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1. Introduction and Preliminaries

The notion of the difference sequence space was introduced by Kizmaz [1]. It was fur-
ther generalized by Et and Colak [2] as follows: Z(A*) = {x = (z1) € w : (Atxy) € 2z}
for z = l, ¢ and ¢,, where p is a non-negative integer and

Argy = AP g — AP gy ACxy, =ay, forall k€ N

or equivalent to the following binomial representation:

o

At = (1) (§) Tho-

v=0

These sequence spaces were generalized by Et and Basasir [3] taking z = £o.(p), ¢(p)
and ¢, (p). Dutta [4] introduced the following difference sequence spaces using a new
difference operator:

Z(Apy) ={z=(z1) Ew: Az € 2} for 2 = Uy, cand c,,
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where Ayz = (Appzr) = (2 — T—y) for all k,n € N.

In [5], Dutta introduced the sequence spaces &(||., .|, A?n),p), (] -1, Aé‘n),p),
Loo (I, -1l A’(‘n),p), m(]|., -, A‘(‘n),p) and mo (]|, |, A’(‘n),p), where 7, p € N and

A’(‘n)xk = (Afbn)xk) = (A’{nf)lwk - Afglmk,n) and A xzj, = zy, for all k,n € N, which
is equivalent to the following binomial representation:

m

A e =3 (1) () e

v=0

The difference sequence space have been studied by authors ([6], [7], [8], [9], [10],
[11], [12], [13], [14], [15]) and references therein. Bagar and Altay [16] introduced the
generalized difference matrix B = (b,,x) for all k,m € N, which is a generalization of
A(q)-difference operator, by

T, k=m
bk = 1 s, k=m-—1
0, (k>m)or (0<k<m-—1).

Bagarir and Kayikgi [17] defined the matrix B#(b!,) which reduced the difference
matrix Aé) incase r = 1, s = —1. The generalized B*-difference operator is equivalent
to the following binomial representation:

n
Bty = B*(zy) = Z )P s gy
v=0

Let A = (Ak) be a sequence of non-zero scalars. Then, for a sequence space E, the
multiplier sequence space Ex, associated with the multiplier sequence A, is defined as

E\n={z=(zx) €w: (Arxg) € E}.

An Orlicz function M is a function, which is continuous non-decreasing and convex
with M(0) =0, M(x) > 0 for x > 0 and M(x) — oo as  — oo.
Linderstrauss and Tzafriri [18] used the idea of Orlicz function to define the following

sequence space
oo
by = xew:ZM(w> < 00
k=1 P

which is called an Orlicz sequence space. The space £j; is a Banach space with the

norm
- £
lz|| = inf p>0:§ M(p)gl )

k=1

It is shown in [18] that every Orlicz sequence space £, contains a subspace isomorphic
to £,(p > 1). The Ag-condition is equivalent to M(Lz) < KLM (x) for all values of
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2 > 0 and for L > 1. An Orlicz function M can always be represented in the following

interval form
xT

M(z) = / n(t)dt,

0

where n is known as the kernel of M, is right differentiable for ¢ > 0, n(0) = 0,
n(t) > 0, n is non-decreasing and 7n(t) — oo as t — oo.

A sequence M = (Mj},) of Orlicz functions is called a Musielak-Orlicz function see
([19], [20]). A sequence N = (Ny) defined by

Ni(v) =sup{|vju — Mg(u) :u >0}, k=1,2,..

is called the complimentary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space t 4 and its subspace
ha are defined as follows:

tm ={x €w: Ipy(cxr) < oo for some ¢ > 0},

hm ={z € w: Ipy(cx) < oo for all ¢ > 0},

where Iy is a convex modular defined by

Ipm(x) = ZMk(xk), x = (x) € tm.
k=1

We consider ¢ equipped with the Luxemburg norm
||| = inf {k > 0 : Ins(z/k) < 1}

or equipped with the Orlicz norm
o : 1
|| :mf{k(l—i—IM(kx)) :k>0}.

The concept of 2-normed spaces was initially developed by Géhler [21] in the mid of
1960’s, while that of n -normed spaces one can see in Misiak [22]. Since then, many
others have studied this concept and obtained various results, see Gunawan ([23],
[24]) and Gunawan and Mashadi [25]. Let n € N and X be linear space over the field
K, where K is the field of real or complex numbers of dimension d, where d > n > 2.
A real valued function ||., ..., .|| on X™ satisfying the following four conditions:
(1) ||z1, 22, .., zn|| = 0 if and only if z1, z2, x3, ...x, are linearly dependent in X;
(2) ||z1,x2, .., Ty || is invariant under permutation ;
(3) llaxy, 2o, .., 20| = || ||z1, T2, .., 20| for any o € K and
(4) |z + 2,22, oy xn|| < ||z, 22y oy || + |27, 224 -y 20|
is called an n-norm on X and the pair (X, |.,..,.]|) is called a n-normed space over
the field K. For example, we may take X = R" being equipped with the Euclidean
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n-norm ||x1,xa,..,z,||r as the volume of the n-dimensional parallelopiped spanned
by the vectors x1, zo, .., £, which may be given explicitly by the formula

Hxl,an "7anE = |det(xij)|;
where ©; = (241, T2, Ti3y .o, Tin) € R™ for each ¢ = 1,2,3,...,n and ||.||g denotes the
Euclidean norm. Let (X, ||, ..,.||) be an n-normed space of dimension d > n > 2 and

{a1,as, ...,a,} be linearly independent set in X. Then the following function ||., ..., .||oo
on X! defined by

|21, 22,y s Znlloo = max{”zl,xg, vy Tp—1, 0] 11 =1,2, ,n}

defines an (n — 1) norm on X with respect to {a1,as,...,an}.

A sequence (zy) in a n-normed space (X, ||., ..., .||) is said to converge to some L € X
if
lim ||zx — L, 21, .., 2n—1]| = 0, for every z1,...,2,—1 € X.
k—o0
A sequence (xj) in a normed space (X, ||.,...,.||) is said to be Cauchy if
lim ||z — 2p, 21, .., 2n—1]] = 0, for every z1,...,2,—1 € X.
PR

If every Cauchy sequence in X converges to some L € X then X is said to be complete
with respect to the n -norm. Any complete n-normed space is said to be n-Banach
space.

A sequence x = (x1) € l, the space of bounded sequence is said to be almost
k
. . _ . . 1
convergent to s if kl;ngo tem(z) = s uniformly in m where tg,(z) = oy Zowmﬂ-
=

(see [26]).

By a lacunary sequence 6 = (k,.), r = 0,1,2,---, where kg = 0, we shall mean an
increasing sequence of non-negative integers with h, = (k, — k,_1) — oo as r — oo.
The intervals determined by 6 are denoted by I,. = (k,_1, k-] and the ratio kfil will be
denoted by ¢,.. The space Ny of lacunary strongly convergent sequences was defined
by Freedman et al. [27] as follows:

1
Ny = {x = (x): lim — Z |z — L] =0 for some L}.

ree fy kel

By [w]g, we denote the set of all lacunary [w]-convergent sequences and we write
[W]gp — limz = s, for z € [W]g.

Let (X,||-,---,-||]) be a n-normed space and w(n — X) denotes the space of X-valued
sequences. Let p = (pg) be any bounded sequence of positive real numbers and
M = (My) be a Musielak-Orlicz function. In this paper, we define the following
sequence spaces
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[ WM, BE,p [, ) ] =
- tem(BR(z — s Pr
= {x = (z) € win — X) : leZM’“(HW’Zl’“' ,zn,1||> =0
k=0
as n — oo, uniformly in m, for some s}
and
[ WM, BR,p [l -11) o = .,
1 tim (B (x — s Pk
{x = (z) € win — X) : sup - Z Mk<||k(/>§)),z1,--~ ,zn,1||) -0

" kel,
as r — oo, for some s}

The following inequality will be used throughout the paper. If 0 < pp < suppr = H,
K = max(1,2%~1) then

lax + br|P* < K{|ag|"* + [bx[7*} (1.1)

for all k and ay, b, € C. Also |a|P* < max(1, |a|f) for all a € C.

The main goal of the present paper is to introduce [ @w(M, BY,p),|.,..,.| | and
[ WM, BX,p), -, -|| Jo. We also examine some topological properties and prove

some inclusion relation between these spaces.

2. Main Results

Theorem 2.1. Let M = (M) be a Musielak-Orlicz function and p = (pg) be

a bounded sequence of positive real numbers. Then [ w(M,BY,p,|.,....||) ] and
[ WM, BY,p, I, ..,.Il) Jo are linear spaces over the field of complex number C.
Proof. Let z,y € [ &w(M,BY,p,|.,...,.]) ] and o, € C. In order to prove the

result we need to find some p3 > 0 such that

1 «— tiem (BR (o + -5 Pk
ZMk<|| b (BA( py) ),zl,n-,zn,lH) — 0 as n — oo, uniformly in
n -+ 1 k=0 P3
m, for some s.
Since z,y € [W(M,p,||., -+ ,.||) ] there exist positive numbers py, ps such that
1 tem (BY (z — Pr
ZMk<||M,Zl, A ,zn,1||> — 0 asn — oo, uniformly in m, for
n 4+ 1 =0 P1
some s
and
IR trem (B (y — 5)) Pi
C Zno —0 — iformly i f
n—l—lz k(” p JZ1, s 2n 1H) as n — oo, uniformly in m, for
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some s.
Define p3

1
n+1

<

IN

IA

Thus az + By € |

is a linear space.

ﬁ)(M7BK7]0> ||u )

Similarly, we can prove that |
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= max(2|a|p1, 2|5]p2). Since M is non-decreasing and convex

n tkm axr + By) — s Pk
> My (11U EAL 175) e ol
P3
tem (B) (az — 3))
My ( SRR .
n—i—lz el P3 o zn-1ll
thm -5 Pk
+|| k ( A(ﬁy ))721’_._ 2 1||)
P3
1 <& tiom (B (2 — 5))
M( R S § A R
nJrIZ k(I P 21 Zn—1]]
k=0
tem (B (y — s Pk
+||w’zl’...,zn_1”)
P2
1 « tim (B (z — s P
K ZMk(HMaZI»“WZnﬂH)
n—+1 P1
k=0
1 " tim(BR(y — s Pk
K Z}\@(HM’Q’...,Z”_M)
n+1k::0 P2

— 0 as n — oo, uniformly in m, for some s.

SN

This proves that [ @w(M

B[ ]
||) Jo is a hnear

O

W(M, By, p, |-

(k) be a lacunary sequence with lim infqr > 1. Then

1) Joand [ (M

o) T =

A7p7 ||

Let liminfg, > 1. Then there exists § > 0 such that ¢. > 1 + ¢ and

Pk
)

Pk
zn-al])

space.
Theorem 2.2. Let 0 =
[ ( Aapv ” ”) ] - [ A( A7p7H
lima = [ (M, BY,p, [l ) Jo — lim,
Proof.
hence N ) .
r r—1
or g 1 —
e T
Therefore,
k
- tim (B (z — 5))
DA (R 21,
=1
1 tim(BR(z — s
Z 7ZMk(H ( A( ))’Zl’
" iel,
6 1 tim(BR(x — s
1+6h, P

Pk
)
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and if x € [W(M, BY,p, ||.,..,.||) ] with [ @(M, B, p,|.,....||) | -lima = s, then it fol-
lows that z € [@W(M, BY,p,|.,..,.||) lo with [@(M, BY,p,|.,....||) lo —limz =s. O
Theorem 2.3. Let 0 = (k) be a lacunary sequence with limsup g, < oo. Then
[ UA)(M,BK,[), ||77||) ]9 - [ 12)( A7p7 H ©ycey ||) ] and [ (MaBAvpa ||77H) ]0 -
limz = [’UA)(M,BK,p, ”'7", H)]_hmx

Proof. Let z € [w(M,BY,p,|.,....||) lo with [ (M, By, p,||.,....]|) ]o —limz = s.

Then for € > 0, there exmtb Jjo such that for every j > jo and all m,
B Pk
ZMIC<||M721?7ZWA—1H) <€7
ZGI
that is, we can find some positive constant C, such that
Gjm < C (2.1)

for all j and m, limsup g, < oo implies that there exists some positive number K
such that

qr < K for all r> 1. (2.2)
Therefore, for k,_1 < n < k,, we have by (2.1) and (2.2)

1 - tim(BR(z — s Pk
ZMk<|| ( A( ))7Z17"' 7zn—1H>
=0 p

n+1
k
1 < tim (B (z — 8)) Pr
< M, ( A A A, Zp )
S - ; k(U 5 21,z
1 — tim (B (z — s P
= ZZMk(HMaZhZ%'”anl”)
r—1 j=0icl, P
Jo tim(B(z — s Pk
- [ ]ZM,C(HM,%---,%,ln)
r—1 ZGIJ' P
1
< ( sup gpm) k]o Jre(k kjo)i
kr—1 N\ i1<p<jo kr_1
< C Fao +e K.
kr—l
Since k,_1 — oo, we get x € [ W(M, B, p,||.,..,.|[) ] with [ &(M, BX,p,||.,..,.]I) ] —
lim x = s. This completes the proof of the theorem.
Theorem 2.4. Let 1 < liminf g, <limsupgq, < co. Then [ @(M, BY,p,|.,....|[) ] =

[ (M, BE,p, [l -11) To-
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Proof. It follows directly from Theorem 2.2. and Theorem 2.3. So we omit
the details. O
Theorem 2.5. Let x € [ w(M,BY,p,|.,....II) 1N[ @M,BL.p ., ....]) lo-
Then [ (M, B, o) ] = lima = [ &M, BEp, e Jo — lime and
[ WM, BY,p, I, ..,.Il) Jo — limz is unique for any lacunary sequence 0 = (k).

Proof. Let z € [ (M Avp’H S TN [ (M, B, p, |l - -ll) Jo- and
[ WM mp’ leel) Jo = lima = s, | (MvBK,I% o) Jo — lima = &', Sup-

pose s ;é s’. We see that

/

5s— 5 Pk
Mk(” p azla"'7ZnH)

IA

I~ ZM (” im (B (x )),217"' ,Zn”)pk

i€l

+ = ZMk(||M7Z1’...7an)pk

" iel, P
t

_ p
hmsup ZMk( M,217~-~ ,an1) k—i— 0.
ze]

IA

Hence there exists rg, such that for r > rq,

1 tim (BY (2 — P 1 Pk
MZM’“(”W’Z”“ anaall)” > 5 (1P zaall)
i€l
Since [w(M,BX,p), .- ,H} —limz = s, it follows that
hy —5 P
0o > limsup—Mk(HS 5 21, ,zn,1||) ’
ky p
hy ' Pr
> liminfk—Mk<||8 5 ITREE ,zn,1||) )
> 0
and so, lim ¢, = 1. Hence by Theorem 2.3.,
[ WM, BE,p, I, I1) Jo € [@(M,p, [l s 1) ]

and

[ DM, BY,p, sy ) o = limz = s =5 = [@(M, BY,p, ||y .]) ] = limz.
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Further,

n+1 — P
1< tim(BY(z —5')) Pr

+ M ( - A y 215 y An— )

nJrlZ; k(I ; 1 1]

8—8, Pk
Z Mk:(” s %1, 7Zn—1|‘)
p

> 0

and taking the limit on both sides as n — oo, we have

’

Ss—S Pk
Mk(” p ,217"'727171”) :0

that is s = s for Musielak-Orlicz function M = (M}) and this completes the proof
of the theorem.
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