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Abstract: We generalized the concepts in probability of rough
Cesàro and lacunary statistical by introducing the difference operator ∆α

γ

of fractional order, where α is a proper fraction and γ = (γmnk) is any
fixed sequence of nonzero real or complex numbers. We study some proper-
ties of this operator involving lacunary sequence θ and arbitrary sequence
p = (prst) of strictly positive real numbers and investigate the topological
structures of related with triple difference sequence spaces.

The main focus of the present paper is to generalized rough Cesàro
and lacunary statistical of triple difference sequence spaces and investi-
gate their topological structures as well as some inclusion concerning the
operator ∆α

γ .
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Introduction

A triple sequence (real or complex) can be defined as a function x : N×N×N→ R (C) ,
where N,R and C denote the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple sequence was introduced
and investigated at the initial by Sahiner et al. [10, 11], Esi et al. [1-3], Dutta et al.
[4], Subramanian et al. [12-15], Debnath et al. [5] and many others.
A triple sequence x = (xmnk) is said to be triple analytic if

sup
m,n,k

|xmnk|
1

m+n+k <∞.

The space of all triple analytic sequences are usually denoted by Λ3. A triple sequence
x = (xmnk) is called triple gai sequence if
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((m+ n+ k)! |xmnk|)
1

m+n+k → 0 as m,n, k →∞.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [6] as follows

Z (∆) = {x = (xk) ∈ w : (∆xk) ∈ Z}

for Z = c, c0 and `∞, where ∆xk = xk − xk+1 for all k ∈ N.

The difference triple sequence space was introduced by Debnath et al. (see [5])
and is defined as

∆xmnk = xmnk − xm,n+1,k − xm,n,k+1 + xm,n+1,k+1

−xm+1,n,k + xm+1,n+1,k + xm+1,n,k+1 − xm+1,n+1,k+1

and ∆0xmnk = 〈xmnk〉 .

1. Some New Difference Triple Sequence Spaces with
Fractional Order

Let Γ (α) denote the Euler gamma function of a real number α. Using the definition
Γ (α) with α /∈ {0,−1,−2,−3, · · · } can be expressed as an improper integral as follows:
Γ (α) =

∫∞
0
e−xxα−1dx, where α is a positive proper fraction. We have defined the

generalized fractional triple sequence spaces of difference operator

∆α
γ (xmnk) =

∞∑
u=0

∞∑
v=0

∞∑
w=0

(−1)
u+v+w

Γ (α+ 1)

(u+ v + w)!Γ (α− (u+ v + w) + 1)
xm+u,n+v,k+w. (1.1)

In particular, we have

(i) ∆
1
2 (xmnk) = xmnk − 1

16xm+1,n+1,k+1 − · · · ;

(ii) ∆−
1
2 (xmnk) = xmnk + 5

16xm+1,n+1,k+1 + · · · ;

(iii) ∆
2
3 (xmnk) = xmnk − 4

81xm+1,n+1,k+1 − · · · .

Now we determine the new classes of triple difference sequence spaces ∆α
γ (x) as

follows:

∆α
γ (x) =

{
x : (xmnk) ∈ w3 :

(
∆α
γx
)
∈ X

}
, (1.2)

where

∆α
γ (xmnk) =

∞∑
u=0

∞∑
v=0

∞∑
w=0

(−1)
u+v+w

Γ (α+ 1)

(u+ v + w)!Γ (α− (u+ v + w) + 1)
xm+u,n+v,k+w
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and

X ∈ χ3∆
f (x) = χ3

f

(
∆α
γxmnk

)
= µmnk

(
∆α
γx
)

=
[
fmnk

((
(m+ n+ k)!

∣∣∆α
γ

∣∣) 1
m+n+k , 0̄

)]
.

Proposition 1.1.

(i) For a proper fraction α ∆α : W ×W ×W →W ×W ×W defined by equation
of (2.1) is a linear operator;

(ii) For α, β > 0, ∆α
(
∆β (xmnk)

)
= ∆α+β (xmnk) and ∆α (∆−α (xmnk)) = xmnk.

Proof: Omitted.

Proposition 1.2. For a proper fraction α and f be an Musielak-Orlicz function, if

χ3
f (x) is a linear space, then χ

3∆α
γ

f (x) is also a linear space.

Proof: Omitted.

2. Definitions and Preliminaries

Throughout the article w3, χ3 (∆) ,Λ3 (∆) denote the spaces of all, triple gai differ-
ence sequence spaces and triple analytic difference sequence spaces respectively.
Subramanian et al. (see [12]) introduced by a triple entire sequence spaces, triple
analytic sequences spaces and triple gai sequence spaces. The triple sequence spaces
of χ3 (∆) ,Λ3 (∆) are defined as follows:

χ3 (∆) =
{
x ∈ w3 : ((m+ n+ k)! |∆xmnk|)1/m+n+k → 0 as m,n, k →∞

}
,

Λ3 (∆) =
{
x ∈ w3 : supm,n,k |∆xmnk|

1/m+n+k
<∞

}
.

Definition 2.1. An Orlicz function ([see [7]) is a function M : [0,∞) → [0,∞)
which is continuous, non-decreasing and convex with M (0) = 0, M (x) > 0, for
x > 0 and M (x) → ∞ as x → ∞. If convexity of Orlicz function M is replaced by
M (x+ y) ≤M (x) +M (y) , then this function is called modulus function.

Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct Orlicz
sequence space.

A sequence g = (gmn) defined by

gmn (v) = sup {|v|u− (fmnk) (u) : u ≥ 0} , m, n, k = 1, 2, · · ·

is called the complementary function of a Musielak-Orlicz function f . For a given
Musielak-Orlicz function f, (see [9]) the Musielak-Orlicz sequence space tf is defined
as follows

tf =
{
x ∈ w3 : If (|xmnk|)1/m+n+k → 0 as m,n, k →∞

}
,
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where If is a convex modular defined by

If (x) =

∞∑
m=1

∞∑
n=1

∞∑
k=1

fmnk (|xmnk|)1/m+n+k
, x = (xmnk) ∈ tf .

We consider tf equipped with the Luxemburg metric

d (x, y) =

∞∑
m=1

∞∑
n=1

∞∑
k=1

fmnk

(
|xmnk|1/m+n+k

mnk

)

is an extended real number.

Definition 2.2. Let α be a proper fraction. A triple difference sequence spaces of
∆α
γx =

(
∆α
γxmnk

)
is said to be ∆α

γ strong Cesàro summable to 0̄ if

lim
uvw→∞

1

uvw

u∑
m=1

v∑
n=1

w∑
k=1

∣∣∆α
γxmnk, 0̄

∣∣ = 0.

In this we write ∆α
γxmnk →[C,1,1,1] ∆α

γxmnk. The set of all ∆α
γ strong Cesàro

summable triple sequence spaces is denoted by [C, 1, 1, 1].

Definition 2.3. Let α be a proper fraction and β be a nonnegative real number.
A triple difference sequence spaces of ∆α

γx =
(
∆α
γxmnk

)
is said to be ∆α

γ rough strong
Cesàro summable in probability to a random variable ∆α

γx : W ×W ×W → R×R×R
with respect to the roughness of degree β if for each ε > 0,

lim
uvw→∞

1

uvw

u∑
m=1

v∑
n=1

w∑
k=1

P
(∣∣∆α

γxmnk, 0̄
∣∣ ≥ β + ε

)
= 0.

In this case we write ∆α
γxmnk →

[C,1,1,1]P∆

β ∆α
γxmnk. The class of all β∆α

γ− strong
Cesàro summable triple sequence spaces of random variables in probability and it will
be denoted by β [C, 1, 1, 1]

P∆
.

3. Rough Cesàro Summable of Triple of ∆α
γ

In this section by using the operator ∆α
γ , we introduce some new triple difference

sequence spaces of rough Cesàro summable involving lacunary sequences θ and arbi-
trary sequence p = (prst) of strictly positive real numbers.
If α be a proper fraction and β be nonnegative real number. A triple difference se-
quence spaces of ∆α

γX =
(
∆α
γxmnk

)
is said to be ∆α

γ− rough strong Cesàro summable
in probability to a random variable ∆α

γX : W ×W ×W → R×R×R with respect to
the roughness of degree β if for each ε > 0 then define the triple difference sequence
spaces as follows:
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(i)

C
(
∆α
γ , p
)
θ

=

∞∑
r=1

∞∑
s=1

∞∑
t=1

P

fmnk
∣∣∣∣∣∣ 1

hrst

∑
(mnk)∈Irst

∆α
γX

∣∣∣∣∣∣
prst ≥ β + ε

 <∞.

In this case we write C
(
∆α
γ , p
)
θ
→[C,1,1,1]P∆

β C
(
∆α
γ , p
)
θ
. The class of all

βC
(
∆α
γ , p
)
θ
− rough strong Cesàro summable triple sequence spaces of random

variables in probability and it will be denoted by β [C, 1, 1, 1]
P∆

.

(ii)

C
[
∆α
γ , p
]
θ

=

∞∑
r=1

∞∑
s=1

∞∑
t=1

P

 1

hrst

∑
(mnk)∈Irst

fmnk
[∣∣∆α

γX
∣∣prst] ≥ β + ε

 <∞.

In this case we write C
[
∆α
γ , p
]
θ
→[C,1,1,1]P∆

β C
[
∆α
γ , p
]
θ
. The class of all

βC
[
∆α
γ , p
]
θ
− rough strong Cesàro summable triple sequence spaces of random

variables in probability.

(iii)

CΛ

(
∆α
γ , p
)
θ

= P

fmnk
∣∣∣∣∣∣ 1

hrst

∑
(mnk)∈Irst

∆α
γX

∣∣∣∣∣∣
prst ≥ β + ε

 <∞.

In this case we write CΛ

(
∆α
γ , p
)
θ
→[C,1,1,1]P∆

β CΛ

(
∆α
γ , p
)
θ
. The class of all

βCΛ

(
∆α
γ , p
)
θ
− rough strong Cesàro summable triple sequence spaces of random

variables in probability.

(iv)

CΛ

[
∆α
γ , p
]
θ

=
1

hrst

∑
(mnk)∈Irst

P
(
fmnk

[∣∣∆α
γX
∣∣prst] ≥ β + ε

)
<∞.

In this case we write CΛ

[
∆α
γ , p
]
θ
→[C,1,1,1]P∆

β CΛ

[
∆α
γ , p
]
θ
. The class of all

βCΛ

[
∆α
γ , p
]
θ
− rough strong Cesàro summable triple sequence spaces of random

variables in probability.

(v)

N
(
∆α
γ , p
)
θ

= lim
rst→∞

1

hrst

∑
(mnk)∈Irst

P
(
fmnk

[∣∣∆α
γX, 0̄

∣∣prst] ≥ β + ε
)

= 0.

In this case we write N
(
∆α
γ , p
)
θ
→[C,1,1,1]P∆

β N
(
∆α
γ , p
)
θ
. The class of all

βN
(
∆α
γ , p
)
θ
− rough strong Cesàro summable triple sequence spaces of ran-

dom variables in probability.
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Theorem 3.1. If α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and (prst) is a triple difference analytic sequence then the
sequence spaces C

(
∆α
γ , p
)
θ
, C
[
∆α
γ , p
]
θ
, CΛ

(
∆α
γ , p
)
θ
, CΛ

[
∆α
γ , p
]
θ

and N
(
∆α
γ , p
)
θ

are
linear spaces.

Proof: Because the linearity may be proved in a similar way for each of the sets of
triple sequences, hence it is omitted.

Theorem 3.2. If α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and (prst), for all r, s, t ∈ N, then the triple difference se-
quence spaces C

[
∆α
γ , p
]
θ

is a BK-space with the Luxemburg metric is defined by

d (x, y)1 =

∞∑
u=0

∞∑
v=0

∞∑
w=0

fmnk

[γuvwxuvw
uvw

]

+ lim
uvw→∞

1

uvw

∞∑
r=1

∞∑
s=1

∞∑
t=1

fmnk

P
 1

hrst

∑
(m,n,k)∈Irst

∣∣∆α
γx
∣∣p ≥ β + ε

1/p

, 1 ≤ p.

Also if prst = 1 for all (r, s, t) ∈ N, then the triple difference spaces CΛ

[
∆α
γ , p
]
θ

and

N
(
∆α
γ , p
)
θ

are BK-spaces with the Luxemburg metric is defined by

d (x, y)2 =

∞∑
u=0

∞∑
v=0

∞∑
w=0

fmnk

[γuvwxuvw
uvw

]
+ lim
uvw→∞

1

uvw

1

hrst

∑
(m,n,k)∈Irst

fmnk
[
P
(∣∣∆α

γx
∣∣) ≥ β + ε

]
.

Proof. We give the proof for the space CΛ

[
∆α
γ , p
]
θ

and that of others followed by
using similar techniques.
Suppose (xn) is a Cauchy sequence in CΛ

[
∆α
γ , p
]
θ
, where xn = (xij`)

n
and xm =(

xmij`

)
are two elements in CΛ

[
∆α
γ , p
]
θ
. Then there exists a positive integer n0 (ε)

such that |xn − xm| → 0 as m,n → ∞ for all m,n ≥ n0 (ε) and for each i, j, ` ∈ N.
Therefore 

x11
uvw x12

uvw ... ...

x21
uvw x22

uvw ... ...

.

.

.


and



∆α
γx

11
ij` ∆α

γx
12
ij` ... ...

∆α
γx

21
ij` ∆α

γx
22
ij` ... ...

.

.

.


are Cauchy sequences in complex field C and CΛ

[
∆α
γ , p
]
θ

respectively. By using the

completeness of C and CΛ

[
∆α
γ , p
]
θ

we have that they are convergent and suppose
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that xnij` → xij` in C and
(

∆α
γx

n
ij`

)
→ yij` in CΛ

[
∆α
γ , p
]
θ

for each i, j, ` ∈ N as

n → ∞. Then we can find a triple sequence space of (xij`) such that yij` = ∆α
γxij`

for i, j, ` ∈ N. These xsij` can be interpreted as

xij` =
1

γij`

i−m∑
u=1

j−n∑
v=1

`−k∑
w=1

∆α
γ yuvw

=
1

γij`

i∑
u=1

j∑
v=1

∑̀
w=1

∆α
γ yu−m,v−n,w−k, (y1−m,1−n,1−k = y2−m,2−n,2−k = · · · = y000 = 0) .

for sufficiently large (i, j, `); that is,

(
∆α
γx

n
)

=



∆α
γx

11
ij` ∆α

γx
12
ij` ... ...

∆α
γx

21
ij` ∆α

γx
22
ij` ... ...

.

.

.


converges to

(
∆α
γxij`

)
for each i, j, ` ∈ N as n→∞. Thus |xm − x|2 → 0 as m→∞.

Since CΛ

[
∆α
γ , p
]
θ

is a Banach Luxemburg metric with continuous coordinates, that

is |xn − x|2 → 0 implies
∣∣∣xnij` − xij`∣∣∣ → 0 for each i, j, ` ∈ N as n → ∞, this shows

that CΛ

[
∆α
γ , p
]
θ

is a BK-space.

Theorem 3.3. If α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and (prst), for all r, s, t ∈ N, then the triple difference se-
quence space C

(
∆α
γ , p
)
θ

is a BK-space with the Luxemburg metric is defined by

d (x, y)3 =

∞∑
u=0

∞∑
v=0

∞∑
w=0

fmnk

[γuvwxuvw
uvw

]

+ lim
uvw→∞

1

uvw

∞∑
r=1

∞∑
s=1

∞∑
t=1

fmnk

P
∣∣∣∣∣∣ 1

hrst

∑
(m,n,k)∈Irst

∆α
γx

∣∣∣∣∣∣
p ≥ β + ε

1/p

, 1 ≤ p.

Also if prst = 1 for all (r, s, t) ∈ N, then the triple difference spaces CΛ

(
∆α
γ , p
)
θ

is a
BK-spaces with the Luxemburg metric is defined by

d (x, y)4 =

∞∑
u=0

∞∑
v=0

∞∑
w=0

fmnk

[
γuvwXuvw

uvw

]

+ lim
uvw→∞

1

uvw
fmnk

P
∣∣∣∣∣∣ 1

hrst

∑
(m,n,k)∈Irst

∆α
γx

∣∣∣∣∣∣
 ≥ β + ε

 .
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Proof: The proof follows from Theorem 4.2.
Now, we can present the following theorem, determining some inclusion relations
without proof, since it is a routine verification.

Theorem 3.4. Let α, ξ be two positive proper fractions α > ξ > 0 and β be two
nonnegative real number, f be an Musielak-Orlicz function and (prst) = p, for each
r, s, t ∈ N be given.Then the following inclusions are satisfied:

(i) C
(
∆ξ
γ , p
)
θ
⊂ C

(
∆α
γ , p
)
θ
;

(ii) C
[
∆ξ
γ , p
]
θ
⊂ C

[
∆α
γ , p
]
θ
;

(iii) C
(
∆α
γ , p
)
θ
⊂ C

(
∆α
γ , q
)
θ
, 0 < p < q.

4. Rough Lacunary Statistical Convergence of Triple
of ∆α

γ

In this section by using the operator ∆α
γ , we introduce some new triple difference

sequence spaces involving rough lacunary statistical sequences spaces and arbitrary
sequence p = (prst) of strictly positive real numbers.

Definition 4.1. The triple sequence θi,`,j = {(mi, n`, kj)} is called triple lacunary if
there exist three increasing sequences of integers such that

m0 = 0, hi = mi −mr−1 →∞ as i→∞ and

n0 = 0, h` = n` − n`−1 →∞ as `→∞,
k0 = 0, hj = kj − kj−1 →∞ as j →∞.

Let mi,`,j = min`kj , hi,`,j = hih`hj , and θi,`,j is determine by

Ii,`,j = {(m,n, k) : mi−1 < m < mi and n`−1 < n ≤ n` andkj−1 < k ≤ kj} ,

qi =
mi

mi−1
, q` =

n`
n`−1

, qj =
kj
kj−1

.

Definition 4.2. Let α be a proper fraction, f be an Musielak-Orlicz function and θ =
{mrnskt}(rst)∈N⋃

0 be the triple difference lacunary sequence spaces of
(
∆α
γXmnk

)
is

said to be ∆α
γ− lacunary statistically convergent to a number 0̄ if for any ε > 0,

lim
rst→∞

1

hrst

∣∣{(m,n, k) ∈ Irst : fmnk
[∣∣∆α

γXmnk, 0̄
∣∣] ≥ ε}∣∣ = 0,

where

Ir,s,t = {(m,n, k) : mr−1 < m < mr andns−1 < n ≤ ns andkt−1 < k ≤ kt} ,

qr =
mr

mr−1
, qs =

ns
ns−1

, qt =
kt
kt−1

.

In this case write ∆α
γX →Sθ ∆α

γx.
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Definition 4.3. If α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and θ = {mrnskt}(r,s,t)∈N3

⋃
(0,0,0) be the triple difference

sequence spaces of lacunary. A number X is said to be ∆α
γ − Nθ− convergent to a

real number 0̄ if for every ε > 0,

lim
rst→∞

1

hrst

∑
m∈Ir

∑
n∈Is

∑
k∈It

fmnk
[∣∣∆α

γXmnk, 0̄
∣∣] = 0.

In this case we write ∆α
γXmnk →Nθ 0̄.

Definition 4.4. Let α be a proper fraction, β be nonnegative real number, f be
an Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive
real numbers. A triple difference sequence spaces of random variables is said to be
∆α
γ− rough lacunary statistically convergent in probability to ∆α

γX : W ×W ×W →
R× R× R with respect to the roughness of degree β if for any ε, δ > 0,

lim
rst→∞

1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]prst ≥ β + ε
)
≥ δ
}∣∣ = 0

and we write ∆α
γXmnk →SP

β 0̄. It will be denoted by βSPθ .

Definition 4.5. Let α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be ∆α

γ−
rough Nθ− convergent in probability to ∆α

γX : W ×W ×W → R×R×R with respect
to the roughness of degree β if for any ε > 0,

lim
rst→∞

1

hrst

∑
m∈Ir

∑
n∈Is

∑
k∈It

∣∣{P ([fmnk (∣∣∆α
γXmnk

∣∣)]prst ≥ β + ε
)}∣∣ = 0,

and we write ∆α
γXmnk →

NPθ
β ∆α

γX. The class of all β−Nθ− convergent triple difference

sequence spaces of random variables in probability will be denoted by βNP
θ .

Definition 4.6. Let α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers. A triple difference sequence spaces of random variables is said to be ∆α

γ−
rough lacunary statistically Cauchy if there exists a number N = N (ε) in probability
to ∆α

γX : W ×W ×W → R×R×R with respect to the roughness of degree β if for
any ε, δ > 0,

lim
rst→∞

1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk − xN )

∣∣)]prst ≥ β + ε
)
≥ δ
}∣∣ = 0.

Theorem 4.1. Let α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers, 0 < p <∞.

(i) If (xmnk)→
(
N
(
∆α
γ , p
)
θ

)
for prst = p then (xmnk)→

(
∆α
γ (Sθ)

)
.
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(ii) If x ∈
(
∆α
γ (Sθ)

)
, then (xmnk)→

(
N
(
∆α
γ , p
)
θ

)
.

Proof. Let x = (xmnk) ∈
(
N
(
∆α
γ , p
)
θ

)
and ε > 0,∣∣{P ([fmnk (∣∣∆α

γXmnk

∣∣)]prst ≥ β + ε
)}∣∣ = 0.

We have

1

hrst

∑
(mnk)∈Irst

∣∣{P ([fmnk (∣∣∆α
γXmnk

∣∣)]prst ≥ β + ε
)}∣∣

≥ 1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]prst ≥ β + ε
)
≥ δ
}∣∣(β + ε

δ

)p
.

So we observe by passing to limit as r, s, t→∞,

lim
rst→∞

1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]prst ≥ β + ε
)
≥ δ
}∣∣

≤
(

δ

α+ ε

)p
P

 lim
rst→∞

1

hrst

∑
(m,n,k)∈Irst

∣∣∆α
γxmnk

∣∣p = 0,

which implies that xmnk →
(
∆α
γ (Sθ)

)
.

Suppose that x ∈ ∆α
γ

(
Λ3
)

and (xmnk) →
(
∆α
γ (S)

)
. Then it is obvious that(

∆α
γx
)
∈ Λ3 and

1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]prst ≥ β + ε
)
≥ δ
}∣∣→ 0

as r, s, t→∞. Let ε > 0 be given and there exists u0v0w0 ∈ N such that∣∣∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]prst ≥ β +
ε

2

)
≥ δ

2

}∣∣∣∣
≤ ε

2
(
d
(
∆α
γx, y

))
Λ3

+
δ

2
,

where
∑∞
u=1

∑∞
v=1

∑∞
w=1 |γuvwxuvw| = 0, for all r ≥ u0, s ≥ v0, t ≥ w0. Further

more, we can write
∣∣∆α

γxmnk
∣∣ ≤ d

(
∆α
γxmnk, y

)
∆α
γ

≤ d
(
∆α
γx, y

)
Λ3 = d (x, y)∆α

γx
. For

r, s, t ≥ u0, v0, w0

1

hrst

∑
(mnk)∈Irst

P
([
fmnk

(∣∣∆α
γXmnk

∣∣)]p) =
1

hrst
P

 ∑
(mnk)∈Irst

[
fmnk

(∣∣∆α
γXmnk

∣∣)]p
+

1

hrst
P

 ∑
(mnk)/∈Irst

[
fmnk

(∣∣∆α
γXmnk

∣∣)]p <
1

hrst
P

(
hrst

(
ε

2
+
δ

2

)

+hrst
ε d (x, y)

p
∆α
γX

2 d (x, y)
p
∆α
γX

+
δ

2

)
= ε+ δ.



Some Triple Difference Rough Cesàro and Lacunary Statistical Sequence Spaces 91

Hence (xmnk)→
(
N
(
∆α
γ , p
)
θ

)
.

Corollary 4.1. If α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers then the following statements are hold:

(i) S
⋂

Λ3 ⊂ ∆α
γ (Sθ)

⋂
∆α
γ

(
Λ3
)

;

(ii) ∆α
γ (Sθ)

⋂
∆α
γ

(
Λ3
)

= ∆α
γ

(
w3
p

)
.

Theorem 4.2. Let α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers. If x = (xmnk) is a ∆α

γ− triple difference rough lacunary statistically con-
vergent sequence, then x is a ∆α

γ− triple difference rough lacunary statistically Cauchy
sequence.

Proof. Assume that (xmnk)→
(
∆α
γ (Sθ)

)
and ε, δ > 0. Then

1

δ

∣∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γxmnk

∣∣)]prst ≥ β +
ε

2

)}∣∣∣
for almost all m,n, k and if we select N, then

1

δ

∣∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γxN

∣∣)]prst ≥ β +
ε

2

)}∣∣∣
holds. Now, we have∣∣{(m,n, k) ∈ Irst : P

([
fmnk

(∣∣∆α
γ (xmnk − xN )

∣∣)]prst)}∣∣
≤ 1

δ

∣∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γxmnk

∣∣)]prst ≥ β +
ε

2

)}∣∣∣
+

1

δ

∣∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γxN

∣∣)]prst ≥ β +
ε

2

)}∣∣∣ < 1

δ
(β + ε) = ε,

for almost all m,n, k. Hence (xmnk) is a ∆α
γ− rough lacunary statistically Cauchy.

Theorem 4.3. If α be a proper fraction, β be nonnegative real number, f be an
Musielak-Orlicz function and arbitrary sequence p = (prst) of strictly positive real
numbers and 0 < p <∞, then N

(
∆α
γ , p
)
θ
⊂ ∆α

γ (Sθ) .

Proof. Suppose that x = (xmnk) ∈ N
(
∆α
γ , p
)
θ

and∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γxmnk

∣∣)]p ≥ β + ε
)}∣∣ .

Therefore we have

1

hrst

∑
(mnk)∈Irst

P
([
fmnk

(∣∣∆α
γxmnk

∣∣)]p) ≥ 1

hrst

∑
(mnk)∈Irst

(β + ε)
p

≥ 1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γxmnk

∣∣)]p ≥ β + ε
)}∣∣ (β + ε)

p
.
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So we observe by passing to limit as r, s, t→∞,

lim
rst→∞

1

hrst

∣∣{(m,n, k) ∈ Irst : P
([
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]p ≥ β + ε
)
≥ δ
}∣∣

<
1

(β + ε)
p

P
 lim
rst→∞

1

hrst

∑
(m,n,k)∈Irst

[
fmnk

(∣∣∆α
γ (xmnk)

∣∣)]p = 0

implies that x ∈ ∆α
γ (Sθ) . Hence N

(
∆α
γ , p
)
θ
⊂ ∆α

γ (Sθ) .
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