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ABSTRACT: In this article we give some results on perturbation the-
ory of 2 x 2 block operator matrices on the product of Banach spaces.
Furthermore, we investigate their M-essential spectra. Finally, we apply
the obtained results to determine the M-essential spectra of two group
transport operators with general boundary conditions in the Banach space
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1. Introduction

Let X and Y be two Banach spaces. In this work we will discuss some results on
perturbation theory of 2 x 2 operator matrices on X x Y and we will investigate their
M-essential spectra. We consider operators in the following form

A B
w=(&p)
where A, B,C and D are, in general, unbounded operators. The operator A acts on
the Banach space X and has the domain D(A), D is defined on D(D) and acts on the
Banach space Y and the intertwining operator B (resp. C) is defined on the domain

D(B) (resp. D(C)) and acts between these spaces. Note that, in general Ly is neither
a closed nor a closable operator, even if its entries are closed. In [1], F. V. Atkinson,
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H. Langer, R. Mennicken and A. A. Shkalikov give some sufficient conditions under
which Ly is closable and describe its closure, that we will denote by L.

In recent years, number of papers have been devoted to study the essential spectra
of block operator matrices acting in a product of Banach spaces, (see [1], [2], [4], [5],
[6], [14], [16], [23] and [26]). Most authors, there, have proposed methods for dealing
with spectral theory for operators in the form Ly — pM where M = I. We note that
the idea of studying the spectral characteristics of the 2 x 2 matrix operator goes
back to the classics of the spectral theory for the differential operator. Hence several
analysis focused on this issue may be found in the literature, see for example [10], [12],
[13], [17], [18], [19], [20] and [25]. Recently, C. Tretter gives in [21], [22] and [23] an
account research and presents a wide panorama of methods to investigate the spectral
theory of block operator matrices. In the paper [8], M. Faierman, R. Mennicken and
M. Moller propose a method for dealing with the spectral theory for pencils of the
form Lo — puM, where M is a bounded operator.

In this work, we generalize the results of [16] where M-essential spectra of some 2
X 2 operator matrices on X x X are discussed with M = I. For this, first we establish
some results on perturbation theory of 2 x 2 operator matrices, essentially we prove
the following result:

o= (I B2) ¢ pox o xy) ifand only if Fyy € FU(X;, X0, iyj = 1,2,
Fo1  Fao

where F?(X;, X;) designs the set of Fredholm perturbations (see Definition 2.2). Then
we pursue the analysis started in [8] and we determine the M-essential spectra of a
2 X 2 matrix operator where M is a bounded operator defined on the product of two
Banach spaces X x Y.

We organize the paper in the following way: In Section 2, some preliminary ab-
stract results about Fredholm operators are given. In Section 3, we establish some
results on perturbation theory of 2 x 2 operator matrices. The Section 4 is devoted
to the study of the M-essential spectra of a 2 x 2 matrix operator. Finally, in Section
5 we apply the obtained results to investigate the M-essential spectra of a two-group
transport operator on L,-spaces, 1 < p < oo.

2. Preliminary results

Let X and Y be two Banach spaces. We denote by L£(X,Y) (resp. C(X,Y)) the
set of all bounded (resp. closed, densely defined) linear operators from X into Y
and we denote by K(X,Y") the subspace of compact operators from X into Y. For
T € C(X,Y), we write D(T) C X for the domain, N(T') C X for the null space and
R(T) C Y for the range of T. The nullity, a(T), of T is defined as the dimension of
N(T) and the deficiency, 5(T'), of T is defined as the codimension of R(T) in Y.

Let S be a bounded operator from X to Y. For T' € C(X,Y), we define the
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S-resolvent set of T" by:
ps(T) :={A € C: A\S — T has a bounded inverse},
and the S-spectrum of T' by:
os(T) = C\ ps(T).
Now, we introduce the following important operator classes:
The set of upper semi-Fredholm operators is defined by:
P, (X,Y)={T €C(X,Y) such that a(T) < oo and R(T) is closed in Y},
and the set of lower semi-Fredholm operators is defined by:
®_(X,Y)={T € C(X,Y) such that 5(T) < oo}.

O(X,Y): =2, (X,Y)NP_(X,Y) denote the set of Fredholm operators from X into
Y and ®4(X,Y) := &, (X,Y)UP_(X,Y) the set of semi-Fredholm operators from
X into Y. While the number i(T) := o(T) — S(T') is called the index of T, for
T € ®(X,Y). We say that the complex number X isin @47 g, P_1 g, Pirs or Dr g
if AS =T isin &, (X,Y), P_(X,Y), PL(X,Y) or ®(X,Y), respectively. If X =Y
then £(X,Y), C(X,Y), K(X,Y), B(X,Y), &, (X,Y), ®_(X,Y), and &4 (X,Y) are
replaced by L(X), C(X), K(X), ®(X), ®4(X), ®_(X), and ®4(X), respectively.

In this paper we are concerned with the following S-essential spectra:

Oe,s(T):={A€C suchthat A\S—-T ¢ &, (X,Y)} :=C\ irg,

Oey,s(T):={A€C suchthat \S—-T ¢ P_(X,Y)} :=C\ P_rpzg,
Oes,s(T):={A€C suchthat A\S—T ¢ ®.(X,Y)} :=C\ Pyrzg,
Oey,s(T):={A€C suchthat \S—-T ¢ &(X,Y)}:=C\ Prg,
Oes,s(T) :=C\ p5,5(T),

e,s(T) := C\ pg,s(T),

where p5 5(T') := {A € @1 g such that i(AS —T) = 0} and pe s(T) denote the set of
those A € ps (T') such that all scalars near A are in pg(7"). They can be ordered as

Ues,S(T) = Uel,S(T) N Uez,S(T) C 064,S(T) - Ues,S(T) - Uea,S(T)~

Note that if S = I, we recover the usual definition of the essential spectra of a closed
densely defined linear operator (see [16]).

Let us, now, introduce some notation and then continue with some lemmas and
propositions.

Proposition 2.1. [15] Let T € C(X,Y) and consider S a nonzero bounded linear
operator from X into Y. Then we have the following results:

(i) ®7.g is open.

(73) i(AS —T) is constant on any component of ®r g.

(73i) a(AS = T) and B(AS —T') are constant on any component of ®r s except on a
discrete set of points on which they have larger values.
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Definition 2.1. Let X and Y be two Banach spaces and let F' € L(X,Y). F is
called strictly singular, if for every infinite-dimensional closed subspace M of X, the
restriction of F' to M is not bijective.

Let S(X,Y) denote the set of strictly singular operators from X to Y.

Definition 2.2. Let X and Y be two Banach spaces and let F' € L(X,Y).

(i) The operator F is called Fredholm perturbation if U + F € ®(X,Y’) whenever
UedX,Y).

(it) F is called an upper (resp. lower) semi-Fredholm perturbation if U + F' €
D, (X,Y) (resp. U+ F € _(X,Y)) whenever U € &, (X,Y) (resp. U € _(X,Y)).

We denote by F(X,Y) the set of Fredholm perturbations and by F4(X,Y) (resp.
F_(X,Y)) the set of upper semi-Fredholm (resp. lower semi-Fredholm) perturbations.
Remark 2.1. Let ®°(X,Y), ®%(X,Y) and ®° (X,Y) denote the sets ®(X,Y) N
L(X,Y),?(X,Y)NL(X,Y)and @_(X,Y)NL(X,Y) respectively. If in Definition 2.2
we replace ®(X,Y), &, (X,Y) and &_(X,Y) by ®*(X,Y), ¥’ (X,Y) and * (X,Y)
we obtain the sets °(X,Y), F4(X,Y) and F* (X,Y).

The sets of Fredholm perturbations and semi-Fredholm perturbations were introduced
in [9]. In particular it is shown that F°(X,Y), F2(X,Y) and F° (X,Y) are closed
subsets of £(X,Y) and if X =Y, then F*(X) := F*(X,Y), F2(X) := F2(X,Y) and
FP(X) = F°(X,Y) are closed two-sided ideals of £(X).

In general, we have the following inclusions:

K(X,Y)cC S(X,Y)C F°(X,Y).

Note that, the set F°(X,Y) can strictly contains S(X,Y). Indeed, in [27], the au-
thor gives some geometric conditions on the Banach spaces for which the equality
S(X,Y) = F*(X,Y) does not hold.

Recall the following result established in [3].

Lemma 2.1. [8] Let X and Y be two Banach spaces, then
F(X,Y)=F(X,Y).

Proposition 2.2. [15] Let Ty, Ty are two closed densely defined linear operators on
X and S an invertible operator on X.

(2) If for some X € ps(T1)Nps(Tz), the operator ()\S—Tl)*l _ ()\S—Tg)*l c ]:b(X)’
then
UeiaS(Tl) = Uei,S(TZ), 1=4,5.

(i1) If for some X € ps(T1)Nps(T), the operator (AS—T1) ' —(AS—Tp) ! € F4(X),
then
U€1>S(T1) = 061,S<T2)'

(iii) If for some X € ps(T1)Nps(Te), the operator (AS—T;) "1 —(AS—Ty) ! € Fb(X),
then
UEQ,S(TI) = O-EQ,S(T2)'
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(iv) If for some X € ps(T1) N ps(Ta), the operator (AS — T1)~t — (AS —Ty)~ ! €
Fo(X)NF2(X), then
JG3,S(T1) = 0—63,S(T2)'

Definition 2.3. Let X and Y be two Banach spaces. An operator T' € L(X,Y) is
said to have a left Fredholm inverse if there exists an operator T; € L(Y,X) such
that T;T — I € K(X). Similarly, T is said to have a right Fredholm inverse if there
exists T, € L(Y, X) such that TT,, — I € K(Y). The operators T; and T, are called,
respectively, left and right Fredholm inverse of T

We will denote by ®%(X,Y) (resp. ®2(X,Y)) the set of bounded operators which
have left Fredholm inverse (resp. right Fredholm inverse).
It follows from [17, Theorems 14. and 15. p. 160] that

Y(X,Y) = {T € % (X,Y) such that R(T) is complemented }

and
P°(X,Y) = {T € ®* (X,Y) such that ker(T) is complemented},

where a subspace N C X is said to be complemented if there exists a closed subspace
M C X such that N M = X.
Note that we have the following inclusions:

P*(X,Y) C ®}(X,Y) C ¥} (X,Y)

and
P(X,Y) Cc ®E(X,Y) C ®° (X,Y).

Definition 2.4. Let X and Y be two Banach spaces. We denote by

FP(X,Y)={F € L(X,Y) such that T+ F € ®}(X,Y) whenever T € ®}(X,Y)}

and

FYUX,Y) ={F € L(X,Y) such that T + F € ®%(X,Y) whenever T € ®(X,Y)}.

The set FP(X,X) (resp. F2(X, X)) will be denoted by FP(X) (resp. F2(X)).

Proposition 2.3. Let X, Y and Z be three Banach spaces.
(i) If A€ ®(Y,Z) and T € ®¥(X,Y) (resp. T € ®2(X,Y)), then AT € ®¥(X,Z)
(resp. AT € ®4(X, Z)).

(i) If A € ®(X,Y) and T € (Y, Z) (resp. T € ®.(Y, Z)), then TA € ®(X, Z)
(resp. TA € ®4(X, Z)).
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Proof. (i) Let A € ®*(Y, Z), then, by [24, Theorem 5.4.] there exist Ay € L(Z,Y)
and Ky € K(Y) (resp. Ky € K(Z)) such that AgA = Iy — K (resp. AAy =17 —K>).
On the other hand, there exist T; € L(Y, X) (resp. T, € L(Y, X)) and K3 € K(X)
(resp. Ky € K(Y)) such that T} T = Ix — K3 (resp. TT, = Iy — Ky) since T €
OY(X,Y) (resp. T € ®X(X,Y)). So, TIAAT = Iy — K3 — TyK,T (resp. ATT,Ag =
Iz — Ky — AK2A), which imply that AT € ®Y(X, Z) (resp. AT € (X, 7)).

(#4) The proof is analogous to the previous one. O

Proposition 2.4. Let X, Y and Z be three Banach spaces.
(i) If the set ®°(Y, Z) is not empty, then

Fy € FI(X,Y) and A € ®°(Y, Z), imply AF, € F)(X, Z),

Fy € FX(X,Y) and A € ®°(Y, Z), imply AF, € F2(X, Z).
(i1) If the set ®*(X,Y) is not empty, then

Fy c FY(Y,Z) and A € ®°(X,Y), imply FLA € FP(X, Z),

Fy € FY(Y,Z) and A € ®°(X,Y), imply F2A € F(X, Z).

Proof. (i) Since A € ®(Y,Z), then there exist Ay € L(Z,Y) and K € K(Z) such
that AAg = Iz — K. By [24, Theorem 5.5. p. 105] we have Ay € ®°(Z,Y). Let
B € ®¥(X,Z) (resp. B € ®4(X,Z)). Using the Propriety 2.3(i) we deduce that
AgB € ®¥(X,Y) (resp. AgB € ®%(X,Y)). Then AoB + F; € ®Y(X,Y) (resp.
AoB+ Fy € ®%(X,Y)). And so AF; + B— KB € ®(X,Y) (resp. AFy + B— KB €
®4(X,Y)). Therefore AF; + B € ®%(X,Y) (resp. AFy + B € ®2(X,Y)).

(it) The proof of (i7) is obtained as like as the proof of (7). O

Theorem 2.1. Let X, Y and Z be Banach spaces.

(i) If the set ®°(Y, Z) is not empty, then
Fye F)(X,Y) and A € L(Y, Z), imply AF, € F'(X, Z),
Fy € FX(X,Y) and A € L(Y, Z), imply AF, € F2(X, Z).

(i7) If the set ®*(X,Y) is not empty, then

Fy e F(Y,Z) and A € L(X,Y), imply FyA € FY(X, Z),

Fy € FU(Y, Z) and A € L(X,Y), imply FaA € FY(X, Z).

Remark 2.2. It follows from Definition 2.4 and the previous theorem that F}(X)
and F?(X) are two-sided ideals of £(X).
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Proof of Theorem 2.1. (i) Let C € ®*(Y,Z) and A € C. We denote by A; =
A — AC and Ay = XC. For sufficiently large A, using [24, Theorem 5.11], we have
Ay € ®(Y,Z). Tt follows from Proposition 2.4(i) that A1 Fy € FP(X,Z) (resp.
APy € FUX,Z)) and AsFy € FP(X,Z) (resp. AsFy € F2(X,Z)). This implies
A F + Aol = AF; € flb(X, Z) (resp. A1 Fy + Ak, = AF € ./—'.ﬁ(X, Z)) (ZZ) We
can check the other results in the same way us the previous one. O

Proposition 2.5. Let X and Y be two Banach spaces. If the set ®°(Y, Z) is not
empty, then we have the inclusions:

K(X,Y)C F(X,Y) C FU(X,Y),

K(X,Y)C F(X,Y)C F(X,Y).

Proof. We will prove the first result. The same reasoning remains valid for the
second one. It is obvious that K(X,Y) C F?(X,Y). For the second inclusion, let
F € F)(X,Y) and consider A € ®(X,Y), then there exist Ay € L(Y,X) and K €
K(X) such that AgA = Ix — K . So, Ag(A+ F) = Ix — K + ApgF . Tt follows
from Theorem 2.1 that AgF € F7(X), then Ag(A+ F) € ®%(X). Using the inclusion
PY(X,Y) C ®%(X,Y), we obtain A+ F € ®%(X,Y). On the other hand, consider
the mapping ¢ defined by: VA € C,p(A) = A+ AF. Note that ¢ is continuous and
©([0,1]) € % (X,Y), using Proposition 2.1, we can deduce that i(A+F) = i(4) < oo.
Hence A+ F € ®*(X,Y). O

3. Some results on perturbation theory of 2 x2 matrix
operator
In this section we will establish some results on perturbation theory of 2 x 2 matrix

operator that acts on a product of Banach spaces X; and X5. The following lemmas
are necessary.

Lemma 3.1. Let A € L(X1), B € L(X2) and consider the 2 x 2 matriz operator

Mg = ( ‘61 g ) where C € L(X2,X1). Then

(i) If A € ®°(X,) and B € ®°(Xs), then Mo € ®°(X1xXs), for every C € L(Xa, X1).

(i) If A € ®%(X1) and B € ®%(X>), then Mc € ®% (X1 x Xa) for every C €
L(X2, X7).

(iii) If A € ®* (X1) and B € ®°(Xy), then Mg € ®° (X; x Xo) for every C €
L(Xs, X1).

Proof. (i) Write M¢ in the form

(5D w
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Since A € ®*(X;) and B € ®°(X3), then ( 61 ? ) and (

) are both Fred-

holm operators. So, My is a Fredholm operator, since is invertible for
every C € L(X2, X1).

(it) and (4i7) can be checked in the same way as (). O

Remark 3.1. Using the same reasoning as the proof of the previous lemma we can
show that:

(i) If A € ®*(X;) and B € ®°(X,), then Mp := (
on X; x Xy for every D € L( X7, X2).

(i) If A € ®%(X;) and B € 9% (X,), then Mp € ®%(X; x Xo) for every D €
L(X7,X3).

(i1i) If A € ®° (X;) and B € ®°(X5), then Mp € ®° (X, x Xy) for every D €
L(X1, X5).

A 0.
D B > is a Fredholm operator

Lemma 3.2. Let A € L(X1), B € L(X2) and consider the 2 x 2 matriz operator

Mo = ( ‘61 g ) where C € L( X2, X71).

(i) If Mg € ® (X, x Xs), then A € ®(X,).
(i) If M € ®° (X, x X3), then B € ®° (X,).

Proof. The result follows immediately from Eq. (3.1). O

Remark 3.2. (i) It follows immediately from the last Lemma that if M¢ € ®°(X; x
X5), then A € ®% (X;) and B € ®° (X»).
(#i) Using the same reasoning as the proof of the previous lemma we can show that if

the operator < g g > is in °(X; x X3) for some D € L£(X1, X), then 4 € ®° (X;)
and B € 9% (X»).

iy Fis

Th 3.1. Let F :=
eorem e ( Fy Fop

) where Fyj € L(X;,X;), i,j =1,2. Then

F € F*(Xy x Xo) if and only if Fi; € F°(X;,X;), Vi,j=1,2.

Remark 3.3. (i) It follows from Lemma 2.1 that Theorem 3.1 remains valid if we
replace F°(X1 x X2) by F(X1 x X2) and F°(X;, X;) by F(X,,X;), i,j =1,2.

(1) It is sufficient to apply the definition of compact and strictly singular operators to
verify that the result of Theorem 3.1 is true for these classes of operators. Therefore,
in view of Remark 2.1 the previous theorem may be viewed as a generalization to a
more large class of operators.
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Proof. To prove the second implication, we consider the following decomposition,

_ i 0 0 Fio 0 O 0 0
F‘(o 0>+(0 0)+<F210>+(0 F22>'
It is sufficient to prove that if Fj; € F°(X;, X;), 4,4 = 1,2 then, each operator in

the right hand side of the previous equality is a Fredholm perturbation on X; x Xs.
We will prove the result for example for the first operator. The proof for the other

operators will be in the same way. Consider L = ( é g > € ®*(X; x X3) and
denote F := }gl 8 . It follows from [17, Theorem 12 p.159] that there exist
_( Ao Bo [ Ku1 Ko
Lo = ( Co Do ) S E(Xl X Xg) and K = ( Ky, Koo € ’C(Xl X XQ) such that
LLOZI—KOIIXl XXQ.
Then,

(L+F)Lo=T-K+ FLo— ( I— K+ Fndo —Ki2+ FubBo )

*K21 I— K22

Since Fy; € F°(X;) and using Theorem 2.1(ii), we will have I — K11+ Fj1 Ay € ®°(X}).
This, with the fact that I — Ko € ®°(X3), we can deduce from Lemma 3.1(i) that

= 0 0
(L + F)Lo — ( K 0

Ko is a compact operator and Ly € ®*(X; x X3) leads, by [24, Theorem 5.13], to
L+ Fed(X; x Xa).

Conversely, assume that F' € F°(X; x X5). We will prove that Fy; € F°(X;). Let
A € ®°(X;) and define the operator L; := ( A —Fi

) is a Fredholm operator on X; x Xs. The fact that

0 7 ) It follows, from Lemma

3.1(i) that Ly € ®°(X; x X5). Thus F+1L; = A+ Fu 0 € PO(X| x Xy).
Fy I+ Fyo
The use of Remark 3.2(ii) leads to
A+ Fy €3 (X)). (3.2)
. A 0
In the same way, we consider the Fredholm operator o and we use Re-
—I'a1

marks 3.1(i) and 3.2(i) to deduce that
A+ Fyy € 5 (Xy). (3.3)
It follows from Egs. (3.2) and (3.3) that

Fi € .Fb(Xl).
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In the same way, we prove that Fhy € F°(X5).

Now, we will prove that Fi5 € F?(Xo, X;) and Fy; € F(X;, X3). For this, consider
A€ (X5, X1) and B € (X1, X,). Then ( - ) € B*(X, x X,). Using the
fact that Fy; € F°(X,), Fhy € F°(X3) and the result of the second implication, we

—F1 0 b 0 A+ Fis
deduce that F—|—( 0 By, ) € F°(X1xX3). Hence, ( B+ Fy 0 €
<I>b(X1 X Xg). So, A+ Fis € @b(XQ,Xl) and B + Fy € @b(Xth). O

_( Fu Fi2 3 N s oa
Theorem 3.2. Let F := where Fy; € L(X;,X;), i,j =1,2. Then
Fo1 Fao

(i) F € F)(X1 x Xo) if and only if Fy; € F(X;,X;), Vi, j=1,2.
(i1) F € F2(X1 x X3) if and only if Fi; € FY(X;, X;), Vi,5 = 1,2.

Proof. (i) Using the same notations as in the proof of Theorem 3.1 we obtain:

L()(L""ﬁ):I—K-i-Loﬁ:(I_K11+A0F11 —Ki )

— Koy + CoF1y I — Koo

Since Fy; € FP(X1) and using Theorem 2.1(i), we deduce that I — K11 + AgF11 €
®Y(X1). So, there exist an operator H € L£(X; x Xs) and Ko € K(X7) such that
H(I — K11 + A()F11) =1- Ko. Therefore,

H 0 =~ ([ Ky HKp 0 0
<0 I>L0(L+F)_I (K21 Ko >+(COF11 0)'
Using Theorem 2.1(i), Proposition 2.5(i) and Theorem 3.1 we obtain ( 0 0 ) €

CoFi1 O
FP(X; x X3), and so, ( %I ?

—~

> Lo(L + ﬁ) € ®°(X; x X3), then there exist L; €

L(X) x X3) and K € K(X; x X3) such that L, ( 1;1 ? > Lo(L+F) =I— K, which
implies that F € FLX1 x Xa).
(79) We prove this assertion in the same way as in (). O

Remark 3.4. The following questions remain open:
(i) F € Fb(X1 x Xo) if and only if F;; € F8(X;, X;), Vi, j = 1,2.

(ii) F € Fb (X7 x X3) if and only if F;; € F° (X, X;), Vi, j = 1,2.
4. The M-essential spectra of 2 x 2 matrix operator

The purpose of this section is to discuss the M-essential spectra of the 2 x 2 matrix
operator L, closure of Lg that acts on the Banach space X xY where M is a bounded
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operator formally defined on the product space X x Y by a matrix

([ My M,
u=( )

A B
n=(¢ 1)
The operator A acts on X and has the domain D(A), D is defined on D(D) and acts

on the Banach space Y, and the intertwining operator B (resp. C) is defined on the
domain D(B) (resp. D(C)) and acts on X (resp. on Y).

and Lg is given by

In what follows, we will assume that the following conditions hold:

(Hy) A is a closed, densely defined linear operator on X with nonempty M;-resolvent
set par, (A).

(Hz) The operator B is densely defined linear operator on X and for some (hence
for all) u € par, (A), the operator (A — uM;)~ !B is closable. (In particular, if B is
closable then (A — pM;)~1 B is closable).

(Hs) The operator C satisfies D(A) C D(C), and for some (hence for all) p € par, (A),
the operator C'(A — puM;)~! is bounded.

(Hy) The lineal D(B)ND(D) is dense in Y, and for some (hence for all) u € ppr, (A),
the operator D — C(A — puM;)~! B is closable, we will denote by S(u) the closure of
the operator D — (C' — uM3)(A — uM;)~Y(B — publy).

Remark 4.1. () It follows from the closed graph theorem that the operator G(p) :=
(A — puMy)~Y(B — uMs>) is bounded on Y.

(it) We emphasize that neither the domain of S(p) nor the property of being closable
depend on p. Indeed, consider A, p € ppr, (A), then we have:

S(A) = 5(p) = (A= p) [MsG () + F(\) My + F(A)M1G(p)], (4.1)

where F(\) = (C — AM3)(A — AM;)~!. Since the operators F()\) and G(u) are
bounded, then the difference S(A) — S(u) is bounded. Therefore neither the domain
of S(u) nor the property of being closable depend on .

We recall the following result established in [8] which describes the closure of the
operator Lg.

Theorem 4.1. [8] Let conditions (H1)— (Hs) be satisfied and the lineal D(B)ND(D)
be dense in X. Then the operator Ly is closable if and only if the operator D —C(A—
puM1)"LB is closable in X, for some p € onp, (A). Moreover, the closure L of Ly is
given by
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L:uM+( Flu) )(A O”Ml S(M)EuM4>(é G(I“)>. (4.2)

Lemma 4.1. (7,) I M3 c ]:b(X Y) and F(/\) c ]:b(X7Y); for some \ € le(A);
then F(\) € FO(X,Y) for all X € par, (A).

(i) If My € F*(Y, X) and if G(\) € FO(Y, X), for some X € par, (A), then G()\) €
FUY,X) for all X € par, (A).

(#7) If F(N), G(N\), Ma and Ms are Fredholm perturbations, for some A € ppr, (A),
then oe, p, (S(X)) does not depend on X € par, (A), fori=1,...,6.

Proof. (i) The result follows from the identity

F(A) = F(p) = (A= p) [F(A\) My — Ms] (A — pM;)™", for all X and p € par, (A).
(#i) The result follows from the identity

G(A) = G(p) = (A — p)(A — AMy) " [M1G(p) — M), for all X and 1 € par, (A).
(#i7) The result of this assertion follows from Eq. (4.1). O In the sequel, we will

denote the complement of a subset Q C C by ©.

Theorem 4.2. Let Ly be the 2 X 2 matriz operator satisfying conditions (Hy) — (Hy).
If My and M3 are Fredholm perturbations and if for some (hence for all) p € par, (A),
F(u) and G(u) are Fredholm perturbations, then

0-64,M(L) = Oey, M, (A) Uoe,, M,y (S(:u))
and
Oes,M (L) C Oes, M, (A) U0Oes, M,y (S(:u))

Moreover, if oe, a1, (A) is connected, then

0—65,M(L) = Oes,M; (A) U0oes,my (S(M))

If in addition, “o., ar(L) is connected, par(L) # 0, €0, ar, (S(p)) is connected and
o (S(1)) # 0, then

O—eeyM(L) = Oeg, M, (A) U0oes, My (S(:u‘))

Proof. Let p € pa, (A) be such that the operators F(u) and G(u) are Fredholm
perturbations and set A € C. While writing AM — L = uM — L + (A — p)M, using
the relation (4.2) we have

0 My G(p) — Mo )

”“i:UW”W‘“‘”<Ferw@ F() M, G(p) (43)
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where U:<F(IM) (1). )’W:(é Ggu) and V()= >\M10—A )\M4SS(M) )

Since the operators F(u), G(u), My and M3 are Fredholm perturbations, then by
Theorem 3.1 the second operator in the right hand side of Eq.(4.3) is a Fredholm per-
turbation. So AM — L is a Fredholm operator if and only if UV (A)W is a Fredholm
operator. Now, observe that the operators U and W are bounded and have bounded
inverse, hence the operator UV (A\)W is a Fredholm operator if and only if V() has
this property if and only if AM; — A (resp. AMy — S(p) ) is a Fredholm operator on
X (resp. on Y) and

’i()\M - L) = i()\Ml - A) + ’i()\M4 — S(M)) (4.4)
Therefore,
064,1V1(L) = Oeq,M; (A) Uoe,, My (S(ﬂ“))
and
Oes,M (L) C e,y (A) U0oes,my (S(:u)) (45)

Suppose now that “o., ar, (A) is connected. By assumption (Hi), par, (A) is not
empty. Let a € pp(A), then, aM; — A € ®(X) and i(aM; — A) = 0. Since
pu, (A) C paar, (A) and by Proposition 2.1, i(AM; — A) is constant on any component
of ®pp, 4, then i(AM; — A) = 0 for all A € pyar, (A). It follows, immediately, from
Egs (4.4) and (4.5) that

O—EsyM(L) = Oes,M; (A) Uoes,my (S(:u)) (46)

Assume further, that “o._ ur, (A) is connected. Then, by Lemma 2.1 in [15] and using
Eq. 4.6 we have
Teq,M (L) = 0cg, 1, (A) U 0, a1, (S(1))- O

In the sequel we will denote, for u € opr, (A), by M (1) the following operator

- 0 MiG(p) — M.
M(p) = < F(p)My — M Fl(u)MlG(u)2 )

Theorem 4.3. (i) If the operator M(p) € F1(X xY) for some p € ppr, (A), then
Oey,M (L) = ey, (A) Uoe,nr, (S(1)).

(i3) If the operator M(p) € F_(X x Y) for some pu € par, (A), then
Oy, M (L) = Oy, (A) U0y ar, (S(1))-

(790) If M(pn) € Fr (X xY)NF_(X xY) for some u € ppr, (A), then

0'637M(L) = Oes,M; (A) U Oes,M, (S(:u)) U [0-627M1 (A) U Oey,My (S(/’[’))]
U[Jel;Ml (A) U ey, My (S(M))]

Proof. The assertions (¢) and (ii) follow immediately from Eq. (4.3).
The assertion (#i7) is an immediate consequence of (i) and (ii). O

Remark 4.2. Theorems (4.2) and (4.3) generalize the Theorem (3.2) in [16].
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5. Application to two-group transport operators

The aim of this section is to apply the obtained results to study the M-essential
spectra of a class of linear two-group transport operators on Ly-spaces, 1 < p < oo,
with abstract boundary conditions.
Let
X, = Ly((—a,a) x (—1,1);dzdv), a>0,1<p<oo.

We consider the following two-group transport operators with abstract boundary
conditions:
Ay =Ty + K

o= (T ()

K11 K2
K =
( Ko Koo >

with Kj;,4,7 = 1,2, are bounded linear operators defined on X, by

where

and

Kj: X, — X,
! (5.1)
v — Kjju(z,v) = / kij(z,v,0")u(z,v")dv’
~1
and the kernels k;; : (—a,a) x (—=1,1) x (—1,1) — R are assumed to be measurable.
Each operator Ty, j = 1,2, is defined by

Ty D(THJ) - Xp — Xp,

o ne)a) = 5l (w0) — oy e)e(a,v),

D(THJ) = {QD € W such that (pz — Hj@o},
where W is the space defined by
dp
W = {p € X, such that var € X,}

and o;(.) € L>(—1,1). ¢°, ¢ represent the outgoing and the incoming fluxes related
by the boundary operator H; (70" for the outgoing and ”¢” for the incoming) and

given by
(PZ:(U) = cp(—a,v), CAS (Oa 1),
@1(1}) = cp(a,v), v € (=1,0),
QOO(’U) = @(_a7v)v vE (_170)7
QOO(U) = cp(aﬂ))? CAS (Oa 1)

We denote by X and X;, the following boundary spaces:
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Xy =Ly [{—a} x (=1,0); |v|dv] x Ly [{a} x (0,1);|v]dv] := X7, x X3,
equipped with the norm
1
luo, X210 o= (lug, X717 + [|ug, X3, [17) "

1
0 1 L
= | [ teorplas+ [ e orplas |
-1 0
and

X} = Ly [{—a} x (0,1);v]dv] x Ly, [{a} x (=1,0); [v[dv] :== X} , x X5,
equipped with the norm
o S S 1
[, Xp0 = (lluf, XTpIP + [lug, X3,[17) 7 )

- {/01 |u(_a,v)|Pvdv+/_Olu(aw)l”lvldvr

It is well known that any function w in W possesses traces on the spacial boundary
{—a} x (—1,0) and {a} x (0,1) which respectively belong to the spaces X5 and X!
(see, for instance, [7] or [11]). they are denoted, respectively, by u«° and u'.

It is clear that the operator Agy is defined on D(Ty,) X D(Tx,). We will denote

the operator Ay by
A, A Agp
= Asr Az )’

where
Ay =Tw, + Ky,
Ag = Ko,
A1 = Ko,

Ao =Ty, + Koao.

The object of this part is to determine the M-essential spectra of the operator Agy
where M is the following operator

_( My M,
=g o)

with M;, i = 1,4 are defined by
{ M;: X, — X,
e (Mip)(x,v) = mi(v)e(z,v)
where 7;(.) € L2°(—1,1) and Ms, M3 are in F(X,,).
To verify the hypotheses of Theorem 4.2, we shall first determine the expression of the
M;-resolvent of the operator Ty,. Let ¢ € X,,, A € C and consider the M;-resolvent

equation for T,
(AMy =Ty, )by = o, (5.2)

where the unknown v must be in D(Tq, ). Let

Af = ess-inf o;(v), j=1,2;
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p; = ess-inf n;(v), j=1,2
we suppose that p7 >0, j=1,2 and let

X i 11 < 1
Y=g 2N Y m . i ) > 1
u;f 2ap} sUHS 1 J )

Therefore, for A € C such that pfReX + A7 > 0, the solution of Eq. (5.2) is formally
given by

_ Oy () tog (v)|atz]
A

1 (% _om@itoe)=—a] ,
+— e ol ez’ v)de’, 0<v<l,

Yi(z,v) = _OmE)teehle=sl (5.3)
_ Om@rtele=s]
—/ TR ol v)da!, —1<wv < 0.

Accordingly, 91 (a,v) and 91 (—a,v) are given by

g Ani()+er ()

1/}1(0’3 U) = 7/11(—@7”)6 vl
1 [ _Oom@+oi)la—z]
+W S oz, v)de, 0<v<l1, (5.4)
v
_9q QM (W tay ()
Y1(—a,v) = ¥1(a,v)e 2 ol (5.5)
1 (% _Om®@+oi@)latal
0 EG o(z,v)dr, —1<v<0. (5.6)
v

For the clarity of our subsequent analysis, we introduce the following bounded
operators:

My : X} — X2, Myu:= (Mju,M;u) with
N _9q Gm )ty ()

M u(—a,v) = u(—a,v)e Tl , O<wv<l,
_ _9gq A1 () +eoq(v)

M; u(a,v) :=u(a,v)e ol , —l<wv<O,

Bx: X} = Xp, Bu:=x(—1,0)(v)Byu+ x(0,1)(v)Biu) with
Ay (v)+o3 (v)|atz|
B u(z,v) = u(—a,v)e” E— , O<wv<l,
_ (ny(v)toy (v)|la—=|

By u(z,v) :=u(a,v)e ol , —l<wv<O,

Gr: X, = X2, Gap:=(Gfp,Gye) with
Ay (v)+o; (v)|a—=z|
Gip(—av) =14 [°, e p(zv)dr, 0<wv<l,
(i (W) +oq () |ate

Gyela,v) ==L [ e fol o(z,v)de, —1<wv<0,

[v]



Perturbation Theory, M -essential Spectra of 2 x 2 Operator Matrices 51

and finally, we consider

Cr: Xy, = X, Crp:=x(—1,0)C} ¢ + x(0, 1)0;'90 with
(An1 (0)+oy ()22’ |
CYo(z,v) = \Tl| ffa e pla',v)de’, 0<wv<l,
_Oni oy (v)]e—a’]

Cy o(z,v) == ﬁ [le ol pl@,v)de’, —-1<v<0,

where x(0,1)(.) and x(—1,0)(.) denote the characteristic functions of the intervals (—1,0)
and (0,1), , respectively. The operators My, By, G and C) are bounded by :
e 2ar  ReA (¥ ReX)~VP | (u* ReX)~1/4, respectively, where ¢ denotes the conjugate
of p and (u*Re)™1L.

Lemma 5.1. (i) If kij(x,v,v") defines a regular operator, then (A\My — Ty, )1 Kjj is
compact on X, for 1 < p < oo and weakly compact on X1, 4,5 =1,2.

(id) If kij(x,v,0") /|| defines a regular operator, then K;;(AMy — Tw,)™ " is weakly
compact on X1, i,5 =1,2.

Proof. (i) This assertion was proved in [15].
(it) The proof of this assertion is a straightforward adaption from Lemma 4.2 in
[16]. O

Theorem 5.1. If ko1 (2, v,0") (resp. ko1(z,v,v")/|V'|) defines a reqular operator, then
the operators F(\) := (K1 —AM3)(A11—=AM1)~ ! and G(\) := (A1 —AM;) " H(Ka—
AMy) are Fredholm perturbations on X,, 1 <p < co.

Proof. It follows from Remark 3.1.(3¢) in [15] that there exists A € pps, (T, ) such
that
To ((TH1 — )\Ml)*lKll) < 1. For such ), the equation

(K11 + T, — AMy)p =
may be transformed into
((Tr, = AMy) "' K1y — 1) ¢ = (T, — AMy) ™'
Then, by the fact that r, ((TH1 — )\Ml)*lKu) < 1, we obtain

(Ain = AMy) ™ = (T, = AMy) K] (Ta, — AMy) ™t
n>0
So,

F(\) = Ko Z [(Tor, — AM) T K1 )" (T, — AM1) ™Y — AM3 (A1 — AM:) 72
n>0
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Since M3 € F(X,) and the use of Lemma 5.1 allows us to conclude that F'(\) €
F(Xp)-
The same reasoning allows us to prove that G(\) € F(X,,). O

Now, we are ready to express the M-essential spectra of two-group transport
operators with general boundary conditions.

Theorem 5.2. If the operators H; € F(X,), j =1,2, 1 <p < oo and the operators
K11, Koo, Ky are reqular and if in addition ko1 (z,v,v") (resp. ko1(x,v,v")/|V'])
defines a regular operator on X,, for 1 <p < oo (resp. on X1), then

e, M(Am) = {X € C such that ReA < —min(Af, \3)},  fori=1,...,6.

Proof. Let A € pa, (T, ) such that ro(AM; — Ty, ) K11 < 1, then
(AMy — Ayy) ™' = (M = Tg,) ™ =) C[(AMy = T, ) K" (AMy — T, )
n>1

Since Kj; is regular, then it follows from Lemma 5.1 that the operator (AM; —
A1)t = (AMy — Ty,) ™! is compact on X, for 1 < p < oo and weakly compact on
X1, the use of [15, Theorem 3.3] leads to

)\*
Oe; iy (A11) = 0¢; 0y (T, ) = {)\ € C such that ReX < i} , 1=1,...,6. (5.7)
My
Let p € par, (A11). The operator S(u) is given by
S(p) = Azz — KnG(p).

By Lemma 5.1, The operator K»1G(p) is compact on X, for 1 < p < oo, and
weakly compact on Xi, then it follows from Proposition 2.2 that ¢, ar, (S()) =
Oe; M, (A22), i =1,...,6. By the same reasoning, we have

)\*
Oei M, (S(1) = e, 0y (A22) = {)\ € C such that ReX < —z} , i=1,..,6. (5.8)
Ho
Applying Theorem 4.2 and using Egs (5.7) and (5.8), we get

Oe; M (Am) = {)\ € C such that ReA < —min (Ai, Ai) } , 1=1,..,6. O
K1 Hg
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