader who might be interested in.

¢ Finding a connection between Hall algebras and Bayer Young diagrams.
o Establishing another bases for the Bayer Noise module over k.
e Defining noise symmetric functions using other filters.

¢ Defining symmetric functions based on the denoising concept.
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ABSTRACT: In this paper, we shall study the existence and unique-
ness of solutions called "traveling profiles solutions" to the porous medium
equation in one dimension. By these solutions, we generalize the results
obtained by Gilding and Peletier who proved the existence of self similar
solutions of type I, II and III to the same equation. The principal idea
of our work is to convert the porous media equation in to an equivalent
nonlinear differential equation, and to prove the existence and uniqueness
of these new solutions under certain conditions.

AMS Subject Classification: 35C06.
Keywords and Phrases: Porous medium equation; Exact solution; Traveling profile
solutions.

1. Introduction:

Consider the one dimensionel porous media equation, which is written as:

{G= ), (11)

where u > 0, x € R, t > 0, and m > 1, is a fixed real number. Equation (1.1) is
parabolic at any point (z,t) at which v > 0. However, at points where u = 0, it is
degenerate parabolic. Equation (1.1) arises in many other applications, e.g, in the
theory of ionized gases at high temperature [21] for values of m > 1, and in various
models in plasma physics [5] for values of m < 1. Of course, for m = 1, equation
(1.1) is the classical equation of heat conduction. In this paper we will focus on the
case where m > 1.

COPYRIGHT © by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Classes of weak solutions for the Cauchy problem and the Cauchy-Dirichlet prob-
lem of Eq. (1.1) were introduced by Oleinik, Kalashnikov and Yui-Lin [15], they
proved existence and uniqueness of such solutions and they showed that if at some
instant tg, a weak solution U(z,tg) has compact support, then u(x,t) has also com-
pact support for any ¢ > to. Gilding and Peletier [12], has study a class of similarity
solutions of (1.1) for 0 < z < o0 and 0 < t < T, where T is some positive constant.
These solutions has three following form:

Lou(z,t) = (E+7)A0), n=a(t+7)zFn=D) for 50, (1.2)

2. ug(x,t) = (t—71)%n), n=o(t — T)_Tl(1+(m_1)“), for > T, (1.3)
-1

3. uz(z,t) = et f(n), n= xexp(ja (m—1)(t+r7)), forany 7.  (1.4)

After substitution of u1, us and ug into (1.1), they have obtained the following equa-
tions for the functions fi, fo and fs:

Lo = ahi- 30+ m-Dalnfi, 0<n<os,  (19)
II. (2’”)” = —afg—i-%({l—l—(m—l)a}nf;, 0<n< oo, (1.6)
I11. (fgl)” = afg—%a(m—l)nfé, 0<n<oo. (1.7)

At the boundaries, the following conditions are imposed:
fi(0)=U (=0), fi(c0)=0,i=1,2,3.
Thus the solutions w;(x,t) satisfy the lateral boundary conditions
u(0,8) = (t+7)°U, u2(0,t) = (t — 7)°U, u(0,t) = >,

and
ui(xz,t) > 0ast — oo, i =1,2,3,

for fixed t € [0,T].

It was Barenblatt [4], who first discussed the similarity solution wu;; he did this for
a > 0. In a subsequent paper [5] he also investigated the solution uz for a > 0 and
m = 2. Later Marshak [14] also discussed solution us; in addition he made a detailed,
and partly numerical, study of solution u; for o = % For a number of values of «,
explicit solutions were found by various authors [1,4,5,13-15,21].

In this work we discuss the existence and uniqueness of a most general form of
solutions (1.2)—(1.4) to equation (1.1), which are written in the form:

x —b(t)
a(t)
where a(t), c(t),b(t) and the profile f are to be determined. By replacing this form
of solution in this equation, we obtain a general form of nonlinear differential equa-

tion which we prove the existence of their solutions under certain conditions. These
solutions are called "traveling profiles solutions" [7,8].

u(z,t) =c(t) f(n), withn = , a, ¢, beRT, (1.8)
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2. Traveling profiles solutions to porous medium
equation:
If we replace this form of solutions in equation (1.1) we find,

cm—l

™), (2.1)

this equation depends on many unknown parameters, our aim is to determine the
coefficients a (t), ¢ (t),b(t) and to prove the existence of the profile f.

In that case, a simple separation of variables argument implies that the following
three conditions must hold:

¢ 4 b
—f—=nf ——f =—;
C a a a

m—1

g = Ca2 @
oo e (2.2)
b=y
with parameters «, 8, € R, and the profile f must satisfy the equation
(™) () = af(n) + Bnf () ++f (). (2.3)
2.1. Resolution of the differential system:
At the boundaries, we impose the lateral boundary conditions
a(0)=1, ¢(0)=1, b(0) =0, (2.4)

we can see that from (2.2), we have

a(t) = (1 — ABt)*
c(t) = (1 — ABt)7a  for0<t<T, (2.6)
b(t) =3 (1- ABH)* -3
with
26+ (m—1)a >0, (2.7)
and o

the finite time T is given by

1
T 28+ (m— 1)
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In other hand, we have

alt) = exp (~B1)
c(t) = exp (at) , for 0 < t < oo, (2.10)
b{t) = 3 exp (~Bt) — 3

with
28+ (m —1)a=0. (2.11)

Now we want to prove the existence of the profile f of equation (2.3).

3. Existence and uniqueness of the "based profile":

In this section, we discuss the existence and uniqueness of weak solutions with compact
support for the boundary value problem

(fm);;77 =af +p/nf,+vf, 0<n<oo, where o, 3,7 €R, (3.1)

with 7 = x;(bt()t), and

F0)=V and f(c0)=0, (3.2)

where V' > 0 are arbitrary real constants. With this equation for v = 0, we recover
the forms (1.5)-(1.7) which has been investigated in detail in a series papers (Gilding
and Peletier, 1976,1977; Gilding 1980, [12]).

Thus the solution u(z,t) satisfy the lateral boundary condition

u(b(t),t) =c(t)V, with V € RT, (3.3)
to the porous medium equation 1.1 in the domain b(t) < x < oo, t > 0

ou 0?

Our aim is to generalize the results of [12] for v # 0, we follow definition.

Definition 3.1. A function f is a weak solution of (3.1) if it satisfies the following
conditions:

a) f is bounded, continuous, and nonnegative on [0, 00).

b) (™) (n) has a continuous derivative with respect to n on (0, 00).

c) f satisfies the equation

[ o {um = @nenstast@-p) [ oran=o

for all ¢ € C3(0,0).

We will prove the following theorem:
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Theorem 3.2. Suppose that V' > 0. Then the boundary value problem (3.1)-(3.2)
has a weak solution with compact support if and only if 5 <0, v <0 and a—25 > 0.
Furthermore, this weak solution is unique.

To prove this theorem, we impose the following boundary value for equation (3.1):
fQ0) =V, (3.5)

and

fF)=0, (f™) (A) =0, (3.6)
where A > 0 is a real number. Using a shooting argument with A > 0 as the shooting
parameter, we first prove the following theorem for the existence and uniqueness of
classical solutions for (3.1) with the boundary conditions (3.5)-(3.6).

Theorem 3.3. Suppose that V' > 0. Then the boundary value problem (3.1), (3.5) and
(3.6) has a unique solution and there exists a unique \(V') > 0 such that f(n; A(V))
is positive on (0, ) if and only if B <0, v <0 and a — 28 > 0.

We first determine necessary conditions on the parameters a, § and ~ for the
existence of a nontrivial weak solution of (3.1) with compact support.

Lemma 3.4. There exists a nontrivial weak solution of (3.1) with a compact support
only when f=v=0and a>0 or <0 and v < 0.

Proof. Suppose that f(n;\) is a nontrivial weak solution of (3.1) with compact
support. Then f > 0in (A —¢,A) and f =0 in [\, 00) for some A > 0 and € > 0.
It follows that f is a classical solution of (3.1) on (A—e, A) and satisfies (3.6) at n = A,

/

that is, f(A) =0, (f™) (A) = 0. Integrating (3.1) from 5 to A, where A —e < n < A
we get:
, A
—Um == G+ a8 [ F©d (37)
n

The continuity of f and ( fm)/ ensures the existence of 79 € (A — &, A) such that
f (no) < 0. This implies that the LHS of (3.7) is positive at 7 = 1o , and, therefore,
—(Bno + ) and a — B cannot both be less than zero. Thus, 8 = v = 0 implies that
a>0.

Now consider the case 8 > 0 and « > 0. This requires that a — 8 > 0, and hence
a > 0. We easily check from (3.1) that f cannot have a maximum as long as f is
positive. Therefore, f does not assume a maximum at any point in (A — €, A), thus,
f (o) <0 on (A—e,A). It follows from (3.7) that

—mf" 2 () f () + (Bn+v)n < (a—B)(A—1n), (3.8)

where we have used the fact that f(&) < f(n) for £ € (i, A), A—e <n <A Asnp— A
in (3.8), LHS becomes positive, and the RHS tends to zero, a contradiction.

Thus we have shown that 5 =y =0and a > 0 or 5 < 0 and 7 < 0 are the only cases
for which a nontrivial weak solution of (3.1) exists with a compact support. O
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3.1. The case when f=v=0and a >0

With 8 = 4 = 0 and o > 0, the solution of (3.1), were obtained by Gilding and
Peletier, see [12]), and are given by
a(m— 1)2 N
A) = | ——— (A — 0 <A 3.9
f(m;A) [2m<m+1)( n) , 0<n <A, (3.9)
which is the unique solution of the problem (3.1) satisfying (3.6).
We observe that

a(m—l)2 5 T
2m(m+1))\]

f(O;0) = l

Because m > 1, f(0;)) is a continuous function of A with f(0;0) = 0 and
f(0;00) = oo; furthermore, f is a continuous and monotonically increasing func-
tion of a. This implies that, for a given V' > 0, there exists a unique A(V') such that
f(0; A(V)) = V. Therefore, f(n; A(V)) is the unique solution of (3.1) satisfying (3.5)
and (3.6). An easy calculation shows that

AV) =

2m (1 + 1>Vm1] :
a(m—1)* .

3.2. The case when <0 and v <0

We give below an elementary lemma for the case f < 0 and v < 0.

Lemma 3.5. Suppose that 0 < p < X and f is a positive solution of (3.1) on [u, \)

satisfying (3.6). Then the following results hold.:

(i) f'(n) <0 on [u,\) provided that a — 3 > 0.

(i) Suppose that o — 5 < 0 and f/(no) = 0 for some ng € [, \). Then f has a
AMa=B)—y

mazimum at 1o for no < =—_ .

Suppose that f is a positive solution of (3.1) and (3.6) on [0,\). Then
£(0)<0, fora—pB2>0.

Proof.
(i) By integration of (3.1) from p < n < A, we obtain

™Y ()= — (Bn ) £ () + (- B) / £ () de. (3.10)

Because 8 < 0 and v < 0, the RHS of (3.10) is positive when o — 8 > 0 and hence
(f™) (n) < 0. This implies that f (1) < 0 on [1, A).
(i) if & — 8 < 0 then a < 0 (because 8 < 0), by (3.1), f (10) < 0 when f (10) = 0,
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thus f has a maximum at n = 7y and is strictly decreasing on (g, A); that is,
f (n) <0on (ny,A). Putting n = ng in (3.10), we have:

A
0=—(Bno+7)f(no)+(a—=p) [ f(&)dE>—(Bno+7)f(no)

To

+ (o= B) (A —=mno) f (n0),

therefore,
(B +9) + (@ = ) () <0 or gy < XY
With n = 0, (3.10) becomes
, A
~m O = O+ @5 [ £ (3.11)
n
The result for £ (0) follows immediately from (3.11). O

In the next lemma, we prove the local existence and uniqueness of a solution
of (3.1) satisfying (3.6). This is accomplished by formulating an equivalent integral
equation following the work of Atkinson and Peletier [3].

Lemma 3.6. Suppose that f < 0, v < 0 and « is any real number. Then, for any
A > 0, equation (3.1) with initial condition (3.6) at n = A, has a unique positive
solution in a neighborhood (A — e, \) of A, here, € > 0 is a constant.

Proof. Suppose that f is a positive solution in a left neighborhood of n = A. By
lemma 3.5, f (n) <0 for n € (A —¢, ) for some € > 0.
Let n = G(f) where G is the inverse of f on (A — &, A). Rewriting (3.10), we have:

’ >\ ’
™ () = (an+) £ () + (a - B) / ef (&) de. (3.12)

With G(f) = in (3.12) we have:
E _ mfm—l
I (@G 47) f ~(a=P) J] Gle)de’

equation (3.13) is an integro-differential equation for G = G(f). Integrating (3.13)
from zero to f , we obtain

(3.13)

f ¢m—1d¢
G —A=m .
v /o (@G +7) ¢ — (a—B) [ Gw)dy

(3.14)

Let
H(f)=1-X"'G(f), (3.15)
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Then, equation (3.14) becomes

f m—1
=2 o dé . (3.16)

TN o (“B=7) 6+ adH(9) — (a— B) [T H(w)dy

By using the Banach—Cacciopoli contraction mapping principle, we now show that
equation (3.16) admits a unique positive solution in a right neighborhood of f = 0.
Let X be the set of all bounded functions H(f) on [0, k], h > 0, satisfying

0§H(f)§p=m. (3.17)
Let ||..|| be the sup norm defined on X. Then X is a complete metric space.
-2 [ oo H(f) € X,
NS0 —(849) 6+ adH (@)~ (o = B) [ H(w)d )
3.18

First we show that M maps X into X over [0, ho], h < hg. Let H € X. Clearly,

¢
(B0 +a0H(@) (0 =F) [ HW) = ~(3+1)6laloH(0) (319)
— la—=plIH[¢
> —(B+7)e (3.20)
(laf + o= BI) [|1H]| ¢
> (8 —QF NS (3.21)
where we have used (3.17). Therefore, from (3.18), we have
2m ! m—2
M) <~y [ o
_ mem72
=B+ A(m-1)
m—2
< 2mh (3.22)

—(B+NI(m-1)

Thus, M(H) is well defined on X and M(H) : [0,h] — R is nonnegative and
continuous. The RHS of (3.22) suggests that we may find hg, h < hg such that
|IM(H)|| <p, He X. Thus M maps X into X for h < hg. In the next step, we show
that M is a contraction map on X. Let Hy, Hy € X, and h < hg.
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Then
dm f m—3 3
[M(Hy) — M(H)|| < (5'1'7)2)\2/0 0] (|0¢|¢HH1 Hs||
[
+ Ja=pl [ i~ M du)as
4m

o el e = DR Iy — )

Therefore, there exists hy € (0, hg] such that if h < hy, M is a contraction on X. By
the Banach—Cacciopoli contraction principle, M has a unique fixed point in X and
hence equation (3.16) has a unique solution. This, in turn, implies that there exists
a unique positive solution of (3.1)-(3.6) in an interval (A — e, ) for some e > 0. O

In the next lemma, we prove that a positive solution f(n; A) of (3.1) and (3.6)
cannot be unbounded.

Lemma 3.7. Suppose that 8 < 0, v < 0 and p € [0,\). Furthermore, let f be a
positive solution of (3.1) and (3.6) on (u, ). Then f is bounded on (u, ) and

0 D2 s (= (8 +29) (0~ 28) A — 20}

sup f (1) <

Proof. We prove this lemma for the two following cases: (i) a— 8 > 0, (ii) a— 3 < 0.
Case a—f2>0:
In this case, f (n) <0 on (u, A) by Lemma 3.5, f (n) > f (&), € € (n,A). By (3.10),

we have

’

(" < =Bn+Nf)+@=8)fmA-—n), p<n<A,

or
—mfm P < —an—y+Aa—B) < -A—y+a(A-n), p<n< A (3.23)

Integrating (3.23) from 7 to A\, we obtain

1
) S Ak ga-m | (- pSm <A (324)
Thus 1
m—1
—— (Sﬂlff)f (n) < 5 [(@=268)A =29 X (3.25)
Case a—f<0:

By equation (3.10),

’

(") M <=Bn+Nf), p<n<A
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or
—mfm T < — (B ), p<n <\ (3.26)
Integrating (3.26) from 7 to A\, we obtain
m B
mf ") < - 5()\2—772)4‘7()\_77) , << A (3.27)

This in turn, implies that

_ A
ot/ Hm) <=5 (BA+29). (3.28)

Observe that the bounds in (3.25) and (3.28) are independent of p and, therefore,
f (n) cannot be unbounded as 1 decreases from n = . O

Lemma 3.8. Suppose that f is a positive solution of (3.1) and (3.6) in a left neigh-
borhood of n = X, and B <0, v < 0. Then f(n) >0 on [0,\) when a — 28 > 0.

Proof. Integrating (3.10) from n to A we have

A

A
£ ) = — (Bn+7) / £(€)de + (o — 25) / (€ —n) £ (€) dt. (3.29)

It is easy to see from (3.29) that, if & — 28 > 0, then f(n) > 0 on (0, A). O

Prove of Theorem 3.3. Now we proceed to prove Theorem 3.3. We have already
proved in Lemma 3.6 the local existence of a solution about 7 = A for (3.1) and (3.6).
This unique local solution may be extended back to n = 0 as a positive solution with
f£(0) > 0 if and only if when o« — 28 > 0 (see Lemma 3.8). Now if we can prove that
there exists A(V) such that f(0; A(V)) = V, then Theorem 3.3 is proved. To that
end, we use the following result due to Barenblatt (see [5]). Suppose that f(n; A) is a
solution of (3.1) and (3.6) on (0, A\); then wiﬁf(wn;w)\) is a solution of (3.1) and
(3.6) on (0,wA) for any w > 0. Let w = A~ !, then,

F0;0) = A71£(0;1) = V. (3.30)

Because f(0;1) >0 for « — 26 >0, 8 <0, v <0, we get a unique root A = A(V)
of (3.30). Thus, f(n; A(V)) is the unique solution of (3.1), (3.5) and (3.6).

Theorem 3.3 follows if we add that, for § = v = 0, we have already constructed
the explicit solution (3.10):

f(n;A)=[§m(A—n)2] <<
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Prove of Theorem 3.2. We observe that

f(n)z{ (J)"(n;k), gi:’?iéo : (3.31)

is a weak solution of (3.1) and (3.6). Now we must show that, given V' > 0, (3.31) is
the only solution of (3.1), (3.5) and (3.6) with compact support.

Suppose that f(n) is a weak solution of the problem (3.1) and (3.2) with compact
support. By Lemma 3.8, this is possible only if o — 25 > 0. Moreover,

>0, on ne0N),
f(”){zo, on neENo), A>0.

By Theorem 3.3, this is also the unique solution. Thus, we have proved Theorem

3.2. O

We conclude with a discussion of the implications of Theorems 3.2 and 3.3 for
general form of self similar solutions to equation (1.1).

Theorem 3.9. If <0, v<0 and o > 28

1-m?

the problem (3.4), (3.3) has a weak solution with compact support in the form

x — b(t)
a(t)

where the "based profile" f is a solution of following differential equation

u(z,t) =c(t) f(n), withn=

(™) = f +Bnfy +7fr, 0<n< oo

and the coefficients ¢ (t),a (t) and b(t) are given by

1)
a(t) = (1— Apt)~
c(t) = (1 — ABt)7a L 0<t<T,
b(t) =3 (1- ABH)* — 3
z'fa>li[fn, A=2+3(m—1) with
- 1
284+ (m—1)a’
and by
2)

a(t) = exp (—Bt)
c(t) = exp (at) , 0 <t < oo
b{t) = 5 exp (~B) —

. 2
zfaz%.
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Proof. We have already proved in Theorem 3.3 the existence of "based profile" f
with compact support if and only if 5 <0, v <0 and a — 25 > 0.
The coefficients ¢ (t),a (t) and b(t) are given by (2.6)

a(t) = (1 - Apt)=
e(t) = (1— ABt)7a L for0<t<T
b(t) =3 (1— AB* — %

with A =244 (m—1) and T = m > 0, then 26+ (m—1)a > 0, e a > 22

Clearly the coefficients ¢(t),a(t) and b(t) are defined if 1 — ASt > 0, this implies

1
B T

We see that the solution u (z,t) blows up at t =T. and T' = m7 is the blow-
up time, such that the solution is well defined for all 0 < t < T, while u (z,t) — oo as
t="T.

We recover also (2.10)

a(t) = exp ()
c(t) = exp (at) , for 0 <t < o0.
b{t) = 5 exp (~B1) — 3

if 26+ (m — 1= 0, ie a = 22

1-m

Finally, we have proved that solution u (z,t) = ¢ (t) f [xa_(ibt()t)} exists for 8 <0, v <0

andazi O

1-m~

Conclusion

In this work we have proved the existence of some class of solutions called "traveling
profiles solutions" to the porous medium equation in one dimension. We have general-
ized the results obtained by Gilding who proved the existence of weak solutions with
compact support under self similar form. we have also found new exact solutions of
porous media equation in our general form of self similar solutions.
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Asymptotic Analysis for Coupled Parabolic
Problem With Dirichlet-Fourier Boundary
Conditions in a Thin Domain

Mohamed Dilmi

ABSTRACT: This paper concerns the asymptotic behaviour of the
initial boundary value problem of a class of reaction-diffusion systems
(coupled parabolic systems) posed in a thin domain with Dirichlet-Fourier
boundary conditions. We first prove the existence and uniqueness of the
solution to the problem for fixed € > 0 by the Galerkin method. Then,
we give the characterization of the limiting behaviour of these solution as
the thinness tends to zero.

AMS Subject Classification: 35R35, 76F10, 35B40, 7T8M35.
Keywords and Phrases: Asymptotic behaviour; Coupled parabolic systems; Galerkin
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1. Introduction

Let Q¢ be a bounded open subset of R? with a sufficiently regular boundary 9Q°. We
define the thin domain as follows

QF = {x:(xl,xg) eR? 0<z1 <L,0< o <sh(x1)},

where € > 0 is a small parameter that will tend to zero and h (.) is a function of class
C! defined on [0, L] such that

0<h= min h(z;) <h(z;) <h= max h(x;), Vo1 €[0,L].
z1€[0,L] z1€[0,L]

The boundary of Q¢ consists of three parts: 0Q° = 9Qf U 005 U 995, where 0Q] =
{x € 90° : 9 = eh (x1)} is the upper boundary, 903 = ]0, L[ is the bottom boundary

COPYRIGHT (C) by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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and 095 = ({1 =0} U {z1 = L}) x]0,eh (z1)] is the lateral part of the boundary of
Qe.

In the thin domain €2, we are interested in analyzing the behaviour of the so-
lutions, as the parameter e — 0, of the following coupled parabolic problem with
Dirichlet-Fourier boundary conditions

Opu® — Age (uF) + A%0° = £ on Q° x (0,7), (1.1)
0" — Age (v°) + A°u® = ¢° on Q° x (0,7, (1.2)
zg } (095 U0S) x (0,T) (1.3)

g, r* € RY : Opas (u )—&—Fu —rv* =0
35,7 € RE ¢ By e (0°) + 50" + r7uf = 0 on 10, L[ x (0,T), (1.4)

where A< (+) is the differential operator given by
2
A () = Z O, [CZ () az] ( )] )
i,j=1

A® is a positive constant, f°(-), ¢°(-), ci; (-) are given functions and Oy, (1) =
Zf j=1¢5j (¥) O (*) .n; indicate the derivative compared to the external normal on
the boundary ]0, L[, such that n = (0, —1) is the unit outward normal to ]0, L[. We

complete the problem (1.1) — (1.4) with the following initial conditions
(u®(z,0),v%(x,0)) = (0,0), Vz e Q°. (1.5)
We will deal with the problem (1.1) — (1.5) under the following conditions:
¢ € LT (), ¢ () =¢5, (1), 1 <4, <2,
also Ju. > 0, such that Vn € R?

2 2

Z )ity = fe Z (ni)z :

j=1 i=1

The study of thin structures with coarse features, fluids filling fine spheres, or even
the process of chemical diffusion in the presence of narrow grains is very common in
engineering and applied sciences. Recently, the study of the problems of thin struc-
tures has been extended to include many problems arising in applications such as
mechanics of solids (thin rods, plates, shells), fluid dynamics (lubrication, meteoro-
logical problems, ocean dynamics). We refer to ( [17], [11]) for some concrete applied
problems.

Analyzing the properties of thin structures and the processes that take place on
them and understanding how the micro-geometry of a thinner structure affects the
overall properties of a material is a very important issue in engineering and materials
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design. In this regard, obtaining the specific equations of primitive models allows
analysis of how different micro-scales affect primitive problems and allows for study
and understanding in more complex situations.

Mathematically, the behaviour of the solutions of partial differential equations
dealing with the problems of thin domains is a subject that has been addressed in the
literature by different authors, we may mention; In [1], they studied the behaviour of
the solutions of nonlinear parabolic problems posed in a domain that degenerates into
a line segment (thin domain) which has an oscillating boundary. In the paper [15], the
authors investigated the asymptotic behavior of the solutions to the p-Laplacian equa-
tion posed in a 2-dimensional open set which degenerates into a line segment when a
positive parameter € goes to zero. In [3], they studied the asymptotic behaviour of
the solution of a boundary-value problem for the second-order elliptic equation in the
bounded domain ¢ C R? with Robin type boundary conditions in the oscillating part
of the boundary. The authors in [12], examined the limiting behaviour of dynamics
for stochastic reaction-diffusion equations driven by an additive noise and a determin-
istic non-autonomous forcing on an (n + 1)-dimensional thin region. A nonuniform
Neumann boundary-value problem was considered for the Poisson equation in a thin
domain €2° coinciding with two thin rectangles connected through a joint of diameter
O (g) in [10]. For the Stokes system in a thin domain with slip boundary condi-
tions, we mention the works ( [2], [7]). For the case of thin elastic structures, there
are many works of literature, we mention for example; The authors in [4], addressed
the problem of the junction between 3-dimensional and 2-dimensional linearly elastic
structures and various asymptotic developments for the junction between plates. The
asymptotic analysis of a dynamical problem of elasticity with non-linear dissipative
term and non-linear friction of Tresca type was studied in [5]. Along the same lines,
the authors in [6], have proved the asymptotic analysis of the solutions of a linear
viscoelastic problem with a dissipative and source terms in a three-dimensional thin
domain Qf, with non-linear boundary conditions. The authors in [8], were interested
in studying the asymptotic analysis of a mathematical model involving a frictionless
contact between an quasi-static electro-viscoelastic and a conductive foundation in a
three-dimensional thin domain Q°.

On the other hand, a lot of mathematical systems models have been recently
used to study pattern formation in population ecology, morphogenesis, neurobiology,
chemical reactor theory, and in other fields, see for example ( [18], [16], [9]). These
phenomena are usually described by the coupled parabolic systems similar to (1.1)-
(1.5).

The main purpose of the paper is to prove the existence and uniqueness of the
weak solution for the boundary value problem (1.1) —(1.5), and study the asymptotic
behaviour of the solution when € tends to zero.

The rest of the paper is organized as follows. In Section 2, we derive the weak
formulation of the problem and prove the theorem of the existence and uniqueness
of the weak solution by the classic Faedo-Galerkin method. In Section 3, we seek to
know the behaviour of the solution when the small parameter ¢ tend to zero. For
this purpose, we use the technique of the change of the variable to establish some
estimates independent of the parameter . These estimates will be useful in order to
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prove the convergence results and the limit problem.

2. Weak formulation of the problem

For obtain the weak formulation of the problem, we introduce some spaces: let L? (QF)
be the usual Lebesgue space with the norm denoted by ||-|[;2(q-) and H! (9¢) be the
Sobolev space

H' () ={ue L*(Q°) : 9,,uc L* (Q°), j =1,2}.

We denote by H{ (92°) the closure of D (Q°) in H* (QF), and H ! (Q¢) the dual space
of Hj (9°). Let X a Banach space endowed with the norm ||-||y, we denotes by
L?(0,T; X) the space of functions u : (0,7) — X such that u (t) is measurable for
dt. This space is a Banach space endowed with the norm

T
el 2 070y = ( / lu(s)]1% ds)

We multiply the equation (1.1) by ¢ and the equation (1.2) by ¢ where (p,¢) €
HY(Q%)2, then we integrate over Q° and applying Green’s formula, we obtain the
following weak formulation of the problem

1
2

Find (uf,v°) € (K°)* such that (2.1)

L
(0ru®, ) + aas (U5, ) + (A70%, ) +/ (lu® —rv) pdxy = (f%,¢), Ve € K7,
0

L
(O00°, ) + age (05, ) + (AuF, ) + / (I50° + 1) apday = (¢F,0), Vb € K°,
0
(us(x7 O)’ Ve (.13, 0)) = (07 0) s

where
K¢ ={(eH' Q%) :(=0o0n 095 U5},

and
o) = 3 [ @n ()0, ()
Theorem 1. Assume that
(f5,9°) € L2 (0, T, L2 () .
Then, there exists a unique solution (u®,v®) to problem (2.1) such that
(ue,0°) € L2 (0, T, HY(29))?,

(8{(1,6, atvs) S L2 (O, T‘7 LQ(QE))2 .
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Proof.
A) Uniqueness.

Let (u§,v§) and (u§,v5) are two possible solutions. Taking in (2.1) (p,v¢) =
(u§ — us,v§ — vs) (respectively (p,9) = (u§ — ug,v§ —v§)) in the equation relating
to (u§,v§) (respectively (u§,v§)), we find

(Orui, ug — uf) + aas (uf, uy — ug) + A" (v7, up — uf) (2.2)

+ /OL (IJuf —roof) (ug — uf) dy
= (f%,u5 —ui),
(Opus, ul — u3) + aae (ug,ui — uz) + A% (vg,uf — u3) (2.3)
+ /L (IJu§ — rfv2) (uf — us) day
0
= (f%ul —u3),
and

(Opvi, v — v1) + ap= (v],v5 — vf) + A (uf,v3 — o) (2.4)
+ /L (1507 + ruy) (v5 — of) dy

= (;E,US —vi),

(Opv3,v] — v3) + ap= (v3, V] — v3) + A (ug,v] — v3) (2.5)
" /oL (l5v5 + ru3) (v] — v3) day

= (g% v —v3),

we put U = uj — u§, and V° = v§ — 0§, thus the sum of (2.2) with (2.3), and (2.4)
with (2.5) gives

L L
— (OU®,UT) — age (U, UT) — X (VU — lf/ U U dxy + / r*VEUTdz, = 0,
0 0
and
L L
BV, V) — age (V,VF) = N (UF, V) — / Ve Veday — / rSUE VEday = 0.
0 0

Now, adding the two equations above, we find

(O (5) U () + aas (U (s) U (5)) +ags (V" (s), V" (s)) (2.6)
< 2N (VF () UE (s)).
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On the other hand, we have

/0 G (U (3), 0 (8)) ds > pie / 19 () ps ey s,

then, integrating the inequality (2.6) over (0,t), we get
t
(104 ()3 2ey + 1V () F 2y ) + / (bt 14 () ) + 125 1V ()1 e ) s

t
<2 [ (I @) Eaiaey + 1V g .
now, using Gronwall’s lemma, we find
U= (s),V°(s)) = (0,0), Vs €(0,7).

Thus, we obtain the uniqueness of the solution.
B) Existence.
To show the existence of the solution, we use the Faedo-Galerkin approximation.
Let {KZ,} be a family of finite dimensional spaces. It introduces a sequence (wj )
of functions having the following properties:
*ws € Ko, V) =1,..,m.
* The family {w§, ws, ..., w,} is linearly independent.
* The K&, = [w§,ws, ..., ws,| generated by {w§,ws§, ..., ws,} is dense in K¢.
Let (ué,,vs,) = (us, (t), 05, (t)) be an approximate solution such that

m m
U (8) = Y Rjm () w5, 05, (8) = ) Py (8) w5,
j=1 j=1

where R, (t) and Pj,, (t) are determined by the following ordinary differential equa-
tions:

L
(3tufn,w§) + Qg (ufn,wj) + )\E(vfn,wi) + /o (Fus, —rvs,). (wje) dxq (2.7)
= (f&"w;)’ 1 <J <ma

L
(D5, w5) + age (v5,, w5) + A (us,, w5) + /0 (1505, + r°us,) - (w5) das

=(¢°,w5), 1<j<m,

U (2,0) =0,
Um (0) = >~ vjm (0) w; 280 in K€,
=1
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Now, we will establish some estimates independent on m.
The first estimate.

By multiplying the first and the second equation of (2.7) by Rj., (t) and Pj, (t)
respectively, then sum over j from 1 to m, we obtain

L
t Ea af 5 I} - 1= 5 5
@%wm+ammmwvmqma/ﬁ@ ros,) whsdar = (£, u5,)
0
and
L
@@wm+%m@ﬁ»m%%wm+/<m;w%m@mfwﬁ@»
0

by integrating over (0, t) the two equations above, and summing the result, we deduce
that

1 ) 1
3 i (92 (e + 5 llvr (s $)I72 00 ds+ua/Hu )31 (e ) ds

—|—u5/|\v HHl QE)ds—i—ll// s)|? dsclds—i-lg// vS, ()| dwyds
t

< [ >w+/<<@mm@wwnv/w;@wm@Ms
0

0 0

Now, using the fact that

t
/wws |w</wenmmw+/w )220, s,
0

t
/K() |@</m nwm@+/w a0, 4,
0

and

/|; u \w<W/m nwmw+W/m 3 l32(0e s
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we find the following estimate

2
s (NEacaey + 105, <>nL2“F>+—2ﬂal/’nu (5) 3 e 5
+mw/wv mpmqw+af/wu prLmk+2F/Hv (OMigop
2 2
s@+4xy/0m;@mmmﬂ+n@x@hmm)w
0

t t
2 2
2 [ 17 Oy ds+2 [ 167 02 s
0 0
After applying Gronwall’s lemma in the above inequality, we get

£ 2 £ 2 5 2

[t ()22 ey + 105 ()22 (0ey + Ui (20,7, 50 (20 )) (2.8)
£ 2 e 2 e 2

+ v () 207,11 (00)) + 1Um ()220, 7,220,201V (720,720, L1))
<<,

where ¢% is a constant independent on m.
The second estimate.

We multiply the first and the second equation of (2.7) by R}, (1) and P}, (1)
respectively, then sum over j from 1 to m, we have

L
(Opus,, Opus,) + age (us,, Opus,) + A% (v5,, Opus,) + / ([Suy, — rfus,) Opus,dxy
0
= (fsa atufn) s
L
(Opvs,, Orvs,) + age (v, Ovs,) + A° (us,, Owvs,) + / (I5v5, + reus,) Ovr, dy
0
( 8”) ) ’
as [ aae (U5, (5), 045, () ds, [3 [ (u5, (5).0pus, (s)) dards, [i [i (v5,.005,) deids
and fo ags (V5 (s), 0005, (s)) ds are posmve terms, integrating from 0 to ¢, we find

[ 100 )y st [ 1005 OV s+ [ 52 5) 0 5D
+v4<m<»wa@>
g/U()&u@D%+/@()&v(D

—r// ) .05, d:clds—i—r// (Opus, (s)) dzy ds,
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Next, by using Cauchy-Schwarz inequality, trace theorem and Young’s inequality, we
obtain

2
§ 10 eyt + 1 [ 1005 9y 29)
< axe / 105, ()l 2y ds + 4A° / i, (3)]] e s + 4 / 12 () e s

t
#4r50@) [ (10 s + 105 Ol 851 [ 197 Ol

on the other hand, by the estimate (2.8), we have
/ g, ()l eqo.cp ds + / 2, (5) 2 0,20 45
[ Ol s+ [ 1052 ()

< .
So, from (2.9), we deduce that there exists ¢; > 0 which does not depend to m such
that
5 2 5 2 e
[0z, (5)||L2(07T7L2(QE)) + [|0pvr, (5)HL2(0,T,L2(Q€)) <. (2.10)
C) Limit procedure.

From (2.8) and (2.10), we conclude that there exists a subsequence of the sequence

(u8,,vs,), with the same notation, such that

(uS,,v5,) — (u®,v°) weakly in L* (0,7, H' (QE))?7

(Ops,, 01v5,) —  (9pus, dv°) weakly in L2 (0,T, L? (2°)).

Finally, using the arguments in reference [13] and the fact that the space K&, is dense
in K¢, we pass to the limit as m— 0 in (2.7), we find that u® and v° satisfy

L
(O00) + o (0,0) + X% 0) + [ (I =17 (o) dy
0
= (f%¢),Vpe K®,
and
L
(80, 9) + ape (v, ) + No(uF, ) + / (1505, +r°us,) - (1) day
0

= (¢°,%), V¥ € K°,
this imply that

Ot + Age (uf) + A€ = f€,

00° + Age (v°) + XouF = g, } a.e in Q° x (0,7).

Theorem 1 is proved. 0



172 M. Dilmi
3. Asymptotic analysis of the problem

For the asymptotic analysis of the problem (2.1), we use the approach which consists
in transposing the problem initially posed in the domain which depends on a small
parameter ¢ in an equivalent problem posed in the fixed domain which is independent
on €.

3.1. The problem in a fixed domain and some estimates
By introducing the change of variables z = “2, we get the fixed domain
Q={(21,2) ER*>, 0< 21 <L,0<z<h(z1)},
we denote by 9 = 99, UIQ,U03 its boundary, where 91 = {& € 9Q : 20 = h (1)},
892 = ({5171 = 0} @] {xl = L}) X ]O,h (1’1)[ and 893 = ]O,L[
Now, we define the following functions in §2

u® (21, x2,t) = G° (21, 2,t), v° (21, 22,t) = 0° (21, 2, 1) .

Let us assume the following dependence (with respect of £ ) of the data

ajj (w1, ma) = Gy (21,2), 1 <4, <2, (3.1)
ij ((El,.’liz) = ﬂij (1171,2’), 1§Zv]§27
52-]06 (33'1711']2,t) = f(xl?zﬂt)7 5296 ($1,$2,t):§(1’1,2,t),
2\ = 5\, elf = il, ely = Zg, er® =7,
Assuming (3.1), the problem (2.1) leads to the following form
Find (4°,9%) € K, such that (3.2)
/523tﬁ530dx1dz + &2 / a1 (21, 2) (02,0°) Oz, ) dzrdz
Q Q

+e / G2 (21, 2) (0, 4°) (0,0) dxrdz + / Go1 (21, 2) (0,4°) (On, ) dx1dz
Q Q

L L
+/&22 (1, 2) (0,0°) (0,p) dxrdz + )\/ 0% pdridz + 1y / u°.pdry — f/ 0°.pdxy
Q 0 0

Q

:/fgodxldz, Vo € K,
Q
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/ 2 (8,0°) hdx1dz + €2 / Bi1 (21, 2) (0, %) (0p,10) dadz (3.3)
Q

Q

—1—5/512 (21,2) (0,0%) (0.9) dx1dz + € / 321 (21,2) (0,0%) (O, ) dx1d2
Q

Q

L L
+/322 (1, 2) (0,0°) (8.9) dxldz+5\/ ﬁs.gadxldz+i2/ 175.1/1dx1+f'/ ¢ apday
0 0
Q

Q

= /gwdxldz, Vi € K,

Q

(4° (21, 2,0),0%(x1,2,0)) = (0,0), (3.4)

where

K={CeH"(Q):(=00n092 Ud}.

Now, we will obtain estimates on 4°, ¢, 0;4° and 0;0°. These estimates will be useful
in order for obtaining the convergence results and the limit problem.

Theorem 2. Assume that f¢, g° € L? (0, T, L* (Q°)) and ANR? < min (fia, pig). Then
there exists a constant ¢ independent on € such that

~e12 ~e 12 ~e12 ~e 112
et ||L2(Q) + [led HL2(Q) + [|€0z, @ ||L2(0,T,L2(Q)) +[10:4 HLz(o,T,m(Q)) (3.5)
~c 12 ~c 12 5 2
1021 0%l 22 0,7, £2(0)) + 10:0" 20,7, 202)) + 107 ()220, 220,

2
+ v* (220,17, 12¢0,0)
<c,

ell2 o2
ngat“EHLz’(o,T,LZ(Q)) + HEQatvEHLQ(O,T,LZ(Q)) <ec (3.6)

Proof. Let (u®,v°) be the solution of the problem (1.1) — (1.2). Putting (p,%) =
(u®,v%) in (2.1), leads to

L
(Opu, u®) + age (u¥,u’) + A% (v°,uf) + / (Ifu® —r®v®) wdzy = (f°,uf),
0
and

L
(0%, v%) + age (v°5,0%) + A° (u,v%) + / (I50° + ru®) wodxy = (¢%,0%),
0
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by integrating the two equalities over (0,t¢) and summing the result, we get

t
1
5 (I (5)a(e) + 0% (5)]32(e) ) + / V45 ()220 2 s (3.7)
0

t
+ag / IV (3) 32 e s + 1 / 4 (3) 3,y s+ 5 / o ()0,

t

<//gs\f5 |dxds+// 5)| dads

0

+2/\€// |u® ( s)| dxds.

Now, we estimate the right-hand side of the inequality (3.7). Using the Cauchy-
Schwarz inequality, Poincaré’s inequality

el L2 ey < eh Vol L2 ez » Vo € K7,

and Young’s inequality, we have

_ t
. 2e2h2 .
/ / £2(5) a (o) dads < = / 1% ()12 ey s + (3.8)
0

Mo > 2
b [ 190 )
0

A

and

t

[ 15 0 @ldnds < 2 Ll (9 ds + (39)

0
t
5 [ 1IVes (s HL2(96)2 ds,
0

also, we have

/ [ 107 ) (9)] dods < ¢ / 10 Ny I (Dpary s (10

i / [90° (5) 22 g0 ds + AR / 94 ()220 d.
0
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Injecting the inequalities (3.8), (3.9) and (3.10) in (3.7), we obtain

t
Ha N
I (5) gy + 1o° @)y + (5 = 2382) [ U908 O)aepeds (311)
0
t t
’LL A —
+ (52 = 28) [ 190 )y ds +15 [ 10 6)32g0.00 05
0 0
t
2
415 [ 17 g0 9 ds
0
2¢2

2 |

2

< Z [ Ol ds +
0

_ t
2€2h2 / 2
g (s) HLz(Qe) ds,
Hs )

as

2 e12 —11| f 2
1 3a @y =7 | ]

2,212 =152
L2()’ e g ||L2(Qs) =¢ HQHLQ(Q)7

we multiply the inequality (3.11) by e. Then we obtain

t
2 2 Mo N 2
£ Iu® () 2ae) + € 107 (9)Fagae) + (5 — 23R%) / e[ VU () 2oy ds (3.12)

0
t t

KB 37 2 7 2
+ (B = 202) [0 @ s ds+ i [ 10 @Fagoup s
0 0

t
7 2
4l [ 10F O ago i ds
0

< 4,

2

where A = 2%2 Hf(t)‘

on e.

h2 |~ 2 . .
L (0r12() + % 9 ()| 72(0,7,22(c)) 18 @ constant independent

From (3.12), we deduce (3.5).
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To show the estimate (3.6), we choose ¢ = 9,4° in (3.2), we find

/ 20,050y dary dz + & / inr (21, 2) (00, 0) (9, Oyit®) dandz  (3.13)
Q Q

+ € / &12 (.Tl, Z) (8;51125) (82&115) d.Z‘le

+€/EL21 :vl,z) (8 ﬁg) (8118,5&5) dCUle

Q
+/ doo (21, 2) (0,4°) (8z8ta5)dx1dz+5\/ o°.0y 0 dwydz
o Q
L
/ u®.edutdry 71:/ 0°.0yu°dxy
0 0
:/f.é)tﬁsdxldz,
Q

integrating this equalit over (0,t), we deduce that

/Hs@tu HLQ(Q ds—)\// Op0° s) dr1dzds

t
L
< // ).0¢t° (8) dxidzds — /\/ 4 (t) derdz + f/ 0% (t) .0pu° (t) dxy,
0
0

this leads to

t
/Hs@tﬁa S)H2LQ(Q) ds — A //8t s) dxidzds

< é / / (edyir ( ))dxldzds+§ /0 ’ (6° () . (0% (1)) doy
Q

>

+)\/Q ©(t) .4 (t) dz1dz,
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by using Cauchy-Schwarz inequality, trace theorem and Young’s inequality, we obtain

t
/ le0ei (s)[172 () ds — / / Ay0° ( (s) dzydzds (3.14)

4
7
0

F A (5)2a() + 57 (Cla) / 6% (5)22 0.1 s + = / 1684 () ey s

f

1 e 2 3 110E 2
L derf/HEatU ($)Iz2 ()2 ds + A 1107 ()12

On the other hand, we choose ¢ = 9;9° in (3.3) and we use the same techniques as
before that we applied to equality (3.13), we find the following inequality

/Hs@tv ||L2(Q) ds+)\//6tv (s) dx1dzds (3.15)

IN

t
4 .
72/ g ||L2 Q) dS + /HE@W )||L2 Q)Q dS
0

t

4 2 N 2 1 N 2
§T2 (O(Q)) / ||u5 (S)HLQ(]O;L[) dS + 1 / ||€8t1;5 (S)||L2(Q)2 dS.
0 0

+

Now, we add the two inequalities (3.14) and (3.15), then we multiply the result by
€2, Then we get

¢ t
/||€23tff )220 d‘9+/||523ﬂ75 Ol P
0 0

gso/Hf(s)

~ 2 ~e ~E
482 (Co)” | [ 18 g ds + [ 167 9o ds |
0 0

t
2
~ 2 N ~g (12 N ~e(12
L) d5+8/||9(5)HL2(Q) ds + A|et[72(q) + Alet 72 (q)
0

using the fact that

12 o2 o2 o2
1€0° 122y + 1€8° 12 0y + 11851 220,222 q0s2y) T 119722 (0,7, L2102y < €

we find, that there is a constant ¢ independent on ¢, such that

|e2opic

L?(OTL2 an T [e*0p0° L?(OTL2(Q)) =
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3.2. Study of the limit problem as ¢ — 0

In this section we give the system satisfied by the limit of the sequences (4, ¢¢) on Q2
and the two equations describing the boundary conditions on ]0, L[, for this purpose
we introduce the Banach space

:{(eLQ(Q):ggGLQ(Q),C:OOnaﬁl},
ac|®

1
2
et = (W + | 5 .
V. L2(Q) 02 L2

We recall that the Poincaré inequality in the fixed domain € gives

|2

with norm

,forall (e V..

€l 2y <
L2(Q?) — 9z L2(@)

Theorem 3. Under the hypotheses of the Theorem 2, there exists u*,v* € L? (0,T;V,)
such that

(05,0°) — (u*,v*)  weakly in L? (0,T;V.)?, (3.16)

(60,,0°,€0,,9°) — (0,0) weakly in L* (0,T; L* (Q))z, (3.17)
(€0.0°,£0.0°) — (0,0) weakly in L* (0,T; L (2))°,

(20,15, €204i°) — (0,0)  weakly in L? (0,T; L (2))°. (3.18)

Where (u*,v*) is the weak solution to the limit problem

f% {&22 (w1,2) W} + \v* (21, 2,t) = f (21,2,1),
a.ein Qx(0,T),
_% |:322 (.’IJl,Z) W} + S\U* (.1'17Z,t) = g (.T],Z,t) )
(3.19)
*6‘22 (.Il,O) 621['< (I1,07t) + llu* (Ila O) t) — fo* (‘r1707t) = 07
a.eon)0, L[x(0,T),
— B2 (x1,0) O, v* (21,0,t) + l1v* (21,0,t) + Fu* (z1,0,t) =0,

(u*(z,0),v"(z,0)) = (0,0) .

(3.20)

Proof.
By the Theorem 2, there exists a constant ¢ independent of € such that

/na (5) 2oy ls < /na (5 2oy ds <
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Using these estimates with the Poincaré inequality in the domain €2, we get

N 2
[[a° (5)”L2(07T7V2) <c

and

A 2
[0 (S)HLQ(O,TMZ) <c

So (4¢,0). is bounded in L? (O,T,VZ)Q, which implies the existence of an ele-
ment (u*,v*) in L2 (0,T,V,)* such that (4, 0°), converges weakly to (u*,v*) in
L2(0,T,V,)?, thus we obtain (3.16). For (3.17) through (3.5) and (3.16). As (a®,0°%),
converges weakly to (u*,v*) in L2 (0, T, Vz)2 and (s2ata6,s2at@€) converges weakly
to (x,¢) in L? (0,7, L? (Q))Q, we deduce (x, ¢) = (0,0).

Now, by passage to the limit when e tends to zero in the variational problem
(3.3) — (3.4), and using the convergence results, we deduce

L
/dgg (21, 2) O,u* 0, pdx1dz + )\/v*godxldz +/ (llu* — fv*) wdxy (3.21)
0
Q Q

:/f.godwldz, Vo € K,
Q

and

R—

L
322 (1, 2) 0,v*000dzdz + A / w*pdaidz + / (l}v* + f) day (3.22)
0
Q

g.vdxidz, Yy € K,

O —

we choice ¢ and v in H} (2), then using Green’s formula, we obtain

_/82 [z (21, 2) O, u’] npdacldz—i-j\/v*gpdxldz = /f.(pd:cldz,
Q Q Q

—/82 [322 (21, 2) 6zu*] z/deldz—&—;\/u*wda:ldz = /g.wdxldz,
Q Q

Q

thus

—0, [Gg2 (w1, 2) O.u* (w1, 2,8)] + A* (21,2, 1) = f (21, 2, 1)
—0, {522 (21, 2) O,v* (1, z,t)] + M (21, 2,t) = g (21, 2, 1)

} in 71 (Q), (3.23)

as f,g € L? (0,73 L (2)), then (3.23), is valid a.e in Q x (0,T).
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Now, let’s go back to the two formulas (3.21) and (3.22), using Green’s formula
and the fact that (¢,v) = (0,0) on 921 NNy, we deduce

L
/ (—@ [z (21, 2) Bou*] 4+ ™ — f) pdridz — / dao (21, 0) O,u” pdxy
0
Q

L L
+l1/ u*.pdry —f/ v*.oday
0 0
=0, VpeK,
and

/ (—82 [ng (21,2) 8Zu*] + A — g) Ydri1dz — /OL bas (21,0) 0, v*day

Q
L L
+ 12/ v .pdry + f/ u* . apdxy
0 0
=0, Ve K,
this leads to

fOL — @ (21, 0) Ou* + lyu* — fv*) odr, =0,

R . Y (o, D(]0,L]?,
fOL —622 (56‘1, 0) 821)* + 121}* — fu*) wdlj = U, ((p w) © (] D

by the density of D (]0, L))* in L2 (]0, L), we get (3.20). O

z1,2 x1,2)€

Theorem 4. Assume that min( Hli)nﬂ(élgg (a:l,z)),( min (Bgz (xl,z))> > 2)\.
€

Then the weak solution (u*,v*) of the limit problem is unique and satisfies the follow-
ing two weak formulas

/ ( //a22 x1,6) Ou™ (x1,6,t dqdy—|—/\/// (z1,5,t) dsdndy

(3.24)

h h -
+ (;“)/ ans (21,<) Ot” (21, 6,1) ds + F

/ / (z1,5,t) dgdn) &) (1) dxy

=0, V&, € H' (|0, L]),
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and

/ ( //622 x1,5) Ocv” (xl,gtdgdy+/\/ // (z1,6,t) dsdndy

(3.25)

h
+ M/ Bz (21,6) 00" (21,5,8) dC + C

/ / (z1,6,t) dgdn) & (21) day

=0, V&, € H*(]0,L[),

with

F

hry h h o prn
/ / / f(x1,6,t) dsdndy — 7(;:1) / / f(z1,5,t) dsdn,
o Jo Jo o Jo
h pry rm h h  prn
/ / / g (x1,6,t) dsdndy — 7(;?1) / / g (x1,6,t) dsdn.
o Jo Jo o Jo

Proof. To prove the uniqueness result, we suppose that there exist two solutions
(u*,v*) and (u*™*,v**) of the variational problem (3.21) — (3.22), we have

G

L
/0722 (21, 2) O,u” 0, pdx1dz + )\/v*godxldz +/ (llu* — PU*) (pdxy (3.26)
0
Q Q

= /f.goda:ldzN(p e K,

L
/dgg (21, 2) O,u™ 0, pdx1dz + )\/v**gadxldz +/ (llu** - f’v**) pdxy (3.27)
Q Q 0
= /f.godxldzNap e K,

and

L
322 (21, 2) 0,v*00dx1dz + A / uw*pdridz + / ([Q'U* + fu*) Apdxy (3.28)

Q

O—

Gabdardz, W € K,

Il
D
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O

L
Bao (21,2) 0,00 pdx1dz + S\/U**wdxldz —I—/ (l}v** + fu**) apdxy (3.29)
Q 0

= [ g.dr1dz, VY € K.

)

By subtracting the equations (3.26) with (3.27) and (3.28) with (3.29), then we take
p=u*—u*" and ¢ = v* —v**, we get

/dzg (21,2) |0.u* — .u**|? daydz + 5\/ (v* —0v™) (u* — ™) da1dz (3.30)
Q Q

L L
+ll/ lu* — u™*]? day 772/ (v* —v™) . (u —u*™) dxy
0 0
and

/ng (21, 2) |0.0* — 0.0 > daydz + 5\/ (u* —u™) (v* —v*) dx1dz (3.31)
Q Q

L L
+ 10 / [v* — v**|* day + f/ (u* —u™). (v —v™)dry
0 0

=0.

Now, by summing the two equations and applying Young’s and Poincare’s inequalities,
we conclude

(min (Ga2) — 2:\> lu* = w* oo zvy + (min (Bﬂ) - 25\) lo* = o™ 220,70y < 0,

then, we obtain
(’U,*, U*) _ (U**,’U**) )

For prove the two weak formulas, we integrate twice the first and the second equation
of (3.19) between 0 and z, we obtain

z 2
- / Q29 (3317 () a&‘U* (xla Ss t) d( + %OQQ ('rlv 0) 82“’* (.’El, 07 t) (332)

0
~ z ,'7
+/\//v*(x1,g,t)dgd77
o Jo

z o
= / / f($17§7t) d§d7]7
0 Jo
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and

z 2
_ / P22 (x1,6) Ov™ (x1,¢,1) dC + %ﬂgg (z1,0) 0,v] (x1,0,1) (3.33)

+A/ / (w1,¢,t) dedn
:/ / 3 (21, ) ded,
0 0

in particular for z = h (z1), we obtain

h(z1)?
2

h
— / oo (x1,¢) Ocu™ (x1,5,t) ds + agz (21,0) Ou; (21,0,1)

+/\/ / (z1,5,t) dsdn
:/ / .]E(xlagat) dngIa
0 0

and

h 2
(21) 522 (331,0) azv;,'k (x1a07t)

h
- / Bas (21,<) Dev* (1,6, 8) dC +

—|—)\/ / (z1,5,t) dsdn
o Jo
:/ / g(xhgat) d§d77

o Jo

Thus, by integrating (3.32) and (3.33) between 0 and h (z1), we get (3.24) and (3.25).
O
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