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ABSTRACT: In this paper, we introduced the notion of generalized
expansive mappings in dislocated cone metric spaces with Banach alge-
bras. Furthermore, we prove some fixed point theorems for generalized
expansive mappings in dislocated cone metric spaces with Banach alge-
bras without the assumption of normality of cones. Moreover, we give an
example to elucidate our result. Our results are significant extension and
generalizations of many recent results in the literature.
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1. Introduction

The concept of cone metric space was introduced by Huang and Zhang [9]. They
supplanted the set of real numbers in metric space by a complete normed space and
proved some fixed point results for different contractive conditions in such a space.
Later on, Liu and Xu [13] introduced the notion of cone metric space over Banach
algebras by supplanting the complete normed space in cone metric space with Banach
algebras and proved that cone metric space over Banach algebras are not equivalent
to metric space in terms of existence of the fixed points of mappings. Subsequently,
many authors established interesting and significant results in a cone metric space over
Banach algebras (see [20], [7], [8]). In 2017, George et al. [6] introduced the notion of
dislocated cone metric space over Banach algebras as a generalization of cone metric
space over Banach algebras and proved some fixed point results for Banach, Kannan
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and Perov type contractive conditions in such a space. Very recently, Jiang et al.
[11] introduced the concept of expansive mapping defined on cone metric space over
Banach algebras and proved some fixed point results for such mapping. In this work,
we use the concept of expansive mapping defined on dislocated cone metric space over
Banach algebras and prove some fixed point theorems. Our results unify, complement
and/or generalized the recent results of [11, 2, 10, 1, 3, 19], and many others, that will
be useful in dynamic programming and integral equation, (see; [4] - [15] and references
therein).

2. Preliminaries

In this section, we recall some definitions and results needed in the sequel.

Definition 2.1. ([18]) A Banach algebra A is a real Banach space in which an ope-
ration of multiplication is defined subject to the following properties for all p, ¢, r € A,
AeR

L (pg)r = p(qr),
2. plg+r)=pg+pr and (p+q)r =pr+qr,
3. Apg) = (Ap)g = p(A9),
4. lpgll < lplllgll-
A subset K of a Banach algebra A is called a cone (see [13]) if

1. K is nonempty closed and {6,e} C K;

2. all + BK C K for all nonnegative real numbers «, 3;
3. K2 =KK C K;

4. KN (=K) = {6},

where 6 and e denote the zero and unit elements of the Banach algebra A, respectively.
For a given cone K C A, we write z < y if and only if y — z € K, where < is a partial
order relation defined on K. Also, z < y will stand for y — x € intK, where intkC
denotes the interior of K. If intkC # @ then K is called a solid cone.

Definition 2.2. ([6]) Let Z be a nonempty set. Suppose that p: Z x Z — A be a
mapping satisfying the following conditions:

(D7) 0 <5 p(z,y) forall z,y € Z and p(z,y) =0 = z =y;

(D2) p(2,y) = ply, 2) for all z,y € Z;

(Ds3) p(z,y) < p(z,2) + p(z,y) for all z,y,xz € Z.

Then p is called a dislocated cone metric on Z, and (Z, p) is called a dislocated cone
metric space over Banach algebra A.
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Remark 2.3. In a dislocated cone metric space (£, p), p(z, z) need not be zero for
z € Z. Hence every cone metric space over Banach algebras is a dislocated cone
metric space over Banach algebras, but the converse is not necessarily true. (see [6]).

Example 2.4. ([6]) Let A = {b = (bi,j)gxg : bi,j e R1 < 1,] < 3}, ||bH =
Di<ijeslbijl, K={b€A:b;; >0,1<4,j <3} beaconein A Let Z=R"U{0}.
Let a mapping p : Z x Z — A be define by

Z+y Z+Yy Z+y
plz,y) = 2242y 2242y 2z+2y|, forall z,y € Z.
3z4+3y 32z+3y 3z+3y

Then (Z, p) is a dislocated cone metric space over a Banach algebra .4 but not a cone
metric space over a Banach algebra A since

1 11
11
,0(2,2> = (2 2 2| #o.
3 3 3
Definition 2.5. ([6]) Let (Z,p) be a dislocated cone metric space over Banach

algebra A, z € Z and {2;} be a sequence in (Z, p). Then

1. {z;} converges to z whenever for each ¢ € A with § < ¢, there is a natural
number N such that p(z;,2) < ¢ for all i > N. We denote this by z; — z (i —
00).

2. {z;} is a Cauchy sequence whenever for each ¢ € A with § < ¢, there is a natural
number N such that p(z;,2;) < ¢ for all 7,5 > N.

3. (Z,p) is said to be complete if every Cauchy sequence in Z is convergent.

Definition 2.6. ([12]) Let K be a solid cone in a Banach algebra A. A sequence
{z;} C K is said to be a c-sequence if for each 6 < ¢, there exists N € N such that
z; < cforall i > N.

Lemma 2.7. ([18]) Let A be a Banach algebra with a unit e and T € A, then
lim, o0 ||7"]|™ exists and the spectral radius 6(7) satisfies

5(r) = Tim |l7"* =inf |l7"|* .

If 6(7) < 1, then (e — T) is invertible in A. Moreover,

(e—71)"' = ZTk,

k=0

and
1

1—6(1)
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Remark 2.8. ([20]). If §(7) < 1 then ||7%|| = 0 (i — o0).

Lemma 2.9. ([7]) If E is a real Banach space with a solid cone K and {z;} C K be
a sequence with ||z;|]] — 0 (i — 00), then for each § < ¢, there exists N € N such that
for any i > N, we have z; < c.

Lemma 2.10. ([6]) Let (Z, p) be a complete dislocated cone metric space over Banach
algebra A and K be the underlying solid cone. Let {z;} be a sequence in (Z,p). If
{z:} converges to z € Z, then

1. {p(z;,2)} is a c-sequence.
2. For any j € N, {p(2i, zi+)} is a c-sequence.

Lemma 2.11. ([12]) Let A be a real Banach algebra with a solid cone K and let
{an} and {8} be sequences in K. If {a,} and {B,} are c-sequences and ki, ke € K
then {kia, + kof3n} is also a c-sequence.

Lemma 2.12. ([12]) If E is a real Banach space with a solid cone K
1. If a,b,c € F and a X b <K ¢, then a < c.
2. Ifae K and 6 < a < ¢ for each 0 < ¢, then a = 0.

3. If a X Ta, where a,7 € K and 6(7) < 1, then a = 6.

3. Main results

First, we introduce the notion of expansive mapping in the setting of dislocated cone
metric space over Banach algebra A.

Definition 3.1. Let (Z,p) be a dislocated cone metric space over Banach algebra
A, K be the underlying solid cone. Then § : Z — Z is called an expansive mapping
if there exist 9,91 € K such that §(9~!) < 1 and

(82, Fy) = 9p(z,y), for all z,y € Z. (3.1)

Example 3.2. Let A = C1[0,1] and define a norm on A by ||z]| = [|2]|ec + [|2/[|0c for
z € A, where multiplication in A is defined in the usual way. Then A is a Banach
algebra with unit element e = 1 and the set K = {z € A : z(t) > 0,t € [0,1]} is a
cone in A. Let Z = [0,00). Consider a mapping p : Z x Z — A define by

p(z,y)(t) = (2 + y)et, for all 2,y € Z.

Then (Z, p) is a dislocated cone metric space over Banach algebra A. Define a map-
ping § : 2 — Z by §z = 2z, forall z € Z. Take ¥ = 2. Hence, § is expansive

mapping.
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Next, we prove the existence of fixed point for generalized expansive mapping in dislo-
cated cone metric space over Banach algebra A without the assumption of normality
of cone.

Theorem 3.3. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — Z
be a surjection and satisfy the generalized expansive condition:

p(Fz,8y) + 91lp(2,8Y) + p(y,52)] = V2p(2,y) + I3p(2,82) + Jap(y, Sy),  (3.2)

for all z,y € Z, where ¥; € K (j = 1,2,3,4) such that (92 + 95 — 391) 71, (I — 91 +
¥94)"t € K and spectral radius §[(92 + 93 — 391) (e + 91 — V4)] < 1. Then § has a
fized point z, in Z.

Proof. Let zyp € Z. Since § is surjective, there exists z; € Z such that Fz; = zo.
Again, we can choose zo € Z such that Fz; = z;. Continuing this process, we can
construct a sequence {z;} in (£, p) by

2zi = Fziy1, fori=0,1,2,.... (3.3)

Suppose z = zi4+1 for some k € N, then z, = z;, is a fixed point of § and the result
is proved. Hence, we assume that z;11 # z;, Vi € N. Using (3.2) and (3.3), we get

p(8ziv1,82) + D1lp(ziv1, §2i) + p(zi, Fziv1)] = V2p(2ig1, 20)
+930(2iv1, S2iv1) + Vap(2i, §2i)
= 192P(Zz+17Z7)+193P(Zz+1aZz)+194p(zuzv 1)
= (V2 +93)p(2ig1, 2i) + Vap(2i, 2i-1)
7 (U2 + 03 = 301)p(2it1, 2:)
(e + U1 — Va)p(ziy 2i—1)
Tp(zi-1, 2i), (3.4)

p(zis zi-1) + D1[p(zit1, zi-1) +p(zi, 2i)]
p(2i, zi-1) + D1[3p(zit1, 2i) + p(2is 2i-1)]
(e + 11 — Va)p(zis 2i-1)

(92 + 93 — 3% )p(zit1,2i) <

) <

(227 Zi41

where 7 = (2 + 93 — 391) (e + 91 — V).
Hence, from (3.4), we get

p(2is zit1) < Tp(2i-1, i)

< 72p(2i—2, 2i—1)

p(zi, zi41) < T'p(20, 21), for all i € N. (3.5)

Since §(7) < 1, it follows, by Lemma 2.7, that (e — 7) is invertible in .4. Moreover,

(e—1) ZTk (3.6)
k=0
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Also, by Remark 2.8, we get
17 = 0 (i = o). (3.7)
Hence, for 4, j € N with ¢ < j, using (3.5) and (3.6), we have

p(zi, 25) < p(2i, zig1) + p(2ig1, 25)
< p(2is zit1) + p(zig1, ziv2) + p(2iva, 2j)
P(Zu Zz—i—l) + p(zit1, Zix2) + p(2zit2, Zit3)
(

+ o+ p(zj-2,2-1) + p(z5-1, )

< 7p(20,21) + T p(20, 21) + T p(20, 21)
o+ 772 p(20, 21) + T (20, 21)
=7 e+TH+12 4+ T2 4L 77 p(20, 21)

A

(Yo

k=0
=7'(e —7)"'p(20,21)-

Therefore, using (3.7), we have that |[7°(e — 7)7'p(20,21)|| — 0 (i — o0), and it
follows, by Lemma 2.9, that for any ¢ € A with § < ¢, there exists N € N such that

p(zi,2;) < T (e — 7) " 'p(20,21) < ¢, for all j >i > N,

which implies, by Lemma 2.12 and Definition 2.5, that {z;} is a Cauchy sequence.
Since (Z, p) is complete, there exists z, € Z such that z; — z. (i = 00). Since § is a
surjection mapping, there exists a point y, in Z such that §y. = z.. Next, we show
that y. = z.. Using (3.2) and (3.3), we have that

p(zis z4) = p(S2it1, SYx)
= =01 [p(Zig1, 8Ys) + p(Ys, S2ig1)] + V2p(Zig1, Y )
30(Zi+1, 8%ir1) + Vap(Ys, Sy
—V1[p(zi41, 24) + (Y, 2i)] + V2p(zi41, Yx)
3p(2it1,2i) + Dap(Ys, 24)
P(zis 2iv1) + p(zig1, 26) = —010(2it1, 2) = V1Y, 2it1) — p(2i, Zit1)]
+ 92p(2i41, Ys) + I3p(2i41, 2)
+ Da[p(Y, zit1) — p(z4; 2i41)]
(P2 — 91+ Da)p(zit1, 4x) < (e + 01+ Da)p(2it1, 24) + (e — 91 — U3)p(zi; 2i41)
p(Zis1,Ye) < (V9 — 91 +94) (e + 91+ 9a)p(2is1, 24)
+ (e = 91 — Us)p(2i, zit1)].

This implies that

P(Zit1, i) < @1p(Zig1, 24) + @2p(2i, Zig1),
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where a; = (’192 — 1 + 7;94)71(6 + 91 + 7.94),0[2 = (’192 — 9+ 7;94)71(6 — 9 — 7.93) e K.
Now, by Lemma 2.10, Lemma 2.11; {p(z;11,2+)}, {p(2i, zit1)} and {a1p(zit1, 24) +
asp(zi,zi41)} are c-sequences. Hence, for any ¢ € A with 6 < ¢, there exists N € N
such that

P(Zit1,Yx) < Q1p(2ig1, 24) + a2p(2i, zip1) < ¢, for alli > N,

which implies that z;11 — y.. Since the limit of a convergent sequence in cone metric
space is unique, we have that y, = z,. Hence, z, is a fixed point of §. O

Remark 3.4. Note that § may have more than one fixed point (e.g. see [11, 1]).

Theorem 3.5. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — Z
be a surjection and satisfy the following condition:

p(§z,8y) = V1p(z,y) + D20(2,8y), for all z,y € Z, (3.8)

where 91,92 € K such that (91+92) "t € K and spectral radius 5[(91+392) ! (e+32)] < 1.
Then § has a fized point z, in Z.

Proof. Let zg be an arbitrary point in Z. Since § is surjective, there exists z; € Z
such that §z; = 2zp. Again, we can choose 25 € Z such that Fzs = z;. Continuing this
process, we can construct a sequence {z;} in (£, p) by

zi = §ziv1, fori=0,1,2,.... (3.9)

Suppose zj_1 = z; for some j € N, then 2z, = z; is a fixed point of § and the result
is proved. Hence, we assume that z; # z;_1 for all ¢ € N. Now, using (3.8) and (3.9),
we have

p(zi, zi—1) = p(Fziy1,S2)
= V1p(2i1, 2i) + V2p(2ig1, 2i1)
1 p(Zig1, 2i) + V2[p(zit1, 2i) — p(ziz1, 2i)]
(e +92)p(2is zi—1) = (V1 + V2)p(zit1, 2i)
p(ziy zig1) < (91 +D2) e + D2)p(2i-1, i)
p(zis zit1) < Tp(2io1, 2i),s (3.10)

e

where 7 = (91 + U2) 7! (e + V2).
Hence, from (3.10), we have

p(2is zit1) < Tp(2i-1, 2i)
2

< 7p(2im2, 2im1)

p(2i, ziv1) < T'p(20, 21), for all i € N. (3.11)
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Using the same argument to the proof in Theorem 3.3, we get that {z;} is a Cauchy
sequence. Since (Z,p) is complete, there exists z, € Z such that z; — z. (I — o0).
Since § is a surjection mapping, there exists a point z,, in Z such that §z.. = z.
Now, we show that z., = z.. Using (3.8) and (3.9), we have that

p(2s, 2i) = p(F s, §Zit1)
= V1P(Zas, Zit1) + V2p(2as, 2ig1)
= 010(Zsxs Zit1) + D2p(Zss, 2i)
P(24; Zig1) + p(zit1, 2i) 27 01P(Zex, Zig1) + D2[p(2ax, 2i1) — p(2i, 2ig1)]
(U1 +92)p(zit1, 24x) < p(2iv1, 24) + (e +D2)p(2i, 2it1)
P(Zig1, 2ex) < (V1 +92) 7 [p(2ig1, 22) + (€ 4 V2)p(23, 2i41)]-

This implies that

P(2it1, 2ex) < B1p(Zix1, 24) + Bap(2is 2ig1),

where 81 = (91 +92) 71, B2 = (91 +92) " L(e+92) € K. Now, by Lemma 2.10, Lemma

2.11; {p(zit1,24)}s {p(2i,ziv1)} and {B1p(2it1, 2x) + B2p(zi, zit1)} are c-sequences.
Hence, for any ¢ € A with § < ¢, there exists N € N such that

P(Zit1, 2ex) < B1P(Zit1, 24) + Bap(2is zip1) < ¢, for all i > N,

which implies that z;11 — z«. Since the limit of a convergent sequence in a cone
metric space is unique, we have that z,. = z.. Hence, z, is a fixed point of §. O

Corollary 3.6. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — Z
be a surjection and satisfy the following condition:

p(§z,8y) = Yip(z,y) + V2p(2,§2) + V3p(y, v), (3.12)

for all z,y € Z. where ), € K (k = 1,2,3) such that (91 +92)"1, (91 +93)" L € K
and spectral radius 5[(91 + 92) (e — ¥3)] < 1. Then § has a fived point z, in Z.

Proof. Putting ¥; = 6 in Theorem 3.3, the result follows. O

Corollary 3.7. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — Z
be a surjection and satisfy the following condition:

p(8z,8y) = Y1p(2,§2) + Y2p(y, §y), (3.13)

forall z,y € Z. where ¥y, € K (k =1,2) such that Y1957 € K and spectral radius
5[19171(6 —93)] < 1. Then § has a fizved point z, in Z.

Proof. Putting ¥, = 93 = 6 in Theorem 3.3, the result follows. O
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Theorem 3.8. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — 2
be a surjection and satisfy the following condition:

p(Fz,8y) = Ip(z,y), (3.14)

for all z,y € Z. where ¥,9~! € K such that spectral radius 5(9~1) < 1. Then § has
a unique fized point z, in Z.

Proof. Using Theorem 3.3, Theorem 3.5, we only need to show that the fixed point
is unique. Suppose that y. is another fixed point of §, then using (3.14), we have that

p(z*,y*) = ,D(SZ*,Sy*)
7 Ip(24, )
p(z*,y*) < ﬁ_lp(z*7y*) = Tp(z*,y*),

where 7 = ¥~
Hence, we have

P25 Yu) < TP(25 Ys)
< 720(2, )

0(2e, Yx) < T'p(24, ys), for all i € N.
Since 6(7) < 1, then, by Remark 2.8, it follows that
17 = 0 (i = o0).

Hence, we have that ||77p(z.,¥:)|| = 0 (i — 00) and by Lemma 2.9, it follows that
for any ¢ € A with 6 < ¢, there exists N € N such that

024, Ys) < T'p(2s,y:) < ¢, for alli > N,
which implies that p(zy,y.) = 0. Therefore z, = y.. This completes the proof. O

Corollary 3.9. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — Z
be a surjection and satisfy the following condition:

p(F"2,8"y) = Op(z,y), mel" (3.15)

for all z,y € Z. where 9,971 € K such that 5(9~1) < 1. Then § has a unique fized
point z, in Z.

Proof. Using Theorem 3.8, we get that " a has a fixed point z in Z. Since §"(§z) =
F(F™z) = §z, then Fz is also a fixed point of F”. Thus Fz = z, z is a fixed of §.
Since the fixed in Theorem 3.8 is unique, the result follows. O
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Theorem 3.10. Let (Z,p) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping §: Z2 — 2
be a continuous, surjection and satisfy the following condition:

p(Fz,Fy) = 9{p(z,v), p(2,32), p(y, 3y) }, (3.16)

for all z,y € Z, where 9; € K (j = 1,2,3,4) such that 9,97 € K and spectral radius
(971 < 1. Then § has a fized point z, in Z.

Proof. Let zy be an arbitrary point in Z. Since § is surjective, there exists z; € Z
such that §z1 = z9. Again, we can choose z5 € Z such that §z3 = z;. Continuing this
process, we can construct a sequence {z;} in Z by

2zi = Fziy1, fori=0,1,2,.... (3.17)

Suppose z;_1 = z; for some j € N, then z, = z;_; is a fixed point of § and the result
is proved. Hence, we assume that z;_1 # z; for all ¢ € N. Now, using (3.16) and
(3.17), we have
p(zi-1,2i) = p(Fzi, §2iv1)
= 9 p(2i, zi41), p(2i, §2i)s p(Zig1, Szit1) }
=9 p(2i, zi41), p(2i, 2i-1) }- (3.18)
We consider the following two cases:
1. If p(2i_1,2) = 9p(2i, 2zi—1) then p(zi_1,2;) < 9 p(2i_1, 2;). Hence, by Lemma
2.12, p(z;—1, 2;) = 0, that is z;_1 = z;. This is a contradiction.
2. If p(2_1,2:) = 9p(2i, zix1) then p(zi, zit1) < 9 p(zii1, zi) = 7p(2i—1, 2i).

Hence, we have

p(2is zit1) < Tp(2i-1, 2i)
2

< 7°p(%i—2, Zi—1)

p(zi, zi41) < T'p(20, 21), for all i € N. (3.19)

Using the same argument to the proof in Theorem 3.3, we get that {z;} is a Cauchy
sequence. Since (Z, p) is complete, there exists z, € Z such that z; = z, (i = o). To
show that z, is a fixed point of §, since § is continuous, so §Fz; — Fz« (i — 00), which
implies that z;_1 — §z. (i = 00). Hence, §Fz. = z.. This completes the proof. O

Example 3.11. Let A = C}[0,1/5] and define a norm on A by [|z]| = ||z + ||2’]| 0
for z € A, where multiplication in A is defined in the usual way. Then A is a Banach
algebra with unit element e = 1 and the set X = {z € A: 2(¢t) > 0,t € [0,1/5]} is a
non normal cone in A. Let Z = [0,00). Consider a mapping p : Z x Z — A define by

p(z,y)(t) = (2 + y)et, for all 2,y € Z.
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Then (Z, p) is a dislocated cone metric space over Banach algebra A. Define a map-
ping §: Z — Z by §z = 2z, forall z € Z. Let ¥ € K be defined by 9(t) = ﬁ.
Simple calculations show that all the conditions of Theorem 3.8 are satisfied and
2y = 0 is the unique fixed point of §.

4. Conclusion

The aim of this paper is to introduce the notion of generalized expansive mappings
on dislocated cone metric space over Banach algebras and prove some fixed point
theorems for such mappings. Our results are actual generalization of the recent results
in [11, 2, 10, 1, 3, 19] and others in the literature. We hope the results will be useful in
fixed point theory and may be generalized in further spaces with efficient conditions.
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