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Abstract: For a polynomial p(z) = an
∏n
t=1(z − zt) of degree n

having all its zeros in |z| ≤ K, K ≥ 1 it is known that

max
|z|=1

|p′(z)| ≥ 2

1 +Kn

{
n∑
t=1

K

K + |zt|

}
max
|z|=1

|p(z)| .

By assuming a possible zero of order m, 0 ≤ m ≤ n− 4, at z = 0, of p(z)
for n ≥ k +m+ 1 with integer k ≥ 3 we have obtained a new refinement
of the known result.
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1. Introduction and statement of results

For an arbitrary polynomial f(z) let M(f, r) = max|z|=r |f(z)| and m(f, r) =
min|z|=r |f(z)|. Further let p(z) =

∑n
j=0 ajz

j be a polynomial of degree n. Concern-
ing the estimate of |p′(z)| on |z| ≤ 1 we have the following result due to Turán [12].

Theorem 1.1. If p(z) is a polynomial of degree n, having all its zeros in |z| ≤ 1 then

M(p′, 1) ≥ n

2
M(p, 1).

The result is sharp with equality for the polynomial p(z) having all its zeros on |z| = 1.

More generally, for the polynomial having all its zeros in |z| ≤ K, (K ≤ 1),
Malik [10] proved:

Theorem 1.2. If p(z) be a polynomial of degree n, having all its zeros in |z| ≤ K,
(K ≤ 1) then

M(p′, 1) ≥ n

1 +K
M(p, 1) .

The result is sharp with equality for the polynomial p(z) = (z +K)n.
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And for the polynomial having all its zeros in |z| ≤ K, (K ≥ 1), Govil [6] proved:

Theorem 1.3. If p(z) is a polynomial of degree n, having all its zeros in |z| ≤ K,
(K ≥ 1) then

M(p′, 1) ≥ n

1 +Kn
M(p, 1) .

The result is sharp with equality for the polynomial p(z) = zn +Kn.

By using the coefficients an, an−1, of the polynomial p(z), Govil et al. [7] obtained
the following refinement of Theorem 1.2.

Theorem 1.4. If p(z) =
∑n
j=0 ajz

j is a polynomial of degree n, having all its zeros
in |z| ≤ K, (K ≤ 1) then

M(p′, 1) ≥ n n|an|+ |an−1|
(1 +K2)n|an|+ 2|an−1|

M(p, 1) .

And Aziz [1] used the moduli of all the zeros of the polynomial p(z) to obtain the
following refinement of Theorem 1.3.

Theorem 1.5. If all the zeros of the polynomial p(z) = an
∏n
j=1(z− zj), of degree n

lie in |z| ≤ K, (K ≥ 1) then

M(p′, 1) ≥ 2

1 +Kn

( n∑
j=1

K

K + |zj |

)
M(p, 1) .

The result is best possible with equality for the polynomial p(z) = zn +Kn.

Later Govil [8] used certain coefficients as well as moduli of all the zeros, of the
polynomial p(z) to obtain the following refinement of Theorem 1.5.

Theorem 1.6. Let p(z) =
∑n
j=0 ajz

j = an
∏n
t=1(z− zt) be a polynomial of degree n,

(n ≥ 2), |zt| ≤ Kt, 1 ≤ t ≤ n and let K = max(K1,K2, . . . ,Kn) ≥ 1. Then for n > 2

M(p′, 1) ≥ 2

1 +Kn

( n∑
t=1

K

K +Kt

)
M(p, 1)

+
2|an−1|

(1 +Kn)

( n∑
t=1

1

K +Kt

)(Kn − 1

n
− Kn−2 − 1

n− 2

)
+ |a1|

(
1− 1

K2

)
,

and

M(p′, 1) ≥ 2

1 +Kn

( n∑
t=1

K

K +Kt

)
M(p, 1) +

(K − 1)n

1 +Kn
|a1|
( n∑
t=1

1

K +Kt

)

+ |a1|
(

1− 1

K

)
, n = 2.

The result is best possible with equality for the polynomial p(z) = zn +Kn.
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Dewan et al. [3] also obtained a result similar to Theorem 1.6 for n ≥ 3.
In this paper by assuming a possible zero of order m, 0 ≤ m ≤ n− 4, at z = 0, of

p(z) we have obtained a new refinement of Theorem 1.5, similar to Theorem 1.6 for
n ≥ k +m+ 1 with integer k ≥ 3. More precisely we have proved

Theorem 1.7. Let p(z) be a polynomial of degree n such that

p(z) = an

n∏
t=1

(z − zt) =

n∑
j=0

ajz
j , |zt| ≤ Kt, 1 ≤ t ≤ n

and K = max(K1,K2, . . . ,Kn) ≥ 1, (1.1)

= zmp1(z), p1(0) 6= 0, 0 ≤ m ≤ n− 4, (1.2)

with
n ≥ k +m+ 1, (k ≥ 3). (1.3)

Then

M(p′, 1) ≥ 2

1 +Kn−m

( n∑
t=1

K

K +Kt

)
M(p, 1)

+
1

Kn

( n∑
t=1

K

K +Kt

)Kn−m − 1

Kn−m + 1
m(p,K)

+
2

1 +Kn−m

( n∑
t=1

K

K +Kt

)[ 1

K
.

2

n−m− 1 + 2
.
1!|an−1|
n−m

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)

}
+

1

K2
.

2

n−m− 2 + 2
.

2!|an−2|
(n−m)(n−m− 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2

}
+

1

K3
.

2

n−m− 3 + 2
.

3!|an−3|
(n−m)(n−m− 1)(n−m− 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 −

(n−m
3

)
(K − 1)3

}
+ . . .

+
1

Kk−1 .
2

n−m− (k − 1) + 2
.

(k − 1)!|an−(k−1)|
(n−m)(n−m− 1) . . . (n−m− k − 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}
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+
k!|an−k|
Kk

(
1

(n−m)(n−m− 1) . . . (n−m− k − 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

− 1

(n−m− 2)(n−m− 3) . . . (n−m− k + 1)

×
{
Kn−m−2 − 1−

(n−m−2
1

)
(K − 1)−

(n−m−2
2

)
(K − 1)2 − . . .

−
(n−m−2
k−1

)
(K − 1)k−1

})]

+
1

Kn−1

[ 2|a1|
n+ 1

(Kn−1 − 1) +
2

n− 2 + 2
.
2!|a2|
n− 1

{
Kn−1 − 1−

(n−1
1

)
(K − 1)

}
+

2

n− 3 + 2
.

3!|a3|
(n− 1)(n− 2)

{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2

}
+

2

n− 4 + 2
.

4!|a4|
(n− 1)(n− 2)(n− 3)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 −

(n−1
3

)
(K − 1)3

}
+ . . .

+
2

n− (k +m− 1) + 2
.

(k +m− 1)!|ak+m−1|
(n− 1)(n− 2) . . . (n− k +m− 2)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}

+ (k +m)!|ak+m|

(
1

(n− 1)(n− 2) . . . (n− k +m− 1)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}

− 1

(n− 3)(n− 4) . . . (n− k +m+ 1)

×
{
Kn−3 − 1−

(n−3
1

)
(K − 1)−

(n−3
2

)
(K − 1)2 − . . .−

(n−3
k+m−2

)
(K − 1)k+m−2

})]
,
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n > k +m+ 1, (k ≥ 3) (1.4)

and

M(p′, 1) ≥ 2

1 +Kk+1

(k+m+1∑
t=1

K

K +Kt

)
M(p, 1) +

1

Kk+m+1

( k+m+1∑
t=1

K

K +Kt

)

× Kk+1 − 1

Kk+1 + 1
m(p,K) +

2

1 +Kk+1

(k+m+1∑
t=1

K

K +Kt

)

×

[
1

K
.

2

k + 2
.
1!|ak+m|
k + 1

{
Kk+1 − 1−

(k+1

1

)
(K − 1)

}

+
1

K2
.

2

k − 1 + 2
.
2!|ak+m−1|
(k + 1)k

{
Kk+1 − 1−

(k+1

1

)
(K − 1)−

(k+1

2

)
(K − 1)2

}

+
1

K3
.

2

k − 2 + 2
.

3!|ak+m−2|
(k + 1)k(k − 1)

×
{
Kk+1 − 1−

(k+1

1

)
(K − 1)−

(k+1

2

)
(K − 1)2 −

(k+1

3

)
(K − 1)3

}
+ . . .

+
1

Kk−1 .
2

2 + 2
.
(k − 1)!|am+2|
(k + 1)k . . . 3

×
{
Kk+1 − 1−

(k+1

1

)
(K − 1)−

(k+1

2

)
(K − 1)2 − . . .−

(k+1

k−1

)
(K − 1)k−1

}

+
1

Kk
.
|am+1|
k + 1

.(K − 1)k+1

]
+

1

Kk+m

[ 2|a1|
k +m+ 2

(K − 1) +
2

k +m− 1 + 2
.

2!|a2|
k +m

×
{
Kk+m − 1−

(k+m
1

)
(K − 1)

}
+

2

k +m− 2 + 2
.

3!|a3|
(k +m)(k +m− 1)

×
{
Kk+m − 1−

(k+m
1

)
(K − 1)−

(k+m
2

)
(K − 1)2

}
+

2

k +m− 3 + 2
.

4!|a4|
(k +m)(k +m− 1)(k +m− 2)
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×
{
Kk+m − 1−

(k+m
1

)
(K − 1)−

(k+m
2

)
(K − 1)2 −

(k+m
3

)
(K − 1)3

}
+ . . .

+
2

2 + 2
.

(k +m− 1)!|ak+m−1|
(k +m)(k +m− 1) . . . 3

×
{
Kk+m − 1−

(k+m
1

)
(K − 1)−

(k+m
2

)
(K − 1)2 − . . .−

( k+m
k+m−2

)
(K − 1)k+m−2

}
+ |ak+m|(K − 1)k+m

]
, n = k +m+ 1, (k ≥ 3). (1.5)

Result is best possible and equality holds in (1.4) and (1.5) for p(z) = zn +Kn.

Since corresponding to each of m zeros at 0, one can take

Kt = 0 ,

thereby implying

K

K +Kt
= 1

and since corresponding to each of remaining (n−m) zeros, we have

K

K +Kt
≥ 1/2 ,by (1.1),

Theorem 1.7 gives, in particular, the following statement.

Corollary 1.8. Let p(z) =
∑n
j=0 ajz

j be a polynomial of degree n, having all its zeros
in |z| ≤ K, (K ≥ 1) such that

p(z) = zmp1(z), p1(0) 6= 0, 0 ≤ m ≤ n− 4, (1.6)

with

n ≥ k +m+ 1, (k ≥ 3) .

Then

M(p′, 1) ≥ n+m

1 +Kn−mM(p, 1) +
n+m

2Kn
.
Kn−m − 1

Kn−m + 1
m(p,K)

+
n+m

1 +Kn−m

[
1

K
· 2

n−m− 1 + 2
· 1!|an−1|
n−m

{
Kn−m − 1−

(n−m
1

)
(K − 1)

}

+
1

K2
.

2

n−m− 2 + 2
.

2!|an−2|
(n−m)(n−m− 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1) −

(n−m
2

)
(K − 1)2

}
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+
1

K3
· 2

n−m− 3 + 2
· 3!|an−3|

(n−m)(n−m− 1)(n−m− 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 −

(n−m
3

)
(K − 1)3

}
+ . . .

+
1

Kk−1 .
2

n−m− (k − 1) + 2
.

(k − 1)!|an−(k−1)|
(n−m)(n−m− 1) . . . (n−m− k − 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

+
k!|an−k|
Kk

( 1

(n−m)(n−m− 1) . . . (n−m− k − 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

− 1

(n−m− 2)(n−m− 3) . . . (n−m− k + 1)

×
{
Kn−m−2 − 1−

(n−m−2
1

)
(K − 1)−

(n−m−2
2

)
(K − 1)2 − . . .

−
(n−m−2
k−1

)
(K − 1)k−1

})]

+
1

Kn−1

[
2|a1|
n+ 1

(Kn−1 − 1) +
2

n− 2 + 2
.
2!|a2|
n− 1

{
Kn−1 − 1−

(n−1
1

)
(K − 1)

}

+
2

n− 3 + 2
.

3!|a3|
(n− 1)(n− 2)

{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2

}
+

2

n− 4 + 2
.

4!|a4|
(n− 1)(n− 2)(n− 3)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 −

(n−1
3

)
(K − 1)3

}
+ . . .

+
2

n− (k +m− 1) + 2
.

(k +m− 1)!|ak+m−1|
(n− 1)(n− 2) . . . (n− k +m− 2)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}
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+ (k +m)!|ak+m|

(
1

(n− 1)(n− 2) . . . (n− k +m− 1)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}

− 1

(n− 3)(n− 4) . . . (n− k +m+ 1)

×
{
Kn−3 − 1−

(n−3
1

)
(K − 1)−

(n−3
2

)
(K − 1)2 − . . .

−
(n−3
k+m−2

)
(K − 1)k+m−2

})]
,

n > k +m+ 1, (k ≥ 3)

and

M(p′, 1) ≥ k + 2m+ 1

1 +Kk+1
M(p, 1) +

k + 2m+ 1

2Kk+m+1
.
Kk+1 − 1

Kk+1 + 1
m(p,K) +

k + 2m+ 1

1 +Kk+1

×

[
1

K
.

2

k + 2
.
1!|ak+m|
k + 1

{
Kk+1 − 1−

(k+1

1

)
(K − 1)

}
+

1

K2
.

2

k − 1 + 2
.
2!|ak+m−1|
(k + 1)k

×
{
Kk+1 − 1−

(k+1

1

)
(K − 1)−

(k+1

2

)
(K − 1)2

}
+

1

K3
.

2

k − 2 + 2
.

3!|ak+m−2|
(k + 1)k(k − 1)

×
{
Kk+1 − 1−

(k+1

1

)
(K − 1)−

(k+1

2

)
(K − 1)2 −

(k+1

3

)
(K − 1)3

}
+ . . .

+
1

Kk−1 .
2

2 + 2
.
(k − 1)!|am+2|
(k + 1)k . . . 3

×
{
Kk+1 − 1−

(k+1

1

)
(K − 1)−

(k+1

2

)
(K − 1)2 − . . .−

(k+1

k−1

)
(K − 1)k−1

}

+
1

Kk
.
|am+1|
k + 1

(K − 1)k+1

]
+

1

Kk+m

[
2|a1|

k +m+ 2
(K − 1) +

2

k +m− 1 + 2
.

2!|a2|
k +m
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×
{
Kk+m − 1−

(k+m
1

)
(K − 1)

}
+

2

k +m− 2 + 2
.

3!|a3|
(k +m)(k +m− 1)

×
{
Kk+m − 1−

(k+m
1

)
(K − 1)−

(k+m
2

)
(K − 1)2

}
+

2

k +m− 3 + 2
.

4!|a4|
(k +m)(k +m− 1)(k +m− 2)

×
{
Kk+m − 1−

(k+m
1

)
(K − 1)−

(k+m
2

)
(K − 1)2 −

(k+m
3

)
(K − 1)3

}
+ . . .

+
2

2 + 2
.

(k +m− 1)!|ak+m−1|
(k +m)(k +m− 1) . . . 3

×
{
Kk+m − 1−

(k+m
1

)
(K − 1)−

(k+m
2

)
(K − 1)2 − . . .−

( k+m
k+m−2

)
(K − 1)k+m−2

}

+ |ak+m|(K − 1)k+m

]
, n = k +m+ 1, (k ≥ 3).

Result is best possible with equality for the polynomial p(z) = zn +Kn.

Remark 1.9. Corollary 1.8 is similar to the results ([8, Corollary] and [3, Corollary]).
Further Corollary 1.8 is a refinement of Theorem 1.3 for n ≥ k +m+ 1.

2. Lemmas

For the proof of Theorem 1.7 we require the following lemmas.

Lemma 2.1. If p(z) = an
∏n
t=1(z − zt) is a polynomial of degree n such that |zt| ≤

1, 1 ≤ t ≤ n then

M(p′, 1) ≥
( n∑
t=1

1

1 + |zt|

)
M(p, 1).

Result is best possible with equality for the polynomial p(z) whose all zeros are positive.

This lemma is due to Giroux et al. [5].

Lemma 2.2. If p(z) =
∑n
j=0 ajz

j is a polynomial of degree n then

M(p,R) ≤ RnM(p, 1)− 2|a0|
n+ 2

(Rn − 1)− |a1|
(Rn − 1

n
− Rn−2 − 1

n− 2

)
, R ≥ 1 (2.1)

for n > 2 and

M(p,R) ≤ R2M(p, 1)− |a0|
2

(R2 − 1)− |a1|
2

(R− 1)2, R ≥ 1 for n = 2. (2.2)
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This lemma is due to Dewan et al. [3].

Lemma 2.3. Let p(z) be a polynomial of degree at most n. Then

M(p′, 1) ≤ nM(p, 1)− εn|p(0)|,

where εn = 2n/(n+ 2) if n ≥ 2, where as ε1 = 1. The coefficient of |p(0)| is the best
possible for each n.

This lemma is due to Frappier et al. [4].

Lemma 2.4. Let p(z) =
∑n
j=0 ajz

j be a polynomial of degree n(≥ k), (k ≥ 3). Then

M(p,R) ≤ RnM(p, 1)− 2|a0|
n+ 2

(Rn − 1)− 2

n− 1 + 2
.
1!|a1|
n

{
(Rn − 1)−

(n
1

)
(R− 1)

}
− 2

n− 2 + 2
.

2!|a2|
n(n− 1)

{
(Rn − 1)−

(n
1

)
(R− 1)−

(n
2

)
(R− 1)2

}
− 2

n− 3 + 2
.

3!|a3|
n(n− 1)(n− 2)

{
(Rn − 1)−

(n
1

)
(R− 1)

−
(n
2

)
(R− 1)2 −

(n
3

)
(R− 1)3

}
− . . .− 2

n− (k − 2) + 2
.

(k − 2)!|ak−2|
n(n− 1) . . . (n− k − 3)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 − . . .−

( n

k−2

)
(R− 1)k−2

}

− (k − 1)!|ak−1|
[ 1

n(n− 1) . . . (n− k − 2)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 − . . .−

( n

k−2

)
(R− 1)k−2

}

− 1

(n− 2)(n− 3) . . . (n− k)

×
{

(Rn−2 − 1)−
(n−2

1

)
(R− 1)−

(n−2
2

)
(R− 1)2 − . . .−

(n−2
k−2

)
(R− 1)k−2

}]
,

R ≥ 1 and n > k, (k ≥ 3) (2.3)

and
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M(p,R) ≤ RkM(p, 1)− 2|a0|
k + 2

(Rk − 1)− 2

k − 1 + 2
.
1!|a1|
k

{
(Rk − 1)−

(k
1

)
(R− 1)

}

− 2

k − 2 + 2
.

2!|a2|
k(k − 1)

{
(Rk − 1)−

(k
1

)
(R− 1)−

(k
2

)
(R− 1)2

}

− 2

k − 3 + 2
.

3!|a3|
k(k − 1)(k − 2)

{
(Rk − 1)−

(k
1

)
(R− 1)−

(k
2

)
(R− 1)2 −

(k
3

)
(R− 1)3

}
− . . .

− 2

2 + 2
.

(k − 2)!|ak−2|
k(k − 1) . . . 4.3

{
(Rk − 1)−

(k
1

)
(R− 1)−

(k
2

)
(R− 1)2 − . . .

−
( k

k−2

)
(R− 1)k−2

}
− (k − 1)!|ak−1|

k!
(R− 1)k, R ≥ 1 and n = k, (k ≥ 3). (2.4)

Lemma 2.4 is best posssible and equality holds in (2.3) and (2.4) for p(z) = λzn.

Proof of Lemma 2.4. We will prove inequalities (2.3) and (2.4) by mathematical
induction. Accordingly for a polynomial p(z) of degree

n > 3,

we have

|p(Reiφ)− p(eiφ)| =

∣∣∣∣∣
∫ R

1

p′(teiφ)eiφdt

∣∣∣∣∣ , 0 ≤ φ ≤ 2π ,

≤
∫ R

1

M(p′, t)dt ,

which implies that

M(p,R) ≤M(p, 1) +

∫ R

1

M(p′, t)dt (2.5)

and further as p(z) is a polynomial of degree n(> 3), p′(z) will be a polynomial of
degree (n − 1), (> 2) and therefore we can apply inequality (2.1), of Lemma 2.2, to
polynomial p′(z) = a1 + 2a2z + . . .+ nanz

n−1, thereby helping us to rewrite (2.5), in
the form

M(p,R) ≤M(p, 1) +M(p′, 1)

∫ R

1

tn−1dt− 2|a1|
n+ 1

∫ R

1

(tn−1 − 1)dt− 2|a2|
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×
∫ R

1

( tn−1 − 1

n− 1
− tn−3 − 1

n− 3

)
dt,

≤ RnM(p, 1)− 2|a0|
n+ 2

(Rn − 1)− 2

n+ 1
.
1!|a1|
n

{
(Rn − 1)−

(n
1

)
(R− 1)

}

− 2!|a2|
[ 1

n(n− 1)

{
(Rn − 1)−

(n
1

)
(R− 1)

}
− 1

(n− 2)(n− 3)

{
(Rn−2 − 1)−

(n−2
1

)
(R− 1)

}]
,

by Lemma 2.3.
This proves inequality (2.3) for polynomial p(z) of degree n(> k), with k = 3. We
can similarly prove inequality (2.4) for polynomial p(z) of degree n(= k), with k = 3,
by continuing in the same manner with one change:

inequality (2.2), of Lemma 2.2, to polynomial p′(z) of degree (n− 1), (= 2),
instead of inequality (2.1), of Lemma 2.2, to polynomial p′(z) of degree

(n− 1), (> 2).
Now we assume that inequality (2.3) is true for a polynomial p(z) of degree n(> k),
with certain arbitrarily chosen fixed k(≥ 3). Then for a polynomial p(z) of degree
n(> k+ 1), with fixed k(≥ 3), inequality (2.5) will obviosuly be true and as p′(z) will
be a polynomial of degree (n− 1), (> k), with fixed k(≥ 3), we can apply inequality
(2.3) to polynomial

p′(z) = a1 + 2a2z+ 3a3z
2 + 4a4z

3 + . . .+ (k− 1)ak−1z
k−2 + kakz

k−1 + . . .+nanz
n−1,

thereby helping us to rewrite (2.5) presently, in the form

M(p,R) ≤M(p, 1) +M(p′, 1)

∫ R

1

tn−1dt− 2|a1|
n+ 1

∫ R

1

(tn−1 − 1)dt

− 2

n− 2 + 2
.
1!2|a2|
n− 1

∫ R

1

{
(tn−1 − 1)−

(n−1
1

)
(t− 1)

}
dt

− 2

n− 3 + 2
.

2!3|a3|
(n− 1)(n− 2)

∫ R

1

{
(tn−1 − 1)−

(n−1
1

)
(t− 1)−

(n−1
2

)
(t− 1)2

}
dt

− 2

n− 4 + 2
.

3!4|a4|
(n− 1)(n− 2)(n− 3)

×
∫ R

1

{
(tn−1 − 1)−

(n−1
1

)
(t− 1)−

(n−1
2

)
(t− 1)2 −

(n−1
3

)
(t− 1)3

}
dt− . . .
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− 2

n− 1− (k − 2) + 2
.

(k − 2)!(k − 1)|ak−1|
(n− 1)(n− 2) . . . (n− 1− k − 3)

×
∫ R

1

{
(tn−1 − 1)−

(n−1
1

)
(t− 1)−

(n−1
2

)
(t− 1)2 − . . .−

(n−1
k−2

)
(t− 1)k−2

}
dt

− (k − 1)!k|ak|
∫ R

1

[
1

(n− 1)(n− 2) . . . (n− 1− k − 2)

×
{

(tn−1 − 1)−
(n−1

1

)
(t− 1)−

(n−1
2

)
(t− 1)2 − . . .−

(n−1
k−2

)
(t− 1)k−2

}

− 1

(n− 3)(n− 4) . . . (n− 1− k)

×
{

(tn−3 − 1)−
(n−3

1

)
(t− 1)−

(n−3
2

)
(t− 1)2 − . . .−

(n−3
k−2

)
(t− 1)k−2

}]
dt

≤ RnM(p, 1)− 2|a0|
n+ 2

(Rn − 1)− 2

n− 1 + 2
.
1!|a1|
n

{
(Rn − 1)−

(n
1

)
(R− 1)

}

− 2

n− 2 + 2
.

2!|a2|
n(n− 1)

{
(Rn − 1)−

(n
1

)
(R− 1)−

(n
2

)
(R− 1)2

}

− 2

n− 3 + 2
.

3!|a3|
n(n− 1)(n− 2)

{
(Rn − 1)−

(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 −

(n
3

)
(R− 1)3

}

− 2

n− 4 + 2
.

4!|a4|
n(n− 1)(n− 2)(n− 3)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 −

(n
3

)
(R− 1)3 −

(n
4

)
(R− 1)4

}
− . . .

− 2

n− (k − 1) + 2
.

(k − 1)!|ak−1|
n(n− 1) . . . (n− k − 2)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 − . . .−

( n

k−1

)
(R− 1)k−1

}
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− k!|ak|
[ 1

n(n− 1) . . . (n− k − 1)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 − . . .−

( n

k−1

)
(R− 1)k−1

}

− 1

(n− 2)(n− 3) . . . (n− k + 1)

×
{

( Rn−2 − 1)−
(n−2

1

)
(R− 1)−

(n−2

2

)
(R− 1)2 − . . .−

(n−2

k−1

)
(R− 1)k−1

}]
, (2.6)

by Lemma 2.3.
This proves inequality (2.3) for a polynomial p(z) of degree n(> k + 1), with fixed
k(≥ 3) under the assumption that inequality ( 2.3) is true for a polynomial p(z) of
degree n(> k), with certain arbitrarily chosen fixed k(≥ 3). Earlier we have shown
that (2.3) is true for a polynomial p(z) of degree n(> k), with k = 3. This therefore
completes the proof of inequality (2.3) for a polynomial p(z) of degree n(> k), with
k(≥ 3). Again as we have proved inequality ( 2.3) for a polynomial p(z) of degree
n(> k + 1), with fixed k(≥ 3) under the assumption that inequality (2.3) is true for
a polynomial p(z) of degree n(> k), with certain arbitrarily chosen fixed k(≥ 3), we
can similarly prove inequality (2.4) for a polynomial p(z) of degree n(= k + 1), with
fixed k(≥ 3) under the assumption that inequality (2.4) is true for a polynomial p(z)
of degree n(= k), with certain arbitrarily chosen fixed k(≥ 3), by continuing in the
same manner with one change:

inequality (2.4) to polynomial p′(z) of degree (n− 1), (= k),
instead of inequality (2.3) to polynomial p′(z) of degree (n− 1), (> k),

and further we have shown earlier that inequality (2.4) is true for a polynomial p(z)
of degree n(= k), with k = 3. This therefore completes the proof of inequality (2.4)
for a polynomial p(z) of degree n(= k), with k(≥ 3). This completes the proof of
Lemma 2.4.

Remark 2.5. Lemma 2.4 is a refinement of well known result (see [11, Problem III
269, p. 158])

M(p,R) ≤ RnM(p, 1), R ≥ 1 .

Remark 2.6. Lemma 2.4, along with results ([4, inequality (1.5)] and [3, Lemma
3]) suggests an inequality for M(p,R) in terms of M(p, 1) and most of the available
coefficients of the polynomial.

Lemma 2.7. If p(z) is a polynomial of degree n, having no zeros in |z| < K0,K0 ≥ 1
then

M(p′, 1) ≤ n

1 +K0
{M(p, 1)−m(p,K0)} .

The result is best possible and equality holds for p(z) = (z +K)n.
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This lemma is due to Govil [9].

Lemma 2.8. Let p(z) =
∑n
j=0 ajz

j be a polynomial of degree n(≥ k + 1), (k ≥ 3),
having no zeros in |z| < K0,K0 ≥ 1. Then

M(p,R) ≤ Rn +K0

1 +K0
M(p, 1)− Rn − 1

1 +K0
m(p,K0)− 2

n− 1 + 2
.
1!|a1|
n

×
{

(Rn − 1)−
(n
1

)
(R− 1)

}
− 2

n− 2 + 2
.

2!|a2|
n(n− 1)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2

}
− 2

n− 3 + 2
.

3!|a3|
n(n− 1)(n− 2)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 −

(n
3

)
(R− 1)3

}
− . . .

− 2

n− (k − 1) + 2
.

(k − 1)!|ak−1|
n(n− 1) . . . (n− k − 2)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 − . . .−

( n

k−1

)
(R− 1)k−1

}

− k!|ak|
[ 1

n(n− 1) . . . (n− k − 1)

×
{

(Rn − 1)−
(n
1

)
(R− 1)−

(n
2

)
(R− 1)2 − . . .−

( n

k−1

)
(R− 1)k−1

}

− 1

(n− 2)(n− 3) . . . (n− k + 1)

×
{

(Rn−2 − 1)−
(n−2

1

)
(R− 1)−

(n−2
2

)
(R− 1)2 − . . .−

(n−2
k−1

)
(R− 1)k−1

}
,

for R ≥ 1 and n > k + 1, (k ≥ 3) , (2.7)

and

M(p,R) ≤ Rk+1 +K0

1 +K0
M(p, 1)− Rk+1 − 1

1 +K0
m(p,K0)− 2

(k + 1)− 1 + 2
.
1!|a1|
k + 1
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×
{

(Rk+1 − 1)−
(k+1

1

)
(R− 1)

}
− 2

(k + 1)− 2 + 2
.

2!|a2|
(k + 1)(k + 1− 1)

×
{

(Rk+1 − 1)−
(k+1

1

)
(R− 1)−

(k+1

2

)
(R− 1)2

}
− 2

(k + 1)− 3 + 2
.

3!|a3|
(k + 1)(k + 1− 1)(k + 1− 2)

×
{

(Rk+1 − 1)−
(k+1

1

)
(R− 1)−

(k+1

2

)
(R− 1)2 −

(k+1

3

)
(R− 1)3

}
− . . .

− 2

2 + 2
.

(k − 1)!|ak−1|
(k + 1)(k + 1− 1) . . . 4.3

×
{

(Rk+1 − 1)−
(k+1

1

)
(R− 1)−

(k+1

2

)
(R− 1)2 − . . .−

(k+1

k−1

)
(R− 1)k−1

}

− k!|ak|
(k + 1)!

(R− 1)k+1 , R ≥ 1 for n = k + 1, (k ≥ 3). (2.8)

Proof of Lemma 2.8. As we had proved inequality ( 2.6) for a polynomial p(z) of
degree n(> k + 1), with fixed k(≥ 3), under the assumption that ineq. (2.3) is true
for a polynomial p(z) of degree n(> k), with certain arbitrarily chosen fixed k(≥ 3),
we can similarly prove inequality (2.7), (as ineq. (2.3) is now known to be true), with
one change:

Lemma 2.7 instead of Lemma 2.3.
Further as we have proved ineq. (2.7), we can similarly prove ineq. (2.8), with

changes:
(i) ineq. (2.4) instead of ineq. (2.3),
(ii) n(= k), instead of n(> k),

n(=k+1), instead of n(> k + 1) and
(n− 1), (= k), instead of (n− 1), (> k).

This completes the proof of Lemma 2.8.

3. Proof of Theorem 1.7

Well from (1.1) and (1.2) we can say that for m ≥ 1, the coefficients
a0, a1, . . . , am−1 will all be zero. Further T (z) = p(Kz) is a polynomial of degree
n, having all its zeros zt/K , (1 ≤ t ≤ n), in |z| ≤ 1 and therefore by Lemma 2.1

M(T ′, 1) ≥
( n∑
t=1

K

K + |zt|

)
M(T, 1),
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i.e.

KM(p′,K) ≥
( n∑
t=1

K

K +Kt

)
M(p,K), by (1.1) . (3.1)

Now we first prove (1.4). As

p′(z) = a1 + 2a2z + 3a3z
2 + . . .+ nanz

n−1,

is a polynomial of degree (n− 1), (> k +m), by (1.4) and

k +m ≥ 3, by (1.4) and (1.2),

we can apply ineq. (2.3), (Lemma 2.4), to p′(z), with R = K, thereby giving

M(p′,K) ≤ Kn−1M(p′, 1)− 2|a1|
n+ 1

(Kn−1 − 1)− 2

n− 2 + 2
.
2!|a2|
n− 1

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)

}

− 2

n− 3 + 2
.

3!|a3|
(n− 1)(n− 2)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2

}

− 2

n− 4 + 2
.

4!|a4|
(n− 1)(n− 2)(n− 3)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 −

(n−1
3

)
(K − 1)3

}
− . . .

− 2

n− (k +m− 1) + 2
.

(k +m− 1)!|ak+m−1|
(n− 1)(n− 2) . . . (n− k +m− 2)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}

− (k +m)!|ak+m|

(
1

(n− 1)(n− 2) . . . (n− k +m− 1)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}

− 1

(n− 3)(n− 4) . . . (n− k +m+ 1)
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×
{
Kn−3 − 1−

(n−3
1

)
(K − 1)−

(n−3
2

)
(K − 1)2 − . . .

−
(n−3
k+m−2

)
(K − 1)k+m−2

})
. (3.2)

It should be noted here that in (3.2), among the coefficients a1, a2, . . . , ak+m, the
coefficients a1, a2, . . . , am−1 will all be zero for m > 1, as told earlier. Further by
(1.1) and (1.2) we can say that

p1(z) = am + am+1z + . . .+ anz
n−m (3.3)

is a polynomial of degree (n−m), having all its zeros in |z| ≤ K and therefore

P (z) = p1(Kz) (3.4)

is a polynomial of degree (n −m), having all its zeros in |z| ≤ 1, thereby implying
that

Q(z) = zn−mP (1/z)

= zn−mp1(K/z) (by (3.4))
= anK

n−m + an−1K
n−m−1z + . . .

+ am+1Kz
n−m−1 + amz

n−m (by (3.3))

(3.5)

is a polynomial of degree (n−m), (> k + 1), (k ≥ 3), (by (1.3)), having no zeros in
|z| < 1. Accordingly we can apply ineq. (2.7), (Lemma 2.8), to Q(z), with K0 = 1
and R = K, thereby giving

M(Q,K) ≤ Kn−m + 1

2
M(Q, 1)− Kn−m − 1

2
m(Q, 1)

− 2

n−m− 1 + 2
.
1!Kn−m−1|an−1|

n−m

{
Kn−m − 1−

(n−m
1

)
(K − 1)

}

− 2

n−m− 2 + 2
.

2!Kn−m−2|an−2|
(n−m)(n−m− 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2

}

− 2

n−m− 3 + 2
.

3!Kn−m−3|an−3|
(n−m)(n−m− 1)(n−m− 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 −

(n−m
3

)
(K − 1)3

}
− . . .

− 2

n−m− (k − 1) + 2
.

(k − 1)!Kn−m−(k−1)|an−(k−1)|
(n−m)(n−m− 1) . . . (n−m− k − 2)
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×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

− k!Kn−m−k|an−k|

[
1

(n−m)(n−m− 1) . . . (n−m− k − 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

− 1

(n−m− 2)(n−m− 3) . . . (n−m− k + 1)

×
{
Kn−m−2 − 1−

(n−m−2
1

)
(K − 1)−

(n−m−2
2

)
(K − 1)2 − . . .

−
(n−m−2
k−1

)
(K − 1)k−1

}]
. (3.6)

Now by (3.5) and (1.2) we get

M(Q,K) = Kn−mM(p, 1),
M(Q, 1) = 1

KmM(p,K),
m(Q, 1) = 1

Kmm(p,K),

 ,

which, on being used in (3.6), implies that

M(p,K) ≥ 2Kn

1 +Kn−mM(p, 1) +
Kn−m − 1

Kn−m + 1
m(p,K) +

2Km

Kn−m + 1

×

(
2

n−m− 1 + 2
.
1!Kn−m−1|an−1|

n−m

{
Kn−m − 1−

(n−m
1

)
(K − 1)

}

+
2

n−m− 2 + 2
.

2!Kn−m−2|an−2|
(n−m)(n−m− 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2

}

+
2

n−m− 3 + 2
.

3!Kn−m−3|an−3|
(n−m)(n−m− 1)(n−m− 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 −

(n−m
3

)
(K − 1)3

}
+ . . .
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+
2

n−m− (k − 1) + 2
.

(k − 1)!Kn−m−(k−1)|an−(k−1)|
(n−m)(n−m− 1) . . . (n−m− k − 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

+ k!Kn−m−k|an−k|

[
1

(n−m)(n−m− 1) . . . (n−m− k − 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

− 1

(n−m− 2)(n−m− 3) . . . (n−m− k + 1)

×
{
Kn−m−2 − 1−

(n−m−2
1

)
(K − 1)−

(n−m−2
2

)
(K − 1)2 − . . .

−
(n−m−2
k−1

)
(K − 1)k−1

}])
. (3.7)

Finally on using inequalities (3.7) and (3.2) in ineq. (3.1) we get

KnM(p′, 1)− 2K|a1|
n+ 1

(Kn−1 − 1)− 2K

n− 2 + 2
.
2!|a2|
n− 1

{
Kn−1 − 1−

(n−1
1

)
(K − 1)

}

− 2K

n− 3 + 2
.

3!|a3|
(n− 1)(n− 2)

{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2

}

− 2K

n− 4 + 2
.

4!|a4|
(n− 1)(n− 2)(n− 3)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 −

(n−1
3

)
(K − 1)3

}
− . . .

− 2K

n− (k +m− 1) + 2
.

(k +m− 1)!|ak+m−1|
(n− 1)(n− 2) . . . (n− k +m− 2)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}
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− (k +m)!|ak+m|K

(
1

(n− 1)(n− 2) . . . (n− k +m− 1)

×
{
Kn−1 − 1−

(n−1
1

)
(K − 1)−

(n−1
2

)
(K − 1)2 − . . .−

(n−1
k+m−2

)
(K − 1)k+m−2

}

− 1

(n− 3)(n− 4) . . . (n− k +m+ 1)

×
{
Kn−3 − 1−

(n−3
1

)
(K − 1)−

(n−3
2

)
(K − 1)2 − . . .−

(n−3
k+m−2

)
(K − 1)k+m−2

})

≥ 2Kn

1 +Kn−m

( n∑
t=1

K

K +Kt

)
M(p, 1) +

Kn−m − 1

Kn−m + 1

( n∑
t=1

K

K +Kt

)
m(p,K)

+
2Km

Kn−m + 1

( n∑
t=1

K

K +Kt

)( 2

n−m− 1 + 2
.
1!Kn−m−1|an−1|

n−m

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)

}
+

2

n−m− 2 + 2
.

2!Kn−m−2|an−2|
(n−m)(n−m− 1)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2

}

+
2

n−m− 3 + 2
.

3!Kn−m−3|an−3|
(n−m)(n−m− 1)(n−m− 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 −

(n−m
3

)
(K − 1)3

}
+ . . .

+
2

n−m− (k − 1) + 2
.

(k − 1)!Kn−m−(k−1)|an−(k−1)|
(n−m)(n−m− 1) . . . (n−m− k − 2)

×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

+ k!Kn−m−k|an−k|

[
1

(n−m)(n−m− 1) . . . (n−m− k − 1)
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×
{
Kn−m − 1−

(n−m
1

)
(K − 1)−

(n−m
2

)
(K − 1)2 − . . .−

(n−m
k−1

)
(K − 1)k−1

}

− 1

(n−m− 2)(n−m− 3) . . . (n−m− k + 1)

×
{
Kn−m−2 − 1−

(n−m−2
1

)
(K − 1)−

(n−m−2
2

)
(K − 1)2 − . . .

−
(n−m−2
k−1

)
(K − 1)k−1

}])
and ineq. (1.4) follows.

As we have proved ineq. (1.4), we can similarly prove ineq. (1.5), with changes:

(i) (n− 1), (= k +m), instead of (n− 1), (> k +m),
(ii) ineq. (2.4), (Lemma 2.4), instead of ineq. (2.3), (Lemma 2.4),
(iii) (n−m), (= k + 1), instead of (n−m), (> k + 1),
(iv) ineq. (2.8), (Lemma 2.8), instead of ineq. (2.7), (Lemma 2.8).

This completes the proof of Theorem 1.7.

Remark 3.1. In Theorem 1.7 possibilities

n−m > k + 1,
n−m = k + 1,

}
, k ≥ 3

are considered and for remaining possibilities

n−m > k + 1,
n−m = k + 1,

}
, k = 2, 1, 0,

similar results can be obtained in a similar manner by using the results ( [4, ineq.
(1.5)], [3, inequalities (2.3), (2.4) and (2.5)] ), Lemma 2.4, the result [2, Theorem 3],
the result

M(p,R) ≤ Rn + 1

2
M(p, 1)− Rn − 1

2
m(p, 1)− |a1|

{
Rn − 1

n
− Rn−2 − 1

n− 2

}
, n > 2,

M(p,R) ≤ R2 + 1

2
M(p, 1)− R2 − 1

2
m(p, 1)− |a1|

(R− 1)2

2
, n = 2

(obtained similar to the proof of Lemma 2.8 (with K0 = 1), by using the results ([4,
ineq. (1.5)], [3, ineq. (2.3)] and [2, Theorem 2]) and the result [3, Lemma 6]).
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4. Importance of our results

Theorem 1.3 follows trivially from Corollary 1.8 by taking only first term on
right hand side of inequality sign in main inequalities, (as the remaining part on right
hand side of inequality sign is non-negative) and Theorem 1.5 follows trivially from
Theorem 1.7 (with Kt = |zt|, 1 ≤ t ≤ n) by taking only first term on right hand
side of inequality sign in (1.4) and (1.5), (as the remaining part on right hand side
of inequality sign is non-negative), n ≥ k +m+ 1, (integer k ≥ 3 and m (= order of
possible zero of p(z) at z = 0) ≤ n− 4).

By taking first two terms on right hand side of inequality sign in (1.4) and (1.5),
one obtains the following new result (as the remaining part on right hand side of
inequality sign is non-negative).

Under the hypotheses of Theorem 1.7

M(p′, 1) ≥ 2

1 +Kn−m

( n∑
t=1

K

K +Kt

)
M(p, 1)+

1

Kn

( n∑
t=1

K

K +Kt

)Kn−m − 1

Kn−m + 1
m(p,K).
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