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ABSTRACT: The problem of finding out the region which contains all

n .
or a prescribed number of zeros of a polynomial P(z) := ) a;z’ has
j=0

a long history and dates back to the earliest days when the geometrical

representation of complex numbers was introduced. In this paper, we

present certain results concerning the location of the zeros of Lacunary-
n

type polynomials P(z) :=ao + Y. a;2’ in a disc centered at the origin.
J=p
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1. Introduction and Statement of Results

The problem of locating some or all the zeros of a given polynomial as a function of its
coefficients is of long standing interest in mathematics. This fact can be visualized by
glancing at the references in the comprehensive books of Marden [9] and Milovanovic,
Mitrinovic and Rassias [10], Rahman and Schmeisser [12] and by noting the abundance
of recent publications on the subject [7, 8, 13].

Regarding the least number of zeros of polynomial P(z) = Y a;27 in a given
§=0
circle Mohammad [11] proved the following:

Theorem A. Let P(z) := Y a;jz7 be a polynomial of degree n such that
j=0

Qp 2 Ap-1 2 Ap—2 = - > a1 = ag > 0,
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then the number of zeros of P(z) in |z| < 3 does not exceed

1

1
+ log 2

log dn
ag

Dewan [3] generalized Theorem A to polynomials with complex coefficients and
proved the following result:

n .
Theorem B. Let P(z) := ) a;z’ be a polynomial of degree n with complex coeffi-
§=0
cients. If Re a; = aj and Im a; = B4, j =0,1,2,...,n such that
Qp 2 Qp-1 2 Qp_g >+ 201 2 ap >0,

then the number of zeros of P(z) in |z| < 3 does not exceed

an + 3 |8l
lo =0

1
+1082 & |aol

In this direction, recently Irshad et al [1] proved the following:

Theorem C. Let P(z) := Y a;z? be a polynomial of degree n with complex coeffi-
§=0
cients such that for some A > 1,0 < k < n,

lan| < lan—1| < ... <lapg1] < Mag| > |ak—1] > ... > |a1| > |aol,

and for some real 3,
larga; =Bl <a <3, j=
then the number of zeros of P(z) in |z

N 0

0,1,2
< % does not exceed

1 ) 2| ag| cos a + 2|\ — 1||ak|sin a
0
log 2 ‘(10‘
n—1
lan|(sina —cosa + 1) + 2sina Y |aj| + 2|1 — Al|a]
j=0
+

|ao|

Chan and Malik [2] introduced the class of Lacunary polynomials of the form
P(z) :=ag + Xn: a;jz?, where ag # 0. Notice that when p = 1, we simply have the
class of all polgf?:)mials of degree n. In [5] and [6] Landau proved that every trinomial

ap+ a1z + anz”,a1a, #0,n > 2
has at least one zero in the circle [2] < 2[¢%| and that of quadrinomial

ag+ a1z + amz™ + an2™, a1aman, 0,2<m<n
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has at least one zero in the circle |z| < %|Z—‘;\ These two polynomials are of the
n .
Lacunary-type P(z) :=ao+ > a;2’.

The aim of this paper is to study the number of zeros in a disc centered at the
origin for such class of polynomials. We begin by proving the following result putting
restrictions on the moduli of the coefficients. In fact we prove:

n .
Theorem 1. Let P(z) :==ag+ Y a;2, 1 <p<n-—1, ay # 0, be a polynomial of
J=n
degree n. If for some real o and B

|arga; < a< 5. p<j<n

and for some t > 0 and some k with p < k <mn,
ta,] < -0 <P agoa | < tFlag] = P agga | > > 1 anoa| > 7 an|
then the number of zeros of P(z) in |z| < § does not exceed

Lojoe M
log2 ° Jao|’

where
M = 2|ag|t + |a,[t" ™ (1 —sina — cos @) + 2|ag,|[t* ™ cos a + |a, [t" T (1 — sina — cos )
n
+2 Z |a;|t7 ! sin av.
J=n
For t = 1, we get the following:
n .
Corollary 1.1. Let P(z) :=ao+ Y a;jz?, 1 <p<n-—1, ag # 0 be a polynomial of

j=n
degree n. If for some real a and

7 .
larga; — f] < a < 50 k=jsn
and some k with

lay| < -+ <lag—1| < lagl = |aks1] = - > |an—1| > |am|

then the number of zeros of P(z) in |z| < § does not exceed

1 1 M
oz 2
log2 ° Jao|’

where

M = 2|ag| + |a,|(1 — sino — cos )

+2|ag| cosa + |ay|(1 — sina — cos o) + 2 Z laj| sin o
Jj=p
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With k£ = n in Corollary 1.1, we get:

Corollary 1.2. Let P(2) :=ao+ Y. ajz?, 1< p<n-—1, ag # 0 be a polynomial of
J=p
degree n. If for some real a and B

arga; Bl < a< 5, p<j<n

such that
lap| < -+ <an—1]| < |ay]

then the number of zeros of P(z) in |z| < § does not exceed

1 1M
log2 % Jao|’

where

M =2|ap| + |a,|(1 —sina — cos ) + |ap|(1 — sina + cos ) + 22 la;|sin a.
J=u
Choosing k = p in Corollary 1.1, we get:
Corollary 1.3. Let P(z) :=ap+ Y. a;27, 1 <pu<n-—1, ag # 0 be a polynomial of

J=p
degree n. If for some real a and B

arga; =B/ < a< T, p<j<n

such that
lap| = = [an—1] = |an|

then the number of zeros of P(z) in |z| < 3 does not exceed

1 1 M
og
log 2 & lag|’

where

M = 2|ag| + |a,|(1 — sina+ cos @) + |a, |(1 — sina — cos @) —1—22 la;| sin o
J=p

Taking ¢ = 1 in Corollary 1.3, we have
Corollary 1.4. Let P(z) := Y a;27, ag # 0 be a polynomial of degree n. If for
§=0

some real o and

larga; — | < a < g p<j<n
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such that
|a1| Z e

Y

|an71| > |an|

A

then the number of zeros of P(z) in |z| < § does not exceed

1 ) M

" log ——

log2 % Jag|’
where

n
M = 2|ag| + |a1](1 — sin + cos ) + |a,|(1 — sina — cos «) —1—22 la;|sin c.
j=1

Next, we put restriction on the real part of coefficients of a polynomial and proved:

n .
Theorem 2. Let P(z) :==ap+ Y a;2', 1 <p<n-—1, ag #0, be a polynomial of
Jj=p
degree n with Re a;j = a; and Im a; = B; for p < j < n. Suppose that for some
t > 0 and some k with p < k < n we have

tray, < <t Tl <trag > Tag > > " g > ay,
then the number of zeros of P(z) in |z| < L does not exceed

1 1 M
og —»
log 2 & lao|

where

M = 2(Jao] +[Bol)t + (Ja] = )t + 20085+ (Jan] — )™ +2 3 |54
J=n
For ¢ =1 in Theorem 2, we obtain
n .
Corollary 2.1. Let P(z) :==ao+ Y a;27, 1 <p<n-—1, ag # 0, be a polynomial
J=n

of degree n with Re a; = aj and Im a; = 85 for p < j < n. Suppose that for some
k with p < k < n we have

oy <o Sapo SQp 2 Qpg 2 2 G 2 Qp
then the number of zeros of P(z) in |z| < 3 does not exceed

1 1 M
M
log2 ° Jao|’

where

M = 2(jaol + [Bol) + (Jaul = @) + 200 + (law| = o) +2) 1551,

j=p
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For k = n in Corollary 2.1, we get:

n .
Corollary 2.2. Let P(z) :=ap+ > a;27, 1 <pu<n-—1, ag # 0, be a polynomial
Jj=p
of degree n with Re aj = oy and Im a; = B; for u < j < n such that

oy, § San—l San
then the number of zeros of P(z) in |z| < 3 does not exceed

1 1 M
LM
log2 ® Jao|

where

M = 2(|ao| + |Bol) + (o] — ) +2 > 1B5-
J=p

For k = pu, in Corollary 2.1, we get:
Corollary 2.3. Let P(z) :=ag+ Y. ajz?, 1 <p<n-—1, ag # 0, be a polynomial

Jj=p
of degree n with Re a; = o5 and Im a; = B; for p < j < n such that

Qp 22 Qp1 2 Oy
then the number of zeros of P(z) in |z| < § does not exceed

e M
log2 " Jao|’

where

M = 2(Jao| + [Bol) + (Jaul + ) + (levu| = ) +2 ) 1551.
j=n
For B; =0, 1 < j < n in Theorem 2, we have the following:
n .
Corollary 2.4. Let P(z) :=ao+ ) ajz/, < p <n—1, where ag # 0. Suppose that

J=n
for some t > 0 and some k we have

tha, <. <t"lapy <trap >t lagy > 24" a0 > ay
then the number of zeros of P(z) in |z| < § does not exceed

1 ) M
" log —
log2 ° |ao|’
where

M = 2|ag|t + (|a,| — a, ) t" ™ + 2a5t* T + (Jan| — an)t" .
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Finally, we prove the following result:
Theorem 3. Let P(2) :=ao+ Y. a;27,1 < p<n—1, where ag # 0, Re aj = a; and

J=n
Im a; = B; for p < j < n. Suppose that for somet > 0 and some k with p <k <n
we have

tray, < <t <trag > Tag > > " g > ay
and for some p <1 < n we have
By < ST B StB 2 T B > 2 T B 2 7B,
then the number of zeros of P(z) in |z| < § does not exceed

Lo M
log2 " Jao|’

where

M = 2(Jao| + [Bol)t + (|| — v + 18] = Byt

2™+ Bt 4 (Jon| =+ [Ba] — Ba)t" T

If we take t = 1, in Theorem 3 we obtain:
Corollary 3.1. Let P(z) = ag + Zn: a;jz?, 1 < pu<n-—1, where ag # 0, Rea; = a;
and Ima; = fB; for up <j <n. SJu?;)ose that for some k with p < k <n we have

0 < S S 2 Qg1 200 2 Q1 2 Qp
and for some p <1 < n we have

Bu < <Bi-1 <B=Bit1 = 2 P12 P
Then the number of zeros of P(z) in |2| < 1 does not exceed

1 1 M
oz
log2 ° Jao|’

where

M = 2(Jevol + [Bol) + (el = apu + 1Bl = B) + 2(an + Bi) + (|om| = an + [Ba] = Bn)-

For k =1 =n in Corollary 3.1, we get the following:

Corollary 3.2. Let P(z) =ag+ Y aj27, 1 <pu<n-—1, where ag #0, Re a; = «;
J=n

and Im a; = B for p < j < n such that

aué"'gan—lgan
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ﬁuggﬁnflgﬁn

then the number of zeros of P(z) in |z| < § does not exceed

1 1 M
oz
log2 ® Jao|’

where

M = 2(|ao| + [Bol) + (lap| = ap + 1Bul = Bu) + (Jam| + an + |Bal + Bn)-

In Corollary 3.1, if we choose k =1 = p we get:

Corollary 3.3. Let P(2) =ao+ Y. aj27, 1 <u<n-—1, where ag #0, Rea;=q;
Jj=p

and Im a; = B; for u < j <n such that

. Z (0779 S (077

oy 2>

and
5u22ﬂn—125n

then the number of zeros of P(z) in |z| < 3 does not exceed

Lo M
log 2 & lao|’

where

M = 2(lao + |Bo]) + (lau] + ap + [Bul + Bu) + (lan| — an + Bnl = Bn).-

2. Lemma

For the proof of some these results we need the following lemma which is due to Govil
and Rahman [4].

Lemma 2.1. For any two complex numbers by and by such that |by| > |b1| and
7T .
larg b; =Bl < o < 7 J=0,1
for some 3, then

|bo — b1] < (Jbo| — |b1]) cos a + (|bo| + |b1]) sin cx.



Number of Zeros of a Polynomial (Lacunary-type) in a Disk 189

An application of the Maximum modulus theorem shown in (p.171, [14]) we have the
following interesting result:

Lemma 2.2. Let f(z) be reqular and |f(z)] < M, in the circle |z| < R and suppose
that f(0) # 0, then the number of zeros of f(z) in the circle |2| < 1R does not exceed

1 M
Tog2 108 [\f(O)I}'
3. Proofs of Theorems

Proof of Theorem 1. Consider the polynomial

F(z)=(t—2)P(2)

=(t—2) ao—i—Zajzj

J=n

n n
= aot + E a;tz! —apz — E a;j 27t
J=n J=n

n n+1
=ap(t —2) + Z a;tz’ — Z a;_12’
Jj=p Jj=p+l

n
=ao(t — 2z) + ayutz! + Z (ajt —aj_1)z7 —a,z"t.
Jj=p+l

For |z| = ¢, we have

n
[F(2)] < 2laclt + au[t* ™ + > Jagt — aj [t +[an[t"H

J=p+1
k n
=2laglt+lau [t + D ajt—a;alt? + D lajo1—aitlt! +]an |t
Jj=p+1 j=k+1

Using Lemma 2.1 with by = a;t and b; = a;—1 when 1 < j < k and with by = a;_1
and by = a;t when k+1 <75 <n,

k
|[F(2)] < 2laoft + ||t + 7 {(lajlt — laj-1]) cosa + (last + |aj—1]) sin a}t!
Jj=ptl

+ 3 {(layo1] - laglt) cos @ + (ajlt + aj_1]) sina}t? + |a,[¢"
j=k+1
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k k k
= 2|ag|t+|a,[t" T+ Z |a;|t7t cos a— Z la;—1|t? cos a+ Z |a;[t/ ! sina
J=pt1 J=pt1 J=p+1
k n n
+ Z la;_1|t! sin o + Z laj_1|t? cos o — Z |la;|t7 T cosa
j=p+1 j=k+1 j=k+1

n n
+ Z la;_1[t sina + Z la; [t/ sina + |y, [t
j=k+1 j=k+1

= 2lap|t+|a,|t* Tt —|a,|t* ! cos a+ |ag|tF T cos a+ |a, [t*T sin o+ |ag [tFH! sina
0 " w

k—1
+2 Z |a;[t7T sin o + [ag|t" T cos o — [a, [t cos o + [ag |t sin
J=p+1
n—1
+an|[t" T sina + 2 Z la; |7 sin o + |y, [t
j=k+1
n—1
= 2|ag|t+]|a, [t +]a,[t" T (sina—cos ) +2 Z |a;[t7T sin a+2|ag|t* T cos
J=ptl
+(sina — cos a + 1)y, [t" !

= 2|ao|t+ |a,[t" T (1 —sina — cos ) + 2|ax [t* T cos a + |a, [t" T (1 —sin o — cos @)

+2 Z a;| 7+ sin o
J=p
= M (say).
Now F(z) is analytic in |z| < t and F(z) < M for |z| = t. Applying Lemma 2.2 to
the polynomial F'(z), we get the number of zeros of F(z) in |z| < § does not exceed

1 | M
og ————.
log2 2 TF(0)]

Thus, the number of zeros of F(z) in |z| < % does not exceed

1 | {2|a0|t+|au|t“+1(1sinacosa)+2|ak|tk+1coso¢
0

log 2 lao|
n .
lan[t"TH(1 —sina —cosa) +2 > |aj[t/ T sina

4 i=p

|ao|

As the number of zeros of P(z) in |z| < 1 is also equal to the number of zeros F(z)
the theorem follows. O
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Proof of Theorem 2. Consider the polynomial

F(z)=(t—2)P(2)

n
=(t—2) a0—|—Zajzj
J=H

n n
= agt + E a;tz! —apz — g ajz]+1
J=u J=u

n n+1
=ag(t—z)+ E a;tz’ — E a;_12’
j=p Jj=p+1

and therefore

F(2) = (a0 +ifo)(t = 2) + (e +iBu)tz" + Y (ot — 1)
Jj=p+1

+i > (Bt —Bi-1)2 — (an +iBn)2"

Jj=ptl

For |z| = ¢, we have

[F(2)] < 2(lawo] + [Bol)t + (el + 18"+ Y7 et — g t?
J=p+1

n

+ D B+ 18—t + (o] +1Ba )™t

J=p+1
k
= 2(|aol + 1Bt + (Jevul + 1BuDE*H + Y (ajt — oy 1)V
J=p+l
n n—1
+ ) (o — o)t (Bt 2 Y (BT 4 |t
j=k+1 j=p+1

+(lom| + 1BaD)E" T = 2(aol + [Bol)t + (lovul + [Bu)E ! — et ™ + 208)t"+!

n
—ant™ Bt 12 T B+ Janlt™ ! = 2(laol + |Gl
Jj=p+l

n
Flau] = a4 2005 4 (Jag| — an)t™ T 42 |8 = M.

j=p

191
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Proceedings on the same lines of the proof of Theorem 1, the proof of this result
follows.

Proof of Theorem 3. Consider the polynomial
F(z) = (t — 2)P(z) = ao(t — 2) + a,tz"

+ Z (ajt —a;—1)z? —anz""t,
J=p+l
and so
F(z) = (ag +ifo)(t — 2) + (au + 1B, )t2"
+ Y (g +iB)t— (g1 +iB;-1))2 — (an +ifa)2"
Jj=ptl

= (a0 +iBo)(t — 2) + (o +iBu)t=" + Y (ajt — ;1)

Jj=p+1

n

+1 Z (ﬂjt — ijl)zj — (Oén =+ iﬂn)2n+1.

Jj=p+l

For |z| = ¢, we have

[F(2)] < 2(lawo] + [Bol)t + (el + 18"+ Y7 et — gt
Jj=p+1

+ Y 18t = Bialt? + (lewa| + [Bal)t" T = 2(Jcwo| + |Bol)t

Jj=p+1
k ) n )
H(laul + B+ Y (gt —ay ) + Y (g —at)t
i=nt1 j=ht1

l n
+ Y Bt =Bt + Y (B = Bit) + (Jan| + [Ba)t"

j=ut1 j=it1
= 2(Jao| + |Bo)t + (lvu] + B[t H! — it + + 208"+
—apt™ T = Bttt 4 28 — Bt 4 ([a| + |Ba )T

= 2(Jao| + |Bo)t + (lovu| — e + [Bul = ﬁu)t“—H
2t + Bt + (Jan] — an + |Ba] = Ba)t"H = M.

The result now follows as in the proof of Theorem 1. O
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