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1. Introduction

There exists a beautiful one-to-one correspondence between the following two no-
tions defined in two distinct ways: (i) a Boolean algebra, introduced in terms of a
partially ordered set (a poset for short) as a 0-1-lattice which is distributive and
complemented; (ii) a Boolean ring with unit, i.e. an algebraic ring with idempotent
multiplication which contains a unit. The correspondence between the Boolean sys-
tems (i) and (ii) can be described by suitable homomorphisms which transmit the
order structure of posets to the algebraic structure of Boolean rings and vice versa, so
one can say about some kind of duality between the two structures (cf. Introduction
in [7]). This fact is well known and presented in numerous papers and monographs
(see e.g. [41], [42], [43], [3], [40], [45], [44], [24], [2], [21]).

A similar duality holds in a more general but still classical situation, when both (i)
and (ii) above are considered without units, roughly speaking. More exactly, in terms
of the notions used in this paper, there is a bijection between (I) B-rings, a kind of
generalized Boolean algebras, lattices in a given poset X, in which sup X may not
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exist (see Definition 6), and (IT) Boolean rings, i.e. algebraic rings with idempotent
multiplication in which a unit may not exist (see Definition 16).

Various types of further extensions of Boolean algebras and rings were investigated
by many authors (see e.g. [23], [4], [10], [11], [5], [12], [6], [13], [14], [15], [7]). In par-
ticular, very interesting general duality results concerning generalized orthomodular
lattices are given in [10] and [7].

In this paper, we discuss certain aspects of duality between order and algebraic
structures of Boolean systems. To present mutual relations between B-rings and
Boolean rings (Theorems 4 and 6 in section 5) we give a list of properties of the
binary operation (denoted here by —) of difference in B-rings, defined as an extension
of the partial binary operation & of proper difference. The latter is introduced under
condition (R) postulated for B-rings in distributive 0-lattice (see Definitions 6 and 7).
Some properties of difference in B-rings collected in section 3 were partly formulated
and proved in our earlier paper [9]. We recall them in Proposition 12 and 14, changing
slightly the notation and completing the omitted proofs.

On the other hand, we present also another approach in which the starting point
is not a O-lattice (join and meet of any two elements exist), but a special type of
0-join-semilattice (only join of any two elements exists), namely a A-join-semilattice
(see Definitions 2 and 13) which satisfy, in addition, conditions (I,,) and (A). The
conditions allow one to define uniquely the binary operation \ of difference in A-join-
semilattices and guarantee that meets of any two of its elements exist. Moreover, the
distributivity law and condition (R), assumed for B-rings, are satisfied. Consequently,
A-join-semilattices appear to be an equivalent description of B-rings (see Theorem
3 in section 5). The mutual relations between A-join-semilattices and Boolean rings
(Theorems 5 and 7 in section 5) are consequences of Theorems 4 and 6, in view of
Theorem 3.

In our approach to Boolean systems based on the partial order structure a special
role is played by various types of binary operations (partial and full) of difference. In
this context it should be noted that there exist much more general, categorical and
fuzzy (MV-algebras) approaches, in which the notion of D-posets, introduced by F.
Képka and F. Chovanec (see [30], [32], [8], [31]) on the base of the partial operation
of difference, plays an important role as a model in quantum probability theory. The
notion was intensively investigated by R. Fri¢ and M. Papco (see [16]-[20], [33]-[35]).

Our interest in generalizing the notion of Boolean algebras to B-rings or A-join-
semilattices is connected with the results of B. J. Pettis (see [36]) who extended to
Boolean o-rings certain theorems of W. Sierpinski (see [39]) on generated families
of subsets of a given set (see also [28] and [22]). On the other hand, B-rings are
natural objects for generalizing the theory of A. Rényi of conditional probability
spaces (see [37], [38], [25], [26], [27], [1], [29]). We are going to discuss these issues in
our forthcoming publications.

For completeness of the presentation we give full proofs of most of the results
formulated in this paper.
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2. Semilattices and lattices

We start from certain basic definitions and their consequences. In particular, we
recall some of definitions and results from our article [9].

All material in this section is given without proofs, because the properties formu-
lated here either follow immediately from the respective definitions or can be received
in a similar way as in [9].

Let (X,<) be a poset, i.e. a partially ordered set, and let A be its non-empty
subset. We say that inf A [sup A] ewxists in X if there is an element z € X such
that 1° z <yforally € Aand 2° X 3 x; <y for all y € A implies z; < = [1°
y<axzforally € Aand 2° y <z € X for all y € A implies z < x;]. Clearly, z
satisfying 1° and 2° is unique and we denote z := inf A [x := sup A]. In particular,
inf{z} = sup{z} = x for each z € X. If for given elements = and y of a poset
(X, <) the symbol inf{z,y} is used in any equality that we state is true, it means
that inf{xz,y} exists in X (and the equality holds).

Definition 1. A poset (X, <) is called a join-semilattice if
(J) Veyex sup{z,y} existsin X.
The element sup{z,y} is called the join of x and y (see [3], p. 6, Definition).

If a given poset (X, <) is a join-semilattice we denote

zVy:=sup{z,y} (2.1)

for any x,y € X. Formula (2.1) determines the binary operation V of join on X.
We denote further a given join-semilattice (X, <) by (X, V) to mark explicitly the
operation V of join defined by (2.1). Let us remark that inf{z,y} for given elements x
and y of a join-semilattice (X, V), called the meet of x and y (see [3], p. 6, Definition),
may exist or not, so the corresponding operation of meet may be treated, in general,
as a partial binary operation on X.

In an analogous way we can define a meet-semilattice with a similar remark. We
will not discuss further the notion of meet-semilattice which is dual to join-semilattice.

In Propositions 1 and 2 below we formulate a list of properties of join-semilattices
corresponding to the respective properties of lattices given in [9] (see Statement 1),
denoting them by (j) with the corresponding indices.

Proposition 1. Let (X, V) be a join-semilattice. Then
(J1) sup{z1,..., 2} emwistsin X
for arbitrary n € N and x4, ...,x, € X. Moreover,
sup{x1,...,x,} =sup{sup{z1,...,Tn-1},Tn}

for each n € N\ {1} and z1,...,zpinX.
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Proposition 2. Let (X,V) be a join-semilattice. Then

(.]2) VT =1,
(js) zVy=yVa,
(

js) (@Vy)Vz=xV(yV=2),

J7
(js) <y = zvVe<zVy

)

)
(Js) x<zVy, y<zVy,
(J7)

<y < xVy=y,

for arbitrary x,y,z € X.
Definition 2. A join-semilattice (X, V) is called (a) 0-join-semilattice; (b) 1-join-
semilattice; (c) 0-1-join-semilattice, whenever
(JO) infX exists in X;
(J1) supX exists in X;
(J2) infX and sup X exist in X,

respectively.

The elements inf X and sup X are called the zero and the unit (more exactly: the
order zero and the order unit) in a given join-semilattice (X, V) and denoted by 0 and
1, respectively. We denote a given (a) 0-join-semilattice; (b) 1-join-semilattice; (c)
0-1-join-semilattice (X, V) by (a) (X,V,0); (b) (X,V,1); (¢) (X,V,0,1), respectively,
to mark explicitly the existence of the zero or/and the unit in the join-semilattice
(X, V).

Proposition 3. If (X,V,0) is a 0-join-semilattice, then

(50) 0<z, zv0=0Vz==z inf{z,0}=0
for each x € X. If (X,V,1) is a 1-join-semilattice, then

(1) x<1l, zvl=1vz=1, f{z,l}==z
for each x € X.

In the sequel, we will not discuss the notions of 1-join-semilattice or 0-1-join-
semilattice.

Definition 3. A poset (X, <) is called a lattice if
(L) Veyex inf{z,y} and sup{z,y} exist in X.

In other words, a poset (X, <) is a lattice if it is a join-semilattice and a meet-
semilattice.
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If a given poset (X, <) is a lattice we denote
zAy:=inf{z,y} and zVy:=sup{z,y} (2.2)

for any x,y € X. The formulae in (2.2) define the binary operations A and V on X,
respectively. Any lattice (X, <) with the operations A of meet and V of join given by
(2.2) will be denoted by (X, A, V).

Next, we recall some properties of an arbitrary lattice (see [9]).

Proposition 4. Let (X,A,V) be a lattice. Then
(lh) inf {z1,...,2,} and sup{xy,...,x,} ewxistin X
for arbitrary n € N and x4, ...,x, € X. Moreover,
inf{zy,...,2,} =inf{inf {&1,..., 201}, 2}

and
sup{z1,...,2,} =sup{sup{z1,...,2n-1},Tn}

for each n € N\ {1} and 1, ..., z,inX.

Proposition 5. Let (X, A,V) be a lattice. Then
lo) zAhz=2z, zVz=muz,

cANy=yANzx, xVy=yVz,
(xAyY)Nz=zA(yAz),
(xVy)Vz=zV(yV=2),

<y & zANy=z & xVy=y,

)
)
)

ls) xAy<z<zVy, zAy<y<azVy,
)
) <y => zAzx<zAy & zVz<zVy,
)

(xA2)V(yAz) <(xVy) Az,
(lip) (zAy)Vz<(xVz)A(yVz)

for arbitrary x,y,z € X.

Definition 4. A lattice (X, A, V) is called distributive if
(D) (xVy)hz=(xAN2)V(yAz), x,y,z € X,
or

(D) (xAyY)Vz=(xV2)A(yV=2), x,y,z € X.
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Remark 1. Conditions (D) and (D’) are equivalent (see e.g. [3], p. 11, Theorem
9).

Definition 5. A lattice (X, A, V) is called (a) 0-lattice; (b) 1-lattice; (c) 0-1-lattice,
whenever

(L0) infX exists in X;

(L1)  supX exists in X;

(L2) infX and sup X exist in X,
respectively.

The elements inf X and sup X are called the zero and the unit (more exactly: the
order zero and the order wnit) in a given lattice (X, A,V) and denoted by 0 and 1,
respectively. We denote a given (a) O-lattice; (b) 1-lattice; (c) 0-1-lattice (X, A, V) by
(a) (X,A,V,0), (b) (X,A,V,1), (¢) (X,A,V,0,1), respectively, to mark explicitly the
existence of the zero or/and the unit in the lattice (X, A, V).

Proposition 6. If (X,A,V,0) is a 0-lattice, then

(10) 0<z, zv0=0Vz=z, zzA0=0Az=0
for any x € X. If (X, A, V,1) is a 1-lattice, then
(1) r<1, xzvl=1vz=1 zAl=1Ax==x

for any x € X.

3. Properties of B-rings

Definition 6. A distributive 0-lattice (X, A, V,0) is called a B-ring if it satisfies
the following condition:

(R) Vaoyex, y<z Jzex 2Ay=0 and zVy=uz,
i.e. if the poset (X, <) satisfies conditions (L), (L0), (D) and (R).
Definition 7. Let (X, A,V,0) be a B-ring and z,y be elements of X such that

y < x. Then by a proper difference of x and y we mean an element z of X satisfying
the identities in (R).

Let us recall the following known uniqueness result (see e.g. [3], p. 12, Theorem
10):

Theorem 1. Let (X, A\, V) be a distributive lattice and let y, z1, zo be its arbitrary
elements. If z1 Ny =20 Ay and zy Vy = zo V y, then z1 = zo.
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Remark 2. In any distributive O-lattice (X, A, V,0), if for given z,y € X with
y < x there exists an element z € X satisfying the two equalities in (R), then this
element, the proper difference of x and y, is unique, in view of Theorem 1.

For any elements x and y such that y < x of any distributive 0-lattice, we denote
the proper difference of x and y by = © y, i.e.

xoy=z (y<z) if yAz=0 and yVz=ux. (3.3)

In an arbitrary B-ring (X, A, V,0), formula (3.3) determines the partial binary oper-
ation & of proper difference in X defined for all pairs of elements x,y € X such that
y < x. Though the operation © of proper difference does not formally appear in Def-
inition 6 it is uniquely determined, due to condition (R) and Theorem 1, via formula
(3.3). Therefore we will use in the sequel the notation (X, A,V,©,0) for B-rings, i.e.
for those distributive O-lattices (X, A, V,0) which satisfy condition (R).

We formulate below some properties of the operation ©. We start with the asser-
tions, which are direct consequences of (R), (lg) and the above notation.

Proposition 7. If (X,A,V,0,0) is a B-ring, then

Vrc,yEX,ygm iE@ZJS»Ta (gj@y)/\y:()’ (z@y)\/y:x

Proposition 8. If (X,A,V,0,0) is a B-ring, then
Vayex, y<a 7O (OY) =y.
The following de Morgan properties of the operation & are true:
Proposition 9. If (X, A,V,5,0) is a B-ring, then
ao(xAy)=(acz)V(acy) and ao(zVy) =(asz)A(asy)
for arbitrary a,x,y € X such that x < a and y < a.

Proof. Fix a,z,y € X with £ < a and y < a. Taking into account Proposition 7,
we can collect the relations:

r <a, y < a, aox<a, aoy<a. (3.4)
Moreover, according to (R) and Remark 2, we have
zA(acz)=yA(aoy)=0 and zV(aSzx)=yV(aSy) =a. (3.5)
Applying (D), (Is), (Is) and the first part of (3.5), we get
@ry)Allecz)Vi(eoy]<[zA(aoz)]VyA(aoy)] =0

and, consequently,
(xAy)A[(eacz)V(aoy)]=0. (3.6)
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On the other hand, taking into account (3.4), using properties (I2), (I3), (I5)-(Is),
the distributivity in the form of (D’) and the second part of (3.5), we obtain the
following chain of equalities:

(zAy)Vileor)Vvieoy)
(zAy)V(acz)]VzAy)V(ecy)
(ﬂcv(a@w))/\(yv(a@x))]V[(xv(a@y))A(yV(a@y))]
an(yV(eon) Vi@V (eoy)ad
yv(a@x)] [zV(aoy)]
=[zVv(ecz)]VviyVv(eoy)

i.e., applying again the second part of (3.5) and (l3), we get

(xAy)V[(aoz)V(aOy)] =a. (3.7)

According to condition (R) and Remark 2, the equalities (3.6) and (3.7) mean that
the first identity in Proposition 9 holds.
The second identity can be shown in an analogous way. O

Definition 8. A B-ring (X, A, V,©,0) is called a B-algebra if sup X exists in X,
i.e. if conditions (L), (L2), (D) and (R) are satisfied.

We denote sup X in a B-algebra by 1 and, consequently, the given B-algebra by
(X,A,V,0,0,1).
The following assertion is straightforward:

Proposition 10. If (X,A,V,6,0) is a B-ring and a is a fived element of X,
then (X4, A, V,0,0), where X, := {x € X : x < a}, is a B-algebra with the unit
1, :==sup X, = a.

In an arbitrary B-algebra (X, A,V,6,0,1), for every z € X, the following condi-
tion is satisfied:

(Cy) d.ex zAxz=0 and zVz=1.

The condition results directly from (R). An element z satisfying the equalities in
condition (Cy) is unique for any = € X (see Remark 2).

Definition 9. Let (X, A,V,0,1) be a 0-1-lattice. Fix € X. By a complement of
x we mean an element z € X satisfying condition (C,). If condition (Cy) is satisfied
for every x € X, then the 0-1-lattice (X, A, V,0,1) is called complemented (see [3], p.
16).

Remark 3. In any distributive 0-1-lattice (X, A,V,0,1), if for a given z € X
condition (C,) is satisfied by z € X, then this z, the complement of z, is unique, in
view of Theorem 1.
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In a distributive 0-1-lattice (X,A,V,0,1), we denote, for any element x € X
for which condition (C,) is satisfied, the complement of z by z’. In particular, if
a given distributive 0-1-lattice (X, A,V,0,1) is complemented we may consider the
unary operation ’ of complement in X, denoting such a lattice by (X, A,V,’,0,1).

Definition 10. According to [3], pp. 17-18, by a Boolean algebra we mean a
complemented distributive 0-1-lattice (X, A, V,’,0,1) such that the unary operation
" of complement satisfies the following conditions:

(Al) zA2'=0, zVa =1,
(42) (@) ==,
(A3) (xAy) =2'Vy, (zVy) =2 Ay'forany z,y € X.

Theorem 2. Fvery B-algebra (X, A, V,0,0,1) is a Boolean algebra (X, A,V,’,0,1)
with the unary operation’ defined by

=10 (3.8)

for any x € X. Conversely, every Boolean algebra (X,A,V,’,0,1) is a B-algebra
(X, A\, V,6,0,1) with the binary operation © defined by

Oy =x Ay
for x,y € X such that y < x.

Proof. Let (X,A,V,0,0,1) be a B-algebra. Hence, in particular, the 0-1-lattice
(X, A,V,0,1) is distributive and complemented with the operation ’ of complement
defined by formula (3.8). That the operation ' satisfies conditions (A1) and (A2)
follows from Propositions 7 and 8, respectively, applied for x := 1 and y := z. That
condition (A3) is satisfied follows from Proposition 9 for a := 1. This proves the first
part of Theorem 2.

To prove the second part, since a given Boolean algebra (X, A,V,’,0,1) is a dis-
tributive 0-1-lattice, it suffices to verify that condition (R) is fulfilled. Fix z,y € X
such that y < z and put z := x A yy’. We obtain

yAz=yA@Ay)=wWAy)ANz=0
and
yvVz=yV(EAy)=(@yVva)A(yVvy) =z,

applying the two equalities in (A1) as well as properties (I3), (I4), (I7), (10), (I1) and
(D’). Hence z satisfies the equalities in (R) and, by Theorem 1 and formula (3.3),
z = x ©y. This completes the proof of Theorem 2.

In any B-ring (X, A, V, 6,0), the partial binary operation & can be extended to the
binary operation (denoted here by —) on X defined for an arbitrary pair of elements
of X in the following way:
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Definition 11. If (X, A,V,8,0) is a B-ring, then we define the difference z — y
of x and y by
r—y =29 (xAy) (3.9)

for arbitrary z,y € X.

Notice that definition in (3.9) makes sense, because x Ay < x for any z,y € X,
due to property (lg). The binary operation — of difference defined above is consistent
with the partial binary operation & of proper difference, introduced in Definition 7,
according to the following obvious property:

Proposition 11. Let (X,A,V,0,0) be a B-ring. If x,y € X and y < z, then
r—yYy=x0y.

It should be noted that the above extension — of the operation & of proper differ-
ence satisfies an extended form of condition (R) with the corresponding uniqueness
property (cf. Theorem 1 and Remark 2). Namely, the following assertion is true:

Proposition 12. Let (X,A,V,6,0) be a B-ring. Then

(R) Veyex Jzex 2Ay=0 and z2Vy=zVy,

and an element z in (R) is unique, given by z := x — y.

Proposition 12 is a consequence of the following two facts. That for arbitrary
z,y € X in a B-ring the two identities required in condition (R) are satisfied by
z := x — y follows from the two last equalities from part 2° of Proposition 14 proved
below. That this z is unique follows directly from the known uniqueness result cited
above as Theorem 1.

In addition to the uniqueness property concerning the operation of difference,
formulated in Proposition 12, we will give below a series of properties of this operation
in any B-ring. Let us start with the following easy consequence of Definition 11 and
Proposition 12:

Proposition 13. Let (X,A,V,6,0) be a B-ring. We have
r—0=260=2, z—z=z6x=0, 0—2=0 (3.10)
for every x € X.

Properties 1-15 formulated in [9] contain the statement expressed in Proposition
12 and several other properties recalled in Proposition 14 below. Proofs of some of
the properties were omitted in [9]. We complete below all the omitted proofs. The
properties will be used in the proofs of certain characterizations given in section .

Proposition 14. Let (X, A,V,8,0) be a B-ring. The following properties of the
binary operation — of difference on X hold true:

1° z—y<z, (z-yA@Ary) =0, (@-yV(zAy =uz,
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2 (@-yAy—2)=0, (z—yAy=0, (z—y)Vy=zVy,
3 (@-yVy-—2)V@Ay)=zVy,
4° Iﬁyi(Z*y)/\xzo’ xgyi(ziy)ix:’ziya

5° <y = z—y<z-—ux,
6° z—(@Vy =(E-2)A(z-y), z-(@Ay)=(E-2)V(z-y),
7 oz=@Vy =(E-2) -y, @Vy-z=(@-2)Vy-2),
8 (x—y)Ahz=(xANz)—(yAz)
for any z,y,z € X.

Proof. Since x —y = x © (z A y), by the definition in (3.9), the three properties
in 1° follow directly from Proposition 7.
To prove the first property in 2° assume that

u<z—y=z6(xAy) and u<y—z=yS(zAy). (3.11)

Therefore, by the first property in 1°, we have v < z, u < y and, consequently,
u < x Ay, due to (Ig), (I3 and (I3). Hence u = 0, in view of (3.11) and the second
assertion in Proposition 7. Thus

(x—y)AN(y—2z)=inf{z —y,y—z} =0, (3.12)

as required.
To show the two remaining properties in 2° together with property 3° we use the
representations:

y=yo@AylV@Ay) =Wy —2)V(rAy), (3.13)

following from Proposition 7 and (3.9). Applying (3.13), the distributivity condition
(D) as well as the properties (I2), (I3) and (I5), we obtain

(z—y)hy=(x—y) AN[ly—2)V(zAy)
=[z-yAy—2)]V[z-y) A=Ay =0,

and

(z—y)Vy=(x-y)V(y—z)V(zAy)
=[@-—yV@rylVily—=z)vyrz)=zVy,
in view of (3.12) and the two last identities in 1°. The proof of the third property in

2° was given also in [9] (see the proof of Property 5 there).
To prove the assertions in 4° and 5° assume that z,y,z € X and z <y. We have

(z—yY Az <(z—y)Ay=0, (3.14)
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by (Ig) and the second identity in 2°, and hence

z—y=[(z—y)—z]VI[z—-y) Ar]=(2~y) —a, (3.15)

by the third identity in 1°. The assertions in 4° follow from (3.14) and (3.15).
Further, zAx < 2Ay < zand z—y < z, according to our assumption and due to
(Is), (I3) and the first property in 1°, so we may write

z—y=@z—-yAz=0rzo(EZAYA[(ze(zA2))V(2Ax)], (3.16)
in view of (I7) and Proposition 7. But, since z A x < z Ay, we have
e(Ay|A(zAZ)=[z—(zAY)]A(zAZ)=0,

by the first property in 4°, already proved. Therefore, in view of the distributivity
condition (D), the equations in (3.16) yield

z—y=[leAyIrlze(zAz)=(z-y) A (z-1),
which means, due to (I7), that the assertion in 5° is proved (see also the proof of
Property 10 in [9]).

The two assertions in 6° are consequences of Definition 11 and Proposition 9.
Namely, we conclude from them the identity

z—(xVy)=z0zA(zVy)|=2z0[(zAx)V(zAy)
=lkoGrz)nlze(zAy]=(z-2)A(z-y),

using additionally the distributivity property (D), and the identity

z—(@Ay)=z0zA(zAy)]=z0[(zAx)A(zAYy)]
=[zo@AD)|V[zo (zAY)]=(z—-2)V(z—y),
using here, in addition, properties (I3) — (I4).
Complete proofs of the three remaining properties formulated in 7° and 8° are

given in [9] (see Properties 13-15). g

We will need also some additional properties of the operation of difference in
B-rings.

Proposition 15. Let (X,A,V,6,0) be a B-ring. Then

[(z—y)vy—2)]A(rAy) =0 (3.17)
-y Az=(zVy]=0, (y—2)Alz-(2Vy]=0, (3.18)
x—y)A(xAyAz)=0, (y—z)AN(xAyAz)=0 (3.19)

for any x,y,z € X.
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Proof. Applying (D), (Is), (Is) and the second property in part 2° of Proposition
14, we get

(z—y)V(y—2)A(@Ay) <[(z-y) Ayl VIy—=z)Az] =0,

i.e. equality (3.17) is shown.

In view of property (I3), it remains to prove the first equalities in (3.18) and (3.19).
We have z —y < z and z — (x Vy) < z —x, by the first assertion in 1° and by 5° from
Proposition 14. Therefore, using (lg) and (I2), we get

—yAlz—(zVy]<zA(z—2)=0,
and, similarly,
(@—y)AN@AyAz) <[z —(zAy)A(@Ay) =0,

due to the second assertion in part 2° of Proposition 14. The required equalities are
proved and the proof of the proposition is completed.

4. Properties of A-join-semilattices

Definition 12. We say that a 0-join-semilattice (X, V,0) is meet-invariant if the
following implication holds:

(I,) if inf{z,y} =0, then inf{zVz,yVvz}==z for any z,y,z € X.

Proposition 16. Fach distributive 0-lattice (X, A, V,0) is meet-invariant.

Proof. Suppose that z,y € X and inf{z,y} = 0. Then, from the distributivity
law (D’), we have

inf{evz,yvVz=@Vz)A(yvz)=(xAy)Vz==z
for every z € X, i.e. condition (I,;,) is fulfilled. g

Definition 13. We say that a 0-join-semilattice (X, V,0) is a A-join-semilattice
if it is meet-invariant and satisfies the following condition:

(A) Veyex Jzex inf{y,2} =0 and yvz=zVy.
In particular, condition (A) in any 0-join-semilattice (X, V,0) yields:
(Ao) VeyeX,y<z 3zeX inf{y,2} =0 and yVz=u.
Proposition 17. If (X,V,0) is a A-join-semilattice, then for every pair of

elements x,y € X there exists a unique z such that the equalities in condition (A) are
satisfied. In particular, a similar uniqueness holds in case of (Ag).
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Proof. Fix z,y € X. Suppose that there exist elements z1, 20 in X satisfying
condition (A), that is:
inf{y,z}=0 and yVz,=xzVy (i=1,2).
Hence, by condition (I,,) we have
z1 =inf{yVzi,20V 21} =inf{y V 29,21 V 22} = 29,
which proves that the assertion is true. g

Definition 14. Let (X,V,0) be a A-join-semilattice and let x,y be arbitrary
elements of X. Then by a difference of x and y we mean an element z of X satisfying
the identities in (A).

A difference of any elements  and y in an arbitrary A-join-semilattice (X, V,0)
exists and is unique (see condition (A) and Proposition 17). We denote the difference
of elements x and y by x \ y, i.e.

x~y=2z if inf{y,z} =0 and yVvVz=zVy. (4.20)

If (X, V,0) is a A-join-semilattice, then formula (4.20) determines the binary operation
~ of difference in X. In particular, if y < x we call x \ y the proper difference of x
and y, i.e.

zNy=z (y<z) if inf{y,z} =0 and yVvVz==x. (4.21)

Remark 4. Though the operation . of difference does not formally appear in
Definition 13 it is uniquely determined, due to conditions (A), (I,,) and Proposition
17, via formula (4.20). Therefore we will use in the sequel the notation (X, Vv, \,0) for
A-join-semilattices, i.e. for those 0-join-semilattices (X, V, 0) which are meet-invariant
and satisfy condition (A).

Lemma 1. If (X,V,\,0) is a A-join-semilattice, then
Ny <z (4.22)
for any x,y € X.

Proof. Let z := x \ y. In view of Definition 14 the element z satisfies condition
(A), i.e. the following equalities hold:

inf{y,z} =0 and yVz=zVy. (4.23)
Then, by (I,,,) and (4.23), we have
r=inf{yVe,zVa}=inf{yVzzVz} (4.24)
On the other hand, in view of (js), we have the two relations:

z<yVz and z<zVz,
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which imply, due to (4.24), that
z<inf{yVz,xVz}=u.
The relation (4.22) is proved. g

Lemma 2. If (X,V,\,0) is a A-join-semilattice, then x ~ (x \y) < y for any
z,y € X.

Proof. Let z:=x~yand u:=z~ (z \y) =2\ z. By Lemma 1, we have z < x
and thus z \ z is a proper difference. Hence, by Definition 14 (see (4.20) and (4.21)),
we obtain the equalities

inf{y,2} =0 and yvVz=zVy (4.25)
as well as the identities
inf{z,u} =0 and zVu=u=. (4.26)
Then, in view of (4.25), (4.26), (j3) and (j5) we have
yVz=zVy=(Vu)Vy=(yVz)Vu.

Hence, by (j7), we get u < y V z. On the other hand, we have u < uVy, by (jg). The
last two relations, the first equality in (4.26) and condition (I,,,) imply

u<inf{zVyuVyl=y
and the assertion is shown. o

Lemma 3. Let (X,V,\,0) be a A-join-semilattice and x,y,u € X. If u<zxzVy
and inf{z,u} =0, then u < y.

Proof. Since u <z Vy and u < uVy, by (js), we have
u<inf{zVy,uVyt=y
in view of condition (I,,) and the assumption that inf{z,u} =0. g

Lemma 4. Let (X,V,\,0) be a A-join-semilattice and z,y,u € X. If u <z and
u <y, then inf{u,xz \ y} =0.

Proof. Let z := x \ y. In view of Definition 14, the element z satisfies condition
(A), i.e. the following equalities hold:

inf{y,2} =0 and yVz=zVy. (4.27)
Let u <z, u<yandlet v <wu,v<z~y=z2 Sincev<u<yandv <z we have
v < inf{y,z} =0,

by (4.27). Hence v = 0. Consequently, inf{u,z <y} =0. g
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Lemma 5. Let (X,V,\,0) be a A-join-semilattice and x,y,u € X. If u <z and
u<y, thenu <z~ (z\y).

Proof. Let y; :=z \y and 21 := z \ (z \ y). By Lemma 1, we have y; <z, so
x \ y1 is a proper difference. By Definition 14 (see (4.21)), we get

inf{y1,21} =0 and y1Vz =2. (4.28)
Since u < x, we have
u<yVaz, (4.29)
due to the second equality in (4.28). Since u < x and u < y, we have
inf{u,y1} = inf{u,x Ny} =0 (4.30)
in view of Lemma 4. Hence, by Lemma 3, conditions (4.29) and (4.30) imply
u<zr=z~ (z\y). QO
Proposition 18. Let (X,V,\,0) be a A-join-semilattice. Then
inf{r,y} =z~ (xz\y) € X, (4.31)

i.e. inf{z,y} exists in X for any x,y € X. Moreover, if A is a binary operation on
X given by
x Ay = inf{z,y} for z,y e X, (4.32)

then (X, A, V,0) is a 0-lattice satisfying conditions (R) and (I,).
Proof. Fix arbitrarily x,y € X. In view of Lemma 1 and 2, we have
zN(zNy) <z and z~(r\y) <y,

so z \ (z \ y) is a lower bound of elements z,y. Due to Lemma 5, the element
x~ (z\y) is the greatest lower bound of elements z, y, which means that the equality
in (4.31) holds and so inf{xz, y} exists in X.

Consequently, formula (4.32) well defines the binary operation A on X and
(X, A,V,0) is a 0-lattice which satisfies condition (R). The latter results from the
fact that (R) is an equivalent form of condition (Ag) which is a particular case of
condition (A), assumed for the given A-join-semilattice (X, V,\,0).

Remark 5. Notice that condition (I,,) can be now expressed in the following
equivalent form:

(I,) (xVz)A(yVz)=z whenever x Ay =0 for any x,y,z € X.
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Proposition 19. Let (X,V,\,0) be a A-join-semilattice. Then the binary
operation N given by (4.32) is distributive, i.e.

(xVv2)AN(yVz)=(xAy)Vz (4.33)

for arbitrary x,y,z € X. Consequently (X,A,V,5,0) is a B-ring, where the partial
binary operation © is given by
TOY: =T \Y

for arbitrary x,y € X such that y < x.
Proof. Let x,y, z be arbitrary elements of X and denote
U=z ANy. (4.34)
By (4.31) and (4.32) in Proposition 18, it follows that u € X. Clearly, we have
u<z, u<y, x~u<z, y~u<ly, (4.35)
where z \ u and y \ u are proper differences, by (4.34) and Lemma 1. Moreover,
inf{u,z N u} =0=inf{u,y \ u}, (4.36)

by the first equality in (Ap).
To prove the identity
inf{z N u,y ~u} =0 (4.37)

suppose that v < z \ u and v < y \ u. Hence, by the last two relations in (4.35), we
have v <z and v <y, so v < inf{z,y} = u, in view of (4.34). But then (4.36) implies
that v = 0, which proves equality (4.37).

On the other hand, by the second equality in (Ag), we have

r=uV(r~u) and y=uV(y\u). (4.38)
Hence, by (4.38), (4.37) and (I,,), we have

(@V2)AyVz)=[z~u)V(uV)A[(y~u)V(uVz)
=uVz=(xAy)Vz,

according to (j3), (j5) and the notation in (4.34), i.e. the distributivity law (4.33) is
proved. O

5. Duality theorems

Theorem 3. Assume that (X,V,\,0) is a A-join-semilattice, where the bi-
nary operation ~\ is given by (4.20), according to conditions (I,,) and (A). Then
(X, A\, V,6,0) is a B-ring with the binary lattice operation A, given by

z Ay =inf{z,yt =z~ (z\y) for x,ye X,
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and the partial binary operation & of proper difference, given by
rTOY:=r\Y forz,ye X, y <.

Conversely, assume that (X,A,V,0,0) is a B-ring, where the partial binary op-
eration © of proper difference is given by (3.3), according to condition (R). Then
(X,V,\,0) is a A-join-semilattice with the binary operation ~ given, according to
(Im), (A) and (4.20), by

rNy:=zS(xAy) for x,y e X.

Proof. That a given A-join-semilattice (X,V,~\,0) is a B-ring follows directly
from Propositions 18 and 19.

To show the second part of the assertion it suffices to notice that conditions (I,,,)
and (A) in a given B-ring (X, A, V,©,0) follow from Propositions 16 and 12, respec-
tively, because the extension (R) of condition (R) is an equivalent form of condition
(A).

The proof of Theorem 3 is completed.

Definition 15. By an algebraic ring (X, +, -) we mean a nonempty set X endowed
with two binary operations: + (addition) and - (multiplication) such that (X, +) is
an Abelian group and the multiplication is associative and distributive with respect
to the addition. By a commutative ring we mean an algebraic ring (X, +, -) in which
the operation - is commutative.

Definition 16. By a Boolean ring we mean an algebraic ring (X, +,+) in which
the operation - of the multiplication is idempotent, i.e. 22 = z for every z € X. By
a Boolean ring with unit we mean a Boolean ring in which there is a unique neutral
element of the multiplication.

Remark 6. It follows from Lemma 8 below that every Boolean ring is commutative.

Let (X, A,V,©,0) be a B-ring. Define in (X, A, V, ©,0) the two binary operations
+ and - as follows:

r4+y:=(@Vyo(zAy) =@Vy) —(xAy) (5.39)

and
Ty =xAy. (5.40)

for arbitrary x,y € X.

Remark 7. In any B-ring (X, A,V,S,0), the binary operation + on X can be
defined in two ways by formula (5.39), because x A y < x V y and thus the difference
u — v and the proper difference © © v of u := z V y and v := x A y coincide, by
Proposition 12, for any z,y € X.
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Due to our extension in Definition 11 of the partial binary operation © of proper
difference to the binary operation — of difference in B-rings, the above definition
of the operation + can be expressed in an equivalent form, given by formula (5.41)
below. In fact, it follows from Proposition 20 proved below that formulae (5.39) and
(5.41) stand for two equivalent definition of the binary operation +.

Formulae (5.39) and (5.41) correspond to the known representations of symmetric
difference of two sets.

Proposition 20. Let (X,A,V,6,0) be a B-ring. Then
z+y=(x—y)V(y—=x) (5.41)
for arbitrary x,y € X, where x +y is given by formula (5.39).

Proof. Fix z,y € X and put z := (x —y) V (y — ). We have to prove that z
coincides with x + y, i.e. that 2z =a © b, where a := z Vy and b := x A y. According
to Definition 7 and Remark 2 it suffices to verify that the respective equations in
condition (R) hold, i.e. we have the following identities: zAb =0 and z Vb = a. But
they have been already proved in Proposition 15 in the form of (3.17) and in part 3°
of Proposition 14. o

Now we will show some properties of a B-ring needed in the proof of Theorem 4.
Lemma 6. Let (X,A,V,8,0) be a B-ring. Then
z—(x+y)=[z—(xV2)]V(AyAz) (5.42)
for arbitrary x,y,z € X, where x 4+ y is given by formula (5.39).

Proof. We will use in the proof condition (R), a generalization of condition (R)
proved in Proposition 12.
Fix x,y,2z € X and denote a :=x —y and b:=y — x, i.e.

r+y=aVbh, (5.43)

due to Proposition 20.
According to Proposition 12 it is enough to show the two equalities:

(x+y)Ae=0 and (z+y)Ve=(x+y)Vz (5.44)

where
ci=[z—(xVy)V(®AyAz).

Using definition (5.39) of z + y, we get
(x+y)AN[z—(zVy)] =0, (5.45)

in view of the distributivity law (D) as well as both equalities in (3.18), proved in
Proposition 15. In a similar way the equalities in (3.19) imply that

(r+y)AN(xAyAz)=0. (5.46)
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From (5.45) and (5.46) again using (D), we obtain the first equality in (5.44).
To prove the second equality in (5.44), notice first that

(x+y)Ve<(z+y)Vz, (5.47)

since z — (z Vy) < zand z Ay A z < z, by part 1° of Proposition 14 and (lg).
On the other hand, we have

xVy=aVbV(xAy), alz<a, bAz<b, (5.48)
by property 3° in Proposition 14 and (lg). In view of (5.48) and (D), we have

(VY ANz<[lavd)V(eA|Az<(aVb)V(zAyAz)
=(@+y)V@ryAnz),

according to (lg) and our notation (5.43). Hence, by the third identity in part 1° in
Proposition 14, we have

z=[zA(@Vy)]V[z—(zVy)]
<(z+y)VE@Ayrz)V[z—(zVy)l=(x+y) Vc

and consequently,
(x+y)Vz<(r+y) Ve, (5.49)

by (l2) and (Is). Now the second identity in (5.44) follows from relations (5.47) and
(5.49). o

Lemma 7. Let (X,A,V,8,0) be a B-ring. Then
(+y)t+z=z+(y+2) (5.50)
for arbitrary x,y,z € X.

Proof. By Proposition 20 and both identities in 7° in Proposition 14, we have

(+y)—z=[z-yVy-2)]-2
=@ —y) =2V ly —2) - 7]
=l—(yvalVily—(zvz)
and thus, by (5.41) and (5.42), we obtain
@ty +z=I[=+y) -2 V- (z+y)]
=l-(VvalViy-(zV2)
Viz=(xVy)]V(eAyAz) (5.51)

for arbitrary z,y,z € X.
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Replacing x by y, y by z and z by « in (5.51), we get

(y+2)+z=[y—(Vva)lVz-(yVva)Vzr-(yVz)
V (y AzAx). (5.52)

We see that the right hand sides of (5.51) and (5.52) coincide due to (I3)-(I5), and
hence (5.50) is true for all x,y,z € X. ¢

We will prove the following theorem:

Theorem 4. If (X,A,V,0,0) is a B-ring, then (X,+,) is a Boolean ring with
the operations + and - given by (5.39) and (5.40), i.e.

r+y:=(xVy)o(zAy)=(zVy) —(zAy)

and
T-Yy:=TNy.

for all x,y € X and the neutral element of the operation + in (X, +,-) coincides with
the above 0, the order zero in (X,A,V,8,0).

Proof. Let (X,A,V,©,0) be a given B-ring. By (5.41) and (I3), we have z +y =
y + a for x,y € X, i.e. the operation + is commutative and its associativity was
proved in Lemma 7.

In view of (5.39) and (l0), we get

r+0=(xv0)e(zA0)=z60==x for x € X,

by the first equality in (3.10) in Proposition 13. Hence, the element 0 = inf X from
the given B-ring is the neutral element (the unique 0 satisfying  + 0 = z for all
x € X) of the operation + of addition. By equality (5.41) in Proposition 20 and by
the second equality in (3.10) in Proposition 13, we have

z+zrx=(x—z)V(x—2)=0v0=0 for z € X,
due to (I0) or (I3), i.e. every element x is the inverse to itself, with respect to the
operation + of addition in (X, +, ).
In view of (I3), we have
r-y=rxANy=yANr=y-x for z,y € X,
i.e. the multiplication - is commutative in (X, +,-). We have
r-r=xNr==x for r € X,

by (l3), so the multiplication - is idempotent in (X, +,-). Moreover, by (l4), we get

(z-y) z=@Ay)Nz=xzAN(yAz)=z-(y-2) for z,y,z € X,
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which proves that the multiplication - is associative in (X, +, ).
In view of Proposition 20, part 8° of Proposition 14 and (D), we get

r-zt+y-z=[@AN2) = (YA V[(YAz)—(xA2)]
=[x —y)A2]VI[y—z)AZ]
=[z-yVy-—vlrz=(r+y) 2

for arbitrary z,y,z € X. The last equality implies that the operation + of addition
is distributive with respect to the operation - of multiplication.
The proof is completed. g

The following assertion follows directly from Theorems 3 and 4.

Theorem 5. If (X,V,\,0) is a A-join-semilattice, then (X,4+,-) is a Boolean
ring with + and - given by

r+y:=(xVy Nz~(z~Ny)] and z-y:=z~(x\y)

for all z,y € X and the neutral element of the operation + in (X,+,-) coincides with
the above 0, the order zero in (X, V,\,0).

Now assume that (X, +,-) is a Boolean ring (with the neutral element 0 of the
operation + of addition) and define in X the relation < in the following way:

<y & z-y=ux. (5.53)

We will prove that (X, <) is a poset, satisfying conditions (L) and (L0), i.e. a 0-lattice
with the lattice operations A and V defined as in Definition 3:

zAy:=inf{z,y} and zVy:=sup{z,y} for z,y € X, (5.54)

with

0 = inf X, (5.55)
where 0 is the mentioned above neutral element of the operation + in the Boolean
ring (X, +,-). Moreover, we will show that this O-lattice is distributive and satisfies
condition (R), i.e. it is a B-ring, with the partial binary operation © of proper
difference introduced according to Definition 7, and the identities

zAy=xz-y and zVy=z+y+z-y (5.56)
are satisfied for all z,y € X.

We recall certain algebraic properties of groups and Boolean rings that we need
in the proof of Theorem 6.

Lemma 8. If (X,+) is a group, then x + y = x implies y = 0 for any x,y € X.
If (X,+,-) is a Boolean ring, then it is commutative and x +x = 0 for every x € X.
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Proof. In a given group (X, +), fix elements x and y such that z +y = x. Then
y=0+y=((-)+2) +y=(~2)+ @ +y) = (~2) +z =0,

which proves the first part of the lemma.
Since in a given Boolean ring (X, +, -) the multiplication is idempotent, we have

cty=(e+y)’ ="ty stz y+ryi=atyty rta-y
for arbitrary x,y € X and hence, by the first part of the lemma,
y-x+x-y=0 for z,y € X. (5.57)

Putting y = x in (5.57), we get 0 = 22 + 22 = x + x for each € X, which means
that the last part of the lemma is true. Hence, by (5.57),

Yy r=—-x-y==-y for z,y € X,

which shows that the ring (X, +,-) is commutative, as stated in the middle part of
the lemma. Thus the proof is completed. o

Theorem 6. If (X,+,-) is a Boolean ring, then (X,A,V,0,0) is a B-ring in a
poset (X, <), where < is defined by (5.53), the lattice operations A and V are given by
(5.54), the order zero 0 coincides with the neutral element of the addition in (X, +,-)
and the operation ©, determined by condition (R), is given by

rOy:=x+vy forz,ye X suchthat y < x.

Moreover, the lattice operations A and V defined in (5.54) are connected with the ring
operations + and - in the given (X,+,-) by means of formulae in (5.56).

Proof. Let (X,+,-) be a Boolean ring. We start with proving that the relation
< defined in (5.53) is a partial order, i.e. (X, <) is a poset. In the proof of this fact
as well as of properties of the operations + and - defined by (5.54) we will often apply
the definition of < given in (5.53).

By the assumption, we have 22 = x and so z < z for any x € X, in view of (5.53).
If t <yandy <z, then -y =2 and y - ¢ = y, according to (5.53), so = = y for
any x,y € X. Assume that z < y and y < z for given z,y, 2z € X. By (5.53), we have
r-y=xandy-z =1y, S0

z-z=(x-y)-z=z-(y-2)=x -y ==z,

which means that z < z, in view of (5.53) again. Consequently, (X, <) is a poset.

If 0 denotes the neutral element of the addition + in the given Boolean ring, then
0.2 = 0 and so, by (5.53), we have 0 < z for any z € X. On the other hand, fix
a € X such that ¢ < z and so a-x = a for all x € X, due to (5.53). In particular,
we have a = a -0 = 0. Hence 0 is the greatest lower bound of X and equality (5.55)
holds.
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Fix arbitrarily x,y € X and denote
u:=zr+y+z-y and v:i=zx-y. (5.58)

By associativity, commutativity and idempotency of the operation - of multiplica-
tion, we get

vx:(xy)x:x2y:a:y:v and ’U'y:{E'yQ:.’E'y:’U,

ie. v <z and v <y, according to (5.53). But if a < z and a < y, i.e. a-z =a and
a -y = a, then we obtain

a'v:az-(xy):(a-x)~(a~y):a'a:a,

due to the mentioned properties again, which means that a < v, according to (5.53).
This shows that inf{x,y} =v € X.

Now, applying distributivity of + with respect to - and other properties of these
operations, we obtain

vu=a+z-y+ad-y=z+r-ytar-y=x
and
you=z-y+yf ey’ =yta-yta-y=y,

in view of Lemma 8. Hence, by (5.53), we have
r<u and y<u. (5.59)
On the other hand, if t <a and y < a, then z-a=x and y-a =y, so
au=a-xz+a-y+(a-z)-y=cs+yt+z-y=u,

i.e. u < a, again due to (5.53). This and (5.59) mean that sup{z,y} = u € X.

We have thus shown that inf{z,y} and sup{z, y} exist in X and moreover, accord-
ing to the notation introduced in (5.54) and (5.58), the equalities in (5.56) hold for
all z,y € X. Consequently, the poset (X, <) is a 0-lattice with the lattice operations
A and V, given by (5.54) and (5.56), and the order zero equal to the neutral element
0 of the operation + of additivity in (X, +,-). We may denote it now by (X, A, V,0).
In view of (5.56) and properties of the operations + and - in (X, +, ), we have

xANyVvz)=z-(y+z+y-z2)=z-y+zx-z+x-y-z
=z-ytz-z+(x-y)-(z-2)=@Ay)V(rAz)

for arbitrary x,y, z € X, which proves that the 0-lattice (X, A, V,0) is distributive.
Fix now elements x,y € X such that y < z and put z := 2 +y. By (5.56), Lemma
8 and properties of the operations + and - in (X, 4+, ), we get

zhNy=z-y=(@+y) y=z y+y*=y+y=0,
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and

Vy=(@+y)+y+@+y) - y=z+y+y) +ta y+y’
=z+@y+y + Yty =mn,

which means that z satisfies the equalities in condition (R). Consequently the O-
lattice (X, A, V,0) is a B-ring in which the operation © is defined by  ©y = z, where
z:=x +y for any z,y € X such that y < zx. g

Theorems 3 and 6 imply the following assertion:

Theorem 7. If (X, +,-) is a Boolean ring, then (X,V,\,0) is a A-join-semilattice
in a poset (X, <), where < is defined by (5.53), the operation V is given by

sVy=xz+y+z-y for x,y e X,

the order zero 0 coincides with the neutral element of the addition in (X, +,-) and the
binary operation ~, determined by conditions (A) and (Ip,), is given by

rNy:=x+x-y for x,y € X.

Remark 8. Notice that in Theorems 4 and 5 we do not assume that the order
unit 1 = sup X exists in (X, <); consequently, the algebraic ring (X, +, -) in the asser-
tions may not contain a unit, a neutral element of the operation - of multiplication.
Similarly, in Theorems 6 and 7 we do not assume that the algebraic ring (X, +, -) con-
tains a neutral element of the multiplication - and, consequently, the order unit sup X
may not exist in (X, <). Adding the respective assumptions we get the respective
particular cases of the above theorems.
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