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ABSTRACT: The concept of normed quasilinear spaces which is a gen-
eralization of normed linear spaces gives us a new opportunity to study
with a similar approach to classical functional analysis. In this study, we
introduce the notion of seminormed quasilinear space as a generalization
of normed quasilinear spaces and give various auxiliary results and ex-
amples. We present an analog of Hahn-Banach theorem, in seminormed
quasilinear spaces.
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1. Introduction

Normed quasilinear spaces are introduced by Aseev, [2], in an effort to generalize
normed linear spaces. A partial order relation was used to define normed quasilinear
spaces. Motivated by [2], and using the framework and the tools given in [2], we
developed the analysis in these spaces in [5, 6, 7, 8, 9, 12].

In this paper, we introduce the concept of seminormed quasilinear spaces and
mention its some basic properties. Also we state and prove a version of Hahn-Banach
theorem, one of the fundamental tools for the application of functional analysis, for
seminormed quasilinear spaces.
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2. Preliminaries and some results on quasilinear

spaces and normed quasilinear spaces

In this section, we present some basic definitions and results that appeared in
[2] and [12] and which will be using in the sequel. Let us begin with Aseev’s main
definition.

Definition 2.1. [2] A set X is called quasilinear space (qls, for short), if a partial
order relation “=<”, an algebraic sum operation and an operation of multiplication by
real numbers are defined in it in such a way that the following conditions hold for any
elements z,y, z,v € X and any «, 8 € R:

x <, (2.1)

r=<zifx <yandy = z, (2.2)
r=yife Jyandy <z, (2.3)
r+y=y+uz, (2.4)
r+(y+z)=(x+y)+2z (2.5)
there exists an element 6 € X such that z + 0 = z, (2.6)
a-(B-z)=(ap) - x, (2.7)
a-(r+y) =a-z+a-y, (2.8)
l-z=u, (2.9)

0-x=0, (2.10)
(a+p)-z2a-z+p- =z, (2.11)
r+zy+vifz <yand z < v, (2.12)
a-r=a-yifz=<y. (2.13)

Generally, a gls X with the partial order relation “<” is denoted by (X, <). Here, we
prefer denote the zero vector of X by 6 for clarity.

Every linear space is a qls with the partial order relation “=".

The most favorite example of qls which is not a linear space is the set of all
nonempty, compact and convex subsets of real numbers with the inclusion relation
“C”, the algebraic sum operation

A+B={a+b:a€ A, be B}
and multiplication operation by a real number A defined by

AA={da:a€ A}.
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We denote this set by Q¢ (R).

Another one is © (R) which is the set of all nonempty compact subsets of real
numbers.

In general, Q (E) and Q¢ (F) stand for the space of all nonempty closed bounded
and nonempty convex and closed bounded subsets of any normed linear space F, re-
spectively. Both are nonlinear gls with the inclusion relation and a slight modification
of addition operation by

A+B={a+b:ac A, be B}

and multiplication operation by a A € R defined by A+ A = {\a: a € A}. Where the
closure is taken with respect to the standard topology in R.

Lemma 2.1. [2] In a ¢ls (X, X), the element 0 is minimal, i.e., x =0 if x < 0.

Let X beaqlsand Y C X. Then Y is called a subspace of X if Y is a gls with
the same partial order relation and the restriction of the operations on X to Y .

Theorem 2.1. [12] Y is a subspace of gls X if and only if a-x+ -y €Y for every
z,y €Y and o, B € R.

An element 2’ € X is called inverse of x € X if x + 2’ = 6. Further, if an inverse
element exists, then it is unique. An element x possessing inverse is called regular,
otherwise is called singular. X, and X stand for the sets of all regular and singular
elements in X, respectively, [12].

It will be assumed throughout the text that —z = (—1) - z.

Suppose that every element x in a qls X has inverse element 2’ € X . Then the
partial order in X is determined by equality, the distributivity condition in (2.11)
holds and consequently, X is a linear space, [2]. In a real linear space, “=" is only
way to define a partial order such that the conditions (2.1)-(2.13) hold.

On the other hand, an element = € X is said to be symmetric if —z = z, and Xy
denotes the set of all symmetric elements.

X, X4 and X U{0} are subspaces of X and called regular, symmetric and singular
subspaces of X, respectively, [12].

Definition 2.2. [2] Let (X, <) be a gls. A real function ||.||y : X — R is called a
norm if the following conditions hold:

lz]|x > 0if x # 6, (2.14)

o+ yllx < llolly + - (2.15)

ozl = lal 2l (2.16)

if 2 <y, then [y < llyllx (2.17)

if for any € > 0 there exists an element z. € X such that (2.18)

z=2y+a.and ||z |y <ethenz <y.

A gls X ,with a norm defined on it, is called normed quasilinear space (normed gls,
for short).
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Let (X, =) be a normed gls. Hausdorff metric or norm metric on X is defined by
the equality

hx(z,y)=inf{r >0:z<y+al,y 2x+ayand |a}| <r, i=1,2}.

Since z <y + (z —y) and y = x + (y — z) for any elements =,y € X, the quantity
hx (z,y) is well defined. Also, it is not hard to see that the function hx satisfies all of
the metric axioms and we should note that hx (z,y) may not equal to ||z — y|| y if X is
a nonlinear gls; however hx (x,y) < ||z — y|| y is always true for any elements z,y € X.
Therefore, we use the metric instead of the norm to discuss topological properties in
normed quasilinear spaces. For example, x,, — x if and only if hx (z,,z) — 0 for the
sequence (z,) in a normed qls. Although, always ||z, — x|y — 0 implies z,, — z in
normed quasilinear spaces, x, — « may not imply ||z, — x|y — 0.

Let E be a real normed linear space. Then (F) and Q¢(F) are normed quasi-
linear spaces with the norm defined by

[Allg = sup [l - (2.19)
acA

In this case, the Hausdorff metric is defined as usual:
ho(A,B)=inf{r >0: AC B+ S(0,r), BC A+ S(0,r)},
where S(0,7) is the closed ball of radius r about 6 € X, [2].

Lemma 2.2. [2] The operations of algebraic sum and multiplication by real num-
bers are continuous with respect to the Hausdorff metric. The norm is a continuous
function with respect to the Hausdorff metric.

Lemma 2.3. [2] Let X be a normed gls and n be a positive integer.
a) Suppose that T, — xo, Yn — Yo and T, = yn for any n. Then xo =< yo.
b) Let x, — xo and z, — xo. If v, Xy, X 2z, for any n, then y, — xg.
c) If z,, + yn — zo and y, — 0, then x,, — xo.

Definition 2.3. [2] Let (X, <) and (Y, <) be quasilinear spaces. A mapping T : X —
Y is called a quasilinear operator if it satisfies the following three conditions:

T(a-z)=a-T(x) for any o € R, (2.20)
T($1 —|—$2) < T($1) —|—T(.732), (221)
if 2y X g, then T (z1) X T (z2) . (2.22)

If X and Y are linear spaces, then the definition of a quasilinear operator coincides
with the usual definiton of linear operator. In this case, condition (2.22) is automat-
ically satisfied.
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Definition 2.4. [2] Let X and Y be normed linear spaces. Any mapping from X to
Q(Y) is called a multivalued mapping.

A quasilinear operator 7' : X — Q(Y) is called a multivalued quasilinear mapping.
In this case, conditions (2.20) and (2.21) take the form

T(a-z)=a-T(z) for any o € R,

T(l‘l +l‘2) C T(l‘l) +T(IQ)

Also, condition (2.22) is automatically satisfied.
On the other hand, any quasilinear operator from X to Q(R) is called a quasilinear
functional.

3. Seminormed quasilinear spaces

In this section, we propose a generalization of normed quasilinear spaces. Let us
start the following definition.

Definition 3.1. Let (X, <) be a gls. A real function p : X — R is called a seminorm
if the following conditions hold:

p(z) >0if z # 6, (3.1)
p(z +y) < plx) +pY), (3.2)
pla-z) = |alp(z), (3.3)
p(z) <ply) if z 2 y. (3.4)

A qls X with a seminorm defined on it, is called seminormed quasilinear space (briefly,
seminormed qls).
A seminorm p is called total seminorm (or norm) if the condition

“if for any € > 0 there exists an element z. € X such that
x =Xy+z. and p(z.) < € then x < y” (3.5)
holds.

Note that this definition is inspired from the definition of norm presented by Aseev
in [2] and every seminormed (normed) gls is a semimetric (metric) qls.

Proposition 3.1. Let (X,p) be a seminormed gls. Then the equality
hx(z,y) =inf{r >0:2 Jy+aj, y2x+aj, pla;) <r, i=1,2} (3.6)

defines a semimetric on X. If p is total, hx becomes a metric.



84 S. Cakan and Y. Yilmaz

Proof. First of all, we should note that the quantity hx is well defined since x =<
y+ (x—y) and y <Xz + (y — z) for any elements z,y € X.
Assume that x = y. Then x < y and y < x. According to this,

x=Xy+aj and y 2z + aj

for af = a = 6. That implies hx (z,y) = 0 since p(a]) = p(a}) = 0.
Clearly hy is symmetric. Further, remembering that

hX(x,z):inf{TEO:sz—l—a{, z X x+ ah andp(a?)gg, i:1,2}

and

hX(z,y):inf{rzo:yjz—l—b’{, z Xy + b5 and p(b]) < —, z'=1,2}7

we write x <X y + af + b5 for every elements a] and b5 such that z < z + a] and

z 2y + b
Similarly, we can say y < x + a4 + b} for every elements af and b] such that
y 2 z+0b] and z < x + aj. Since

play +b3) < p(ay) +p(b;) <
and
pla; +b1) < plag) + p(by) <
we get hx(z,y) < hx(z,2) + hx(z,y). Because
hx(z,y)=inf{r >0: 2 y+a]+b, y<z+al+0b],
p(ay +b5) <7 and p(a; + by) <7}
ginf{TZO:sz—i—a’{, z 2 x4+ ay, p(a?)gg, i:1,2}
+inf{r20:yjz+b§, z <Xy+by, pl) < g, i:I,Z}
= hx(z,2) + hx(z,9).

Hence the equality (3.6) defines a semimetric.
Now let us show that hx becomes a metric whenever that the seminorm p is total:
Let p be total and hx (x,y) = 0. Then for any € > 0 there exist elements z§,z§ € X
such that z <y +27, y R x+ 2§ and p(z§) <, i = 1,2. Hence the totality condition
implies that * <y and y < z, that is z = y. O

The function hy defined with the equality in (3.6) is called semimetric (metric)
derived from the seminorm (total seminorm) p.

Let hx be semimetric (metric) derived from the seminorm (total seminorm) p.
Then the inequality hx (z,y) < p(x — y) holds for every x,y € X.
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Proposition 3.2. Let (X,p) be a seminormed qls and hx be semimetric (metric)
derived from the seminorm (total seminorm) p. Then we have

i) hx (z+y,z+v) < hx (x,2) + hx (y,v),
i) hx (a-z,a-y) = |a|hx (z,y),
ii) p(z) = hx (z,0)
for each oo € R and every z,y,z,v € X.

Proof. Let us show that the inequality ¢) holds. Taking into account the definition
of hx and inf A + inf B > inf A + B, and using (2.12), we write

hx (z,z) 4+ hx (y,v)

=inf{r>0:x<z+a], z2z+aj, pla;) <r/2, i=1,2}
+inf{r>0:y <v+b], v=y+0b, pb)) <r/2, i=1,2}
>inf{ r>0:z<z+al, yv+bj, z 2z +ah, vy+b, }
- plai) <r/2, p(bj) <r/2, i=1,2

it r>0:x4+y<z+v+aj+0b, z2+vx+y+aj+ b5,
plal +0) <r, i=1,2

=hx (zx+y,z+0v).
The equalities i) and #ii) can be also easily obtained. O

Proposition 3.3. Let (X,p) be a seminormed gls, x,y € X and hx be semimetric
(metric) derived from the seminorm (total seminorm) p. Then

hx(x,0) < hx(y,0) if v < y. (3.7)

Further, quasilinear space operations are continuous with respect to the topology in-
duced by hx.

Proof. Primarily, we say that < y implies p(x) < p(y) since p is seminorm. Con-
sidering
p(z) = hx(z,0) and p(y) = hx(y,0),

it is obtained hx (z,0) < hx(y,0) whenever x < y.

Since the topology derived from the semimetric hx is first countable topology,
to say that addition and scalar multiplication operations are continuous, it will be
sufficient to show that these operations are sequentially continuous.

For continuity of addition, let (z,) and (y,) be two sequences in X such that
zn, —  and y, — y. Then for every € > 0 there exists N€N such that

Tp 2T+ aj,, T2 Ty +ay, andp(a;n) <—,i=1,2

€
27
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and

Yn SY+b5,, Y =Xyn+05, and p (b5,) < =, i=1,2

€
2 )
whenever n > N. Taking into account that p is seminorm and using (2.12), we can
write

$n+ynjx+y+ai,n+b§,nv
$+ijn+yn+a§,n+b§,n

and
p(a$, +b5,) <p(as,) +p(bi,) <
p(as, +b5,) <p(a5,) +p(b5,) <

These imply that z,, + y, = * + y.

Hence, it remains to show that multiplication operation is continuous. Let (z;,)
be a sequence in X such that z,, — x. Then for every € > 0 there exists V€N such
that c

Tn 2z +al,, v =, +ajy, and p(a;,) < ok ANERT, i=1,2
whenever n > N. Using (2.8), (2.12), (2.13) and the fact that p is seminorm, we can
say

AT, j)x-x—kx\-ain,
Az 2 Nxp+Aah,
and
P ()\ . ain) <|Ap (afm) <e 1=1,2.
This implies that A - z,, =& A - z. O

Also, we note that the semimetric (metric) hx induced by a seminorm (total
seminorm) on the gls X is not translation invariant. But this semimetric (metric)
satisfies the inequality

hx(z+a,y+a) <hx(z,y), a € X.

Indeed,
hx($+a, y+a) < hX(xay)+hX<aaa) :hX(x7y)

Now let us present an example of seminorm function which is not a norm.

Example 3.1. Consider the gls Q¢ (R?) and the function
p(A) = sup{las| : (21, 22) € A}

for any A € Qc(R?).
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It is easy to see that p holds seminorm axioms. On the other hand, p is not a
norm since p(A) = 0, for element A = {(,0) : =1 <t <1} € Qc(R?) # 0. Also the
condition (2.18) is also not satisfied:

Let A= {(¢,0):0<t<2}, B={(t0):0<¢<1} and € > 0 be arbitrary. Let
us define as

Ac={(t+¢€0):0<t<1}.
Then p(A) =0and AC B+ A, but A ¢ B.

Example 3.2. The function g(A4) = 151;:?,)4)

Example 3.1 is not a seminorm on Q¢ (R?), since

_op(A-4A) A4
1A =T D T T A

In the following, we give an example of a semimetric map that is not a metric.

Example 3.3. Let A4, B € Q¢ (R?) and

d(A, B) = sup {\/|a1 “by|: (a1,a2) € A, (by,by) € B}. (3.8)

Firstly let us show that this formula defines a function from Q¢ (R?) to R:
Consider the projection

formed by aid of the seminorm p in

# Aq(A).

p1: R =5 R, pi(ar,a2) = a

and remember that p; is continuous. p;(A) and p;(B) are compact subsets of R since
A and B are compact in R?. Hence there exist the numbers M;, My > 0 such that
|x| < M for every z € pi(A) and |z| < M, for every z € pi(B). Therefore, since

sup{\/|a1 —b1|: (a1,a2) € A, (b1,b2) € B}
= sup{\/|a1 —bi| a1 €p1(4), b Epl(B)}

and |z] < /My + M, for x € {\/\a1 —b1] a1 €p1(A), by € pl(B)}, the function d
is well defined.

It is easy to verify that d is a semimetric. But d is not a metric on Q¢ (R?). Indeed,
for elements A = {(2,3)} and B = {(2,4)} in Q¢(R?), d(A, B) =0, but A # B.

On the other hand, we can show that the semimetric d defined with (3.8) holds
the condition (3.7) and the algebraic operations on Q¢ (R?) are continuous according
to this semimetric.

For continuity of addition, let (A,) and (B,) be sequences in Q¢ (R?) such that
A, — A, B, — B and we take any x,, € A, + B,. Then there exist a,, € A, and
b, € B,, such that z,, = a,, +b,.We can write as a, = (a1,n,a2,) and b, = (b1, b2.)
since A,, B, € Qc(R?). Because of A,, — A, B, — B, we have

d(A,, A) = sup {\/al’n — a1 (@1n,a20) € Ay, (a1,a2) € A} —0
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d(Bn,B) = sup {\/ |b1,n — bl‘ : (bl,n,bgm) S Bn, (bl,bg) S B} — O,

whenever n — oo. Hence, we obtain that

and

d(A, + B,,A+ B)

= Sup {\/|a1,n + bl,n - (al + b1)| : (al,n + bl,n7 a2.n + bZ,n) € An + Bna
(a1 +b1,a2 +b2) € A+ B}

< sup{ la1,n — a1l : (a1n,020) € Ap, (a1,a2) € A}

+sup{ |b1,n — b1| . (bl’n,bg’n) S B»m (bl,bg) S B}
—04+0=0 (n— o).

This shows that the addition operation is continuous. Similarly it can be seen
that the real-scalar multiplication operation is continuous.

Lastly it remains to show that the condition (3.7) is satisfied. Assume that A C B.
Then

d(A,0) = sup{\/@: (a1,a9) € A}
< sup{\/@: (a1,a2) € B}
=d(B,0).

Remark 3.1. Every semimetric on a qls may not be obtained from a seminorm. In
Example 3.3, if the semimetric defined on Q¢ (IR?) is obtained from a seminorm, the
property i) in Proposition 3.2 should hold. However, we see that

d(\ A\ B) zsup{m: (A-ai,X-as) € A- A, (A-by,\-by) €A~B}
= |)\|sup{\/m: (a1,a2) € A, (b1,b2) € B}
= /|\d(4,B).
The following proposition is a comment of the condition (2.18).

Proposition 3.4. Let X be a normed qls, Ny is the family of all neighbourhoods of
0 and x,y € X. If for any V € Ny there exists some b € V such that x <y + b, then
z Xy.

Remark 3.2. In Proposition 3.4, the hypothesis “Let X be a normed qls” is indis-
pensable. Indeed, Let us recall from Example 3.1 that the function

p(A) = sup {|xo| : (z1,22) € A}, A€ Qc(R?)
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is seminorm on Q¢ (R?). We can construct a topology 7 on Q¢ (R?) by aid of p in
such a way that

Uere {A:p(A) <e} CU, for some € > 0.
We note that 7 is a semimetrizable topology with the semimetric
d(A,B)=inf{r >0: ACB+C], BCA+C], p(CI)<r i=1,2}.

Now, let A = {(t,0) e R2: 0<t <2}, B={(t,00 e R?:0<¢t <1}, ¢ >0be
arbitrary and

Be={(x1,20) ER*:0< 21 <1, 0 <29 < €}
Then there exists B. € V for every V € Ny such that A C B + B.. However A ¢ B.

Remark 3.3. In Lemma 2.3, the hypothesis “Let X be a normed qls” can not be
relaxed. Indeed, let us recall that every linear space is a qls with the partial order
relation “=” and consider the element = (z1,z2) and the seminorm

p(z) = p((z1,22)) = {[a1] : (21, 22) € R?}

on the gls (R2,=).

Let (zn) = ((3:0)) ., and () = ((3,0)),_,-

We see that x,, = y, for every n. On the other hand, the sequence ((%, O)):;l
converges to different two elements of R? according to this seminorm. For example,

(2n) = ((i,o))il —(0,1) ==z

= ((20))" >0
IR ORI (CE) R
T (G () e

while n — co. However x # y.

Now, let us denote by QF(R) the family of all n—tuples intervals which constitute
an important part of interval analysis.

QL(R) = {X = (X1, X2,..,X,) : X; € Qc(R) for 1 < i <n}.

We emphasize that Qf (R) is different from Q¢ (R™) which is the family of all nonempty
closed, bounded and convex subsets of R™.
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Q% (R) is a gls with the operations “@”, “©” and partial order relation “<” defined
by

@ : QE(R) x Q& (R) — Q¢ (R),
XoY=(X1+Y1,Xo0+Ys, .., X, +Y,)
and
©: R x Q&[R) = Q&(R),
a0X = (a Xj,a - Xo, ..., Xy,)

and
XY & X; CY, forevery i € {1,2,...,n}
for X = (X1, X2, .., X,), Y = (Y1, Y, .., Y,) € Q4(R) and a € R.
Q% (R) is a seminormed gls with equality defined by

X1

an® = [Xillaom)
for fixed i € {1,2,...,n}.
For example, on seminormed gls Q2 (R), the equality
||XHQg(R) = HX1||QC(]R)

defines a seminorm. It is not hard to see that seminorm axioms are hold. The function
defined by this way is not a norm since || X|| = 0 for element

X ={[0,0],[1,3],[-3,-2]} € Q& (R) # 6.

Example 3.4. Also the condition (2.18) is also not satisfied:
Let X = {[1,2],[3,5],[—4,-3]}, Y = {[1,2],[4,6],[3,5]} and € > 0 be arbitrary.
Let us define as
X =1[0,0],[-2,1],[-8,-T7]}.

Then || X[ =0and X <Y + X, but X A Y.

We note that T" will be called as a linear operator between quasilinear spaces, if
T satisfies the following conditions:

T(a-z)=ca- -T(x) for any a € R, (3.9)

Also, any linear operator from the quasilinear space X to R is called a linear functional
on quasilinear space X.

The Hahn-Banach theorem is an important tool in functional analysis and there
are several versions of it. Let us note that we are largely inspired by Theorem 2.2 in [4],
in stating the Hahn-Banach theorem for seminormed quasilinear spaces. The impact
of the Hahn-Banach theorem is the existence of linear functionals having specified
properties on a quasilinear space. The following is the main result of our work.
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Theorem 3.1. Let p be a seminorm on the quasilinear space X andY be a subspace
of X. Suppose that f is a linear functional fromY toR and f (y) < p(y) forally €Y.
Suppose also that ¢ is a quasilinear functional from X to Qc(R) and f (x) € ¢ ()
for every x € Y. Then there exists a linear functional g from X to R such that
g(x) = f(x) foranyx €Y and g (z) € ¢ () for any z € X.

Proof. Let Z be a subspace of X containing Y, g be a linear functional on Z that

extends f, and g (z) < p(z) for all z € Z. Also, let Z be the set of all pairs (Z,9).

First of all, since the pair (Y, f) is obviously an element of Z, the set Z is not empty.
Define a partial order relation “<” on Z as follows:

21CZ2

VA Z '
(Z1,91) < ( 2792)(:’{92(2):91(2), for all z € 7y

Using Zorn Lemma, Z posesses a maximal totally ordered subset {(Z4, gq)}. If it is
defined as Z = UZQ, clearly, Z is a subspace of X. Also, if z € Z, then z € Z,, for
some .

If z € Z, and z € Zg, then, without loss of generality, we may assume that
(Zasga) < (Zs,98). Therefore g, (2) = g (z), so that we may uniquely define
g (2) = go (2) whenever z € Z,,.

Now, let us show that the function g defined by this way is a linear functional on
Z. To do this, let z; and z; be elements of Z. Then z; € Z, and z; € Zg for some o
and J. Since the set {(Z,, g,)} is totally ordered, we may assume, again without loss
of generality, that Z, C Zg, hence both 2; and z; are in Z3. So

g(>\1 cz1+ Ao '2’2) =93 (/\1 c 21+ Ao - 2’2) = /\19[(3 (21)—|-)\295 (2’2) = /\19 (Zl)+)\gg (2’2) .

We note that if y € Y, then g(y) = f(y), so that g is an extension of f. So, g is a linear
functional on the subspace Z, that extends f, for which g (z) < p(z) and g (z) € ¢ (=)
for all z € Z, so that the proof will be complete if we show that Z = X.

Assume that Z # X, and v be an element in X which is not in Z. Also, Z’ denotes
the set of all elements in the form z + X -v for A € R and z € Z.

On the other hand, since

f=(1-1)-v=v—w

and
2472 2 z+2 forany 2,2 € Z,

we write 2+ 2’ < z+2' + v —wv from (2.12). Also p(z+2') < p(z+2 +v—v) by
the fact that p is a seminorm. Therefore, we observe

9(2) +9(2") = g(z + =)
<p(z+2)
<pz+2Z+v-—0)
<p(z+v)+p(z' —v)
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g(Z)—p(Z —v) <p(z+v) —g(2)

for any z,2' € Z.
Consider the sets

Wi={g(z) —p( —v): 2 € Z} CR,

Wo={p(z+v)—g(z):z€ Z} CR

and say
sup W7 = w; and inf Wy = ws.

It is clear that wy; < wy. Take wy to be any number for which w; < wg < ws and
define ¢’ on Z' by
g (z+X-v)=g(z) + X wp.

It is easy to see that ¢’ is linear and extends f.
If A > 0, then

>la > e >N
— —— ~—
+ o+
g &
V] o
N— ——

i
/
> w
+
S
N—
|
N
/N
>|
SN—
N—

> 4+
: <

This proves ¢’ (z+X-v) < p(z+X-v) for all z+ X-v € Z'. Hence (Z',¢') € Z
and (Z,g9) < (Z',¢’). But then the element (Z',¢') € Z will contradicts with the
maximality of (Z,g) by the fact that {(Z,,g.)} is a maximal totally ordered set.
This completes the proof. O
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