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ABSTRACT: This paper deals with the oscillation of a certain class of
second order difference equations with a sub-linear neutral term. Using
some inequalities and Riccati type transformation, four new oscillation
criteria are obtained. Examples are included to illustrate the main results.
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1. Introduction

In this paper, we are concerned with the oscillatory behavior of the nonlinear difference
equation with a sub-linear neutral term

AanA(@n + Pty 4)) + dathyy_ =0, 1 = no, (L1)
where ng is a nonnegative integer, subject to the following conditions:
(H1) 0 < @ <1 and § are ratios of odd positive integers;
(Hs) {an}, {pn}, and {q,} are positive real sequences for all n > ng;
(H3) k is a positive integer, and [ is a nonnegative integer.

Let 0 = max{k,1}. By a solution of equation (1.1), we mean a real sequence {z, }
defined for all n > ng — 6 that satisfies equation (1.1) for all n > ng. A solution
of equation (1.1) is called oscillatory if its terms are neither eventually positive nor
eventually negative, and nonoscillatory otherwise.

In the last few years there has been a great interest in investigating the oscillatory
and asymptotic behavior of neutral type difference equations, see [1, 2, 4, 5, 6, 7, 8,
9, 10, 11, 12] and the references cited therein.

COPYRIGHT (© by Publishing House of Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland



60 C. Dharuman, J.R. Graef, E. Thandapani and K.S. Vidhyaa

In [4], Lin considered the equation of the form

A( pn‘rn k) + gnT -1 — 0 n > o, (12)

and studied its oscillatory behavior. In [5], Thandapani et al. investigated the oscil-
lation of all solutions of the equation

Alan Az, —pry_1)) + qnx§+1_l =0, n > ng, (1.3)

where p > 0 is a real number, k and [ are positive integers, 0 < o < 1 and 3 are ratios
of odd positive integers, and > >~ = -L = oco.
A special case of the equation studled by Yildiz and Ogunmez [11] has the form

Az(xn + pnxg—k) + anﬁ_l =0, (14)

where {p,} is a real sequence, {g,} is a nonnegative real sequence, and o > 1 and
B > 0 are again ratios of odd positive integers. They too discussed the oscillatory
behavior of solutions.

In [6], Thandapani et al. considered equation (1.3), and obtained criteria for the
oscillation of solutions provided » > H < oo0.

In this paper, we obtain sufficient conditions for the oscillation of all solutions of
equation (1.1) in the two cases

1
—_— 1-5
> = (15)
n=ngo
and
=1
il ) 1.6
n; < (1.6)

Our technique of proof makes use of some inequalities and Riccati type transfor-
mations. The results we obtain here are new and generalize those reported in
[4, 5, 6, 11, 12]. Examples are provided to illustrate the main results.

2. Oscillation results

In this section, we obtain sufficient conditions for the oscillation of all solutions of
equation (1.1). We set
Zn = Tp + PnTo_p-

Due to the form of our equation, we only need to give proofs for the case of eventually
positive nonoscillatory solutions since the proofs for eventually negative solutions
would be similar.

We begin with the following two lemmas given in [7].

Lemma 2.1. Assume that 8 >1 and a, b € [0,00). Then

1
PV > (et h)”
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Lemma 2.2. Assume that 0 < <1 and a, b € [0,00). Then
a” +b° > (a+1b)°.
The next lemma can be found in [3, Theorem 41, p. 39].
Lemma 2.3. Assume that a >0,b>0, and 0 < 8 < 1. Then
a® — P < pbP~(a —b).
Here is our first oscillation result.

Theorem 2.4. Assume that (Hy1)—(Hs) and (1.5) hold. If 8 > 1 and there exists a
positive nondecreasing real sequence {p,} such that

n 8 )
: (1—apsy1-)®  (1—a)’ply as1(Ap)?\
h,IlrLSolip Z ([ 98-1 - Wi Psqs — m =00 (2.1)

S=ngo
holds for all constants M > 0, then every solution of equation (1.1) is oscillatory.

Proof. Assume to the contrary that equation (1.1) has an eventually positive solution
{z,}, say 2, > 0, z,— > 0, and x,,_; > 0 for all n > n; for some ny > ng. From
equation (1.1), we have

Alan,Azy,) = —qnfo_l_l <0, n>n. (2.2)

In view of condition (1.5), it is easy to see that Az, > 0 for all n > n;. Now, it follows
from the definition z,, and using Lemma 2.3, we have

Ty = Zn—PnTo_p > 2n —Pnl(zn —1) —pp
> zn—app(zn —1) —pn
(1 - apn)zn - (1 - a)p"

or
(Tng1—1+ (1= Oé)pnﬂfl)ﬁ > (1- apn+1fl)ﬁzf+1fzv n=ng.
Using Lemma 2.1, in the last inequality, we obtain
1
IZ+1_Z > F(l — ozpn+1_l)525+1_l -(1- a)5p§+1_l, n>ny. (2.3)

From (2.2) and (2.3), we have

—(1 — appii_y B
A(anAzn) < ( 23*7;4_1 ) Qn22+171 + (1 - a)ﬁqnpfprl,la nzni. (2'4)

Define
_ pnanAz,
=2,

n—l1

Wy, n>nj. (2.5)

z
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Then, w, > 0 for all n > ny, and

Aw,, = prl(anAzy) 4 (Apn)ani1Azn 41 _ PrnAzy,

B B B
Zn+1—l Zn+1—l Zn+1—lzn—l
By the Mean Value Theorem

B2E Az, if B>1,

B2l Az, if B< 1.

Combining (2.7) with (2.6) and then using the facts that a,,Az, is positive and de-
creasing and z, is increasing, we have

B

z, > (2.7)

B _
Zn+1—l

—(1— appi1-)° pu(l—a)f 4
Aw, < 98—1 Pnln + Tpn—&-l—lpn%l
A
+% _ gMzupZ pz lng, n>n, (2.8)
n n+1%n—

where we have used the fact that z,, > M for some M > 0 and all n > n;. Completing
the square on the last two terms on the right, we obtain

(1-app1-)’  (1-a) 4 an—1(Apn)?
26—1 - M5 Phy1-1| Pnln + m, n>mn

Awn S - |:

Summing the last inequality from n; to n yields

> ([Umtpen” 0ol asa(Bp?\ _
25*1 Mﬁ ps+17l Psds 46M671p5 = Wnyy

s=nq

which contradicts (2.1) and completes the proof of the theorem. O

The proof of the following theorem is similar to that of Theorem 2.4 only using
Lemma 2.2 instead of Lemma 2.1. We omit the details.

Theorem 2.5. Assume that (H1)—-(Hs) and (1.5) hold. If0 < 8 < 1 and there exists
a positive nondecreasing real sequence {p,} such that

n o B8 2
~ _ p_ 1) s _ Bst(Bpa)7
hmsup :Z <|:(]- aps%»lfl) MB ps+1—l:| Psqs 45Mﬁ_1ps o (29)

n—oo

holds for all constants M > 0, then every solution of equation (1.1) is oscillatory.

Our next two theorems are for the case where (1.6) holds in place of (1.5). We let
— 1

We will also need the condition

An—k:
An

1—ap, > 0 for all n > ng. (2.10)
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Theorem 2.6. Let § > 1 and (Hy)—(Hs), (1.6), and (2.10) hold. Assume that
there exists a positive nondecreasing real sequence {p,} such that (2.1) holds for all
constants M > 0. If

n—1
lim sup Z (AEJrl

n—00

Aci k) 1
1—apgyii—
< APs+1-1 Aoir oF—T

(1- a)ﬁpi—l—l] BAS!

qs —
DAAL, 4D~ la AL,

) =0 (2.11)

holds for every constant D > 0, then every solution of equation (1.1) is oscillatory.

Proof. Assume to the contrary that equation (1.1) has an eventually positive solution
such that z,, > 0, ,—p > 0, and z,—; > 0 for all n > ny > ng. From (1.1), we
have that (2.2) holds. We then have that either Az, > 0 or Az, < 0 eventually. If
Az, > 0 holds, then we can proceed as in the proof of Theorem 2.4 and again obtain
a contradiction to (2.1).
Now assume that Az, < 0 for all n > n;. Define
anAzy,

Up = —5—, n=n. (2.12)
Zn

Then u,, < 0 for all n > ny and from (2.2), we have

anAz,

Az < s> n.

)
as

Summing the last inequality from n to j, we obtain

71
Zj4+1 — Zn S anAZn Z ;7

S

and then letting 7 — oo gives

B o g s, (213)

Zn
Thus,
—anAzp(—a,Az,)P~TAB
<1
2n
for n > ny. Since —a, Az, > 0 and (2.2) and (2.12) hold, we have
1
B
— 757 < undl <0, (2.14)

where L = —a,, Azy,. On the other hand, from (2.13),

Zn
A (An> >0, n>n. (2.15)
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From the definition of z,, (2.15), and Lemma 2.3, we have

Tn = Zn—PnTo_p > 2n —Pnlzn_ . —1) —pp
>z —app(zn—k — 1) = pn
A, _
n
or
B Ant1-1-k g B
nel——
(-Tn—i-l—l + (1 - a)pn+1—l) > (1 - Oépn+1—lA) Zp41—1
n+1-—1
Using Lemma 2.1, in the last inequality, we obtain
B
8 1 Anpi1-1—k 8 8
Tpi1-g > 551 (1 — OPn+1-1 Ain-‘_l_l > Zpi11— (1- a)ﬁpn-&-l—l' (2.16)

From (2.2) and (2.16), we have

B
In Apti1-k
AlanAz,) < ~ 551 (1 — apn_s_l_l;lﬁ”) 25+171 +qn(1 — a)ﬁp§+17l.(2.17)
From (2.12),
Au, = (QB Zn) aﬁ ﬁz A28 n > (2.18)
ZnJrl annJrl

By the Mean Value Theorem,
a1 Az, if B 21,
Lo—P < i (2.19)
525_1Azm if0< B <1,

so combining (2.19) and (2.18) and using the fact that Az, < 0 gives

Ala, A
Au, 7@” 2n)

n .

w2
— Bt (2.20)
Znt1 U,
Since z, /A, is increasing, there is a constant D > 0 such that z,/A4,, > D for n > ny.
Using this together with (2.15) and (2.17) in (2.20), we obtain

B Jé] 2
—q Apy1-1-k n(l — —14p-1Y
Aun < 77,1 (1 — OPp41—1 nt ) + 71( ) p5+171_/8D5 1A§ 1aJ. (221)

- 2k An+17l DﬂA§+1 n

Multiplying (2.21) by AEL 41 and then summing the resulting inequality from n; to
n — 1, we see that

n—1 B
A 1—1—k 1 (l—a)ﬂ
APy, — APy, + AP <1ap +1-1 St — PB _1l4
men e Szznl . ’ A1 261 DBAf+1 sHL=H T
n—1 n—1
AB=Ty, u?
T e T (L )
S S

sS=nq S=n1
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which upon completing the square on the last two terms yields

n—1 B
Agi1_i— 1 1—a)
§ (AEH <1—04Ps+1l 1 k) _ )

_ Py
= Ast1-1 20-1 psAl s

ds

LAB—1 1
— S < A,
4D5*1asA'§+1 - [B-1 + ApyUn,

in view of (2.14). This contradicts (2.11), and completes the proof of the theorem. [

The proof of the following theorem is similar to that of Theorem 2.6 using Lemma
2.2 instead of Lemma 2.1. We again omit the details.

Theorem 2.7. Let 0 < 5 < 1 and (Hy)-(Hs), (1.6), and (2.10) hold. Assume that
there exists a positive nondecreasing real sequence {p,} such that (2.9) holds for all
constants M > 0. If

n—1
lim sup Z <A§+1

n—oo
S=ngo

8
Agpioin\? Q=)
(1 —apsi—F — sHIL] g,

As+1—l DﬁAerl

B—1
- A ) s )
4DPLa Ay

holds for all constants D > 0, then every solution of equation (1.1) is oscillatory.

3. Examples

In this section, we present two examples to illustrate our main results.

Example 3.1. Consider the neutral difference equation

1 1/3 2n+1
A <(n+1)A (xn—i— nxn/2>) + <4n+ 10 + n(n+1)) 23 .=0,n>1(3.1)

Here a, = (n+ 1), p, = %, Gn = 4n + 10+ TiZii), o= %, =3 k=2 and | = 4.
By taking p,, = 1, we see that all conditions of Theorem 2.4 are satisfied and hence
every solution of equation (3.1) is oscillatory. In fact {z,} = {(—1)3"} is one such

oscillatory solution of equation (3.1).

Example 3.2. Consider the neutral difference equation

A ((n+1)(n+2)A (szrl 13 ))

n(n + l)x’“1
s 2(2n2+4n+1)) 3

+<4(n+2) Y Py
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Here a,, = (n+1)(n +2), pu = 7ty g0 = 4(n +2)? = 2C) o = § g =3,

n(n+1)
_ _ : : _ 1 An—k _
k =1, and [ = 2. Simple calculation shows that A, = 1 and 1 —apy Ank =

1— 313 > 0. The conditions (2.1) and (2.11) are also satisfied with p,, = 1. Therefore,
by Theorem 2.6, every solution of equation (3.2) is oscillatory. In fact {z,} = {(-1)"}
is one such oscillatory solution of equation (3.2).

We conclude this paper with the following remark.

Remark 3.3. Condition (2.10) is somewhat restrictive. It implies that we must have
{pn} = 0 as n — oo. It would be good to see a result that did not need this added
condition. Note also that it can be seen from the proof of Theorem 2.6 that (2.10) is
not needed if o = 1.
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