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1 Introduction
Let A, (n) denote the class of all functions of the form
f)=2"+ > az"(pneN={1,23.}). (1.1)
k=p+n

which is analytic in open unit disc U = {z € C||z| < 1}.
In particular, we set

Ap(1) = Ay Ai(1) = A; = A
If f € Ay(n) is given by (1.1) and g € Ap(n) is given by
oo
g(z) =22+ Z brz® (p,n € N ={1,2,3...}). (1.2)
k=p+n
then the Hadamard product (or convolution) f % g of f and g is given by

(f*9)(z)=2"+ > abpz’ = (g% f)(). (1.3)

k=p+n

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland



6 J. Aggarwal, R. Mathur

We observe that several known operators are deducible from the convolutions. That
is, for various choices of g in (1.3), we obtain some interesting operators. For example,
for functions f € A,(n) and the function g is defined by

g(z) = 2P + Z Vrom (X, 1, )28 (m € Ny = NU{0}) (1.4)
k=p+n

where

Pk+1)I(p—a+1) p+AXk—p)+1]"
1/)k,m(aa)‘7lap): [F(p+1)F(k—oz—|—1) p+l .
The convolution (1.3) with the function g is defined by (1.4) gives an operator studied
by Bulut ([1]).
(f *9)(2) = DY}, f (2)

Using convolution we introduce the new classes USy (6, 3,b) and UKE (4, B,b) as follows

Definition 1.1 A functions f € Apy(n) is in the class US} (6, 3,b) if and only if f

satisfies
el (LS o) o oy (S )|+ 09

where z €U, b€ C—{0},§ > 0,0 < 8 < p.

Definition 1.2 A functions f € Ay(n) is in the class US} (6, B,b) if and only if f
satisfies

where z €U, b€ C—{0},§ > 0,0 <8 < p.

Note that

€ UKD(5,5,b) == zf;fz) € USP (5, 5,b).

Remark 1.1 (i) For § =0, we have

UK (0, 8,b) = Kg(5,b)
Uusy(0,8,b) = S§(8,b)

9
(i) For 6 =0 and B =0
UK (0,0,b) = K (b)
US?(0,0,b) = S(b)
(i4i) For 6 =0, =0 and b=1
UK (0,0,b) = K#

g

USP(0,0,b) = SP

(iv) For (fj * 9)(2) = Dy fi(2), we have two classes MICZfL\j”lI)’"(éj,Bj,b) and
USSP (05, 85, 0) which is introduced by Guney and Bulut [1].
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Definition 1.3 Let n € N,m = (mq,...,my,) € NJ and k = (k1,....k,) € R. One
defines the following general integral operators:

Tpnmk s Ay (n)7 = Ay(n)
gg’"’m’k s Ay (n)T — Ap(n) (1.7)
such that B . N
zpom(z) = [t T (U00) " gy
0 it 1.8)
r T (fixe) (&) (
gyrm(o) = [ T (U0) e,
0 j=1

where z € U, fj,g€ Ap(n),1 <j<n.

Remark 1.2 (i) Forn=1,my = m,k; =k, and f1 = f, we have the new two new
integral operators

Ipnmk fptp 1((fg*g)(t)) jdt,

K (1.9)
gpnmk fptp 1((]2}:521( )) dt,
(it) For (f; * g)(z) = DY}, fi(2), we have
m R S R TORN
zprk(z) = [port 1 (P e
i= (1.10)
m o1 1k (DRSLO O\
G () = [t 1 (BLelIO) ",
j=
These operator were introduced by Bulut [].
(iii) If we take g(z) = zP /(1 — z), the we have
Ipnmk fptp 1 H (f])(t) dt,
(1.11)

n,m, (£)'(®)
gom k( fptpln(ptpl)d’

These two operators were introduced by Frasin [3].

2 Sufficient Conditions for Ig,mm,k(z)

Theorem 2.1 Letn € N,m = (my,....,my) € N and k = (k1,....,ky,) € R} Also let
beC—{0},0 >0,0< B <p, and f; €US}(0,5,b) for 1 < j<mn. If

0<p+Zk ) < p, (2.1)
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then the integral operator IF""™*(z) , defined by (1.8) , is in the class K& (r,b) where

n

T=p+ Y k(B —p)

=1

Proof. From the definition (1.8), we observe that Ig7n7m’k(z) € Ay(n). We can easy

to see that .
5
o e T (U220 .

Differentiating (2.2) logarithmically and multiplying by ’z’, we obtain

(Ipan,m,k( )) =p-1 Jer < f] *g)( ) p> (2.3)
or equivalently
2@rmre)" N (AU 9@
1 + (Ipm;m,k(z))l b= ]; kj < (f] * g)(Z) P> (24)

Then, by multiplying (2.4) with '1/b’, we have

1(1+z¢ﬁm“*@u”p>

b (Zpmmok(z)) = (f5*9)(2)
1 2 (ZPnmek ()"
Pty (1+ ((Ipyn,m,k(z))z _p> (26)

Since f; € US}(d;,5;,0) (1 < j <n), we get
1 (Immk(z))”
fi* %
‘“Z"" Re{b ( o >)<( )k
> Zk 0




Starlikeness and convexity of certain integral ... 9

Since

Souafi (a0

because the integral operator Z¥™*(z) , defined by (1.8) , is in the class K&(r,b)
with

3 Sufficient Conditions for G2 (z)

Theorem 3.1 Letn € N,m = (my,....,my) € NJ and k = (k1,....ky) € R Also let
beC—{0},0 >0,0< B <p, and fj €US}(0,5,b) for 1 <j<mn. If

0<p+Zk‘ ) < p, (3.1)
then the integral operator Qg’”’m’k(z) , defined by (1.8) , is in the class Kb(7,b) where
n
T=p+ > ki(B—
j=1
Proof. From the definition (1.8), we observe that ZF"™%(z) € A,(n). We can easy

to see that N
j
(gp 1,1, k _ pr 1 H ( f] * g ) ] (32)

pzP~1

Differentiating (3.2) logarithmically and multiplying by ’z’, we obtain

—p— 1+Zk <fj*~”’))i’z)>)+1p) (3.3)

2 (Grmk ()"
(Grmmk(z))

or equivalently

Lt = G z) = j{:k]< @)y T p) (34)

Then, by multiplying (3.4) with '1/b’, we have

1, z@rrmE@)” N K (29
bo+@mwmy O_Z%x<ﬁmw>+1@ 39
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p+% (WH_Z)) _p+;kji (Wﬂ—wp—pékj)

Since f; € UKY(d;,58;,b) (1 < j <n), we get (3.6)

Re{“i(HW‘p)} (3.7)
:p+§:1ije{2 <W+1_p)}+p_jzj:1pkj+p+§:1kj(ﬁj_p)’
>j§i:1kj6j 2<W+1_p)‘+p+é%(@—p)~

L (2((fj *9)(2))”
b\ (fi*x9)(2)

because the integral operator gg’"’m’k(z) , defined by (1.8) , is in the class ICg(T, b)
with

+1-p)| >0

4 Corollaries and Consequences

For n=1,m1 =m,k; =k, and f; = f, we have

Corollary 4.1 Letne N,m € Ny and k € R]. Also letbe C—{0},6 >0,0< 3 <
p, and f € US} (6, B,b) for 1 < j <n. If

0<p+k(B—p) <p (4.1)
then the integral operator Ig’”’m’k(z) is in the class KCP(7,b) where
T=p+k(B-p)

Corollary 4.2 Letne N,m € N and k € R|. Also letbe C—{0},0>0,0< 3 <
p, and f € US} (6, B,b) for 1 < j <n. If

0<p+k(B—p) <p, (4.2)

then the integral operator GE""k(z) is in the class KP(7,b) where

T=p+k(B—p).
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For (f; * g)(z) = D;Tfl’f;fj(Z), we have

Corollary 4.3 Let n € N,m = (my,....,my) € Ny and k = (ki1,...,k,;) € R]. Also
letbe C—{0},6 >0,0< B <p, and f; € MSZ;{,’;)’"((?j,ﬂj,b) for1<j<n. If

7
0<p+> k(B —p) <p (4.3)
=1

then the integral operator Iy, ;) m k(2) is in the class KCP"™(7,b) where

Corollary 4.4 Letn € N,m = (my,....,my,) € Nj and k = (ky,....k;) € R]. Also
letbe C—{0},0 >0,0<p<p, and UKL (85, 85,0) for 1 < j <mn. If

7
0<p+ ki(B—p) <p, (4.4)
j=1

then the integral operator Gy, m. k(%) is in the class KP™(7,b) where

which are known results obtained by Guney and Bulut [2].
Further, if put p = 1, we have

Corollary 4.5 Let n € N,m = (my,....,my) € Ny and k = (ki1,...,k;) € R]. Also
letbe C—{0},0>0,0<pB<1,and f; €US}(0,[,b) for 1 < j <m. If

n
0<1+) k(B —1) <1, (4.5)
j=1

then the integral operator V"™ (z) is in the class K}(7,b) where

n

T = 1+Zk‘](ﬁ7 — 1)

Jj=1

Corollary 4.6 Let n € N,m = (my,...,my) € Ny and k = (ki1,...,k,;) € R]. Also
letbe C—{0},6>0,0<B <1, and f; €US(S,3,b) for L < j<n. If

0<14+> k(B —1)<1, (4.6)
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then the integral operator G3™*(2) is in the class Kj(r,b) where
n
T=1+> k(B —1).

j=1

Upon setting g(z) = 2P/(1 — z), we have

Corollary 4.7 Let n € N,m = (my,....,my) € N and k = (ki1,...,k;) € R

letbe C—{0},6 >0,0< B <p, and f; € USP(4,6,b) for 1 <j<mn. If
U
0<p+Y ki(Bj—p) <p,
j=1

then the integral operator GP""™F(2) is in the class KCP(7,b) where

n
T=p+ Y k(B —p)
j=1

Corollary 4.8 Letn € N,m = (my,....,my,) € Nj and k = (ky,...,k;) € R].

letbe C—{0},6 >0,0< B <p, and f; € USP(6,5,b) for 1 < j <mn. If

n

0 §P+ij(ﬂj —p) <bp,
j=1
then the integral operator GP™k(2) is in the class KCP(T,b) where
n
T=p+> k(B —p)
j=1

Upon setting g(z) = 2?/(1 — z) and § = 0, we have

Corollary 4.9 Let n € N,m = (my,....,my) € N and k = (k1,...,k;) € R.

)
letbe C—{0},0 <3 <p, and f; € USP(0,8,b) for 1 < j <n. If
n
0<p+Y ki(B;—p) <p
j=1
then the integral operator GP""™ k(%) is in the class KP(7,b) where

n
T=p+ Y k(B —p)
j=1

Also

(4.7)

Also

(4.8)

Also

(4.9)
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Corollary 4.10 Let n € N,m = (myq,...,my) € N and k = (kq,...,k,) € R. Also
letbe C—{0},0>0,0<pB<p, and f; € USP(0,5,b) for1 <j<n. If

n
0<p+> ki(B;i—p) <p, (4.10)
j=1

then the integral operator GP""™ k(%) is in the class KP(7,b) where
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ABSTRACT: In this paper, we introduce the notations of e-Z-open sets
and strong Bj-set to obtain a decomposition of continuing via idealization.
Additionally, we investigate properties of e-Z-open sets and strong Bj-
set. Also we studied some more properties of e-Z-open sets and obtained
several characterizations of e-Z-continuous functions and investigate their
relationship with other types of functions.
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1 Introduction and Preliminaries

The subject of ideals in topological spaces has been studied by Kuratowski [12] and
Vaidyanathaswamy [25]. Jankovic and Hamlett [11] investigated further properties of
ideal space. The importance of continuity and generalized continuity is significant in
various areas of mathematics and related sciences. One of them, which has been in
recent years of interest to general topologists, is its decomposition. The decomposition
of continuity has been studied by many authors. The class of e-open sets is contains all
d-preopen [15] sets and d-semiopen [14] sets. In this paper, we introduce the notation
of e-Z-open sets which is a generalization of semi*-Z-open sets [8] and pre*-Z-open
[5] sets is introduced, and strong Bj-set to obtain a decomposition of continuing via
idealization. Additionally, we investigate properties of e-Z-open sets and strong Bj-
set. Also we studied some more properties of e-Z-open sets and obtained several
characterizations of e-Z-continuous functions and investigate their relationship with
other types of functions.

A subset A of a space (X, 7) is said to be regular open (resp. regular closed) [23] if
A = Int(CI(A)) (resp. A = Cl(Int(A))). A is called d-open [26] if for each z € A,

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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there exist a regular open set G such that x € G C A. The complement of -open set
is called d-closed. A point z € X is called a d-cluster point of A if Int(CIH(U))NA # 0
for each open set U containing x. The set of all d-cluster points of A is called the
d-closure of A and is denoted by Cls(A) [26]. The set d-interior of A [26] is the union
of all regular open sets of X contained in A and its denoted by Ints(A). A is §-open
if Ints(A) = A. The collection of all §-open sets of (X, 7) is denoted by 60(X) and
forms a topology 7°. The topology 79 is called the semi regularization of 7 and is
denoted by 5.

An ideal Z on a topological space (X, 7) is a nonempty collection of subsets of X
which satisfies the following conditions:
AeTZand BC Aimplies BeTZ; A€ T and B € T implies AUB € Z. Applications
to various fields were further investigated by Jankovic and Hamlett [11] Dontchev et
al. [3]; Mukherjee et al. [13]; Arenas et al. [2]; et al. Nasef and Mahmoud [18], etc.
Given a topological space (X, 7) with an ideal Z on X and if p(X) is the set of all
subsets of X, a set operator (.)* : p(X) — p(X), called a local function [24, 11] of A
with respect to 7 and Z is defined as follows: for A C X,

A (Z,7)={2 € X |UNA¢T for every U € 7(x)}

where 7(z) = {U € 7| x € U}. A Kuratowski closure operator Cl*(x) = AUA*(Z, 7).
When there is no chance for confusion, we will simply write A* for A*(Z, 7). X* is
often a proper subset of X.

A subset A of an ideal space (X, 7) is said to be R-T-open (resp. R-I-closed) [28]
if A= Int(Cl*(A)) (resp. A = Cl*(Int(A)). A point z € X is called § — I-cluster
point of A if Int(CI*(U)) N A # 0 for each open set U containing x. The family of
all 0-Z-cluster points of A is called the J-Z-closure of A and is denoted by 6Cl;(A).
The set -Z-interior of A is the union of all R-I-open sets of X contained in A and
its denoted by dIntr(A). A is said to be 6-Z-closed if §CI;(A) = A [28].

Definition 1.1. A subset A of a topological space X is called
1. B-open [1] if A C Cl(Int(CI(A))).
2. a-open [19] if A C Int(Cl(Int(A))).
3. t-set [22] if Int(A) = Int(Cl(A)).
4. e-open set [7] if A C Int(6CI(A)) U Cl(6Int(A)).
5

. strongly B-set [7] if A =U NV where U is an open set and V is a t-set and
Int(Cl(A)) = Cl(Int(A)).

d-preopen [15] if A C Int(6CI(A)).
7. §-semiopen [14] if A C Cl(dInt(A)).
8. a-open [4] if A C Int(Cl(6Int(A))).

S
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The class of all 0-preopen (resp. §-semiopen, a-open) sets of (X,7) is denoted by
0PO(X) (resp. 6SO(X), aO(X)).

Definition 1.2. A subset A of an ideal topological space (X, 7,T) is called
1. da-T-open [8] if A C Int(Cl(5Intr(A))).
2. semi*-T-open [8] if A C Cl(6Int;(A)).
3. pre*-I-open [5] if A C Int(6Cl;(A)).
4. Strongly t-T-set [5] if Int(A) = Int(6Cl;(A)).
5

. Strongly B-T-set [5] if A=U NV where U is an open set and V is a Strongly
t-1-set.

6. 6Br-open [8] if A C Int(Cl(6Int;(A))).
7. Br-set [9] if A=U NV where U is an open set and V is a t-I-set.

The class of all semi*-Z-open (resp. pre*-Z-open, §r-open, da-Z-open) sets of
(X,7,Z) is denoted by S*IO(X) (resp. P*IO(X), 68I0(X), 6alO(X)). [8, 5].

2 e-Z-open
Definition 2.1. A subset A of an ideal topological space (X, 7,T) is said to be e-I-
open if A C Cl(6Intr(A)) U Int(5Cl;(A)).

The class of all e-Z-open sets in X will be denoted by EIO(X,T).

Proposition 2.2. Let A be an e-I-open such that 6Int;(A) = 0, then A is pre*-I-
open. For a subset of an ideal topological space the following hold:

1. Every semi*-Z-open is e-L-open,
2. FEvery pre*-I-open is e-L-open,
3. Fvery e-L-open is 6 5r-open.
Proof. (1) Obvious.
(2) Obvious.
(3) Let A be e-Z-open. Then we have
A C Cl(6Int;(A)) U Int(5CI;(A))
C Cl(Int(6Intr(A))) U Int(Int(6Cl (A)))
C Cl(Int(6Intr(A)) U Int(6Clr(A)))
C Cl[Int(6Int;(A)) USCIlr(A)]
C CllInt(6Cl; (AU A))]
= Cl(Int(6Cl;(A))).

This show that A is an 87-open set. O
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Remark 2.3. From above the following implication and none of these implications
is reversible as shown by examples given below

01 open —— da-I-open —> semi” -L-open

|

open
pre*-I-open e-Z-open

o Bz-open

Example 2.4. Let X = {a,b,c,d} with a topology T = {0, X, {b},{a,d},{a,b,d}} and
an ideal T = {0,{b}}. Then the set A ={b,d} is e-I-open, but is not semi*-Z-open.
Because Cl(0Int(A))UInt(6Cl;(A)) = ClO)UInt(X) =0UX =X D A and hence
A is e-I-open. Since Cl(5Intr(A)) = Cl(0) =0 2 A. So A is not semi*-I-open.

Example 2.5. Let X = {a,b,c} with a topology 7 = {0, X,{a},{b},{a,b}} and an
ideal T = {0, {b}}. Then the set A = {a,c} is e-Z-open, but is not pre*-Z-open. For
Cl(6Intr(A)) U Int(6Clr(A)) = Cl({a,b}) U Int({a,c}) = {a,b,c}U{a} = X D A
and hence A is e-I-open. Since Int(6Cl;(A)) = Int({a,c}) = {a} 2 A. Hence A is
not Pre*-Z-open.

Example 2.6. Let X = {a,b,c,d} with a topology T = {0, X, {b},{a,d},{a,b,d}} and
an ideal T = {0,{b}}. Then the set A = {a,c} is §3r-open, but is not e-L-open. Since
Cl(6Int;(A))UInt(6Cl;(A)) = CL(O)UInt({a,c,d}) = {a,d} 2 A and hence A is not
e-Z-open. For Cl(Int(6Cl;(A))) = Cl(Int({a,c,d})) = Cl({a,d}) = {a,c,d} D A.
Hence A is 08z-open.

Proposition 2.7. Let (X, 7,Z) be an ideal topological space and let A, U C X. If A
is e-L-open set and U € 7. Then ANU is an e-Z-open.

Proof. By assumption A C Cl(0Int;(A)) U Int(6Clr(A)) and U C Int(U). Then

ANU C(CL(SInt;(A)) U Int(5CIr(A))) N Int(U)
C (CU(8Intr(A)) N Int(U)) U (Int(6C1;(A)) N Int(U))
C (CU(8Int;(A)) N Cl(Int(U))) U (Int(5CIr(A)) N Cl(Int(U)))
C (CU(5Intr(A)) N Int(U)) U (Int(CLECI(A)) N CUCI(Int(U)))))
C Cl(5Int (ANU) U (Int(CL(SCLr(A)) N ClL(Int(U))))
C Cl(8Int (AN U)) U (Int(CLCIH(A)) N Int(U)))
C Cl(5Int (ANU)) U (Int(6CL (AN T))).

A~ — —~ ~—

—~

Thus ANU is e-Z-open. O
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Definition 2.8. A subset A of an ideal topological space (X, 7,T) is said to be e-I-
closed if its complement is e-Z-open.

Theorem 2.9. A subset A of an ideal topological space (X, 7,T) is e-I-closed, then
Cl(0Int;(A)) N Int(6Cl(A)) C A.

Proof. Since A is e-Z-closed, X — A is e-Z-open, from the fact 7* finer than 7, and
the fact 7° C 797 we have,

X — A C Cl(6Int; (X — A)) U Int(6CIL (X — A))
C CUSInt(X — A)) U Int(5CUX — A))
= [X — [Cl(6Int(A))]] U [X — [Int(6CI(A))]]
C [X — [CU(6Int;(A)]] U [X — [Int(5C1L(A))]]
=X — [[CU(6Int;(A))] N [Int(6CL (A))].

Therefore we obtain [Cl(6Int;(A)) N Int(6Cl (A))] C A. O

Corollary 2.10. A subset A of an ideal topological space (X, 7,T) such that X —
[Cl(6Int;(A))] = Int(6CI (X — A)) and X — [Int(6CIl;(A))] = Cl(dInt; (X — A)).
Then A is e-I-closed if and only if [Cl(6Int;(A)) N Int(6Clr(A))] C A.

Proof. Necessity: This is immediate consequence of Theorem 2.9
Sufficiency: Let [Cl(6Intr(A)) N Int(0Clr(A))] C A. Then

X — A C X — [CL(SInt;(A)) N Int(5CIr(A))]
C [X — [CU(SInt(A)]] U [X — [Int(5C1L (A))]
= CU(6Int; (X — A)) U Int(6CI;(X — A))

Thus X — A is e-Z-open and hence A is e-Z-closed. O

If (X, 7,7) is an ideal topological space and A is a subset of X, we denote by Z| 4.
If (X, 7,7) relative ideal on A and Z|4 = {ANTI: I € T} is obviously an ideal on A.

Lemma 2.11. [11] Let (X, 7,Z) be an ideal topological space and A, B subsets of X
such that B C A. Then B*(7|a,Z|a) = B*(7,Z) N A.

Proposition 2.12. Let (X, 7,7) be ideal topological space and let A, U C X. If A is
an e-Z-open set and U € 7. Then ANU € EIO(U, 7|u,Z|v).

Proof. Straight forward from Proposition 2.7 O

Theorem 2.13. If Ac EIO(X,7,Z) and B C 7, then ANB € EIO(X,7,1).
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Proof. Let A€ EIO(X,7,Z7) and B C 7 then A C Cl(§Int;(A)) U Int(6Cl;(A)) and

ANB C [Cl(6Intr(A)) U Int(6Cl(A)]NB
C [Cl(6Intr(A)) N Bl U [Int(6Cl;(A)) N B]
C [Cl(6Int; (AN B))] U [Int(6Cli (AN B))].

This proof come from the fact 6Int;(A) is the union of all R-Z-open of X contained
in A. Then

A=1Int(Cl*(A)) = AN B = Int(Cl"(A)) N B

=Int(A*UA)NB
[(AnB)U
[CI"(ANB

= Int[(A
C Int

(A" N B)]
J)=ANnB
Hence Cl(6Int;(A)) N B C Cl(6Int;(AN B)), and other part is obvious. O
Proposition 2.14. for any ideal topological space (X, 7,Z) and A C X we have:
1. If I =0, then A is e-I-open if and only if A is e-open.
2. If T = p(X), then A is e-Z-open if and only if A € T.
8. If I = N, then A is e-Z-open if and only if A is e-open.

Proof. (1) Let I = ) and A C X. We have 6Cl;(A)) = 6CI(A)), dInt;(4)) =
0Int(A)) and A* = CI(A). on other hand, CI*(A) = A*UA = CI(A). Hence
A* = CIl(A) = Cl*(A). Since A is e-Z-open

A C Cl(5Int;(A)) U Int(8C1 (A))=CI(8Int(A)) U Int(SCU(A))

Thus, A is e-open.
Conversely, let A is e-open. Since I = (), then

A C ClU(3Int(A)) U Int(6CIL(A))=Cl(Int;(A)) U Int(5C1;(A))

Thus A is e-Z-open.
(2) Let I = P(X) and A C X. We have A* = (). Since dInt;(A)) is the union of all
R-Z-open contained in A, since A* = (), then Int(A) = A, and §CI;(A) is the family
of all §-Z- cluster points of A, since A* = 0, then Int(4) N A # () On other hand
A C Cl(dInt;(A)) UInt(6Cl(A))

= Cl(Int(A)) UInt(Cl(A))

C Int(Cl(Int(A))) U Int(Cl(A))

= Int(Cl(Int(A)) U Int(CI(A)))

C Int(Cl(Int(A) UCIL(A)))

C Int(CI(CI(AU )
C Int(ClI(AU A) = Int(CIl(A)).
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This show A € 7.

Conversely, It is shown in Remark 2.3 .

(3) Every e-Z-open is e-open.

Let A be e-Z-open then, A C Cl(6Int;(A)) U Int(6Cl;(A)). by using this fact A* =
Cl(A) = Cl*(A), we have §Cl;(A) = 6CI(A), 6Int;(A) = §Int(A), since §Clr(A) is
the familly of all §-Z-cluster point of A, and dInt;(A) the union of all R-Z-open set
of X we have respectively,

0+ Int(Cl*(U)NA=Int(U*UU)NA=Int(CL({U)UU)N A
=Int(CLU)NA#D

From this we get §Cl;(A) = 6CI(A), and

A = Int(Cl*(A)) = Int(A* U A) = Int[CI(A) U A]
= Int(Cl(A)) = A

From this we get dInt;(A) = 6Int(A). This show that

A C Cl(SInt;(A)) U Int(5C1 (A)) C CL(SInt(A)) U Int(5CI(A))

Hence (3) is proved

Let us consider I = N and A is e-open

If I = N then A* = CI*(Int(Cl* A)).

Since A is e-open then A C Cl(dInt(A)) U Int(6CI(A)). Then

0+ Int(CLU)NA=Int(UJU)NA=Int(Cl(Int(CL({U))UU)N A
C Int(Cl*(Int(Cl*(U)))UU)NA=Int(U*UU)NA=Int(Cl*(U)NA#D

From this we get 6CI(A) C §CI;(A), and

A=1Int(Cl(A)) = Int(AU A) = Int[Cl(Int(CI(A))) U 4]
C Int[CI*(Int(Cl*(A))) U A] = Int(A* U A) = Int(Cl*(4)) = A

From this we get dInt(A) C dInt;(A).

A is e-Z-open. Hence the proof. O
Proposition 2.15. 1. The union of any family of e-I-open sets is an e-L-open
set.

2. The intersection of even two e-L-open open sets need not to be e-IZ-open as
shown in the following example.

Proof. (1) Let {An/a € A} be a family of e-Z-open set,
Ay C CUInt (An)) U Int(6CIl(Ay))
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Hence
UadAa C UalClU(8INt(Aa)) U Int(6C1(Aq))]
C Ua[Cl(0Int(An))] U Uy [Int(6Cl1(An))]
C [CUUa(8Int1(Aa))] U [Int(Ua(6CT(Ad))]
C [CUUa(8Int1(Aa))] U [Int(Ua(6CT(Ad))]
C [CU(6Intr(UaAn))] U [Int(6C1 (UgAa))]-
Un Ay is e-Z-open. O

Example 2.16. Let X = {a,b,c,d} with a topology 7 = {0, X, {a},{b,d},{a,b,d}}
and T = {0,{c},{d},{c,d}}. Then the set A = {a,c} and A = {b,c} are e-I-
open, but AN B = {c} is not e-T-open. Since {b,c} and {b,c} C Cl(dInt;(A)) U
Int(6C1;(A)). For Cl(dIntr(A)) U Int(6CIl(A)) = Cl(D) U Int({c,d}) = ClB)UD =
02 {c}. So ANB Z Cl(dInt;(ANB)) U Int(6Cl;(AN B)).

Definition 2.17. Let A be a subset of X.

1. The intersection of all e-I-closed containing A is called the e-I1-closure of A and
its denoted by Cl%(A),

2. The e-Z-interior of A, denoted by Int*(A), is defined by the union of all e-I-open
sets contained in A.

Proposition 2.18. Let (X, 7,Z) be an ideal topological space. Then if A € EIO(X, )
and B € 7%, then AN B € eO(X, 7).

Proof. Let A € EIO(X,7), i.e., A C Cl(0Int;(A)) U Int(6Cl;(A)) and B € 79, i.e.,
B C Int(Cl(6Int(B))). Then

AN B C Cl(5Intr(A)) U Int(6C1; (A)) N Int(CU(5Int(B)))

= [CU(5Intr(A)) N Int(CLSInt(B)))] U [Int(5CIr(A)) N Int(CL(SInt(B)))]
)]
)

)
CUCILSInt(A))) N CUCUSInt(B)))] U [Int(6CI1(A)) N CU(SInt(B
( )]

(
ccl
C [CUCI(SInt;(A)) N CLSInt(B)))] U [Int(CL(CT; (A)) N CL(SInt(B)
C [CUCISIntr(A) N 6Int(B))] U [Int(CL(8C1; (A) N 6Int(B)))]
C [CU(8Int (AN 6Int(B)))] U [Int(5C1 (5C1 (AN B)))]
C [CU(SInt(AN B))] U [Int(SCI(AN B))].

Then ANB € eO(X,T) . O

Remark 2.19. 1. Let A be a subset of an ideal topological space (X, 7,T). Then
A is e-I-closed if and only if ClZ(A) = A,

2. Let B be a subset of an ideal topological space (X,7,Z). Then B is e-Z-open if
and only if Intf(B) = B,
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Proposition 2.20. Let A, B be a subsets of an ideal topological space (X, 7,T) such
that A is e-T-open and B is e-L-closed in X. Then there exist e-L-open set H and
e-T-closed set K such that ANB C H and K C AUB.

Proof. Let K = Cl}(A)N B and H = AU Int:(B). Then, K is e-Z-closed and H is
e-T-open. A C Cl%(A) implies AN B C Cl}(A)N B = K and Intf(B) C B implies
AUInt:(B)=H C AUB. 0

Definition 2.21. 1. A subset S of an ideal topological space (X, 7,T) is called e-
dense if Cl.(S) = X, where Cl.(S) [7] (Def 2.9) is the smallest e-closed sets
containing S,

2. A subset S of an ideal topological space (X, 7,T) is called e-I-dense if CI%(S) =
X.

3 strong Bj-set

Definition 3.1. Let (X,7,Z) be an ideal topological space. A subset A of X is
called strong Bj-set if A = UNV, where U € 7 and V is a strongly t-I-set and
Int(6Cl; (V) = Cl(6Int(V)).

Proposition 3.2. Let (X,7,Z) be an ideal topological space and A be a subset of X.
The following hold:

1. If A is strong Bj-set, then A is a Br-set,
2. If A is strongly t-I-set, then A is a t-Z-set.

Proof. 1. It follows from the fact every strongly t-Z-set is t-Z-set, the proof is
obvious.

2. It follows from ([5] Theorem 21 (3)).

Remark 3.3. The following diagram holds for a subset A of a space X :

open —— strong B}-set —— Br-set

T |

strongly tr-set —— ty-set

Remark 3.4. The converses of proposition 3.2 (1), (2) need not to be true as the
following examples show.
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Example 3.5. Let X = {a,b,c,d} with a topology 7 = {0, X, {a},{a,c},{a,b,c}}
and an ideal T = {O,{c},{a,c}}. Then the set A = {a,c} is Br-set, but not a
strong Bj-set and hence A is a tr-set but not strongly t-Z-set. For Int(Cl*(A)) =
Int({a,c}) = {a} = Int(A) and hence A is a tr-set. It is obvious that A is a Br-
set. But Int(6Clr(A)) = Int({X}) = X and Cl(§Int;(A)) = Cl({a}) = {a,d} i.e
Int(6Cl(A)) # Cl(6Int;(A)). So A is not strong Bj-set.

Example 3.6. Let X = {a,b,c,d} with a topology 7 = {0, X, {b},{b,c},{b,c,d}}
and an ideal T = {D,{b},{c},{b,c}}. Then the set A = {b,c} is strong Bj-set,
but not a strongly t-I-set. Int(6Cl;(A)) = Int{X}) = X and Cl(6Int;(A)) =
Cl({b,c}) = {X} i.e Int(6CIl;(A)) = Cl(dInt;(A)). So A is strong Bj-set. But,
Int(6Cl(A)) = Int({X}) = X # Int(A). Therefor A is not a strongly t-I-set.

Proposition 3.7. Let A be subset of an ideal topological space (X, 7,Z). Then the
following condition are equivalent:

1. A is open.
2. A is e-Z-open and strong Bj-set.

Proof. (1)=(2): By Remark 2.3 and Remark 3.3, every open set is e-Z-open. On
other hand every open set is strongly Bj-set.
(2)=(1): Let A is e-Z-open and strong B}-set. Then A C Cl(dInt;(A))UInt(6Cl(A))
= Cl(6Intr(UNV))UInt(6Cl(UNV)), where U is open and V is strongly t-Z-set
and Int(0Cl (V) = Int(V), Int(6Cl;(V)) = Cl(6Int;(V)). Hence
A C [Int(6CL(U)) N Int(6CL (V)| U[CU(0Intr (U)) N CU(6Int (V)]
=[UNInt(5Cl (V)] UIUNClL(6Intr(V))]
C [UINInt(6C1; (V) UCI(6Int (V)]
[UU [Int(6CLr (V) N Int(8Int (V)]
C [UTu Int(6C1 (V)]
CUUInt(V) = Int(A).

On other hand, we have UNInt(V) CUNV = A. Thus, A=UNInt(V) and A is
open. O

4 decomposition of continuity

Definition 4.1. [7] A function f: (X,7) — (Y, 0) is said to be e-continuous if for
each open set V of (Y,0), f=1(V) is e-open.

Definition 4.2. A function f : (X,7,Z) — (Y, 0) is said to be e-I-continuous (resp.
pre*-I-continuous [5], strong B} -continuous ) if for each open set V of (Y,o), f~4(V)
is e-I-open (resp. pre*-I-open, strong Bj-set) in (X, 7,T).

Definition 4.3. A function f: (X, 7,Z) — (Y,0) is said to be semi*-I-continuous
if for each open set V of (Y,0), f~Y(V) is semi*-I-open in (X, T,I).
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Proposition 4.4. If a function [ : (X,7,7) — (Y, 0) is semi*-L-continuous (pre*-
T-continuous), then f is e-I-continuous.

Proof. This is immediate consequence of Proposition 2.2 (2) and (3). O

Proposition 4.5. If a function f : (X, 7,Z) — (Y, 0) is strong B} -continuous, then
f is Br-continuous

Proof. This is immediate consequence of Proposition 3.2 (1). O

Theorem 4.6. For a function f : (X,7,Z) — (Y,0). Then the following properties
are equivalent,

1. f is continuous.
2. f is e-I-continuous and strong Bj-continuous.

Proof. This is immediate consequence of Proposition 3.7. O

5 e-Z1- continuous mappings

Definition 5.1. 1. A function f: (X,7) — (Y, 0) is called §-almost-continuous
if the inverse image of each open set in'Y is §-preopen set in X [15].

2. A function f : (X,7,7) — (Y,0) is called 6-semicontinuous if the inverse
image of each open set in'Y is §-semiopen set in X [6].

3. A function [ : (X, 7,Z7) — (Y,0) is called be a-continuous if for each open set
V of (Y,0), f~YX(V) is a-open [4].

4. A function f: (X, 7,7) — (Y,0) is called da-Z-continuous if for each dr-open
set V of (Y,o), f~Y(V) is Sa-Z-open [8].

Definition 5.2. [16] Let (X,7) be topological space and A C X. Then the set
N{U € 7: A C U} is called the kernel of A and denoted by Ker(A).

Lemma 5.3. [10] Let (X, 7) be topological space and A C X.
1. x € Ker(A) if and only if ANF # 0 for any closed subset of X with x € F,
2. AC Ker(A) and A = Ker(A) if A is open in X,
3. if AC B, then Ker(A) C Ker(B).

Definition 5.4. Let N be a subset of a space (X,7,Z), and let x € X. Then N
18 called e-Z-neighborhood of x, if there exist e-L-open set U containing x such that
UCN.

Theorem 5.5. The following statement are equivalent for a function f : (X,7,7) —
(Y,0):
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1. f is e-Z-continuous,

2. for each x € X and each open set V in'Y with f(x) € V, there exist e-I-open
set U containing x such that f(U) C V,

3. for each x € X and each open set V in'Y with f(z) € V, f~4(V) is e-I-
neighborhood of x,

4. for every subset A of X, f(Int}(A)) C Ker(f(A)),
5. for every subset B of Y, Int:(f~Y(B)) C f~(Ker(B)).

Proof. (1)=(2): Let € X and let V be an open set in Y such that f(z) € V. Since
f is e-Z-continuous, f~(V) is e-Z-open. By butting U = f~1(V) which is containing
x, we have f(U) C V.

(2)=-(3): Let V be an open set in Y such that f(z) € V. Then by (2)
a e-Z-open set U containing = such that f(U) C V. Soxz € U C f7!
f~1(V) is e-I-neighborhood of x.

(3)=(1): Let V be an open set in Y such that f(x) € V. Then by (3), f~%(V) is
e-Z-neighborhood of x. Thus for each x € f~1(V), there exists a e-Z-open set U,
containing z such that x € U, C f~1(V). Hence f~}(V) C Uzep-1(v) Us and so
(V) e EIO(X,T).

(1)=(5): Let A be any subset of X. Suppose that y ¢ Ker(A). Then, by Lemma 5.3,
there exists a closed subset F of Y such that y € F and f(A)NF = 0. Thus we have
ANf=Y(F) = 0 and (Int:(A))Nf~1(F) = 0. Therefore, we obtain f(Int:(A))N(F) =
() and y ¢ f(Int:(A)). This implies that f(Int*(A)) C Ker(f(A))

(5)=(6): Let B be any subset of Y. By (5) and Lemma 5.3, we have f(Int:(f~1(B)))
C Ker(f(f~1(B))) € Ker(B) and Int;(f~1(B)) C f~!(Ker(B)).

(6)= ( ): Let V be any subset of Y. By (6) and Lemma 5.3, we have Int*(f~1(V))
C fHKer(V))=f"YV) and Int:(f~*(V))=f"1(V). This shows that f=1(V) is
e-Z-open. O

there exists
(V). Hence

The following examples show that e-Z-continuous functions do not need to be
semi*-Z-continuous and pre*-Z-continuous, and e-continuous function does not need
to be e-Z-continuous.

Example 5.6. Let X =Y = {a,b,¢,d} be a topology space by setting 7 = o =
{0, X,{a},{d},{a,d}} and T = {0,{c}} on X. Define a function f : (X,7,7) —>
(Y,0) as follows f(a) = f(c) =d and f(b) = f(d) =b. Then f is e-Z-continuous but
it is not pre*-I-continuous.

Example 5.7. Let X =Y = {a,b,c} be a topology space by setting T = o =
{0, X,{a,b}} and T = {0,{c}} on X. Define a function f : (X,7,Z) — (Y,0)
as follows f(a) = a, f(b) = ¢, f(c) = b. Then f is e-I-continuous but it is not
semi* -L-conlinuous.

Example 5.8. Let (X,7) be the real line with the indiscrete topology and (Y, T)
the real line with the usual topology and T = {0}. Then the identity function f :
(X,7,7) — (Y, 0) is e-continuous bul not e-Z-continuous.



On e-T-open sets, e-Z-continuous functions and decomposition of continuity 27

Proposition 5.9. Let f : (X,7,Z) — (Y,0,J) and g : (Y,0,T) — (Z,p) be
two functions, where T and J are ideals on X and Y, respectively. Then go f is
e-T-continuous if f is e-L-continuous and g is continuous.

Proof. The proof is clear. O

Proposition 5.10. Let f : (X,7,7) — (Y,0) be e-Z-continuous and U € 7. Then
the restriction fiy : (X, njw,Zjy) — (Y, 0) is e-I-continuous.

Proof. Let V be any open set of (Y,0). Since f is e-Z-continuous, f~*(V) €
EIO(X,7) and by Lemma 2.11, f;}(V) = f~'(V)nU € EIO(U,Zjy). This shows
that fi : (X, v, Zjy) — (Y,0) is e-Z-continuous. O

Theorem 5.11. Let f : (X,7,Z) — (Y,0) be a function and let {U, : « € A} be
an open cover of X. If the the restriction function f|U, is e-I-continuous for each
a € A, then f is e-Z-continuous.

Proof. The proof is similar to that of Theorem 5.10 O

Lemma 5.12. [20] For any function [ : (X,7,7) — (Y,0,7), f(Z) is an ideal on
Y.

Definition 5.13. [20, 21] A subset A of an ideal topological space (X, 7,T) is said to
be I-compact if for every T-open cover {w, : @ € A} of A, there exists a finite subset
A, of A such that (X —U{w, : a € A}) € T.

Definition 5.14. An ideal topological space (X,7,T) is said to be e-Z-compact if for
every e-L-open cover {wq : o € A} of X, there exists a finite subset A, of A such
that (X —U{w, : a € A}) € T.

Theorem 5.15. The image of e-Z-compact space under e-Z-continuous surjective
function is f(T)-compact.

Proof. Let f : (X,7,7) — (Y, 0) be a e-Z-continuous surjection and {V, : a« € A}
be an open cover of Y. Then {f~'(V,) : « € A} is a e-Z-open cover of X due to our
assumption on f. Since X is e-Z-compact, then there exists a finite subset A, of A
such that (X —U{f7'(Va) : @ € Ay}) € Z. Therefore (Y —U{V, : a € Ay}) € f(I),
which shows that (Y, o, f(Z)) is f(Z)-compact. O

Theorem 5.16. A e-Z-continuous image of an e-L-connected space is connected.

Proof. Let f: (X,7,7) — (Y, 0) is e-Z-continuous function of e-Z—connected space
X onto a topological space Y. If possible, let Y be disconnected. Let A and B form
a disconnected set of Y. Then A and B are clopen and Y = AU B, where ANB = ()

Since f is e-Z-continuous, X = f~1(Y) = f~1(AU B) = 0, where f~!(A) and
f~1(B) are nonempty e-Z-open sets in X. Also f~'(A) N f~1(B) = 0. Hence X is
non e-Z-connected, which is contradiction. Therefore, Y is connected. O
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Definition 5.17. A function f : (X,7,Z) — (Y,0,J) is called e-J-open (resp.,
e-J-closed) if for each U € 7 (resp., closedset M in X), f(U) (resp., f(M)) is e-
J -open (resp., e-J-closed)

Remark 5.18. Every e-Z-open (resp., e-I-closed) function is e-open (resp., e-closed)
and the converses are false in general.

Example 5.19. Let X = {a,b,c} be a topology space by setting 11 = {0, X,{b,c}}
and 12 = {0, X, {a, b}, {b},{a}} and an ideal T = {0,{a}}. Then the identity function
f:(X,m1) — (X,72,7) is e-open but not e-Z-open.

Example 5.20. Let X = {a,b,c} be a topology space by setting 1 = {0, X, {a}} and
o = {0, X, {b,c}, {b},{c}} and an ideal T = {0, {c}}. Defined function f : (X, 1) —
(X,72,Z) as follows:f(a) = a, f(b) = f(c) =b. Then [ is e-closed but not e-Z-closed.

Theorem 5.21. A function f: (X, 7,Z) — (Y,0,7J) is e-T-open if and only if for
each x € X and each neighborhood U of z, there exists V. € EJO(Y, o) containing
f(x) such that V- C f(U).

Proof. Suppose that f is a e-J-open function. For each z € X and each neighborhood
U of z, there exists U, € 7 such that « € U, C U. Since f is e-J-open, V = f(U,) €
EJO(Y,o0) and f(z) € V C f(U). Conversely, let U be an open set of (X, 7). For
each z € U, there exists V, € EJO(Y,0) such that f(z) € V; C f(U). Therefore
we obtain f(U) = J{V, : € U} and hence by Proposition 2.7, f(U) € EJO(Y,0).
This shows that f is e-J-open. O

Theorem 5.22. A function f : (X,7,7) — (Y,0,J) be e-T-open (resp., e-J-
closed). If W is any subset of Y and F is a closed (resp., open) set of X containing
fY (W), then there exists e-J-closed (resp., e-J -open) subset H of Y containing W
such that f~Y(W) C F.

Proof. Suppose that f is e-J-open function. Let W be any subset of Y and F a
closed subset of X containing f~1(W). Then X — F is open and since f is e-J-
open, f(X — F) e-J-open. Hence H =Y — f(X — F) is e-J-closed. It follows from
fY(W) C F that W C H. Moreover, we obtain f~1(H) C F. For e-J-closed
function. O

Theorem 5.23. For any objective function f : (X,7) — (Y, 0,T), the following are
equivalent:

1. f71(Y,0,T) — (X, 7) is e-J -continuous,
2. f is e-J-open,
3. f is e-J-closed,
Proof. 1t is straightforward. O

Definition 5.24. A space (X, 1) is called
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1. e-space if every e-open set of X is open in X.
2. submazimal if every dense subset of X is open in X [17].
3. extremely disconnected if the closure of every open set of X is open in X [27].

Corollary 5.25. If a function [ : (X,7,Z) — (Y, 0) is conlinuous, then f is e-Z-
continuous.

Corollary 5.26. If (X, 1) is extremely disconnected and submazimal, then for any
idealT on X, P*IO(X,7) = S*IO(X,7) = 6SO(X,7) = 6PO(X, 1) = 6alO(X, 1) =
aO(X,7)=".

Corollary 5.27. If (X,7) is e-space, then for any ideal T on X, EIO(X,T) =
eO(X,7) = P*IO(X,7) = S*IO(X,7) = 6SO(X,7) = PO(X,7) = 0alO(X,T)
aO(X,7)=".

Corollary 5.28. Let f: (X,7,Z) — (Y, 0) be a function and let (X,T) be e-space,
then the following are equivalent:

1. f is e-Z-continuous,
. f is e-continuous,

. [ is pre*-I-continuous,

2

8

4. f is 6-almostcontinuous,
5. f is semi*-I-continuous,
6. [ is §-semicontinuous,

. f is da-I-continuous,

8. f is da-continuous,

9. f is continuous,
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generalized Salagean operator and
extended Ruscheweyh operator

Loriana Andrei

ABSTRACT: In this work we define a new operator using the ex-
tended generalized Saldgean operator and extended Ruscheweyh oper-
ator. Denote by DR)"" the Hadamard product of the extended gen-
eralized Salagean operator DY and extended Ruscheweyh operator R",
given by DRY"™ : A7 — A7, DRY""f(2,¢) = (DY * R") f (2,() and

ne ={f e HUXT), f(2,0) = 2+an1 (Q) 2" +..., 2€U, (€U} is
the class of normalized analytic functions with A}, = A%. The purpose of
this paper is to introduce sufficient conditions for strong differential sub-
ordination and strong differential superordination involving the operator
DRY"" and also to obtain sandwich-type results.

AMS Subject Classification: 30C45
Keywords and Phrases: analytic functions, differential operator, differential subordi-
nation, differential superordination.

1 Introduction

Denote by U the unit disc of the complex plane U = {z € C: |z| <1}, U={z €
C : |z| < 1} the closed unit disc of the complex plane and H(U x U) the class of
analytic functions in U x U.

Let

A ={f € HU X T), f(2:0) =2+ ani1 ()" +..., z€ U, (€T},

with Aj. = A, where ay (¢) are holomorphic functions in U for k > 2, and

H*[a,n, ¢l = {f € H{U xU), f(2,0) = a+ an () 2" + ani1 ((),f“ +..., z€eU,
¢ €U}, for a € Cand n € N, ag (¢) are holomorphic functions in U for k > n.

COPYRIGHT (@© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Generalizing the notion of differential subordinations, J.A. Antonino and S. Roma-

guera have introduced in [17] the notion of strong differential subordinations, which
was developed by G.I. Oros and Gh. Oros in [18].

Definition 1.1 [18] Let f (2,(), H (z,¢) analytic in U x U. The function f (z,¢) is
said to be strongly subordinate to H (z,() if there exists a function w analytic in U,
with w (0) = 0 and |w (2)| < 1 such that f (2,¢) = H (w(z),¢) for all ¢ € U. In such
a case we write f (2,() << H(2,¢), z€ U, (€ U.

Remark 1.1 [18] (i) Since f (2,() is analytic in U x U, for all ¢ € U, and univalent
in U, for all ¢ € U, Definition 1.1 is equivalent to f (0,¢) = H (0,¢), for all ¢ € U,
andf(UxU) CH(UXU).

(i) If H (2,¢) = H (2) and f (2,¢) = f (2), the strong subordination becomes the
usual notion of subordination.

As a dual notion of strong differential subordination G.I. Oros has introduced and
developed the notion of strong differential superordinations in [19].

Definition 1.2 [19] Let f (2,¢), H (2,¢) analytic in U x U. The function f (z,¢) is
said to be strongly superordinate to H (z,() if there exists a function w analytic in U,
with w (0) = 0 and |w (2)| < 1, such that H (z,{) = f(w(2),(), for all ( € U. In
such a case we write H (2,() << f(2,(), z€ U, (€ U.

Remark 1.2 [19] (i) Since f (2,() is analytic in U x U, for all ¢ € U, and univalent
in U, for all ¢ € U, Definition 1.2 is equivalent to H (0,() = f(0,¢), for all ¢ € U,
cde(UxU) Cf(UxU).

(i) If H(2,¢) = H(2) and f(z,{) = f(2), the strong superordination becomes
the usual notion of superordination.
Definition 1.3 [1] We denote by Q* the set of functions that are analytic and injec-
tive on U x U\E (f,(), where E(f,() = {y € U : Zhgr?l!f (2,) = oo}, and are such

that f. (y,¢) # 0 for y € OU x U\E (f,(). The subclass of Q* for which f (0,¢() = a
is denoted by Q* (a).

For two functions f(z,() = 2z + 372, a; ()27 and g(2,() = 2+ 3272, b; (¢) 27
analytic in U x U, the Hadamard product (or convolution) of f(z,¢) and g (z,(),
written as (f * g) (2, () is defined by

F(2:0#g(20 = (f9) () =2+ a; (b ()2,

Definition 1.4 (/2]) For f € A7, A > 0 and m € N, the extended generalized
Salagean operator DY' is defined by D' : Af — AZ,

D3f(2¢) = f(x0)

Dif(2,¢) = (1=X) f(20)+A2fl(z,¢) = Daf (2,¢)

DY+ f(2,0) (1=X) DX f (2,0) + Az (DX f (2,0)), =D (DX f (2,0)),
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for z€U,¢eU.

Remark 1.3 If f € A7 and f(2,() = z—|—2512 aj (¢) 27, then
DYf(20) =2+ 1+ —1D)N"a;(¢)27, for € U, ¢ eU.

Definition 1.5 ([3]) For f € A%, m € N, the extended Ruscheweyh derivative R™ is
defined by R™ : A7 — A7,

Rof(Z,C) = f(Z7<)
le(Z,C) = Zf;(zaC)

(m+1)R™f (2,0) Z2(R™f (2,0)). + mR™f (2,(),

zeU, ¢el.

Remark 1.4 If f € A7, f(2,0) = 2z + X 25a; (€) 27, then R™f (2,() = z +
[e%S) m+7—1)! i 7
Yo, =a; (¢) 27, 2 €U, C €T,

In order to prove our strong subordination and strong superordination results, we
make use of the following known results.

Lemma 1.1 Let the function q be univalent in U x U and 0 and ¢ be analytic in a
domain D containing q (U X U) with ¢ (w) # 0 when w € q (U X U). Set Q (2,¢) =
2q, (2,$) ¢ (q(2,€)) and h(z,{) =0 (q(2,C)) + Q (2,¢). Suppose that

1. Q is starlike univalent in U x U and

2. Re (zg;(iz<§)) >0 forzcU,(cU.

If p is analytic with p (0,{) = ¢ (0,¢), p (U X U) CD and

0(p(2,0) + 20, (2,0) 6 (p(2,0) << 0(q(2,0) + 2¢. (2,¢) ¢ (¢ (2,0))

then p (z,¢) << q(z,¢) and q is the best dominant.

Lemma 1.2 Let the function q be convex univalent in U x U and v and ¢ be analytic
in a domain D containing q (U X U). Suppose that

1. Re(%)>0f0rzeU,C€Uand

2. ¥ (2,¢) = 2¢. (2,¢) ¢ (¢ (2,)) is starlike univalent in U x U.
If p(2,¢) € H*[q(0,¢),1,{]NQ*, withp (U x U) € D and
v(p(2,0) + 2p. (2) ¢ (p(2,()) is univalent in U x U and

v(q(2,0) + 2. (2,0 ¢ (q(2,0) == v (p(2,0) + 29 (2,0) ¢ (p (2.0)) ,

then q (z,() << p(z,C) and q is the best subordinant.



36 L. Andrei

2 Main results

Extending the results from [11] to the class A7 we obtain:

Definition 2.1 ([12]) Let A > 0 and n,m € N. Denote by DRY"™ : Af — Af the
operator given by the Hadamard product of the extended generalized Saldgean operator
DY and the extended Ruscheweyh operator R™,

DRY™f (2,¢) = (DX * R") [ (2,0) ,

for any z € U, ¢ € U, and each nonnegative integers m,n.

Remark 2.1 If f € Af and f(2,0) = 2+ 372, a5 (¢) 27, then

DR f (2,6) = 2+ X325 [L+ (G~ D" S a? (¢) 27, for 2 € U, ¢ € T

Remark 2.2 For m = n we obtain the operator DRY' studied in [13], [14], [15], [16],
[41, [5] [6].

For A\ = 1, m = n, we obtain the Hadamard product SR™ [7] of the Saldgean
operator S™ and Ruscheweyh derivative R™, which was studied in [8], [9], [10].

Using simple computation one obtains the next result.

Proposition 2.1 For m,n € N and A > 0 we have For m,n € N and X\ > 0 we have

DRYFYf(2,¢) = (1= X) DRY™ f (2,¢) + Az (DRY" f (2.0)). (2.1)
and
2(DRY" f(2,)), = (n+ 1) DRY"™ ' f (2,¢) = nDRY"™ f (2,¢) . (2.2)
Proof. We have
DRI f(2,0) = 2+ i 1+ G =pA™" 7(2@]'__5?!&? (€)%
SEED M (EPEDY) [1+(j—1)/\]m%a?(0zj
_ z+(1_x);[1+(j— 1)A]m(zl+__1§?!a§(g)zi
- . m@m+j=1 5 j
+A;[1+ (= DA™ St (jj_ D (©)2

= (L=XN)DRY"™f(2,¢) + Az (DRY""f (2,0)).,
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and
(n+1) DRY"™™f (2,¢) = nDRY™f (2,¢)
. - . m (n+j)! 2 j
= (n+1)z+(n+1)j:2[1+(]—1))\] maj(oz
—nz — nz M+ G —-1N™ 7(2!4(—],].__13!@? (©)#

> mn+'(n+'—1)!2 j

- +(n+1) 322 n—i—i n!(j]—l)! aj(C)z
n; 1+(G—-1) m%ai(()ﬂ
i n+j—1), j
= Z+Z ﬁjaf (2) z
= Z(DRT"f(ZaC))Z~
| ]

We begin with the following

Theorem 2.2 LethC)E’H(UXU) zEU,CEU,fEAZ,m,nEN,)\z

f
TG0 E

0 and let the function q( ,¢) be convex and univalent in U x U such that ¢ (0,¢) = 1.

Assume that

o % ZQZ2 (Z,C)) 77
Re<1+u+ﬂq(z,§)+7q;(zjc) >0, zeU, ¢CeU, (2.3)

for a, B, i, € C,u #0, z€ U, ( €U, and

m,n 1—-AXn+1 DR™TLn 2,

DR f (2,¢)
DRY"f (2,C)

DAY 0 5t <DR;““ e <>>2
DI} (2,0) DR} (2:0)
If q satisfies the following strong differential subordination
DR (B, 3 2,Q) << aq () + B(a (2,Q))" + pzdl (2,0), (2.5)
for,a, B, € C, u # 0 then

DRV f (2,0)
DRI f (2,()

(2.4)

+un+ 1)1 = An+2)

+Ap(n+1)(n+2)

<=<q(2,0), z€U ¢eU, (2.6)
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and q is the best dominant.

. . DRUTUM (2,0
Proof. Let the function p be defined by p (2, () := DRTTIG.O)
N )

[ € AZ. The function p is analytic in U and p 0,¢) =1.
Differentiating with respect to z this function, we get
: _ ADEITAEO),  DRYTV () 2(DET Q).
(20 = —prreg T DATTIGRG - DRTTIGO
By using the identity (2.1) and (2.2), we obtain

2€U,2#0,( €U,

1—An+1) DRy f(2,€)

Zp,/z (Zv C) =

A DR f(2,()
DRm,n—i—l
trt D= e +2) Wf((oo

DR ™2 f (2, 1
A+ 1)(n+ 2)WM -5

m,n—+2 m—+1,n 2
DRY™ 2 (2,0) 1(DRA f(z,o) o

m—+1,n 2
DR)\ ’ f(zvc)
DR{""f (2,0)

A+ ) (n42)==2 ) = —
R T TIPS N W 7 G AP
By setting 6 (w) := aw + Bw? and ¢ (w) := p, o, B, € C, u # 0 it can be easily
verified that 6 is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q (z,¢) = 24, (2,¢) ¢ (q(2,¢)) = pnzq¢. (z,¢) ,we find that Q (z,()
is starlike univalent in U x U.

Let h(2,¢) = 0(q(2.0) + Q(2,¢) = aq(2,¢) + B(q(2,()* + pd, (2,¢), z € U,
CeUl.
If we derive the function @), with respect to z, perform calculations, we have
Re (i) =Re (145 + Fa (0 + Ty’ ) >0
By using (2.7), we obtain ap (,¢) + 6 (p (2, 0))? + zp, (2, ) =
~A(n DRIV f(z, DR} f(z,
(wu + a) WM'F'N(”"‘U [1—X(n+2)] Wm—i—)\u(n—kl)(n—i—
DRI 21 (2,0) DRPH (2,02
2 Sptrsaey + (8= %) (Poarrtie)
By using (25), we have ap(z,¢) + B (p(50))° + pzpl (5,0) << aq(z¢) +
2
B(q(2Q)" + nzd. (2,€) .
Therefore, the conditions of Lemma 1.1 are met, so we have p (z,{) << ¢(z,(),

77 . DRI E(z0) 77 : .
zeU,CeU,ie. DRG0 <=<q(z,(), z€ U, ¢ € U, and q is the best dominant.
[ ]

Corollary 2.3 Let ¢(z,() = gigz, —-1<B<A<1,mneN AX>0 2¢€U,

¢ € U. Assume that (2.3) holds. If f € At and

PV (o By s 2, () <<«

C+ Az C+Az\? ((A-B)z
C+Bz+ﬂ(C+BZ> i ¢+ Bz)*’



On some differential sandwich theorems using an extended ... 39
fora,B,peC, pn#0, -1 < B<A<1, where p\"" is defined in (2.4), then

DRy f(2,0) | (+Az
DR"f(=Q)  (+Bz

15 the best dominant.

(+Az
and -

(+Bz

Proof. For q(z,() = gigz, —1 < B < A <1,in Theorem 2.2 we get the corollary.

[~

Corollary 2.4 Let q(z,() = (
holds. If f € A7 and

o . CHz\", o Cr=\T . 2ye (CHz\
s <a (E52) s (£ 2 ()
fora,p,B€C,0<~y <1, u#0, where P\"" is defined in (2.4), then

DRy f (2,¢) (cw)”
DRI (z.0) \(-2) "~

C__,’_z)v,m,n €N, A >0,z € U Assume that (2.3)

~
and (%) is the best dominant.

Proof. Corollary follows by using Theorem 2.2 for ¢ (z,¢) = (gfz)w, 0<y <1
|

Theorem 2.5 Let q be convex and univalent in U x U, such that q (0,0)=1,m,n €
N, A > 0. Assume that

g (2,0
Re T(a+2ﬂQ(za<)) >07 fOT a7u,/8€((:7 N#Ov (28)
zeU,Cel.
« DRUTVTf(2,0) x * m,n , o
If f e Az, DRI © H*[q(0,¢),1,{]NQ* and """ (o, B, 1; 2, () is univalent

in U x U, where Y\"" (v, B, s 2, C) is as defined in (2.4), then
aq (2,0) + 8 (a(2,0))° + pad (2,0) <= 3" (o0, i 2,0) | (29)
ze U, ¢eU, implies

DRIV f(2,€)

W, zeU, (€U, (2.10)

q(z,¢) <<

and q s the best subordinant.
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DRUYV™ f(2,0)

Proof. Let the function p be defined by p(z,() := DRG0
A J )

Cel, fe AL

By setting v (w) := aw + Bw? and ¢ (w) := p it can be easily verified that v is
analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
Since 1;%(((;1((;7,5))) =% (:’C) (o +2Bq (2,()), it follows that

Re(Saigy) ~Re (B e i) >0

for 1,§,8 € C, p#0.
By using (2.9) we obtain

zeU, z#0,

aq(z,0) + B (q(2,0)* + nzd. (2,¢) <=
aq(z,0) + B (q(2,0)* + nzd. (2,0) .

Using Lemma 1.2, we have

DRY™" f (2,0)

T , z€U CeU,
ljfi)\7 f(zvc)

q(2,¢) <=<p(z0) =

and ¢ is the best subordinant. m

Corollary 2.6 Let q(z,() = gigz, —1<B<A<1,m,neN, \>0. Assume that
(2.8) holds.
« DRI (2, " .
If f € AL g € 1Y (g (0,0),1,( N Q" and
A Az\? A-B
St (e LoD
(+ Bz (+ Bz (C+ Bz)

fora,p,B€C, pn#0, =1 < B < A<1, where \"" is defined in (2.4), then

<<V (o, By 152, Q)

C+ Az » DR} f(2,¢)
¢+ Bz DR f (2,¢)

(+Az

Ey:E 15 the best subordinant.

and

Proof. For ¢q(z,() = gigz, —1 < B < A <1in Theorem 2.5 we get the corollary.
|

Corollary 2.7 Let q(z,¢) = (ﬁ)w ,m,n € N, A > 0. Assume that (2.8) holds.

C(—=z
« DRV (2, % %
If f € AL g € 1Y (g (0,0),1,( N Q" and

NSy (<—+z>2" 2z (<+-z)”1
<<—z> TO\T2) TR \e

<<V (o, By 52, Q)
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fora,p,B€C,0<~y<1, u+#0, where p\"" is defined in (2.4), then

(+2\"  DRYTVf(2,0)
<<—z) S DRI (2.0

.
and (gt’z) is the best subordinant.

¥
Proof. Corollary follows by using Theorem 2.5 for ¢ (z,¢) = (gfi) ,0<y <1

]
Combining Theorem 2.2 and Theorem 2.5, we state the following sandwich theo-

rem.

Theorem 2.8 Let q; and g2 be analytic and univalent in U xU such that g, (z,¢) # 0
and g2 (2,() # 0, for all z € U, ¢ € U, with 2(q1), (2,¢) and z(q2)., (2,¢) being
starlike univalent. Suppose that q1 satisfies (2.3) and qz satisfies (2.8). If f € AZ,

m—+1,n
D e 2 € H*[q(0,),1,(] N Q* and Y} (a, B, 4 2,C) s as defined in (2.4)
DRI (=0 < 't A

univalent in U x U, then

aqr (2,0) + B (a1 (2,0))° + pz (@) (2,0) == ¥3"™ (v, B, 113 2, C)
<< Qg2 (27 C) +8 (qQ (27 C))z + pz (q2)/z (27 C) )

for a,u, B € C, u+#0, implies

DRY™" f (2,¢)

DR;n,nf(Z,c) == Q2(27<); 66@;6#07

q1 (27C) <=

and q1 and qo are respectively the best subordinant and the best dominant.

For ¢1 (z,¢) = gigiz, g2 (2,¢) = %, where —1 < By < B; < A1 < Ay <1, we

have the following corollary.

Corollary 2.9 Let m,n € N, X\ > 0. Assume that (2.3) and (2.8) hold for

_ A A - « DRIV f(2.0)
@1 (2,¢) = <+—Bllj and g2 (2,¢) = <+Bz§’ respectively. If [ € AZ, W €

H*[q(0,¢),1,{]NQ* and
CH+ Az ny <C+A1z>2+ (A1 — By) (2

<< P\ (@, B, 15 2, Q)

Bz P\ (+Biz (C+ Bi2)°
<—|— AQZ <—|— AQZ 2 (AQ — BQ) CZ
<<OéC—f—BzZ+ﬁ<<—|—B22’) N (C+ Byz)*

for a,p, B € C, p#0, =1 < By < By < Ay < Ay < 1, where ¥\"" is defined in
(2.4), then

C+Arz | DRI (2,0) (4 A2

¢+ Bz DR f (z,¢) ¢+ Bz’

(+Aiz (+Asz
(+B1z and (+B2z

hence are the best subordinant and the best dominant, respectively.
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DR7n+1,n 2, & _ " —
Theorem 2.10 Let (Wfé(?) E’H(UXU),fEAC, zeU,(eU,6eC,

§#0,m,n €N, \>0 and let the function q(z,() be conver and univalent in U x U
such that ¢ (0,¢) =1, ¢ € U. Assume that

a+p zq;’z(z,<)>
Re( T eeo) " (2.11)

fora,BeC,B#0,2€U,(ecU, and

m—+1,n g
DR)\ ’ f(zvc)
DR{""f (2,0)

YY" (o, B 2,C) = (

DR} f (2,¢)
DRY™" f (2,¢)
DR f(2,¢) 68 DRYT"f(2,)

+0BA(n+1)(n+2) DR;"H’"f 0 - DRIF (2,0 (2.12)

An+1)

Na+582= ) 55+ 1) [ - A+ 2)

If q satisfies the following strong differential subordination

X" (@, 85 2,¢) << aq (2,0) + Bzd. (2, 0) (2.13)

fora,BeC,B#0,zcU, CeU, then

m-+1,n J
<DDR§T—ff((Z<)O> <<q(2(), 2€U, (€T, §€C, 6§40, (2.14)

and q is the best dominant.

. DRI (2,0
Proof. Let the function p be defined by p(z,() := (W) , 2 €U,
A J )

2#0,(eU, fe A?. The function p is analytic in U x U and p(0,¢) = 1.
We have

e = (PR O\ DR (0 (DR (a0
2 (%) DRTvnf (2,¢) DRT'H’"f (2,0) DRT’nf .0 ]

_ (PR 0\ DRY )
DR""f(2,¢) ) DRY™"f(2,)

2 (DR (2.0)) _ DRYFNF (2,0 2 (DRY (,0)),
DR f (,0) DRYf (5,0)  DRYf(2,0)
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By using the identity (2.1) and (2.2), we obtain

DRy (2,0 DR (2,0
’ = 4 A A
22, (2.0) ( DRYF(2:0) ) DRYFF(2,0)

. (1 —\n+ 1)) DRy f(2,¢)
A DR""f (2,()

DR f(2,€)

+n+1)

DR} f (2,¢)

1 —/\(n+2)]W+/\(n+1)( +2)W
1 DRm+1,nf (2,0) 2
_ X (W (2'15)
so, we obtain
m—+1,n B
o= (s [t

(n+1)[1=Xn+2) DRTJZH A C;

DRy f(2,¢

DRY™2f (2,) 1 DRy (2,0)
DRI f (2 ¢) A DRY™f(2,0)

By setting 6 (w) := aw and ¢ (w) := 3, it can be easily verified that 6 is analytic
in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
AlSO by letting @ (z,¢) = 2¢. (2,¢) ¢ (¢ (2, )) Bzq. (z,C), we find that Q (2,()
is starlike univalent in U x U.
Let 1 (2,¢) = 0(q(2,¢) + @ (2,¢) = aq (2,¢) + Bzq. (2,).
atp 2

(2,9) 24”5 (2,0)
WehaveRe( (10) Re( + q(zc))>0'

By using (2.16), we obtain

An+1)(n+2)

(2.16)

DRy f (z,<)>5

ap (2,Q) + fop, (2,0) = ( D )

DR} f (2,€)
DR} f (2,€)

DRY™2f(2,¢) 08 DRYTV"f(2,0)
DRy f(2,() A DRYf(2,0)

By using (2.13), we have ap (=, ) + 825, (2,€) << aq(z,¢) + B2d, (2,C)

_ m+1,n g
From Lemma 1.1, we have p (2,() << ¢(2,(),z € U, € U, i.e. (%{52)@) <=

q(2,0),2€U,(€U,5§ €C,d#0 and qis the best dominant. m

1-An+1)
A

N+ 68 +08(n+1)[1 = An+2)]

+08A(n +1)(n +2)
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Corollary 2.11 Let q(z,() = Az e U, (€U, -1<B<A<1 mmnceN,

~ (+Bz’
A > 0. Assume that (2.11) holds. If f € A? and
o, 052,0) =<« + ,

fora,feC, B#0, -1 < B < A<, where Y\"" is defined in (2.12), then

DRy (2,0 A
DRTF (=.0) (+ B2

5€C, 540,

(+Az

B is the best dominant.

and

Proof. For ¢(z,() = gigz, —1 < B < A <1, in Theorem 2.10 we get the
corollary. m

Corollary 2.12 Let q(2,() = (2fz)v ,m,n € N, X\ > 0. Assume that (2.11) holds.
If f € A and

o , C+2\", . ¢ (C+z\T
oo Bn 0 <o (2 05 ()
fora,peC,0<vy <1, B+#0, where p\"" is defined in (2.12), then

DRYr 20\ (cz)
A ) CtT=z
(DRT’”f(z,C)> - (c—z> P 0eh 7l

~
and (gfz) is the best dominant.

Proof. Corollary follows by using Theorem 2.10 for ¢ (z,¢) = (2f§)v, 0<vy <1
|

Theorem 2.13 Let q be convex and univalent in U xU such that q (0,¢) = 1. Assume
that

Re (gq; (Z,C)) >0, fora,f€C, B#0. (2.17)

B
« ( DRT TV f(z, g * N m,n . .
If f e AC,(WW) € H* [q(0,¢),1,{]NQ* and v\"" (o, B; 2,() is univalent

in U x U, where Y\"" (v, B; 2,C) is as defined in (2.12), then

aq(2,6) + Bzq. (2,¢) =< " (a, B; 2, () (2.18)
implies
DRy (2,0
A ) 77
q(2,<)<< (W) , 56@,57&0,26[],(6[], (219)

and q s the best subordinant.
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. DRI (2,0
Proof. Let the function p be defined by p(z,() = (W) , 2 €U,
A J )

240, (ecU,6€Cd#0,fc¢c .AZ. The function p is analytic in U x U and
p(0,0) =1.

By setting v (w) := aw and ¢ (w) := B it can be easily verified that v is analytic
in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since %((;((;g))) = 2. (2,(), it follows that

Re ('j;(gq(gﬁg;) — Re (%q; (2, <)) >0, for a,3€C, B #0.
Now, by using (2.18) we obtain

aq(z,¢) + B2q. (2,¢) <= aq(z,0) + B2¢. (2,(), z€U, (eU.

From Lemma 1.2, we have

DRy (2,¢) ) ’

Q(27<) —<-<p(27C): < DRT’nf(Z C)

2€U,¢eU,§ €C,§+#0, and q is the best subordinant. m

Corollary 2.14 Let q(z,() = gigz, 1< B<A<1,2ze€U (eU, mn¢€N,

DRY .0\ °
A > 0. Assume that (2.17) holds. If f € AZ, (W) e H* [q(0,0),1,NQ%,
e

0€C,d+#0 and

§+Az+ﬁ(A—B)Cz

a<+BZ (C+Bz)2 **1/6\’ (a7ﬁ;27<)7

fora,f€C, §#0, -1 <B<A<1, where \"" is defined in (2.12), then

C+ Az . DRy f(2,¢)
¢+ Bz DR f (2,¢)

)
) 5€C, 540,

and gigi is the best subordinant.

Proof. For ¢(z,¢) = gigz, —1 < B < A <1, in Theorem 2.13 we get the
corollary. m

Corollary 2.15 Let q(z,() = (2fz)v ,m,n € N, X\ > 0. Assume that (2.17) holds.

* DRYHL™ Z5 0 * *
11 f e A (S} €17 1a(0,),1,( N Q" and

A\ I C 2 2\
a(gi—z) +ﬂ(Ci<z)2 (gi—z) <= YN (o, B, 13 2,€),
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fora,f€C,0<~y<1, 3 #0, where Y\"" is defined in (2.12), then

5
¢+ z)” DRy f (2,Q)
<<=, 6€C, §#£0,
(C_Z DR)\1 f(ZaC)
and (g‘:)’y is the best subordinant.

.
Proof. Corollary follows by using Theorem 2.13 for ¢ (z,¢) = (g‘:) ,0<y <1,
[

Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich
theorem.

Theorem 2.16 Let ¢, and gz be convex and univalent in U x U such that g, (z,¢) # 0
and gz (2,() # 0, for all z € U, ¢ € U. Suppose that q; satisfies (2.11) and qo satisfies

mAln g é
(2.17). If f € A, (%) € H*[g(0,¢),1,{]NQ* , 6 €C, 6 #0 and
Y (o, B 2,C) is as defined in (2.12) univalent in U x U, then
aqi (2,¢) + Bz (@)% (2,¢) << 3" (@, B; 2,¢)
=< aqz (Zuc) + ﬁZ (q2)/z (Zvc) )
for a,p € C, B #0, implies

m—+1,n J

2€U, CeU,5€C,d+#0, and qi and q2 are respectively the best subordinant and
the best dominant.

For ¢1 (2,¢) = gigii, a2 (2,¢) = Ei’éjj, where —1 < By < By < A1 < Ay <1, we

have the following corollary.

Corollary 2.17 Let myn € N, A\ > 0. Assume that (2.11) and (2.17) hold for
m—+1,n é
@1 (2,¢) = iz ond g2 (2,¢) = (A2 respectively. If f € AZ? (*DR* f(z’C)) €

¢+Bi1z (+B2z’ DR f(2,0)
H*[q(0,¢),1,¢{]NQ" and
aC"FAlZ (Al—Bl)CZ
(+Biz (C+ By2)?
C+Asz (Ay— Bo)(z
¢+ Baz (C+ Byz2)®

fora,B€C, 8#0, -1 < By < By < A1 < Ay <1, where " is defined in (2.4),
then

<<\ (o, By 13 2,C)

<<« zeU, CeU,

(+ Bz DR"™ f (z,¢) C+ Bez’

z € [ii, CelU,0€eC,$ #ZO, hence gigiz and gigzz are the best subordinant and the
est dominant, respectively.

4
C+A (DRT“’”J“ (z,o) L St
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Majorization problems for classes
of analytic functions

J. Dziok, G. Murugusundaramoorthy and T. Janani

ABSTRACT: The main object of the present paper is to investigate
problems of majorization for certain classes of analytic functions of com-
plex order defined by an operator related to the modified Bessel functions
of first kind. These results are obtained by investigating appropriate class
of admissible functions. Various known or new special cases of our results
are-

AMS Subject Classification: 30C45, 30C80, 33C10.
Keywords and Phrases: analytic functions, starlike unctions of complex order, quasi-
subordination, majorization, modified Bessel functions

1 Introduction

Let A be the class of functions of the form
o0
f(2) :z—|—2anz”, (1.1)
n=2

which are analytic in the open unit disk U= {z € C: |z| < 1}.
For given ¢g(z) = z + Y b,2™ € A the Hadamard product of f and g is denoted
n=2
by

(f*9)(2) =2+ anbp2", z€U. (1.2)
n=2

Note that f *x g € A which are analytic in the open disc U.

We say that f € A is subordinate to g € A denoted by f < g if there exists a
Schwarz function w which is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U,
such that f(z) = g(w(z)) for z € U.

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Note that, if the function g is univalent in U, due to Miller and Mocanu [9], we
have

f(2) < g(z) <= [f(0) = g(0) and f(U) C g(U)].

If f and g are analytic functions in U, following MacGregor [8], we say that f is
majorized by ¢ in U that is f(z) < g(z) if there exists a function ¢, analytic in U,
such that

|¢(2)] <1and f(z) = ¢(2)g(2), z€U.

It is of interest to note that the notation of majorization is closely related to the
concept of quasi-subordination between analytic functions.

Let C*(7y) denote the class of starlike functions of complex order v (v € C\ {0}),
satisfying the following condition

f(2)

z

2f'(2)
f(2)

#Oandﬂ?<l+1[ —1}>>0,26U
Y

In particular, the class
S*(a, \) 1= C*((1 — a)cosh e™™), |A| < g; 0<a<l

denotes the class of A\-spiral function of order « investigated by Libera [6]. Moreover,
the classes

S*(A) :=8%(0,)), S*(a) := S§*(a,0)

are the class of spiral functions introduced by Spacek [12] (see also [13]) and the class
of starlike functions of order «, respectively. For o = 0, we obtain the familiar class
S* := §*(0) of starlike functions.

We recall here a generalized Bessel function of first kind of order p denoted by
Wy b,e =: w defined in [1] and given by

3 (=1)" ¢ AR c (13
w(z) = wppel?) _n;n! T(p+n+(b+1)/2) (5) » 2€ (1.3)
which is the particular solution of the second order linear homogeneous differential
equation

22w (2) + b2w? — [p* + (1 — b)Jw(z) = 0, (1.4)

where b, p, c € C, which is natural generalization of Bessel’s equation.

The differential equation (1.4) permits the study of Bessel function, modified
Bessel function, spherical Bessel function and modified spherical Bessel functions all
together. Solutions of (1.4) are referred to as the generalized Bessel function of order
p. The particular solution given by (1.3) is called the generalized Bessel function of
the first kind of order p. Although the series defined in (1.3) is convergent everywhere,
the function wy p . is generally not univalent in U.

It is of interest to note that when b = ¢ = 1, we reobtain the Bessel function of
the first kind wp 11 = jp, and for b = 1,¢ = —1 the function wy1,—1 becomes the
modified Bessel function I,. Further note that b = 2 and ¢ = 1 the function w21 (%)
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reduces to \/% Jp(%) becomes the spherical Bessel function of the first kind of order

p. Now, we consider the function wuy,p .(2) defined by the transformation

b+1 T
Up be(2) = 2PT (p + 2> 2172 Wpbe (V2).

By using well known Pochhammer symbol (or the shifted factorial) defined, in terms
of the familiar Gamma function, by

_ I'la+n) ! (=0,
R T
ala+1)(a+2)---(a+n—-1) (n=1,2,...).

We can express Upp(z) as

Up,b,c(2 —Z+§:

where m = p+ % ¢ Z; . This function is analytic on C and satisfies the second-order
linear differential equation

0/4 n n+l

)
) nl

(1.5)

4220 (2) + 2(2p + b+ 1)/ (2) + czu(z) = 0.
Now, we consider the linear operator
Brf:A>A
defined by

4
By f(2) = upp.e(2) =z+ Z C/ an+1 2 e, (1.6)

where m = p+ 1 ¢ Z7 . It is easy to verify from the definition (1.6) that

2B 11 f(2)) =mBr, f(2) — (m = 1)B7, 11 f(2). (1.7)
We recall the special cases of BS,— operator due to Baricz et al [3].

e Setting b =c¢ =1 in (1.6) or (1.7), we obtain the operator J, : A — A related
with Bessel function, given by

> 1/4)"
Tpf(2) = zup1,1(2) * - Z p+1/ jan+1 2 oz eU (1.8)

and its recursive relation

W(Tp1f(2)) = (p+ V)T f(2) = pTpa f(2), z€U.
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e Setting b =1 and ¢ = —1 in (1.6) or (1.7), we obtain the operator Z, : A — A
related with modified Bessel function, given by

oo

(1/4)"
T, f(2) = zup1,—1(2) * —Z+Z p—l—l/ jan+1 2 2 eU (1.9)

and its recursive relation
2(Tp1 f(2)) = (p+ DI, f(2) — pLpy1f(2), z€U.

e Setting b =2 and ¢ =1 in (1.6) or (1.7), we obtain the operator K, : A — A
related with spherical Bessel function, given by

Kpf(z) = zupai(z) % f(2) = 2 + Z %anﬂ T 2 eU (1.10)

and its recursive relation

Ky fR)) = (04 DS (2) — 0+ Kpaf(2), €U

2

It is of interest to note that the function B¢, given by (1.6) is an elementary
transformation of the generalized hypergeometric function, i.e it is easy to see that
BS,f(2) = z oF1 (m; 582) * f(2) and also upp o (=22) * f(2) = 2 oF1(m; 2).

The generalized Bessel function is a recent topic of study in Geometric Function
Theory (e.g. see the work of [1, 2, 3]). Using the B¢, — linear operator due to Baricz
et al [3] given by (1.6), we now define the following new subclass of .A.

Definition 1 A function f(z) € A is said to be in the class S5, (A, B;7v), if

B¢ ! 1+ A
1+|: ( m+1f<z)) _1:| = + Z’ (1.11)
v 7B ) 1+ Bz
where =1 < B< A<1;v,eemeC, v#0, m=#0,—-1,-2,....
In particular, the class
S(7) =8, (L —1;y),
denote the class of functions f € A satisfying the following condition:
1 [2(Br41f(2))
3%(1+{m+—1 >0, zeU. 1.12
3 L) (112

Moreover, let us denote
SE(a, \) =S5 (1 — a)cosh e™™), 8C(a) = S5 (a,0), |A| < g; 0<a<l.

Majorization problems for the class $* had been studied by MacGregor [8]. Re-
cently Altintas et al. [4] investigated a majorization problem for the class C*(y) and
Goyal and Goswami [5] generalized these results for the class of analytic functions
involving fractional operator. In this paper we investigated a majorization problem
for the class 8¢, (A, B;~y) associated with Bessel functions and point out some special
cases of our result.



Majorization problems for classes of analytic functions 53

2 The main results

First we show that the class S¢,(A, B;~) is not empty.

Theorem 1 A function f € A of the form (1.1) belongs to the class S5,(A, B;~) if
it satisfies the condition

Z dn |an| S (B - A) h/| ’ (21)

n=2

(lel/H" " H{B+)(n-1)+ B - A) [}
|(m)n—1| (Tl - 1)' ,

Proof. A function f of the form (1.1) belongs to the class S5, (A, B;~) if and only

if there exists a function w, |w(z)| <|z| (z € U), such that for z € U we have

1 [2(B5,1f(2) 14 Aw(z)

14 = | ol g = 2
7L BL () 1+ Buw(z)

where

dy = =2,3....

or equivalently

2(B41£(2)) = Bl 1 f(2) = w (2) {B2(B], 11 f(2)) + (B — A)y — B B7, 1 f(2)} -

Thus, it is sufficient to prove that for z € U we have

‘Z(%fnJﬂf(Z))/ +1f | {Bz +1f(z)) +[(B—A)y—B]B +1f( )‘

Indeed, letting |2| =7 (0 <r < 1) and o, = % we have

‘z(%ﬁl+1f(z))/ +1f | - !BZ m+1f(z)) +[(B—A)y— B] m+1f( )‘

= i (n—1)apapz"|—|(B—A)yz — i (Bn+ (B — A)y — B) apa,z"
n=2 n=2

0o 00
<Y (=1 an]lan] " = (B=A) ]y + D (Bn+ (B = A) [y| = B) |an||an| "
n=2 n=2

< Zdn |an| Tt — (B-A)|n| <0,

whence f € S¢,(A,B;~). B

Remark 1 By Theorem 1 we see that a function f of the form (1.1) belongs to the

class 8S,(A, B;~y) if it has "sufficiently small” coefficients. In particular, the functions
f(z)=z+az", z€U,

where .
a] < (el /9" {B+1)(n—1)+ (B - A) |y}
- [(m)n| (n)! (B —A) |y
belong to the class S, (A, B;~y). The convex combinations of these functions belong to
the class S, (A, B;7y) too.
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Theorem 2 Let f € A and suppose that g € S, (A, B;~y) with |m| > |y(A—B)+mB].
If B¢, .1 f(2) is majorized by B, ,19(z), then

where r1 is the smallest positive Toot of the equation
V(A — B) + mB|r® — (Im| +2|B|)r* — (|7(A — B) + mB| +2)r +|m| =0. (2.3)

Proof. Since g € S5, (A, B;7), we find from (1.11) that

c /
14+ (z(%],”“g(z)) - 1> _ 1t dulz) (2.4)
T\ B9(2) 1+ Buw(z)
where w is analytic in U, with w(0) and |w(z)| < |z| for all z € U.
From (2.4), we get
2(B7119(2))" _ 1+ [v(A— B) + Blw(z) 25)
B 19(2) 1+ Bw(z) ' '
Now, by applying the relation (1.7) in (2.5), we get
m®B;.9(z) _ m+ [y(A—B) +mBJw(z) (2.6)
BE,119(2) 1+ Bw(z) '
which yields that,
. m| |1+ |B||z .
8, 1000)] < o EHBEL e ). (.7

= Im[ = ](A—=B)+mB| ||

Since B¢, . | f(2) is majorized by B¢, ,g(2), then there exist a function ¢ analytic in
U, with ¢(0) and |¢(z)| < |z| for all z € U, such that

B f(2) = 0(2)B7,419(2)-

By differentiating with respect to z we get

2(Br 41 f(2)) = 20"(2)B7,119(2) + 26(2)(B7,119(2)) (2.8)
Noting that the Schwarz function ¢ satisfies (cf. [10])
/ 1-— 2
o )] < 5 (29)

and using (1.7), (2.7) and (2.9) in (2.8), we have

L= 6P (1Bl I+ ol
1—1z]2 |m|—|v(A-B) +mB|z|) 1B5,9(2)],

%;ﬂ@|§<W@)+
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Setting |z| = 7 and [¢(2)] = p, 0 < p < 1 the above inequality leads us to the
inequality

B < F (prr) 135,002 (2.10)
where
_ 2(p)
P = = = (= B + B
with

®(p) = —p*(L+|B|r)r + p(1 —1?) (|m| — [mB +~v(A = B)|r) + (1 + |B|r).

It is clear that if

(1 =72 (|m| — |mB +~v(A - B)|r)
201+ |B[r)r =1,

then the function ® takes its maximum value in the interval (0, 1) at p = 1. Since the
above inequality holds for 0 < r <1y = r1(7, A, B), where r; is the smallest positive
root of the equation (2.3), then there is 0 < F(p,r) < F(p,1) =1 for r € (0,71) and
p € (0,1). This gives (2.2) and completes the proof. W

Putting A =1, B = —1 in Theorem 2, we have the following corollary:

Corollary 1 Let f € A and suppose that g € S5, (y) with |m| > |2y — m|. If
B 1 [ (2) is majorized by B, 19(2), then

1B5.f(2)] < [Br.g(2)l, |2 < 72, (2.11)
where ro is the smallest positive root of the equation
12y —m|r® — (Jm| +2)r* — (|12y = m| + 2)r + |m| = 0, (2.12)

given by

Kk — /K2 —4|m| |2y — m)|
2|2y — m)|

ry = o &= (Iml +2) + |2y —m]|.

Putting v = (1 — @)coshe™™, |A| < 2; 0 < o < 1, in corollary 1, we have the
following corollary.

Corollary 2 Let f € A and suppose that g € S&,(a, \) with |m| > |2(1—a)cosAe™* —
m|. If B 1 f(z) is majorized by By, 19(2), then

|B7 1 f(2)] < IB09(2)], 2] <73, (2.13)
where r3 is the smallest positive Toot of the equation

2(1 — @)coshe™ ™ —m|r® — (Im| +2)r® — (|2(1 — @)coshe™ ™ —m| +2) r + |m| = 0,
(2.14)
given by

5 — \/(52 —4|m| 12(1 — a)coshe™* —m

= , 2.15
"3 22(1 — a)coshe™** —m)| (2.15)
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and

8= (Im|+2) +2(1 — a)coshe™ ™ —ml.
Further, by taking A = 0 we obtain the next corollary.

Corollary 3 Let f € A and suppose that g € S5, (o) with Rem > 1—a. If B¢ ., f(2)
is magjorized by B 19(z), then

IB5 f(2)] < Brg(2)] [2] < 14y (2.16)
where
5~ /0> — alm| 201 — @) — m|
"= 212(1 — ) — m]
and

d=(m|+2)+2(1 — o) — m].
For a« =0 and m =1 Corollary 3 reduces to the following result.

Corollary 4 [8] Let f € A and suppose that g € S§(0). If BSf(z) is majorized by
59(2), then
1B1f(2)] < [Big(2)], [2] <75, (2.17)

where r5 := 2 — V3.

Concluding Remarks: Further specializing the parameters b, ¢ one can define
the various other interesting subclasses of S¢ (A, B;+), involving the types of Bessel
functions as stated in equations (1.8) to (1.10), and one can easily derive the result
as in Theorem 2 and the corresponding corollaries as mentioned above. The details
involved may be left as an exercise for the interested reader.
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1 Introduction
Let M denote the class of functions which are analytic in D = D(1), where
D(r)={2e€C:0<|z|<r} (re(0,1])

and let M* (k € Ny := {0,1,2,...}) denote the class of functions f € M of the form
1 o0

_ = ey D). 1

)=+ Y w (=€) )

Moreover, let M := M. Also, by Ty (0 € R) we denote the class of functions f € M
of the form

&) =243 jal (zeD). e
n=0

The class Ty is called the class of meromorphic functions with fixed argument of
coefficients. For # = 7 we obtain the class T of meromorphic functions with negative

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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coefficients. Classes of functions with fixed argument of coefficients were considered
in [1, 2, 3, 4].
A function f € M is said to be convezr in D(r) if

2f"(2)
e > <0 (z€D(r)).

A function f € M is said to be starlike in D(r) if
2f'(2)
f(z)

Let B be a subclass of the class M. We define the radius of starlikeness of order
« and the radius of convezity of order « for the class B by

Re (1+

Re

<0 (z2€D(r)). (3)

R;,(B) = }1612 {sup{r € (0,1] : f is starlike in D(r)}},
RS(B) = JicnfB {sup{r € (0,1] : f is convex in D(r)}},
€
respectively.
Let functions f, F' be analytic in & := DU{0}. We say that [ is subordinate to

F, and write f(z) < F(z) (or simply f < F), if and only if there exists a function w
analytic in U, |w(z)| < |z| (2 € U), such that

fz) = F(w(z)) (z€U).

In particular, if F' is univalent in U, we have the following equivalence:

f(z) < F(z) <= f(0) = F(0) and f(U) C F(U).
For functions f,g € M of the form
flz) = Z anz" and g(z) = i bn2",
n=—1 n=—1
by f * g we denote the Hadamard product (or convolution) of f and g, defined by
(f*g)(2) = i anbp2" (2 €D).
n=—1

Let ¢ € M* be a given function of the form
1 o0
== 2" D; a, >0, n=Fkk+1,...). 4
o(2) Z—|—nz:;€o¢z (2z€D; a, >0, n + ) (4)

Assume that A, B are real parameters, —1 < A < B <1, (cosf <0 or B # 1).
By M¥ (¢; A, B) we denote the class of functions f € M* such that

1+ Az

20+ ) () < e 5)
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Now, we define the classes of functions with fixed argument of coefficients related
to the class M¥ (¢; A, B). Let us denote

M5 (95 A, B) == To N M"* (p; A, B), M (¢;A,B) := M (p; A, B).

In the present paper we obtain coefficient estimates, distortion theorems, inte-
gral means inequalities, and the radii of convexity and starlikeness for the class
ME (p; A, B). We also derive convolution properties for the class of functions.

2 Coefficient estimates

Before stating and proving coefficient estimates in the class M (¢; A, B) we need the
following lemma.

Lemma 1 [6] Let f be a function of the form

f(Z) = Z anz",

n=0

which is analytic in D. If f < g and g is convex univalent in U, then
lan| <1 (neN).
Theorem 1 If a function f of the form (1) belongs to the class M (p; A, B), then
B-A

lan| < (n=0,1,...), (6)

n

The result is sharp.

Proof. Let a function f of the form (1) belong to the class M (¢; A, B) and let us

put
g(z) = zlpxf)(2) -1 and h(z) = - +ZBz'

A-B
Then, by (5), we have g < h. Since the function g is given by

) an, .
g(z):ZA_Ba”Z +1
n=0

and the function h is convex univalent in U, by Lemma 1 we obtain

an

Thus we have (6). The Equality in (7) holds for the functions g, of the form

gn(2) = h(z"T) =2"T 4 N b (n=0,1,...),
j=n-+2
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for some b; (j =n+2,n+3,...). Consequently, the equality in (6) holds true for the
functions f, of the form

1 A-B . A-B ;
fnlz)=—-+ 2"+ Z —bj112) (n=0,1,...).

z o
" Jj=n+1 J

Theorem 2 If a function f of the form (2) belongs to the class M5% (¢; A, B), then

> anlan| < 6(6; A, B), (8)
n=~k
where B_A
0(0; A, B) := — (9)

\/1—BQSin29—BCOSH'

Proof. Let a function f belong to the class M5 (¢; A, B). Then, by (5) and the
definition of subordination, we have

14 Aw(z)

Z(SD*f)(Z)—HTw(Z),

where w(0) = 0 and |w(z)| <1 for z € U. Thus we obtain

|z(px f)(2) =1 < |Bz(p = f)(2) = A] (2€D).

Hence, by (2), we have

Z anlan|z"| < |B — A+ Be'? Z anlan|2" T (2 € D). (10)
n==k n=k
Putting z =r (0 < r < 1), we find that
|w| < |B — A+ Bwe®|, (11)

where, for convenience,
o0
w= E Q||
n==k

Since w is a real number, by (11) we have
(1 - B)w? — [2B(B — A)coslw— (B — A)* < 0.
Solving this inequality with respect to w, we obtain

Z an\an\r""‘l < 6(6; A, B),
n=~k

which, upon letting r — 17, readily yields the assertion (8) of Theorem 1. W
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Theorem 3 A function f of the form (2) belongs to the class ME (p; A, B) if and
only if
- B-A
> o lan| < 118 (12)
n=k
Proof. By virtue of Theorem 1, we only need to show that the condition (12) is

the sufficient condition. Let a function f of the form (2) satisfy the condition (12).
Then, in view of (10), it is sufficient to prove that

)
Z O‘n|an|zn+1
n=~k

Indeed, letting |z| = (0 < r < 1), we have
B—-A-B Z ozn\a"|z”+1

o0
Z ozn\a"|z”+1
n==k n=k

< (Z an|an|r"+1> — <B —A-B Z an|an|r"+1>
n=~k

n=k

o0
B-A-B Z Qa2

n==k

<0 (ze€D).

< (1+B)Zan‘an‘ —(B-4)<0,
n=~k

which implies that f € M~ (p;A,B). R
Theorem 2 readily yields
Corollary 1 If a function f of the form (2) belongs to the class M5 (; A, B), then
4(6; A, B)
an

where §(0; A, B) is defined by (9). The result is sharp for @ = w. Then the functions
fn of the form

lan| < (n=kk+1,...), (13)

B-A

are the extremal functions.

3 Distortion theorems

From Theorem 2 we have the following lemma.

Lemma 2 Let a function f of the form (2) belong to the class M5 (¢; A, B). If the
sequence {ay,} defined by (4) satisfies the inequality

ap<a, (m=kk+1,...), (15)
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then
(oo}
0(0; A, B
> fan] < WOAB)
n==k k
Moreover, if
nap <a, (k>1, n=kk+1,...), (16)

then
0(0; A, B)
Zn\an| <

Theorem 4 Let a function f belong to the class ME (p; A, B) . If the sequence {a, }
defined by (4) satisfies (15), then

1 4§(6;A,B 1 §(0;:A,B
f—grkg\f(zﬂgf—&—yrk (lzl=r<1). (17)
r (677 T A
Moreover, if (16) holds, then
1 ké(6;A,B) b1 1 ké(6;A,B) ;4
- _ 2 < I S kit e = .
5 - e F@ s+ PERE e oy

The result is sharp for 8 = 7, with the extremal function fi of the form (14).

Proof. Let a function f of the form (2) belong to the class M5 (¢; A, B), |2| =7 <

1. Since
1 ) j— j—
@I = |3+ | < Dt P lanlr” < T 3
n=~Kk n= n=~Kk

and

FE =5+

P a2 D=} lan" = D=} anl,
n=k " n=k " n=k

then by Lemma 2 we have (17). Analogously we prove (18). H

4 Integral means inequalities

Due to Littlewood [7] we obtain integral means inequalities for the functions from the
class M5 (¢; A, B) .
Lemma 3 [7]. Let function f, g be analytic inU. If f < g, then

2 27

/|f(re“)|/\dt§/!g(reit)f)\dt 0<r<1, A>0). (19)

0 0
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Silverman [8] found that the function

g(z):z—% (z € D),

is often extremal over the family of functions with negative coefficients. He applied
this function to resolve integral means inequality, conjectured in [9] and settled in
[10], that (19) holds true for all functions f with negative coefficients. In [10] he also
proved his conjecture for some subclasses of 7.

Applying Lemma 3 and Theorem 2 we prove the following result.

Theorem 5 Let the sequence {ay,} defined by (4) satisfy the inequality (15). If f €
MY (; A, B), then

2m ™
/]f(re”)‘Adt < / g dt (0 <r <1, A>0), (20)
0
where ) 5(6- A B
g(z) = -+ ei("M (z € D).
z (67}

Proof.  For function f of the form (2), the inequality (20) is equivalent to the

following:

By Lemma 3, it suffices to show that

A 2 A

1+6192|a Fiak dtg/’1+ewwz dt.

«
n=0 0

= 0; A, B
> fa 2t < OB, (1)
7))
n=0
Setting
o n
w(z) Za(e-j 7o 1 (zeD)
:O b )

and using (15) and Theorem 2 we obtain

|_Z59AB —|Z|Z5,9AB|GH|<|Z| (z€D).
Since
EZWL 1 OAD) o) e,
&

by definition od subordination we have (21) and this completes the proof. W
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5 The radii of convexity and starlikeness

Theorem 6 If a function f belongs to the class M}g (p; A, B), k > 1, then f is
starlike in the disk D(r*), where

= nf [ — o 22
T rlzgk(né(H,A,B)> (22)

and §(0, A, B), {an} are defined by (9) and (4), respectively. For 6 = 7, the result is
sharp, that is
R* (./\/lf, (¢; A, B)) =r*.

Proof. A function f € M¥ of the form (2) is starlike in the disk D(r) if and only if
it satisfies the condition (3) or if

FEe-rm| < EEPu) =
Since
et 3 n an| 2" > n ap|[2["
S| Ek( +1) |an)| _ Ek( +1) lan||2]
2f'(z) — f(2) 2 _ i i(n_l) lap| 2 9 f(n—l) |an| |2
n==k n=~k

putting |z| = r the condition (23) be true if

oo

Zn|an|r"+1 <1 (24)

n=~k

By Theorem 2, we have
o0 an
2 4 5 on| <1,
25 am "=
n=~k
Thus, the condition (24) be true if

ntl o On - 1.
nr = 30.4B) (n=kk+1,..),

that is, if

dn = kok+1
< | — =
r(né(@,A,B)) (n=kk+1,..)

It follows that each function f € M¥ (¢; A, B) is starlike in the disk D (r*), where r*
is defined by (22). For 6 = 7 the functions f,, of the form (14) are extremal functions.
|
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Theorem 7 If a function f belongs to the class M (; A, B), then f is convex in
the disk D(r¢), where

. i Qp i
" sk <n25(9,A, B)>
and §(0, A, B), {an} are defined by (9) and (4), respectively. For 6 = =, the result is
sharp, that is,
R° (M3 (¢ A, B)) =

Proof. The proof is analogous to that of Theorem 4, and we omit the details. W

6 Cnonvolution properties

Let

1 e n 1 i3
§ " ) E bn n cD). 25
Z) = *Z—f-e k|a |Z g(Z) +e | ‘Z (Z ) ( )

We define modified Hadamard product for the functions f, g as follows:
g f—Zme " (D).

Theorem 8 Let f € M) (p;A,B) and g € Mj(y;C,D). Then f ® g €
ME (px; E, F), whenever

§(r, E,F) > 8(a, A, B)5(3,C, D). (26)

Proof. Let

1 oo
== " e D; >0, n=kk+1,..
—+ ) Bu" (€D B, >0, n=kk+1,.)

and let functions f,g of the form (25) belong to the classes M (¢; A, B) and
/\/lg (v; C, D), respectively. From Theorem 2 we have

Za \an|<1 ZéﬂCD)|b|<1

Thus, by (26) we obtain

Oénﬁ anﬁ
<
Zk(s 7y 400! Zda 4, B)3(5:C, D) ™! o

—Za AB |a”|zaﬂ,01))|b|<1

Applying Theorem 3 we get f ® g € MF (p*; E,F). A
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Theorem 9 Let the sequence {a,} defined by (4) satisfy the inequalities (15). If
frg € Mk (p;A,B), then f ® g € ME (¢;C, D), whenever

(D—C)ag > (1+D)[6(0, A, B)>. (27)

Proof. Let a functions f, g of the form (25) belong to the class M~ (p; A, B). Then
by Theorem 2 we have

25 |an|<1 25 |b|<1

Thus, by the Cauchy-Schwarz inequality we obtain

Z 50 A ) Vianb,| <1. (28)

We have to prove that

o0
Zan

Therefore, by (28) it is sufficient to show that

|an | < 1.

1+D
_t >
D_c lmbnl = 3(0, A, B) [anbn| (n>2)

or equivalently

D_C
Vianbnl < a5y a 3 22

From (28) we have
V]anbn| < (6,4, B) (n>2).
Qn

Consequently, we need only to prove that

D-C _ (6.4, B)
(1+D)3(6,A,B) =  an

(n>2),

and this inequality follows from (27) and (15). W
We note that for functions f € M¥ (p; A, B) and g € ME__ (¥;C, D) we have
f*xg=f®g. Thus from Theorem 8 obtain following corollary.

Corollary 2 If f € ME(p;A,B) and g € ME__ (¥;C,D), then f x g €
ME (@ *4p; E,F), whenever

o(m, B, F) > (o, A, B)d(m — o, C, D).

Putting # = 7 in Theorem 9 we obtain following corollary.
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Corollary 3 Let the sequence {ay,} defined by (4) satisfy (15). If f,g € ME (p; A, B),
then f ® g € ME (p;C, D), whenever

(D—-C)(1+B)*ap> (1+D)(B—A).
Putting C = A and D = B in Corollary 3 we obtain following corollary.

Corollary 4 Let the sequence {ay,} defined by (4) satisfy (15). If f,g € M* (p; A, B),
then f ® g € M~ (¢; A, B) , whenever

>B—A
w=97g"

Since for « = f = 7w, E = A and F = B the condition (26) is true, then from
Theorem 8 we have following corollary.

Corollary 5 If f € ME (¢; A, B) and g € Mk (4;C, D), then

f®ge ME(pxy; A, B)NnME (oxy;C, D).
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ABSTRACT: We propose a method of solving the problem with non-
homogeneous integral condition for homogeneous evolution equation with
abstract operator in a linear space H. For right-hand side of the integral
condition which belongs to the special subspace L C H, in which the vec-
tors are represented using Stieltjes integrals over a certain measure, the
solution of the problem is represented in the form of Stieltjes integral over
the same measure.

AMS Subject Classification: 35M10, 35M20
Keywords and Phrases: differential-symbol method, evolution equation, problem with
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1. Statement of the problem.

The significant place in the research on problems for evolution equations in Banach
spaces is taken by the semigroup theory (see, e.g., [2, 1, 3, 4]).

In the recent years, problems with integral conditions have been intensively studied
while investigating the process of diffusion of particles in a turbulent medium, pro-
cesses of heat conduction, moisture transfer in capillary-porous media, problems of
describing the dynamics of population abundance as well as problems of demography
(see, e. g., works [8, 9, 5, 6, 7, 10]).

Let A be a given linear operator acting in the linear space H and, for this operator,
arbitrary powers A", n = 2,3,..., be also defined in H. We consider the problem

{jt - a(A)] U(t) =0, te(0;h), (1)

h
/U(t)dt = o, (2)
0

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
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where ¢ € H, (0,h) CR, h >0, U: (0,h) — H is an unknown vector-function, a(A)
is an abstract operator with analytical on A C C symbol a()\) # const.
Let n(A) be the entire function

expla(A\)h] —1
)\ = -
nn) = SRS Q
and P be the set of zeros of function (3). If a(Ag) = 0, then we assume that n(A\g) = h.

Hence, A\ ¢ P.
Denote by z()) the eigenvector of the operator A, which corresponds to its eigen-
value A € A C C, i.e. nonzero solutions in H of the equations

Az(N) = Az(N\), A€ A.

If A is not an eigenvalue of the operator A, then we assume z(A) = 0.
Consider an analytical on A function

a(\) = Z ap A",
n=0
which would be a symbol of the abstract operator
a(A) = Z an A",
n=0

in general, of infinite order, assuming that

2. Constructing the formal solution of the problem.

In this section, we propose a method of solving the problem (1), (2).

Definition 1. We shall say that vector ¢ from H belongs L C H, if on A there exist
depending on ¢ linear operator R,(\) : H — H, A € A, and measure fi,(\) such that

o= / R, (NN dpg (M. (4)
A

Lemma 1. On the set A* x (0,h), A* = A\ P, the following identity holds:

d expla(N)t]
— —a(A —————x(\) =0.
] {55 ©)
Proof. As supposed, for the operator A, arbitrary powers A", for n = 2,3,..., are

defined in H. Then for any A € A* and ¢t € (0, h) we have
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This completes our proof.

Theorem 1. Let in the problem (1), (2), the vector ¢ belong L, i.e. ¢ can be
represented in the form (4). Then the formula

_ explaN)1]
U = A/ R0 { S L e, ©)

defines a formal solution of the problem (1), (2).

Proof. According to the formulas (6), we have:

From the identity (5) we obtain
i )| U0 = [ 7o) ) dugl)
A*

Since the operator R,(\) is linear, the last integral is equal to zero, i.e. U(t)
formally satisfies the equality (1).
We shall prove the realization of integral condition (2) using fomula (4):

/hU(t)dt :/h (/Rw()\) {Wz()\)} duw(A)> dt
0 0 A*

)
- /Rw()\) {77()‘)95@)} dpp(N) = /R¢(A)w(/\) dig(X) = @
i

A*

This completes our proof.
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Remark. The formula (6) defines a solutions of the problem (1), (2) just formally,
since the following equalities are not justified:

4] f s {8

_ / Ry {dtaw} {oRe e} . g
/h [ o {0 i) )
0 A*
- / Rm){ /O ' medt} djip(N)- (8)
{

We do not prove the existence of the Stieltjes integrals in the equalities (7) and
(8) as well.

3. Problem with integral condition for partial differ-
ential equation.

In this section, we shall give the example of using an abstract approach to solving the
problem for the partial differential equation

{gt—a<;x>} U(t,z) =0, te€(0;h), x€R, (9)
/hU(t,as)dt =p(z), z€R, (10)

0

where a( 88 ) is an operator generally of infinite order with entire symbol a(\) # const.

The problem (9), (10) has been studied in the work [11] by means of the
differential-symbol method [12, 13]. We shall represent this problem as problem (1),
(2), in which A = 4L exp[Az] is an eigenfunction of the operator A, H is a class of
entire functions, L = K}, is a class of quasipolynomials

ZQJ ) expla;z], (11)

where a; € M C C, a; # oy for] #k, xR meN; Qizx), j =1,m, are
polynomials with complex coefficients.
As a measure u(\), take the Dirac measure. From the representation (4) we obtain

@(r) = Ry(A) exp[Az] o’
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Ry(A) =¢ <ddA) :

Each quasipolynomial ¢(z) of the form (11) defines a differential operation ¢ (%)
of finite order on the class of entire functions ®(\), namely

() 20 =20 (35) o0+

¢ (45) 200

From formula (6), we obtain the representation of the solution of problem (9),

(10) in the form
Ult,z) =¢ (CZ\) {W} A=0

moreover, this solution exists and is unique in appropriate class of quasipolynomials
of variables t, z, if at that ¢ € Kj;, where M = C\ P, P is the set of zeros of function

(3)-

from which it follows that

in particular,

_y 0, (55)em|

A=0 j=1

)\:Otj

)

Conclusions. In this work, we propose a method of solving a problem with non-
homogeneous integral condition for homogeneous evolution equation with abstract
operator in a linear space. The solution of the problem is represented in the form of
Stieltjes integral over a certain measure. We give the example of applying this method
to solving the problem with integral condition for partial differential equation.

In the future research, the subject of interest is the development of analogous
method of solving the problem for nonhomogeneous evolution equation.
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Some results on 2-absorbing ideals
in commutative semirings

Pratibha Kumar, Manish Kant Dubey
and Poonam Sarohe

ABSTRACT: In this paper, we study the concepts of 2-absorbing and
weakly 2-absorbing ideals in a commutative semiring with non-zero iden-
tity which is a generalization of prime ideals of a commutative semiring
and prove number of results related to the same. We also use these con-
cepts to prove some results of QQ-ideals in terms of subtractive extension
of ideals in a commutative semiring.

AMS Subject Classification: 16Y30, 16Y60
Keywords and Phrases: Semiring, subtractive ideal, 2-absorbing ideal, weakly 2-absorbing
ideal, subtractive extension of an ideal, Q-ideal.

1 Introduction

The semiring is an important algebraic structure which plays a prominent role in
various branches of mathematics as well as in diverse areas of applied science. The
concepts of semiring was first introduced by H. S. Vandiver [14] in 1934. After that
several authors have apllied this concept in various disciplines in many ways. The
structure of prime ideals in semiring theory has gained importance and many math-
ematicians have exploited its usefulness in algebraic systems over the decades. An-
derson and Smith[3] introduced the notion of weakly prime ideals in commutative
ring. The concept of 2-absorbing and weakly 2-absorbing ideals of commutative ring
with non-zero unity have been introduced by Badawi [5] and Badawi and Darani[6]
respectively which are generalizations of prime and weakly prime ideals in a com-
mutative ring. Darani[8] has explored these concepts in commutative semiring and
characterized several results in terms of 2-absorbing and weakly 2-absorbing ideals
in commutative semiring. Chaudhary and Bonde[7] have introduced the notion of
subtractive extension of an ideal to study the ideal theory in quotient semiring.

A commutative semiring is a commutative semigroup (5,-) and a commutative
monoid (S, +,0g) in which Og is the additive identity and Og -z = z - 0g = 0g for

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland



78 P. Kumar, M. K. Dubey, P. Sarohe

all x € S, both are connected by ring like distributivity. A nonempty subset I of a
semiring S is called an ideal of S 'ifa,b€ I, r € S, a+b € I and ra,ar € I. An ideal
I of a semiring S is called subtractive if a,a+b € I, b€ S then b € I. An ideal (I : r)
is defined as (I : r) = {& € S : rz € I}. It is easy to see that if I is a subtractive
ideal of S, then (I : r) is a subtractive ideal of S. Radical of an ideal I is defined
as Rad(I) = VI ={a € S : a® € I for some positive integer n}. An element s in
a semiring S is said to be nilpotent if there exists a positive integer n(depending on
s) such that s™ = 0. Nil(S) denotes the set of all nilpotent element of S. A proper
ideal I of a semiring S is said to be prime (respectively, weakly prime) if ab € I
(respectively, 0 # ab € I) implies a € I or b € I for some a,b € S. An ideal T of a
semiring S is said to be irreducible if for ideals H and K of S, I = H N K implies
that I = H or I = K. A semiring S is said to be regular if for each a € S there exists
x € S such that a = aza. In [11], it is proved that a semiring S' is regular if and only
if HK = HN K for all left ideals K and right ideals H of S.

Throughout this paper, S will always denote a commutative semiring with identity

14 0.

2 2-absorbing and weakly 2-absorbing ideals

In this section, we prove number of results correspond to 2-absorbing and weakly
2-absorbing ideals in commutative semirings. Recall [8] the following definitions.

Definition 2.1. A proper ideal I of a commutative semiring S is said to be a 2-
absorbing ideal of S if whenever a,b,c € S and abc € I, then ab € I or ac € I or
bcel.

Definition 2.2. A proper ideal I of S is said to be a weakly 2-absorbing ideal of S if
whenever a,b,c € S and 0 # abc € I, thenab € I orace€ I orbc € I.

It is easy to see that every 2-absorbing ideal of a semiring S is a weakly 2-absorbing
ideal of S but converse need not be true. For further understanding properties of 2-
absorbing and weakly 2-absorbing ideals in commutative semirings, refer [8].

Theorem 2.3. Let I be a 2-absorbing ideal of S. Then (I : 1) is a 2-absorbing ideal
of S for allr e S\ I.

Proof. Let r € S\ I and let a,b,c € S be such that abc € (I : r). Then rabc € I.
So ra € I or rbc € I or abe € I, since I is a 2-absorbing ideal of S. If either ra € I
or rbc € I, we are done. If abc € I, then ab € I or ac € I or bc € I, which implies
rab € I or rac € I or rbc € I. Hence (I : r) is a 2-absorbing ideal of S. O

Theorem 2.4. Let I be a 2-absorbing subtractive ideal of S with /I = J and J? C I.
If 1 # J and for allr € J\ I, then (I : r) is a prime ideal of S containing I with
JC(I:7r).

Proof. Let uv € (I : r) for some u,v € S. Then ruv € I. Since I is a 2-absorbing
ideal of S, therefore ru € T orrv € Toruv € I. If ru € T and rv € I, thenu € (I : 1)
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or v € (I : ), therefore nothing to prove. If uv € I and also, 7? € J2 C I. This gives
rv € (I :r) for particular v € S. We have (r+u)v € (I : r), that is, r(r+u)v € I and
since [ is a 2-absorbing ideal of S, therefore rv € I or (r+wu)v € I or r(r+u) € I. If
rv € I then v € (I : 1), which is required. If (r +u)v € I and wv € I, then rv € I (as
I is a subtractive). This gives v € (I : ), so (I : r) is prime. Finally, if r(r +u) € I
and since r? € J2 C I. This gives ru € I implies u € (I : 7). Hence (I : r) is a prime
ideal of S. O

Corollary 2.5. Let I be a 2-absorbing subtractive ideal of S with /I = J and J* C I.
If I # J and for allr € J\ I, then (I : r) is a 2-absorbing ideal of S with J C (I : ).

Theorem 2.6. If I is a subtractive ideal of S such that I # /I and /T is a prime
ideal of S with (vT)? C I. Then I is a 2-absorbing ideal of S if and only if (I : 1) =
{x € S:racT}isa prime ideal of S for each r € \/T\ I.

Proof. (=) One way is straight forward by above theorem.

(<) Conversely, let abe € I for some a, b, ¢ € S. Then, we may assume that a € VI
(as I € /T and /T is a prime ideal of S). If a € I, then ab € I, which gives I is a
2-absorbing ideal of S. Assume that a € /T \ I. Also, bc € (I : a) and by assumption
(I : a) is a prime ideal of S, therefore we have either b € (I : a) or ¢ € (I : a). This
implies that either ab € I or ac € I. Thus, I is a 2-absorbing ideal of S. O

The following result is used to prove the next theorem.

Result 2.7. [12] Let I and J be two subtractive ideals in S. Then IUJ is a subtractive
ideal of S if and only if IUJ =1 or ITUJ = J.

Theorem 2.8. Let I be a 2-absorbing subtractive ideal of S with VI = J. If I # J,
J is a prime ideal of S and for all € S\ J, then Q = {(I :r):r € S} is a totally
ordered set.

Proof. Let r,s € S\ J. Since J is a prime ideal of S therefore rs € S\ J. Clearly, rs ¢ I
and (I:7r) C (I:rs)and (I :s) C ({:rs) which implies (I : r)U (I : 8) C (I : rs).
Again, let t € (I : rs). Then, rst € I which implies that either ¢t € T or st € I,
as rs ¢ I. Thus, (I : rs) C (I :r)U(I :s). Hence by Result 2.7, we have either
(I:rs)=({:r)or (I:rs)=(I:s). This implies that either (I : r) C (I : s) or
(I:s8)C (I:r). Therefore Q={(I:r):r € S\ J}is a totally ordered set.

Again, we show that (I : s) C (I : r) for r,s € J\I. Let r,s € J\ I. Then
for any p € (I : )\ (I : s) we may assume that p € (I : r)\ J, since J C (I : s).
Similarly, for any ¢ € (I : s) \ ({ : ) we may assume that ¢ € (I : s) \ J. Since
p & J and g ¢ J therefore pg ¢ J. Also, p(r + s)q € I and pq ¢ I, therefore we
have p(r 4+ s) € I or (r + s)q € I, which gives either ps € I or rq € I. This implies
p€(I:s)orqé€(I:r). Therefore, in each case we get a contradiction. Hence either
(I:r)yC{I:s)or (T:s)C({:r)forr,se J\I. Thus, Q={(I:r):re S}tisa
totally ordered set. O
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Theorem 2.9. Let I be an irreducible subtractive ideal of S and let J be an ideal of
S such that /T = J and J> C I. Then I is 2-absorbing if and only if (I :7) = (I : 1?)
forallr e S\ J.

Proof. Let I be a 2-absorbing ideal of S. For r € S\ J, % ¢ I because if 72 € I,
then 7 € /T = J, which is a contradiction and also (I : r) C (I : r?) is obvious. So,
for any s € (I : r?) we have r?s € I. Since [ is a 2- absorbing ideal of S, we have
either rs € I or > € I. Since r? ¢ I, therefore s € I, that is, s € (I : r) and thus
(I:r)=(I:7%).

Conversely, let rst € I for some r,s,t € S and rs ¢ I. We show that either rt € I
or st € I. From rs ¢ I, we have r ¢ J or s ¢ J. Because, if r € J and s € J, then
rs € J2 C I, a contradiction. Now, by assumption, we have either (I : 7) = (I : 1?)
or (I :s)=(I:8*.1f({:r)=(I:r? and also assume that rt ¢ I and st ¢ I,
then we prove the result by way of contradiction. Let p € (I + (rt)) N (I + (st)).
Then there are pi1,pos € I and ry,r7o € S such that p = p; + rirt = ps + rost.
Thus, pr = p17 + r17%t = por + rorst € I. Since rst € I, therefore rir?t € I(as I
is a subtractive ideal of S). This implies rirt € I because (I : r) = (I : r?). Hence
p = p1+rirt € I. This shows that (I+rt)N(I+st) C I and thus (I+rt)N(I+st) =1,
a contradiction because I is an irreducible. Thus, we have rt € I or st € I and
consequently, I is a 2—absorbing ideal of S. O

Theorem 2.10. Let S be a reqular semiring. Then every irreducible ideal I of S is
2-absorbing ideal of S.

Proof. Let S be a regular semiring and I be an irreducible ideal of S. If rst € I
and rs ¢ I, then we have to show that rt € I or st € I. On contrary, we assume
that 7t ¢ I and st ¢ I. Then, H = (I + (rt)) and K = (I + (st)) be two ideals of
S properly contain I. Since [ is an irreducible, therefore I # H N K. Thus, there
exists p € S such that p € (I + (rt)) N (I + (st))\ I. Also, by regularity of S, we have
HNK = HK, therefore p € (I + (rt)(I + (st) \ I. Then, there are p1,ps € I and
r1,72 € S such that p = (py + rirt)(pa + r25t) = p1pa + p17ast + rirtps + rsriret?.
This implies that p € I, which is a contradiction. Hence I is a 2-absorbing ideal of
S. O

Proposition 2.11. Let a € S and I be an ideal of S. Then the following holds:

(1) If Sa is a subtractive ideal of S and (0 : a) C Sa, then the ideal Sa is 2-absorbing
if and only if it is weakly 2-absorbing.

(i) If I is a subtractive ideal of S and (0 : a) C Ia, then the ideal Ia is 2-absorbing
if and only if it is weakly 2-absorbing.

Proof. (i). Let Sa be weakly 2-absorbing ideal of S and rst € Sa for some 7, s,t € S.
If rst # 0, then rs € Sa or st € Sa or rt € Sa. Then we have done. Assume that
rst = 0. Clearly, r(s + a)t = rst + rat € Sa. If r(s + a)t # 0, then (s + a) € Sa or
rt € Sa or (s+a)t € Sa (as Sa is a weakly 2-absorbing ideal of S). Hence rs € Sa or
st € Sa or rt € Sa, since Sa is a subtractive ideal of S. So, assume that r(s+a)t = 0.



Some results on 2-absorbing ideals in commutative semirings 81

Since rst = 0, therefore we have rat = 0 and so rt € (0 : a) C Sa. Thus, rt € Sa.
Hence Sa is a 2-absorbing ideal of S.
(ii). The proof is similar to (i) O

Theorem 2.12. ([8], Theorem 2.6) Let S be a commutative semiring. If I is a weakly
2-absorbing subtractive ideal of S, then either I? =0 or I is 2-absorbing.

The above theorem is used to prove the next theorem which is a generalization of
([6], Theorem 2.7).

Theorem 2.13. Let I be a weakly 2-absorbing subtractive ideal of S but not a 2-
absorbing ideal of S. Then

(i) if r € Nil(S), then either r? € I or r*I = rI? = {0}.
(ii) Nil(S)2I? = {0}.

Proof. (i). Let r €Nil(S). We claim that if 71 # {0}. Then r? € I. Suppose that
7?1 # {0}. Let n be the least positive integer such that r™ = 0, then for n > 3 and
for some s € I, we have 0 # r?s = r?(s +r"~2) € I. Since I is a weakly 2-absorbing
ideal of S, we have either r> € I or (rs+r"~1) € I. If r? € I, we have nothing
to prove. Let 72 ¢ I. Then (rs + "~ 1) € I, which gives r"~! € I and r"~! £ 0,
and thus 72 € I. Hence for each r € Nil(S) we have either 72 € I or 7?1 = {0}.
If s ¢ I for some s € Nil(S), then by previous argument, we have s’I = {0}. We
claim that sI? = {0}. Suppose that sijis # 0 for some i1,i5 € I. Let m > 3 be the
least positive integer such that s™ = 0. Since s? ¢ I,m > 3 and s%I = {0}, therefore
s(s+11)(s™72 +1iy) = siyia # 0. Since 0 # s(s+1i1)(s™ 2 +42) € I and [ is a weakly
2-absorbing ideal of S, we have either s € I or 0 # s™~! € I (as I is a subtractive
ideal of S). Therefore, we have s? € I, a contradiction. Hence sI? = {0}.

(ii). Let a,b €Nil(S). If either a? ¢ I or b* ¢ I, then by part (i), we have
abI? = {0} and hence the result. For a? € I and b? € I, then ab(a + b) € I. If
0 # ab(a + b) € I and since I is a subtractive weakly 2-absorbing ideal of S, we have
ab € I. So by Theorem 2.12, we have abI? = {0}. Again, if 0 = ab(a +b) € I and
0 # abi € I for some ¢ € I, then 0 # ab(a+b+1i) € I implies either a(a+b+1) € I or
bla+b+1i) €I orabe I In each case, we have ab € I, which is a contradiction, as
I is a weakly 2-absorbing and not a 2-absorbing ideal of S. Thus, we have abl = {0}
and hence abI? = {0}. O

Definition 2.14 ( [4], Definition 1(i) ). A proper ideal I of S is called strong ideal,
if for each a € I there exists b € I such that a+b=0.

Proposition 2.15. Let S and S’ be semirings, f : S +— S’ be an epimorphism such
that f(0) =0 and I be a subtractive strong ideal of S. Then the following holds:

(i). If I is a weakly 2-absorbing ideal of S such that ker f C I, then f(I) is a weakly
2-absorbing ideal of S’.

(ii). If I is a 2-absorbing ideal of S such that kerf C I, then f(I) is a 2-absorbing
ideal of S'.
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Proof. (i). Let a,b,c € S’ be such that 0 # abc € f(I). Then there exists n € I such
that 0 # abc = f(n). Since f is an epimorphism, therefore there exist p, ¢,r € S such
that f(p) = a, f(¢) = b, f(r) = c¢. Also, since I is a strong ideal of S and n € I,
then there exists m € I such that n +m = 0. This implies f(n + m) = 0, that is,
f(pgr +m) = 0, implies, pgr + m € kerf C I. So, 0 # pgr € I (as I is subtractive)
because if pgr = 0, then f(n) = 0, a contradiction. Since I is a weakly 2-absorbing
ideal of S, therefore either pg € I or gr € I or rp € I. Thus, ab € f(I) or bc € f(I)
or ca € f(I). Therefore, f(I) is a weakly 2-absorbing ideal of S’.

(ii). Tt follows from (i). O

Consider S = 57 x .S; where each S; is a commutative semiring with unity, ¢ = 1, 2
with (al, ag)(bl, bg) = (albl,agbz) for all a1,b; € S1 and ag, by € Ss.

Proposition 2.16. If I is a proper ideal of a semiring S1. Then the following state-
ments are equivalent:

(i). I is a 2-absorbing ideal of S1.
(#). I x Sy is a 2-absorbing ideal of S = S; X Ss.
(iii). I x Sy is a weakly 2-absorbing ideal of S = S1 x Ss.

Proof. (i) = (i1). Let (a1, az2), (b1,b2), (c1,c2) € S besuch that (a1,az2)(by,b2)(c1,¢2) €
I x Sy. Then (aibicy,asbacy) € I x Sy. Therefore, ajbiecy € I. This gives either
a1by € I or bycy € I or cia; € I, since [ is a 2-absorbing ideal of S;. If a1b; € I, then
(a1,a2)(b1,b2) € I x S5. Similarly, we can prove the other cases. Hence, I x Sy is a
2-absorbing ideal of S.

(#3) = (#47). It is obvious.

(79i) = (9). Let abc € I for some a,b,c € S1. Then for each 0 # r € Sy, we
have (0,0) # (a,1)(b,1)(¢c,r) € I x Sy. This gives, either (a,1)(b,1) € I x Sy or
(b,1)(c,r) € I x Sy or (¢,7)(a,1) € I x So, since I x Sy is a weakly 2-absorbing ideal
of S. That is, either ab € I or bc € I or ca € I. This shows that I is a 2-absorbing
ideal of Sj. O

Definition 2.17 ([1], Definition(4)). An ideal I of a semiring S is called a Q-ideal
(partitioning ideal) if there exists a subset Q of S such that

(i) S=U{qg+1:q€Q}
(i) If 1,02 € Q, then (qu+1)N(q2+1)#0 < q = qo.

Let I be a - ideal of a semiring S. Then S/Ig) = {q¢+1I : ¢ € Q} forms a semiring
under the following addition ‘@’ and multiplication ‘©’, (g1 +1)® (g2+1) = gz +1
where g3 € @ is unique such that g1 +qa+I1 C g3+, and (q1+1)® (g2 +1) = qu+1
where ¢4 € @Q is unique such that gi1g2 +1 C g4 + I. This semiring S/I¢) is called
the quotient semiring of S by I and denoted by ( S/I(q),®,®) or just S/Ig). By
definition of Q-ideal, there exists a unique gy € @ such that 0 +1 C gy + I. Then
qo + I is a zero element of S/I(g). Clearly, if S is commutative then so is S/ (q).
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Definition 2.18 ([7], Definition(2.4)). Let I be an ideal of a semiring S. An ideal
A of S with I C A is said to be subtractive extension of [ ifx €I, x+y€ A, ye S,
then y € A.

Further, we give some characterizations of 2-absorbing and weakly 2-absorbing
ideals in terms of subtractive extension of an ideal of a semiring S, which are derived
from generalizations of [7].

Theorem 2.19. Let S be a semiring, I be a Q-ideal of S and P a subtractive extension
of I. Then P is 2-absorbing ideal of S if and only if P/I(gnp) is a 2-absorbing ideal
Of S/I(Q)

Proof. Let P be a 2-absorbing ideal of S. Suppose that g1 +1,q2 +1,q3+1 € S/I ()
are such that (g1 +1)® (g2 +1)® (g3 +1)= qu+1 € P/I(gnp) where g4 € QNP
is a unique element such that ¢1qoq3+1 C gs+1 € P/I(Qmp). So q1g2q3 = q4 + i for
some 7 € I. Since P is a 2-absorbing ideal of S and q1g2q3 € P, therefore ¢1g2 € P
or gaq3 € P or g3q1 € P. Consider the case q1qgo € P. If (1 + 1) © (g + 1) =i1 + 1
where 71 € @ is a unique element such that g2 +1 C i1+ 1. Soi1 + f =qq2 + e
for some e, f € I. Since P is a subtractive extension of I, we have i; € P, therefore
i1 € @N P. Hence P/Ionpy is a 2-absorbing ideal of S/I(q).

Conversely, if P/I(gnp) is a 2-absorbing ideal of S/I(g). Let abc € P for some
a,b,c € S. Since I is a (Q-ideal of S, therefore there exist q1, g2, q3,qs € @ such that
aceq+l,beqp+Il,cegst+Tandabce (1 +1)O (+1)® (g3+1)= qa+ 1.
So, abc = q4 + iz € P for some iy € I. Since P is a subtractive extension of I, we
have g4 € P. So (1 +1)® (@2 +1)©® (g3+1) = qs+ 1 € P/Ignp), which
gives (1 +1)® (@24 1) € P/Iigapy or (g2 +1)® (q3+ 1) € P/Ignp) or
(g3 +1)® (@1 +1) € P/lignpy, since P/lonpy is a 2-absorbing ideal of S/Iq).
If (q1+1)® (q2+1)¢€ P/Iignp), then there exists g5 € QN P such that ab €
(g1 +1)® (g2 +1I)=gqs+ I. This gives ab = g5 + i3 for some iz € I. This implies
ab € P. Thus, P is a 2-absorbing ideal of S. O

Corollary 2.20. Let S be a semiring, I be a Q-ideal of S and P be subtractive ideal
of S such that I C P. Then P is a 2-absorbing ideal of S if and only if P/Iionpy is
a 2-absorbing ideal of S/Iq).

Note that, if (¢ +1)©® (@24 1)©® (g3 + 1) #0in S/Ig), then q1g2g3 # 0 in S.
Now one can easily prove the next theorem, adopting the proof of the last theorem.

Theorem 2.21. Let S be a semiring, I a Q-ideal of S and P a subtractive extension
of I. Then

1) f P is a weakly 2-absorbing ideal of S, then P/Iignp) is a weakly 2-absorbing
(QNP)
ideal of S/1q).

(ii) if I and P/Ignp) is a weakly 2-absorbing ideal of S and S/I(q) respectively,
then P is a weakly 2-absorbing ideal of S.
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Approximate controllability of the
impulsive semilinear heat equation'

Hugo Leiva and Nelson Merentes

ABSTRACT: In this paper we apply Rothe’s Fixed Point Theorem to
prove the interior approximate controllability of the following semilinear
impulsive Heat Equation

ze = Az + 1,u(t,x) + f(t, z,u(t,x)), in (0,7] x Q,t # t
z=0, on (0,7) x 99,
2(0,z) = zo(x), x € Q,
2t 2) = 2(t, ,x) + Ii(t, 2(tk, ), ulty, x)), r €,

where k = 1,2,...,p, Qis a bounded domain in R¥ (N > 1), 29 € L2(9), w
is an open nonempty subset of 2, 1,, denotes the characteristic function of
the set w,the distributed control u belongs to C([0, 7]; L2(2)) and f, I} €
C([0,7] x R x R;R), k=1,2,3,...,p, such that

|f(t, 2, u)| < aol2]* +bolul™ + ¢y, ueR,zER.

Ik (t, 2, u)| < aplz|® + bplul® +cp, k=1,2,3,...,p, u€R,z€R.

with % < a <1, % <PBr <1l k=0,1,2,3,...,p. Under this condition
we prove the following statement: For all open nonempty subsets w of
Q the system is approximately controllable on [0, 7]. Moreover, we could
exhibit a sequence of controls steering the nonlinear system from an initial
state zg to an € neighborhood of the final state z; at time 7 > 0.
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1 Introduction

There are many practical examples of impulsive control systems, a chemical reactor
system with the quantities of different chemicals serve as the states, a financial system
with two state variables of the amount of money in a market and the saving rates
of a central bank and the growth of a population diffusing throughout its habitat is
often modeled by reaction-diffusion equation, for which much has been done under the
assumption that the system parameters related to the population environment, either
are constant or change continuously.However, one may easily visualize situations in
nature where abrupt changes such as harvesting, disasters and instantaneous stoking
may occur. This observation motivates us to study the approximate controllability of
the following Semilinear Impulsive Heat Equation

2zt = Az + 1,u(t, z) + f(t, z,u(t, x)), in (0,7] x Q,t # ty

z=0, on (0,7) x99, (1.1)
2(0,2) = zo(x), x € 9, '
Z(t;, I) = Z(t];a I) + Ik(tkv Z(tkvx)vu(tkvx))v T < Q,

where k = 1,2,...,p, Q is a bounded domain in R¥(N > 1), 29 € L2(f), w is an
open nonempty subset of 2, 1, denotes the characteristic function of the set w,the
distributed control u belongs to C([0,7]; L2(2)) and f, I € C([0,7] x R x R;R),
k=1,2,3,...,p, such that

|£(t, z,u)| < aolz|® + bolu|® +co,  u,z€R. (1.2)
I (t, 2,u)| < ag)z|® + bplul® + ek, k=1,2,3,...,p, u,z€R. (1.3)

1 1

SSar<lz<B<l k=0123...p (1.4)

and
2(tg,x) = z(t],2) = lim 2(t,x), 2(t,,z)= lim z(t,z).
t—t} t—t,

In almost all reference on impulsive differential equations the natural space to work
in is the Banach space

PC((0,7]; Z)
={z:J=[0,7] > Z:2€C(J;2),32(t,),2(t;;,-) and z(ty,-)=z(t],)}
where Z = Ly(Q2) and J' = [0, 7]\{t1, 2, ..., tp}, endowed with the norm

12l = sup |z(¢-)|z,

te(0,7]
with
121l = / 12(2)|2dz, V= € Z = Lo(Q).
Q
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Definition 1.1 (Approximate Controllability) The system (1.1) is said to be

approzimately controllable on [0, 7] if for every 2o, z1 € Z = U = L2(Q), € > 0 there
exists u € C([0,7];U) such that the solution z(t) of (1.1) corresponding to u verifies:

2(0) =20 and ||2(7) —z1|lz <e, (Fig.2),

where

1

Is(0) =1l = ( [ 1atr0) = sa@)ae)

/. 2(t) ==

z(0) = zg

2(0) = 2o

Fig.1 Fig.2

Definition 1.2 (Controllability to Trajectories) The systemn (1.1) is said to be
controllable to trajectories on [0, 7] if for every 29,20 € Z = U = L2(R) and 4 €

C([0,7];U) there exists u € C([0,7];U) such that the mild solution z(t) of (1.1)
corresponding to u verifies:

z(1, z0,u) = 2(7, 20,0), (Fig.9).

2(7, Z0, 1) = 2(7, 20, u)

20
Fig.3

Definition 1.3 (Null Controllability) The system (1.1) is said to be null control-
lable on [0, 7] if for every zo € Z = U = Lo(Y) there exists C([0,7];U) such that the
mild solution z(t) of (1.1) corresponding to u verifies:

2(0) =29 and z(1) =0, (Fig.4).
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2 /\Z(T) -0

Fig.4

Remark 1.1 It is clear that exact controllability of the system(1.1) implies approz-
imate controllability, null controllability and controllability to trajectories of the sys-
tem.But, it is well known ([2]) that due to the diffusion effect or the compactness
of the semigroup generated by —A, the heat equation can never be exactly control-
lable. We observe also that in the linear case controllability to trajectories and null
controllability are equivalent. Nevertheless, the approximate controllability and the
null controllability are in general independent. Therefore, in this paper we will be
concentrated only on the study of the approximate controllability of the system(1.1).

Recently the interior controllability of the semilinear heat equation (1.1) without
impulses has been proved in [13], [14] and [15] under the following condition:

sup | f(t, z,u) — az — cu| < oo, (1.5)
(t,2,u)€Qr

where a,c € R, with ¢ # —1 and Q. = [0,7] x R X IR.
More recently, in [14], the approximate controllability of the semilinear heat equation
(1.1) without impulses has been proved under the following non linear perturbation:

|f(t, z,u) —az| < clul® +b, Yu,z€ R, |u],|z] >R, (1.6)

where a,b,c € IR, R > 0 and % < B < 1. We note that, the interior approximate
controllability of the linear heat equation

zi(t, ) = Az(t,x) + 1,u(t, x) in (0,7] x Q,
z=0, on (0,7) x 09, (1.7)
2(0,2) = zo(x), x € 9,

has been study by several authors, particularly by [22],[23],[24]; and in a general fash-
ion in [12].

The controllability of Impulsive Evolution Equations has been studied recently for
several authors, but most them study the exact controllability only, to mention:
D.N. Chalishajar([4]), studied the exact controllability of impulsive partial neu-
tral functional differential equations with infinite delay, B. Radhakrishnan and K.
Balachandran([19]) studied the exact controllability of semilinear impulsive inte-
grodifferential evolution systems with nonlocal conditions and S. Selvi, M. Mallika
Arjunan([20]) studied the exact controllability for impulsive differential systems with
finite delay. To our knowledge, there are a few works on approximate controllability of
impulsive semilinear evolution equations, to mention: Lizhen Chen and Gang Li([5])
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studied the Approximate controllability of impulsive differential equations with non-
local conditions, using measure of noncompactness and Monch fixed point theorem,
and assuming that the nonlinear term f (¢, z) does not depend on the control variable.

Finally, the approximate controllability of the system (1.1) follows from the ap-
proximate controllability of (1.7), the compactness of the semigroup generated by the
Laplacian operator —A, the conditions (1.2) and (1.5) satisfied by the nonlinear term
f, Ir and the following results:

Proposition 1.1 Let (X, X, u) be a measure space with u(X) < oo and 1 < g <r <
00, Then L,(u) C Ly(p) and

T

T flle f € Lilp). (1.8)

[fllg < p(X)

Proof The proof of this proposition follows from Theorem I.V.6 from [3] by putting
p= g > 1 and considering the relation

/(Ifl")pdu=/ |fI"dp, Yfe Lp(p).
X X

O

Theorem 1.1 (Rothe’s Fized Theorem, [1],[9], [21]) Let E be a Banach space. Let
B C FE be a closed conver subset such that the zero of E is contained in the interior
of B. Let ® : B — E be a continuous mapping with ®(B) relatively compact in E
and ®(0B) C B. Then there is a point z* € B such that ®(z*) = z*.

The technique we use here to prove the approximate controllability of the linear part
of equation (1.7) is based on the classical Unique Continuation for Elliptic Equations
(see [18]) and the following lemma:

Lemma 1.1 (see Lemma 3.14 from [6], pg. 62) Let {a;}j>1 and {Bi; : i =
1,2,...,m};>1 be two sequences of real numbers such that: aq > as > as---. Then

Zeajtﬁihj:()’ VtE[O,T], i=1,2,"',m
=1

iff
Bi;j=0, i=1,2-,m;j=1,2---, 00.

2 Abstract Formulation of the Problem

In this section we choose a Hilbert space where system (1.1) can be written as an
abstract differential equation; to this end, we consider the following results appearing
in [6] pg.46, [8] pg-335 and [10] pg.14T7:

Let us consider the Hilbert space Z = L2(€2) and 0 < A\ < A2 < ... < Aj — 0o the
eigenvalues of —A with the Dirichlet homogeneous conditions, each one with finite
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multiplicity ~; equal to the dimension of the corresponding eigenspace. Then we have
the following well known properties

(i) There exists a complete orthonormal set {¢; 1} of eigenvectors of A = —A.
(ii) For all z € D(A) we have
AZ—Z)\ Z<z¢]7k>¢]7k—ZAEz (2.1)
=1
where < -,- > is the inner product in Z and
i
Eiz= Z < 2,05k > Gj k- (2.2)
k=1

So, {E;} is a family of complete orthogonal projections in Z and z = Z;’;l Eiz, z¢€
Z.
(iii) —A generates an analytic semigroup {7T'(¢)} given by

T(t)z = Z e N'E;z and |T(@)]| <e ™M, t>0. (2.3)
j=1
Consequently, system (1.1) can be written as an abstract impulsive differential
equations in Z:
—Az—|—B u+ fe(t, z,u), te (0,7],t£tp, z€Z
(
=( ) ( p) 5t 2 (), u(te), k=1,2,3,....p

where v € C([0,7];U), U = Z, B, : U — Z, B,u = 1,u is a bounded linear
operator,If, f¢:[0,7] x Z x U — Z, are defined by

(2.4)

~
?r+\9 H

It z,u) () = Ix(t, 2(2), u(z), [ 2u)(z) = f(t,2(z),u(z)), Ve e Qk=1,2,...

Oun the other hand, from conditions (1.2) and (1.5) we get the following estimates.

Proposition 2.1 Under the conditions (1.2)-(1.5) the functions f¢, I : [0,7] x Z x
U—Zk=1,2,3,...,p, defined above satisfy Vu,z € Z = La(Q):

£t z,u)lz < aollz 3 + bollully + éo (2.5)
gt zu)llz < awllzlys +oelluly + e, k=1,2,3,....p. (2.6)
Proof.
1ot zu)lz = |f(t, 2(z), u(z))da

2
(aol2(2)|*® + bolu(@)|™ + co)” d

IN

IA
S—S— 5

(dadlz(2) P + 425 u(w) % + 4%¢F)d

IN

4a(2)/ﬂ|z(:b)|2a°d:t+42b(2)/ﬂ|u(:1c)|2ﬂ°d:t+42c(2)u(§2).
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Then

179t 2, u)| 2

IN

1 1
2 3
2aq (/ |z(a:)|2a°d:1:> + 4bg (/ |u(3:)|260d:1:> + 4co/ ()
Q Q
= 2a0||z]172, +4bollz|1 75, + dcov/u(R)

Now, since 3 < ag <14 1<2a) <2and 3 < By <1< 1<28 <2 applying

proposition 1.1, we obtain that:

1-8g

lag
1F4(t 2, w)| 2 < 2a00(2) 0 [12]|3° + 2bop(2) o [|ul| + deo/u(Q).

Analogously, we obtain the following estimate for k =1,2,3,...,p

1o a 1By
175Gt 2,0l 2 < 2a0(9) =% |23 + 2bien(Q) P [lullZ + dex/u(9),

which completes the proof. m

3 Controllability of the Linear Equation without Im-
pulses

In this section we shall present some characterization of the interior approximate
controllability of the linear heat equations without impulses. To this end, we note
that, for all z9 € Z and u € Lo(0,7; U) the initial value problem

{ z' = —-Az+ Byu(t), z¢€Z,

2(0) = 2o, (3.1)

where the control function u belongs to Lo(0,7;U), admits only one mild solution
given by

2(t) = T(t)z0 —I—/O T(t — s)Byu(s)ds, te€0,7]. (3.2)

Definition 3.1 For system (3.1) we define the following concept: The controllability
map (for 7 >0) G: L2(0,7;U) — Z is given by

Gu = / T(1 — s)By,u(s)ds. (3.3)
0
whose adjoint operator G* : Z — Lo(0,7; Z) is given by
(G*2)(s) = BLT*(t — s)z, Vse[0,7], VzeZ. (3.4)
Therefore, the Grammian operator W : Z — Z is given

Wz =GGz = / T(1T — $)B,BLT* (T — s)ds. (3.5)
0

The following lemma holds in general for a linear bounded operator G : W — Z
between Hilbert spaces W and Z.
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Lemma 3.1 (see [6], [7] and [12]) The equation (3.1) is approxzimately controllable
on [0, 7] if, and only if, one of the following statements holds:

a) Rang(G) = Z.

b) Ker(G*) ={0}.

¢) (GG*z,z) >0, z#0in Z.

d) lim, o+ a(al + GG*)7'z =0.

e) BET*(t)z=0, Vtel0,7], =z=0.

f) For all z € Z we have Gu, = 2z — a(ad + GG*) "'z, where
Uy = G*(al + GG*) 'z, a€(0,1].

So, limy—,0 Gu, = z and the error E,z of this approzimation is given by

Euz=alal +GG*) 'z, a € (0,1].

Remark 3.1 The Lemma 3.1 implies that the family of linear operators
To:Z — La(0,7;U), defined for 0 < aa <1 by

Loz = BXT*()(al + GG*) 'z = G*(al + GG*) 7'z, (3.6)
is an approximate inverse for the right of the operator G in the sense that
ii_)mo Gl =1, (3.7)
in the strong topology.

Proposition 3.1 (See [15]) If Rang(G) = Z, then
sup |la(al + GG*) 7| < 1. (3.8)
a>0

Remark 3.2 The proof of the following theorem follows from foregoing characteriza-

tion of dense range linear operators and the classical Unique Continuation for Elliptic
Equations (see [18]), and it is similar to the one given in Theorem 4.1 in [14].

Theorem 3.1 System (3.1) is approximately controllable on [0,7]. Moreover, a se-
quence of controls steering the system (3.1) from initial state zo to an € neighborhood
of the final state z1 at time T > 0 is given by

U (t) = BXT* (1 —t)(al + GG*) (21 — T(7)20),
and the error of this approzimation E, is given by

Ey = alal + GG*) (21 — T(1)20).
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Proof . It is enough to show that Rang(G) = Z or Ker(G*) = {0}. To this end, we
observe that B, = B} and T*(t) = T'(¢). Suppose that

BiT*(t)z=0, Vte|0,7].
Then,

o) [e'e) i
BiT*(t)z = Y e M'BiEz=> e Ny <z¢ik > ludik =0.
j=1 j=1 k=1

00 i
= Ze_’\ft Z < z,¢jk > 1udjk(x) =0, YVoew.
j=1 k=1

Hence, from Lemma 1.1, we obtain that

Vi
E;z(z) = Z <z, ik > Pik(x) =0, Veew, j=1,23,....
k=1

Now, putting f(z) =32, < z,¢jx > ¢;k(x), Vz € Q, we obtain that

(A+XNDf=0 in Q,
{f(x)zO Vo € w.

Then, from the classical Unique Continuation for Elliptic Equations (see [18]), it
follows that f(x) =0, Vz € Q. So,

Yi
Z < Z,¢jyk > (bj,k(x) =0, Vze.
k=1
On the other hand, {¢; x}is a complete orthonormal set in Z = L2(£2), which implies
that < z,¢;r >=0.

Therefore, E;z =0, j=1,2,3,..., which implies that z = 0. So, Rang(G) = Z.
Hence, the system (3.1) is approximately controllable on [0, 7], and the remainder of
the proof follows from Lemma 3.1. 0

Lemma 3.2 Let S be any dense subspace of L2(0,7;U). Then, system (3.1) is ap-
proximately controllable with controlu € Lo(0, 7;U) if, and only if, it is approzimately
controllable with control u € S. i.e.,

Rang(G) = Z < Rang(G|s) = Z,
where G|g is the restriction of G to S.
Proof (=) Suppose Rang(G) = Z and S = Ly(0,7;U). Then, for a given € > 0 and
z € Z there exits u € L2(0,7;U) and a sequence {un}n>1 C S such that

|Gu — z|| < € and  lim u, = u.
2 n—»00

Therefore, lim,, o Gu, = Gu and ||Gu, — z|| < € for n big enough. Hence,
Rang(Gls) = Z.
(<) This side is trivial. 0
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Remark 3.3 According to the previous lemma, if the system is controllable, it is
approzimately controllable with control functions in the following dense spaces of
Ly(0,7;U):

S=cC(0,7;U), S=C*0,7;U), S=PC(J).

Moreover, the operators G, W and I" are well define in the space of continuous func-
tions: G : C([0,7];U) — Z by

Gu = /0 T(r — s)B,u(s)ds, (3.9)
and G* : Z — C([0,7]; U) by

(G*2)(s) = B*(s)T* (1 — s)z, Vse|0,7]. Vze€Z. (3.10)

Also, the Controllability Grammian operator still the same W : Z — Z
Wz =GG*z = / T(1 — s)B,BL(s)T* (1T — s)zds. (3.11)
0

Finally, the operators Ty, : Z — C([0,7];U) defined for 0 < a <1 by
Doz =BT (1 — )(al + W) 'z = G*(al + GG*) 12, (3.12)
is an approximate inverse for the right of the operator G in the sense that

lim GT, = 1. (3.13)

a—0

4 Controllability of the Semilinear System

In this section we shall prove the main result of this paper, the interior approximate
controllability of the Semilinear Impulsive Heat Equation given by (1.1), which is
equivalent to prove the approximate controllability of the system (2.4). To this end,
for all zp € Z and u € C([0,7]; U) the initial value problem

2/ = —Az+ Byu+ fe(t,z,u), te (0,7, t£tr, z€Z
z(0) = 2o, (4.1)
2(t) = 2(t) + Ig(t 2(t), ult), k=1,2,3,....p.
admits only one mild solution given by
t
z(t) = T(t)zo +/ T(t — s)Byu(s)ds (4.2)
0
t
+ / T(t—s)f°(s, zu(s), u(s))ds (4.3)
0
+ Y Tt =t I (e, 2(tk), ults), t € 10,7,

0<trp<t
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Now, we are ready to present and prove the main result of this paper, which is the
interior approximate controllability of the semilinear impulsive heat equation (1.1).
We shall define the operator K¢ : PC([0,7];Z) x C([0,7];U) — PC([0,7]; Z) x
C([0,7]; U) by the following formula:

(y,’l)) = (IC?(Z,U),K:S‘(Z,U)) = K:a(zvu)

where
y(t) = Kf(zu)t)=T()z + / (b 5) BT, ) (3)ds (4.4)
+ /Ot T(t—s)f(s,2(s),u(s))ds + Oz;tT(t — ti) I (b, 2(tk), u(ty)),
and

v(t) = K§(z,u)(t) = (ToL(z,u))(t) = BET*(1 — t)(ad + W) L(2,u), (4.5)

with £ : PC([0,7]; Z) x C([0,7];U) — Z is given by

L(z,u) = 2z —T(1)z0 — /OT T(T—8)f%(s, 2(s),u(s))ds (4.6)
— ) T(r = ) IR, 2(tk), ults).
O<tp<t

Theorem 4.1 The nonlinear system (1.1) is approximately controllable on [0, 7].
Moreover, a sequence of controls steering the system (1.1) from initial state zy to
an e-neighborhood of the final state z1 at time 7 > 0 is given by

U (t) = BET*(1 — t)(al + W) L(2a, ta),
and the error of this approzimation E,z is given by
Eoz = alad + W) L(24, ua),

where
zo(t) = T(t)zo—l—/o T(t — s)Buua(s)ds

b [T 7 ) e

+ D T(t—th)IE (b za(th), ua(tr)), t€[0,7].

0<trp<t

Proof We shall prove this Theorem by claims. Before we note that ||B,|| = 1 and
IT@)] <e Mt t>0.
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Claim 1. The operator K¢ is continuous. In fact, it is enough to prove that the
operators:
Kt - PC([0,7]; 2) x C([0,7]; U) — PC([0,7]; Z)

and
KS : PC([0,7); Z) x C([0,7];U) — C([0,7]; U),

define above are continuous. The continuity of K¢ follows from the continuity of the
nonlinear functions f(¢, z,u), I (¢, z,u) and the following estimate

I3 (2, w)(t) = K (w, v) ()] S/O e (@l + W) THIIL(z,w) = L(w, v)]|ds

b [ e s ) u(s) = £ (o), () ds
0

+ 0 e MO Te (g, 2 () ulte) — I (ks w(te), v(te)) -

0<tp<t

On the other hand,

1£(z,u) = L(w, v)[| <7 sup [[f*(s, 2(s), u(s)) — (s, w(s), v(s))]l

s€[0,7]

Y e MO T b, 2k, u(t)) — T (s w(ta), v (t)-

0<trp<T

Therefore,

1KY (2, u) = K7 (w,0)[| < Ly sup [|f(s, 2(s), u(s)) = f(s,w(s),v(s))]]

s€[0,7]

+ Ly Y (s 2(te) ulte)) = I (b w(te), o(t) -

0<tp<T

where Ly = 7(7||(al + W)™ +1) and Lo = (1 + 7||(al + W)71)).

The continuity of the operator K¢ follows from the continuity of the operators £ and
I', define above.

Claim 2. The operator K% is compact. In fact, let D be a bounded subset of
PC(J; Z) x C(J;U). It follows that  V(z,u) € D,we have

||f€('727u)|| < L, ||(O‘I+ W)_l‘c('z?u)n < Ly,
IL(z,u)|| < Ls, |Ig(zuw)|| <l, k=1,2,...,p.

Therefore , K(D) is uniformly bounded.
Now, consider the following estimate:
I (2, u)(t2) = Kz, w) (@) = [IKT (2, u)(b2) — K7 (2, 0) (01|
+ K5 (2 u)(t2) — K5 (2, uw) ()]
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Without lose of generality we assume that 0 < ¢; < t3. On the other hand we have:
KT (2, u)(t2) — KT (2, w) ()] < [|T(t2) — T'(t1) | l|20]l

n / (s — 5) = Tts — )[[1£zw)(s) | ds
+ / Tt — )[[1£(2 u)(5) s
n / TGt — 8) = Tty — )I1F(s 2(s), u(s)) | ds

+ / Tt — )55, 2(5), u(s)) s

+ > Tt = tk) = Tty — ti) 15 (b (), ultn)|
0<tr <ty
+ > T (s — i) I (t, 2(t), ulte)) ),

and

115 (=, ) (t2) = K5 (z,u) (t)l| < T (7 — t2) = T*(r — t) [l (] + W) ' L(z,u)]-

On the other hand, since T'(¢) is a compact operator for ¢ > 0, then from [17] we know
that the function 0 < ¢t — T'(¢) is uniformly continuous. So,

im | [7(0) - T(0)] =0,
Consequently, if we take a sequence {¢; : j = 1,2,...} on K*(D), this sequence is
uniformly bounded and equicontinuous on the interval [0,¢1] and, by Arzela theorem,
there is a subsequence {qul :j=1,2,...} of {¢; : j =1,2,...}, which is uniformly
convergent on [0, ¢1].
Consider the sequence {¢} : j = 1,2,...} on the interval (¢, ¢2]. On this interval the
sequence {¢} : = 1,2,...} is uniformly bounded and equicontinuous, and for the
same reason, it has a subsequence {¢7} uniformly convergent on [0, t5].
Continuing this process for the intervals (¢2,ts], (t3,%4], ..., (tp, 7], we see that the
sequence {¢§7+1 :j7=1,2,...} converges uniformly on the interval [0, 7]. This means

that (D) is compact, which implies that the operator K* is compact.
Claim 3.

N [/ e
liwlli=ee  [[1(z,w)]l] ’
where |[|(z,u)||| = ||z]| + ||u|| is the norm in the space PC([0,7]; Z) x C(0,7;Z). In

fact, consider the following estimates:

1€z, w)| < M+ Mo{@oll2)|* + Bollul ® +2o} +Ms Y {al|=l|™ +bil|ull* +2},

O<trp <t
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where

M, (™7 —1) and Mz =e ",

_ 1
laall + e Tllzoll, Mo = ——
—Al

I3 (2, w)| < MsMll(al + W)™t + MsMz|| (ol + W)~ H[{@ol|=]* + bollull ™ + 2o}

+ MsMol|(al +W)H| Y @l + bellull? + ).
0<trp<T
and
1T (2, w) || < Ma{]|z0ll + My Ma|[( + W)~}
+ Mo {1 + My Ms||(al + W)~ {[H{@o||2[1* + bol|ull® + co}
+ Ma{1+ MoMyll(@l + W)Y S @zl + Bl + 2.
O<tp<Tt
Therefore,
K (z, )l = KT (2, w) | + |KS (2, w)|| < My

+ {MsMa | (@ + W) {1+ 2Ma Haol| =] + ollull™ + o}
MM + W) {1+ M} Msh D7 (@il + Belul* + 7

0<tp<t
where M, is given by:
My = Ma{||zoll + (Ma + 1) M| (el + W)~H]}.

Hence
[z, wll - M,
Mzl = 2l + [Jull
+  {MsMa|(al +W)7H|{1+ M.}}
_ _ - _ Co
x{ap||z]|*° 1—i—bo||u||'80 1—}—7}
Sl B
+ {MsMs|[(al + W) {1+ Ms} + Ms} x
_ - _ C,
{@llzl|** " + beflul T+ 1,
ng;T 2] + [l
and N
lim Gz, wll _ 0. (4.7)
Izl [|1(2,u)]]]

Claim 4.The operator K has a fixed point. In fact, for a fixed 0 < p < 1, there
exists R > 0 big enough such that

Iz, wlll < plll(z, w)lll, - [l(z, wl] = R.
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Hence, if we denote by B(0, R) the ball of center zero and radius R > 0, we get that
K*(0B(0,R)) C B(0,R). Since K% is compact and maps the sphere 9B(0, R) into the
interior of the ball B(0, R), we can apply Rothe’s fixed point Theorem 1.1 to ensure
the existence of a fixed point (z4,us) € B(0,R) C PC([0,7];Z) x C([0,7]; U) such
that

(Zas ua) = K¥ (24, Uq)- (4.8)

Claim 5. The sequence {(za,%a)}ae(o,1) is bounded. In fact, for the purpose of
contradiction, let us assume that {(za,ua)}ac(0,1) is unbounded. Then, there exits a
subsequence {(Zq,,, Ua, ) fae(0,1] C {(Zas Ua)}ae(o,1] Such that

Tim [z e )| = ox.
On the other hand, from (4.7) we know for all « € (0, 1] that

K (zan, va )| _

lim = 0.
n—00 |||(Zan7u0¢n)|||
Particularly, we have the following situation:
K (zay sua DI K (zag eIl 1KY (zag Uas) Il 1K (zay ua)ll _y
1(za swar I M(zaz uwas) IM(zag uaz)ll 777 1(za stan ) ’
K2 (zaq sua )l K2 (zag s tan)lIl - 11KY2(2a3,%as) Il K2 (zay ua )l _y
MM(zaytay I M(Zaz tas) MMzag.uaz)Il 777 T(za stan ) :
Kk (zaq sua T KR (zag ua)lll IIKY* (Zag uas)] Kk (zay uan)lll _y
1(zaystay I (Zag tas) Il I(zag.uaz)l 777 1(za stan ) ’

Now, applying Cantor’s diagonalization process, we obtain that

o ™ G )l
n—oo |||(Zan7u0¢n)|||

and from (4.8) we have that

|||]C0¢n (Zan7u0¢n)||| _ 1
- )
(2, > o )l

which is evidently a contradiction. Then, the claim is true and there exists v > 0
such that

(2> wa )l <7, (0 << 1),

Therefore, without loss of generality, we can assume that the sequence L(zq,Uq)
converges to y € Z. So, if

e = Tol(Za, ua) = G*(al + GG*) T L(24, ua).
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Then,
Guoy = GToLl(za,ts) = GG (al + GG*) 'L (24, ta)
= (o +GG* —al)(ad + GG*) ' L(24, ua)
= L(2a,ua) — afal + GG*) T L(24, U ).
Hence,

Gug — L(2a,ua) = —a(ad + GG*) 1 L(2a, ua).
To conclude the proof of this Theorem, it enough to prove that
lin%{—a(al + GG*) M L (20, ua) = 0.
a—
From Lemma 3.1.d) we get that
lim {a(al + GG*) ' L(2a,ua)} = lim a(al + GG*) ™y
a—0 a—0
+ lin% alal + GG*) ML (24, ta) — Y)
a—
= lim —a(al + GG*) YL (24, ua) — )
a—0
On the other hand, from Proposition 3.1, we get that
la(al + GG*) " (L(2a, ua) = Y)II < 1£(2asua) = y)]-
Therefore, since L£(z4,uq) converges to y, we get that

iig%){—a(al—i— GG*) ML (20, ua) —y)} = 0.

Consequently,
Oltig%{—a(al + GG*)  L(20,ua)} = 0.
Then,
lim {Gua — L(2q,uq)} = 0.
a—0
Therefore,

i%{T(T)ZO + /0 T(t — s)Byua(s)ds + /0 T(1 —8)f%(8,2a(8), ua(s))ds

+ 3 T(r— ) zalte), wa(te)} = 21,

O0<tp<t

and the proof of the theorem is completed.

As a consequence of the foregoing theorem we can prove the following characteri-
zation:

Theorem 4.2 The Impulsive Semilinear System (1.1) is approximately controllable if
for all states zy and a final state z; and o € (0, 1] the operator K% given by (4.4)-(4.6)
has a fized point and the sequence {L(2a,Ua)}ac(0,1] CONVETgES. i.c.,

(Zaa ua) = /Ca(za, ua)a

lim L£(zq,ua) =y € Z.
a—0
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5 Final Remark

Our technique is simple and can be apply to those system involving compact semi-
groups like some control system governed by diffusion processes. For example, the
Benjamin -Bona-Mohany Equation, the strongly damped wave equations, beam equa-
tions, etc.

Example 5.1 The original Benjamin -Bona-Mohany Equation is a non-linear one,
in [16] the authors proved the approzimate controllability of the linear part of this
equation, which is the fundamental base for the study of the controllability of the non
linear BBM equation. So, our next work is concerned with the controllability of non
linear BBM equation

2zt — alzy — bAz = 1u(t, x) + f(t, z,u(t)), te(0,7), x €,
z(t,z) =0, t>0, x € 09,

2(0,2) = zo(x),z € Q,

2(t5, @) = 2(t, ) + I(t, 2(tg, ), ulty, o)),z € L,

where a > 0 and b > 0 are constants, k = 1,2,...,p, Q is a bounded domain in
RY(N > 1), 20 € L2(Q), w is an open nonempty subset of ), 1, denotes the charac-
teristic function of the set w,the distributed control u belongs to C([0,7]; L2(€2;)) and
Filr € C(0,7] x RXR;R), k=1,2,3,....p.

Example 5.2 We believe that this technique can be applied to prove the interior con-
trollability of the strongly damped wave equation with Dirichlet boundary conditions

Wy + n(—A)l/th +y(=A)w = 1,u(t, ) + f(t, w, we, u(t)), in (0,7) x Q,
w =0, in  (0,7) x 09,
’LU(O,.I) = w0($), ’LUt(O, I) = wl('r)v m Qv

w(tz,x) =w(ty,z) + I}t w(ty, ©), w(t, ), u(ty, x)), z €,
we(t, @) = wi(ty, ,x) + It wt, z), we(t, x), ulty, ), x€Q,

in the space Zy5 = D((—A)Y?) x Ly(Q), k = 1,2,...,p, Q is a bounded domain
in RN(N > 1), , w is an open nonempty subset of 0, 1, denotes the characteristic
function of the set w,the distributed control v € C([0,7]; L2()), n, v are positive
numbers and f, I}, I} € C([0,7] x R x R;R), k =1,2,3,...,p.

Example 5.3 Another example where this technique may be applied is a partial dif-
ferential equations modeling the structural damped vibrations of a string or a beam:

Yt — 2[3Ayt + AQZJ = 1wu(t7$) + f(tvya Yt, u(t))v on (05 T) X Qa
y=Ay=0, on (0,7) x 09,
y(oa I) = yO(I)a yt(ov'r) = 91(33)7 mn Qa

y(f:,.’l]) = y(t;,.’l]) + I]i(t,y(tk,l'),yt(tk,,f),U(tm%)),(E € Qa
yt(t;alﬂ) = yt(t;;ﬂ?) + Il?(tay(tkaI)ayt(tkax)au(tkax))ax € Qv

where Q0 is a bounded domain in IR", w is an open nonempty subset of Q, 1., denotes
the characteristic function of the set w, the distributed control w € C([0,7]; L2(Q))
and yo € H*(Q) N HY,y1 € L2(Q).
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Moreover, our result can be formulated in a more general setting. Indeed, we can
consider the following semilinear evolution equation in a general Hilbert space Z

£=—Az+ Bu(t)+ f¢(t,z,u), z€Z, tec(0,7],
2(0) = 2o, (5.1)
2(t)) = 2(t) + Ig(te, 2(t), u(te), k= 1,2,3,..p.
where v € C([0,7;U), U = Z, B, : U — Z, B,u = 1l,u is a bounded linear

operator,I7, f¢ : [0,7] x ZxU — Z, A: D(A) C Z — Z is an unbounded linear
operator in Z with the following spectral decomposition:

oo Vi
Az =) "N < z¢k > bin,
k=1

Jj=1

with the eigenvalues 0 < A\ < Ag < -+ < -+ A, = 00 of A having finite multiplicity
v; equal to the dimension of the corresponding eigenspaces, and {¢;} is a com-
plete orthonormal set of eigenfunctions of A. The operator —A generates a strongly
continuous compact semigroup {74 (t)}+>0 given by

oo Vi
TA(t)Z = Zei)\jt Z < Z7¢j,k > ¢j,k-
Jj=1

k=1

The control u € C([0,7);U), with U = Z, B : Z — Z is a linear and bounded
operator(linear and continuous) and the functions f¢,If : [0,7] x Z x U — Z are
smooth enough and

17(t 2, u)l| 2 aollz5* + bollull 7 + & (5.2)
15t 2wz < axll=ll3 +ballullZ + &k =1,2,3,....p. (5.3)

IN

In this case the characteristic function set is a particular operator B, and the following
theorem is a generalization of Theorem 4.1.

Theorem 5.1 If vectors B*¢; ), are linearly independent in Z, then the system (5.1)
is approximately controllable on [0, T].
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On the solutions of a class of nonlinear
functional integral equations in space C'|0, a
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ABSTRACT: The principal aim of this paper is to give sufficient condi-
tions for solvability of a class of some nonlinear functional integral equa-
tions in the space of continuous functions defined on interval [0,a]. The
main tool used in our study is associated with the technique of measures
of noncompactness. We give also some examples satisfying the conditions
of our main theorem but not satisfying the conditions in [8].

AMS Subject Classification: 45M99, 47HO09.
Keywords and Phrases: Nonlinear integral equations, Measure of noncompactness,
Darbo fized point theorem, Darbo condition.

1 Introduction

Nonlinear integral equations are an important part of nonlinear analysis. It
is caused by the fact that this theory is frequently applicable in other branches of
mathematics and mathemathical physics, engineering, economics, biology as well in
describing problems connected with real world, [5]. The measure of noncompactness
and theory of integral equations are rapidly developing with the help of tools in
functional analysis, topology and fixed-point theory. Many articles in the field of
functional integral equations give different conditions for the existence of the solutions
of some nonlinear functional integral equations. A. Aghajani and Y. Jalilian in [1],
J. Bana$ and K. Sadarangani in [3], Zeqing Liu et al. in [11] and so on are some of
these. The following equation has been considered in [6] :

£(t) = f(t,(a(t)) / ult, 5, 2(s))ds,

for t € [0,1]. K. Maleknejad et al. in [7] and [8] studied the existence of the solutions
of the following equations

x(t) = f(t,x(a(t)))/o u(t, s, z(s))ds, t €10,1]

COPYRIGHT (@© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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and

x(t) =g(t,z(t)) + f <t,/0 u(t,s,x(s))ds,x(a(t})) , t€]0,a],

respectively. Then, I. Ozdemir et al. dealt with the following equation in [9] and [10]

w(t)
x(t) —g(t,w(ﬁ(t)))+f(t756(04(t)))/0 u(t, s, z(y(s)))ds, t €[0,a].

In this paper, we consider the following nonlinear functional integral equation:

w(t)
x(t) = g(t,z(a(t))) + f <t/0 U(tvsvx(W(S)))ds,I(ﬁ(ﬂ)) (1)

for ¢t € [0, a] . Note that the mentioned equation has rather general form and contains
as particular cases a lot of nonlinear integral equations of Volterra type.

In next section, we present some definitions and preliminaries results about the
concept of measure of noncompactness. In final section, we give our main result
concerning with the solvability of the integral equation (1) by applying Darbo fixed
point theorem associated with the measure of noncompactness defined by J. Banas
and K. Goebel [2] and finally we present some examples to show that our result is
applicable.

2 Notations, definitions and auxiliary facts

In this section, we give some notations, definitions and results which will be
needed further on. Assume that (E, ||.||) is an infinite Banach space with zero element
6. We write B (z,r) to denote the closed ball centered at « with radius r and especially,
we write B, instead of B(f,r). If X is a subset of E then the symbols X and Conv
X stand for the closure and the convex closure of X, respectively. Moreover, let Mg
indicates the family of all nonempty bounded subsets of ' and Mg indicates the its
subfamily of all relatively compact sets. Finally, the standard algebraic operations on
sets are denoted by AX and X 4 Y, respectively.

We use the following definition of the measure of noncompactness, given in [2].

Definition 1 A mapping p : Me — Ry = [0,400) is said to be a measure of non-
compactness in E if it satisfies the following conditions:

1. The family ker p = {X € Mg : u(X) = 0} is nonempty and ker p C MNp.
2. X CY = uX) < ).
3. w(X) = u(X) = u(Conv X).
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4. pAX + (1= NY) < 2u(X)+ (1= )u(Y) for A € ]0,1].

5. If (X,,) is a sequence of closed sets from Mg such that X,,1; € X,, (n =1,2,...)
and if lim, o 1(Xy) = 0, then the intersection set NS ; X,, is nonempty.

Now, let us suppose that M is nonempty subset of a Banach space E and T :
M — E is a continuous operator which transforms bounded sets onto bounded ones.
We say that T satisfies the Darbo condition (with a constant k£ > 0) with respect to
measure of noncompactness p if for any bounded subset X of M the inequality

WTX) < kp(X)

holds. If T satisfies the Darbo condition with k£ < 1, then it is said to be a contraction
with respect to p, [4]. Now, we introduce the following Darbo type fixed point theorem.

Theorem 2 Let C' be a nonempty, closed, bounded and convex subset of the Banach
space E, 1 be a measure of noncompactness defined in E and let F' : C — C be a
continuous mapping. Assume that there exists a constant k € [0,1) such that

p(FX) < kp(X) (2)

for any nonempty subset X of C. Then F has a fixed point in set C, [2].

As is known the family of all real valued and continuous functions defined on
interval [0, a] is a Banach space with the standart norm

|lz]| = max {|x(¢)| : t € [0,a]}.

Let X be a fixed subset of M ¢ ). For e > 0 and x € X, by w(z,e) we denote the
modulus of continuity of function z, i.e.,

w(z,e) =sup {|z(t1) — z(t2)| : t1,12 € [0,a] and [t; — t2| < e}.

Furthermore let w(X, ) and wo(X) are defined by

w(X,e) = sup{w(x,e):ze X},
and
wo(X) = gig%w(X, €). (3)

The authors have shown in [2] that function wg is a measure of noncompactness in
space C'[0,a] .
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3 The main result

First of all we write I to denote interval [0, a] throughout this section. We
study functional integral equation (1) with the following hypotheses.

(a) Functions o, 8: 1 =1, ¢: 1 — Ry and ~: [0,C] — I are continuous.
(b) g:I xR — R is continuous and there exists nonnegative constant k such that
lg(t, x1) — g(t, w2)| < ka1 — o
forallt € I and x1,22 € R.

(¢) f:I xR xR — Ris continuous and there exist nonnegative constants ! and ¢
such that

|f(t7$17y) - f(tux%y)l
|f(t7$7y1) - f(t7x7y2)|

l|$1 —$2|,

qlyr — y2|

IAIA

for all t € I and z1,x2,y1,y2, %,y € R.

(d) u:Ix][0,C] xR — R is continuous and there exist positive constants m, n and
p such that
jult, 5,2)| < m+nzf”

forallt € I and s € [0,C], z € R.

(e) The inequality
M+N+Clim+n)+k+q<1

holds, where C, M and N are the positive constants such that ¢(t) < C,
lg(¢,0)] < M and |f(¢,0,0)| < N for all t € I.

Theorem 3 Under assumptions (a) — (e) Eq.(1) has at least one solution in space
C'10,a].

Proof. We define the continuous function A : [0,1] — R such that
h(r)=(k+q—1)r+Cnlr? + Clm + M + N,

where p is the constant given in assumption (d). Then h(0) > 0 and h(1) < 0 by

assumption (e). Continuity of h guarantees that there exists number r¢ € (0, 1) such

that h(rg) = 0. Now, we will prove that Eq.(1) has at least one solution = = z(t)
belonging to B,, C C'[0,a]. We define operator T' by

w(t)
(Tz)(t) = g(t, x((t))) + f <t/0 U(tasaw(W(S)))d&w(B(ﬂ)) ; x€C[0,a].
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Using the conditions of Theorem 3, we infer that Tz is continuous on I. For any
x € B,,, we have

(Tz)(t)] =

»(t)
g(t,x(a(t))) + f (t/o u(t,s,I(V(S)))dSw(ﬂ(ﬂ))|
|g(t,x(a(t))) - g(t,0)| + |g(f,0)|
w(t)
f <t/0 U(tvsw(W(S)))ds,I(ﬂ(ﬂ)) —f(tvo,ﬂf(ﬂ(t)))|
+[f(,0,2(B(t))) — f(t,0,0)| +[f(¢,0,0)]
w(t)
/ u(t, s, z(y(s)))ds
0

klz| + M+ Cl(m+n|z|”) +qllz| + N
kro + M + Cl(m+n(ro)") 4+ qro + N
h(’l”o) —|—T0

To.

IN

+

+qlz (B(t)|+ N

klz(at) + M +1

I IA A

This result shows that operator 7" transforms ball B, into itself. Now, we will prove
that operator T' : B,, — B,, is continuous. To do this, consider ¢ > 0 and any
z,y € By, such that ||z —y|| < e. Then, we obtain the following inequalities by
taking into account the assumptions of Theorem 3.

[(T)(t) — (Ty)(@)]
w(t)
g(t, x(a(t)) + f (t/o U(fasafv(v(é’)))d&w(B(ﬂ))

»(t)
—g(t,y(a(t)) — f (t/o u(t,S,y(W(S)))dsay(B(t))>‘

< gt z(alt)) — gt y(a(t)))|
w (1)
+|f <t, u(t, s, z(y )))ds,ﬂ?(ﬂ(t))> —f <t/ U(tvsvy(V(S)))dSJ(ﬁ(ﬂ))|
0 0
sa (1)
+|f <t, )))ds,w(ﬁ(t))> -f <t/ U(tvsvy(V(S)))dsvy(ﬁ(ﬂ))|
0 0
w(t)
< kla(at) - y(a ())|+l/ u(t, s, x(v(s))) — ult, s,y(v(s)))| ds
+qlz (B(t) —y (B())]
< (k+q)z =yl + Clwy,(I,¢)
< (k+q) e+ Clwy,(1,e), (4)
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where
Wy (I, ) = sup {|u(t, s,x) —u(t,s,y)|:t €1, s€[0,C], z,y € [-ro,ro]and |z — y| < e}.

On the other hand, from the uniform continuity of function u = wu(t,s,z) on set
Ix[0,C]x[—rg,r0], we derive that w,, (I,€) — 0 as e — 0. Hence, estimate (4) proves
that operator T' is continuous on B;,,. Moreover, we show that operator T" satisfies (2)
with respect to measure of noncompactness wy given by (3). To do this, we choose a
fixed arbitrary ¢ > 0. Let us consider € X and t¢1,ts € I with |t; — to| < e, for any
nonempty subset X of B,,. Then,

(T)(tr) = (Tx)(t2)]

p(t1)
gty z(a(tr))) + f (tl’/o u(tl,S,I(V(S)))dsvw(ﬂ(tl)o

p(t2)
—g(t2, z(alt2))) — f <t27/0 u(tz,Saw(v(s)))d&w(ﬁ(fz))>‘
|lg(t1, z(a(t1))) — g(t2, z(a(tr)))] + [g(t2, z(a(tr))) — g(t2, z(a(t2)))]

p(t1)
f (tl,/o u(tl,s,x(v(s)))ds,x(ﬁ(tﬁ))

IN

+

e(t2)
_f <t1a/0 u(tlaSaI(V(S)))dsv‘T(ﬂ(tl))>|

_|_

w(t2)
f <t15/0 u(tlaSaI(V(S)))dsvx(ﬂ(tl)>>
w(t2)
_f <t15/0 u(tQaSaI(V(S)))dSVr(ﬂ(tl))>|

_|_

w(t2)
f <t15/0 u(tQaSaI(V(S)))dsv'x(ﬂ(tl)>>
w(t2)
_f (tlu/o u(t27Sv‘r('y(s)))dsvx(ﬁ(h))>‘

+

w(t2)
f (tl,/o u(tg,s,x(v(s)))ds,x(ﬁ(tﬁ))

p(t2)
—f (tg,/o u(ta, s,x(v(s)))ds,x(ﬁ(tﬁ)) ‘
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< wy(l,e) + kfx(a(ty)) — z(a(tz))]

o(t1) w(t2)
—i—l/o u(tl,s,x(w(s)))ds—/o u(ty, s, z(y(s)))ds

o (t2)
+l/0 [u(ts, s, z(7(s))) — ulte, s,z(v(s))) ds + q|z(B(t1)) — z(B(t2))] (5)

+o.)f(I,5)
p(t2)
< we(l,e) + kw(z,w(a,e)) +1 —/ u(ty, s, 2(y(s)))ds| + Clwy, (I,¢)
P(t1)
+qw(z,w(B,¢)) +wy(l,€)
< CUg(I, E) —i—kw(x,w(a,s)) +lw((p7€) (m+n(ro)p)
+Clwy, (1,€) + qw(z,w(B,)) + we(l,e), (6)
where
we(I,e) = sup{lg(t,x) —g(t' z)|: t,t' €I, x € [-rg,ro]and |t — | < e},
wu, (I,e) = sup{|u(t,s,z) —u(t’,s,x)|:
t,t' €I, s€[0,C], z € |—ro,roland |t — ¢'| <&},
wy(l,e) = sup{|f(t,s,x) = f(t',s,2):

t,t' eI, se[-AA]l, z €[—ro,roland |t —t'| < e}
and A = C(m +n (ro)"). Also,
w(ag,e) =sup{|a;(t) — a;(t')] : t,' € T and |t —t'| < e},

for i = 1,2,3,4 such that oy = «, ay = 5, a3 = ¢ and ay4 = z. Thus, by using
estimate (6) we get

w(TX,e) < wy(l,e)+ kw(X,wla,e))+ lw(p,e)(m+n(r)")
+Clwy, (I,€) + qw(X,w(B,¢€)) + w1, ). (7)

Since functions «, 8 and ¢ are uniformly continuous on set I by condition (a), we
deduce that w(a,e) — 0, w(B,e) — 0 and w(p,e) — 0 as ¢ — 0. Similarly, we
have wy(I,e) = 0, wy(l,e) — 0 and w,, (I,€) — 0 as ¢ — 0 since the functions g,
f and u are uniformly continuous on sets I x [—rg, 7], I X [-A, A] X [—rg,7o] and
I x[0,C] x [=7r9,70], respectively. Hence, (7) yields that

wo(TX) < (k + q)wo(X).

Thus, since k + ¢ < 1 from condition (e), we get that operator T' is a contraction on
ball By, with respect to measure of noncompactness wg. Therefore, Theorem 2 gives
that operator T" has at least one fixed point in B,,. Consequently, nonlinear functional
integral equation (1) has at least one continuous solution in B,, C C'[0,a]. This step
completes the proof of Theorem 3. m
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4 Examples

In this section, we shall discuss some examples to illustrate the applicability of
Theorem 3.

Example 4 We examine the nonlinear functional integral equation having the form

2 t 2 t t 2
x(t):2+x(t)+2 +t +:v(\/f)+1+ 2 / cost + /|z(s?)] ds.
56 + 13 21 9+ ¢4 104+t Jo 2+In(t+1)+ s%t3

(®)

forteI=10,1]. Put

B(t) = Vi elt) =t, alt) =, A(s) = &,
) = S e - e
242 241 20
fbwz) = =5 9:t4+10+t
and 1 1 1 1 17 1
b Mg lmgamg Ve Oshm=n=r=5

It can be easily seen that conditions (d) and (e) are verified. On the other hand, it is
easy to verify that the other assumptions of Theorem 3 hold. Therefore, Theorem 3
guarantees that Eq.(8) has at least one solution x = z(t) € C'[0,1].

Example 5 Let us consider the nonlinear functional integral equation of the form

2(t) = g(t.2(t)) + f (t, / ult, s, 2(s))ds, z w(t))) , (9)

where g, f, u and B are the functions in Example 4. Since the conditions of Theorem
3 hold, Eq.(9) has at least one solution x = x(t) € C[0,1] from Theorem 3.

Since
cost + /||
2+ In(t + 1) + 5263

1 1 1
t = < -+ = 2

for all t,s € [0,1] and = € R, condition (H3) in [8] doesn’t hold. Hence, the result
presented in [8] is inapplicable to integral Eq.(9).

Example 6 Consider the following nonlinear functional integral equation:

14+ z(V1) N cos(v1+t2) N x(t?)

1) —
") =357 8 8+ 12
4 —t 2
+ / exp( .);L o) g (10)
16+t )y 1412+ ssin®(1+ 22(s2))



On the solutions of a class of nonlinear functional integral ... 113

We will look for solvability of this equation in space C[0,1]. Put
alt) = Vi, o(t)=B(t) =12, 1(s) =5,

1+x exp(—t) +z
t,r) = ——, ult,s,x)= - ,
9(t. @) 3241t ( ) 1+ 2 + ssin?(1 + x2)
cos(v1+ 2 z 4v
fltoz) = SWIED L=
8 8+t 16+t

and 1 1
k=M=—,1=-
32’ 4’
One can see easily that conditions (d) and (e) of Theorem 3 are verified. On the other
hand, it is easy to verify that the other assumptions of Theorem 3 hold. Therefore,

Theorem 3 guarantees that Eq.(10) has at least one solution © = z(t) € C'[0,1].

1
q: :§,C:m:n:p:1,

Example 7 Let us consider the nonlinear functional integral equation given as

2(t) = g(t.2(t)) + f (t, / ult, s, 2(s))ds, z w(t))) , (1)

where g, f, uw and B are the functions in Example 6. It is clear that the conditions
of Theorem 3 satisfy. So, Eq.(11) has at least one solution x = x(t) € C[0,1] by
Theorem 3.

Since ) )
HZZ, )\:§, a=n=1
and Kk > JT)‘n in condition (H4), the result in [8] is inapplicable to integral Eq.(11).
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1 Introduction and preliminaries

The concept of 2-normed spaces was initially developed by Géhler [6] in the mid
of 1960’s, while that of n-normed spaces one can see in Misiak [17]. Since then, many
others have studied this concept and obtained various results, see Gunawan ([7], [8])
and Gunawan and Mashadi [9] and many others. Let n € N and X be a linear space
over the field K, where K is field of real or complex numbers of dimension d, where

d > n > 2. A real valued function ||-,---,-|| on X™ satisfying the following four
conditions:
1. ||x1, @2, ,zy,|| = 0 if and only if 21,22, - , x, are linearly dependent in X;
2. ||z1, 22, -+ ,xy,|| is invariant under permutation;
3. |laxr, x2, -+ x|l = |a| |21, 22, -, || for any o € K, and
4. ||:E +JI/,(E2, o ,l'nH S ||J],J]2, e ,(EnH + ||xlax21 o 7xn||
is called a n-norm on X, and the pair (X, ||-,---,-||) is called a n-normed space over
the field K.
For example, we may take X = R" being equipped with the Euclidean n-norm

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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[|x1, @2, -, z,||g = the volume of the n-dimensional parallelopiped spanned by the
vectors x1, X2, -+ , &, wWhich may be given explicitly by the formula

||.’I,'1,.’II2,' o 7:En||E = |det(xu)|,

where x; = (241, %2, - , Tin) € R™ for each ¢ = 1,2,--- ,n. Let (X,]|,---,-||) be an
n-normed space of dimension d > n > 2 and {a1, a2, -+ ,a,} be linearly independent
set in X. Then the following function ||-,- - ,||oc on X"~ ! defined by

||{E1,$2,~-' axn*1||00 :max{”xhx%"' ;InflaaiH ti= 1725"' an}

defines an (n — 1)-norm on X with respect to {a1,az, - ,an}.
A sequence (z) in a n-normed space (X, ||-,--- ,||) is said to converge to some L € X
if

lim ||zg — Ly 21, -, 2n—1]| =0 for every z1,--+,2z,-1 € X.

k—oo

A sequence (z1) in a n-normed space (X, ||-,--- ,-||) is said to be Cauchy if

lim ||zx — i, 21, ,2n-1]] =0 for every z1, - ,2,-1 € X.

k,i— o0
If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. Any complete n-normed space is said to be n-Banach
space.
An Orlicz function M is a function, which is continuous, non-decreasing and convex
with M(0) =0, M(z) >0 for x > 0 and M(z) — o0 as £ — 0.
Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to define the following
sequence space. Let w be the space of all real or complex sequences x = (xy), then

éM—{wang(%)<oo}

which is called as an Orlicz sequence space. The space ¢j; is a Banach space with the

norm o
|| = inf{p >0 ZM(@) < 1}.
k=1 p

It is shown in [12] that every Orlicz sequence space £; contains a subspace isomorphic
to £p(p > 1). The Ay—condition is equivalent to M (Lx) < kLM (z) for all values of
x >0, and for L > 1. A sequence M = (M) of Orlicz functions is called a Musielak-
Orlicz function see ([16], [20]). A sequence N' = (Ny) is defined by

Ni(v) =sup{|v|ju — (Mg) :u >0}, k=1,2,---

is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space t g and its subspace
ha are defined as follows

tam = {xEM:IM(c:v) < oo for some c>0},
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hM:{wa:IM(cx)<oo for all c>0},

where Iy is a convex modular defined by

o0

Ta(z) =Y (Mp) (), @ = (z1) € tar.
k=1

We consider tpq equipped with the Luxemburg norm
llz|| = inf{k >0: IM(%) < 1}
or equipped with the Orlicz norm

lz||° = inf{%(l + In(kz)) k> 0},

Let £, ¢ and ¢y denotes the sequence spaces of bounded, convergent and null se-
quences © = (x) respectively. A sequence x = (z3) € fs is said to be almost
convergent if all Banach limits of = (x}) coincide. In [13], it was shown that

. 1 . . .
¢ = {:17 = (zg) : nl;rgo - lekJrS exists, uniformly in s}.
In ([14], [15]) Maddox defined strongly almost convergent sequences. Recall that a
sequence x = (xy) is strongly almost convergent if there is a number L such that
n
nl;rr;o - Z |zkt+s — L] =0, uniformly in s.

k=1
By a lacunary sequence 6 = (i), r = 0,1,2,---, where iyp = 0, we shall mean an
increasing sequence of non-negative integers g, = (i, — ip—1) = 00 (r = 00). The
intervals determined by 6 are denoted by I, = (i,—1,4,] and the ratio i, /i,_; will be
denoted by ¢,. The space of lacunary strongly convergent sequences Ny was defined
by Freedman et. al [5] as follows:

1
Ny = {3: = (x): lim — Z |z — L] =0 for some L}.

The notion of difference sequence spaces was introduced by Kizmaz [11], who studied

the difference sequence spaces lo(A), c(A) and ¢o(A). The notion was further gen-

eralized by Et and Colak [4] by introducing the spaces loo(A™), ¢(A™) and co(A™).

Let m, n be non-negative integers, then for Z = ¢, ¢y and [, we have sequence spaces
Z(AM) ={x = (z) €ew: (Alxy) € Z}

for Z = c,co and Iy where ATz = (ATxy) = (AT oy, — Am1zy) and APz = 2
for all k € N, which is equivalent to the following binomial representation

A?CL‘;@ = Z(—l)v ( ZL ) Th+nv-

v=0
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Taking n = 1, we get the spaces loo(A™), ¢(A™) and co(A™) studied by Et and
Colak [4]. Taking m = 1, n = 1, we get the spaces loo(A), ¢(A) and ¢o(A) studied
by Kizmaz [11]. Let X be a linear metric space. A function p : X — R is called
paranorm, if

1. p(x) >0 for all z € X,
2. p(—z) =p(x) for all x € X,
3. plx+y) <p(z)+ply) for all z,y € X,

4. if (\,) is a sequence of scalars with A, = A as n — oo and (z,) is a sequence
of vectors with p(z, —x) — 0 as n — oo, then p(Apz, — Az) = 0 asn — oco.

A paranorm p for which p(z) = 0 implies 2 = 0 is called total paranorm and the pair
(X,p) is called a total paranormed space. It is well known that the metric of any
linear metric space is given by some total paranorm (see [26], Theorem 10.4.2, pp.
183). For more details about sequence spaces see ([1], [2], [3], [18], [19], [21], [22], [23],
[24], [25]) and references therein.

Let M be an Orlicz function and p = (pi) be any sequence of strictly positive real
numbers. Giingor and Et [10] defined the following sequence spaces:

n

[e, M, p)(A™) = {:z: = (ax) + lim % 3 {M(W)rk —0,

uniformly in s, for some p >0 and L > 0},

n

[e, M, plo(A™) = {x = (x): lim 1 Z [M(M)rk =0,

n—oo n P

uniformly in s, for some p >0 },

m BN |Amxk+5| Pr
[e, M, ploo (A™) = {a: = (xp) : sup — Z [M(i)} < oo for some p > O}.
ms P
Let M = (M}) be a Musielak-Orlicz function and X be a seminormed space, semi-
normed by ¢ = (gx). Let p = (px) be any bounded sequence of positive real numbers
and u = (ux) be any sequence of strictly positive real numbers. In this paper we
define the following sequence spaces:

[caMupv ||7 ' 7|| ]Q(A?,’U,,Q) =

1 A™ s — L P
{3: = (zx) €Ewn—X): lim — Z [Mk(qk(||M,zl,u~ ,zn,1||))} g 0,
r—00 g vyl p

uniformly in s, z1,---,2p,—1 € X for some L and p > O},
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e Mop I I TR(AT u,q) =

{:v = (z) e win —X) : Tlir&ilcezh [Mk(%(ﬂ%,zl,“- 72n_1||))rk =0,
uniformly in s, z1,---,2p—1 € X for some p >0 },

[ Mp, Il [ (AT u,q) =

(w0 s S oo (252 )" <

r,s 9r k=1 14
uniformly in s, z1,-+-,2zp,—1 € X for some p > 0}.
When, M(z) = z, we get
[Cvpa”'a"' 7'||]9(Anmau7Q):
. 1 ukAﬁxk S—L Pk
{x = (zx) ew(n—X): lim — Z (qk(||—+,21,--- ,zn_1||>) =0,
T et p
uniformly in s, z1,--+,2,-1 € X for some L and p > O},
[C,p,”-,--- 7'||]S(Anmvu7Q):
. 1 A?.’L’k s Pk
{:v = (zx) €w(n — X) : lim — Z (qk(||uk7+,zl,--- ,zn_1||)) =0,
T er P
uniformly in 8,21, ,2,-1 € X for some p >0 },
[C,p,”-,--- 7'||]20(A?7U7Q):
1 & ULAT Tt s P
{3: = (z) € wln — X) : sup—z (qk(||u,zl,~-~ ,zn,1||)) < 00,
rs 9ri 1Y
21, ,2n—1 € X for some p>0}.
If we take pr, = 1 for all k, then we get
[CvMaH'a"' 7'||]9(Anmau7Q):
. 1 ukAnm:Z?k s — L
{w = (zk) € w(n—X): Tlggog— > {Mk(%(||+,zl,--- 7Zn—l||))j| =0,

uniformly in s, 21, ,2,—1 € X for some L and p > O},
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Lo Ml [T JR(AT u,q) =
{x: (xg) € wn — X) : lim Ll Z [Mk(qk(H%,zl,--- ,zn_1||))} =0,
"I T P
uniformly in s, z1,-+-,2p—1 € X for some p >0 },
[es Mo (AT u,g) =

n

1 UL AT Tt s
{a: = (zg) Ewln — X): supg— Z {Mk(qk(ﬂ%,zl,--- ,zn,1||))} < 00,
T8 Tkzl

21, ,2n—1 € X for some p>0}.

The following inequality will be used throughout the paper. If 0 < pp < suppr = H,
D = max(1,27~1) then

|ak + b ["* < Dfag["* + [bk["*} (1.1)
for all k and ay, b, € C. Also |a|P* < max(1, |a|) for all a € C.
The main aim of this paper is to study some seminormed difference sequence spaces
defined by a Musielak-Orlicz function over n-normed space. We also make an effort to

study some topological properties and prove some inclusion relations between these
spaces.

2  Main Results

Theorem 2.1 Let M = (My) be a Musielak-Orlicz function, p = (pr) be a

bounded sequence of positive real numbers and u = (ur) be any sequence of
strictly positive real numbers.  Then the spaces [c, M,p,||- -+ ,-||]°(A™, u,q),
[e, Myp, || 5| 18(A™ u,q) and [ ¢, M,p, ||, -+ ,-|| 1% (A™ u,q) are linear over
the field of complex numbers C.

Proof. Let x = (xx), y = (y)€[ ¢, M, p, ||, || 1§(A™,u,q) and o, B € C. Then

there exists positive numbers p; and p2 such that

1 AT gy s P . .
lim — Z [Mk(qk(ﬂm,zl,--- ,zn_1||))} " 0, uniformly in s,
P1

T—>00 g,r kel
s

and

1 A P
lim — Z [Mk(qk(ﬂw,zl,-u ,zn,1||))} ’ =0, uniformly in s.
T2 gr rel P2
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Let p3 = max(2|alp1,2|B|p2). Since M = (My,) is non-decreasing convex function, by
using inequality (1.1), we have

L5 [ty (qu (Jeitlommes + Bm) ]

" kel P3
1 1 UL AT (Tt s Pk
<ply" ﬁ{Mk(qk(vazh... znaall))]
9r kel, P1
1 1 up A" s Pk
ply ﬁ{Mk(qk(HM,zh... znaall))]
9r kel, P2
1 UL AT (Trets Pk
<ply" [Mk(qk(uw,zh... znaall))]
9r kel, P1
1 up A" s Pk
ply {Mk(qk(ﬂw,zl,.. znaall))]
9r kel, P1
— 0 as r —> oo, uniformly in s.
ThUS, we have ax +ﬁy € [caMupv ||7 T 7|| ]8(A:zn7u7Q)
Hence [ ¢, M,p, ||+ ,-|| |8(A™ u,q) is a linear space. Similarly, we can prove
that [CvMapv ||7 ! a|| ]H(A:Lnauvtﬂ and
[caMupv ||7 T 7|| ]go(Axa/UHQ) are linear spaces. &

Theorem 2.2 For any Musielak-Orlicz function M = (My), p = (px) be a bounded
sequence of positive real numbers and u = (u) be any sequence of strictly positive
real numbers, the space [ c, M,p,||-,-- || 1§(A™, u,q) is a topological linear space
paranormed by

g9(z) =inf{P% : (i > {Mk(%(H%puﬂ’zl’m ’Z"—l”))rk)

gr kel

=)=

< 1,T,SEN},

where K = max(1,supy, pr < 00).
Proof. Clearly g(z) > 0 for x = (xx) € [ ¢, M, ||, -+ || |§(A™, u, q). Since My(0) =
0, we get g(0) = 0. Again, if g(z) = 0, then

inf{p% : (gi Z {Mk(qk(H%,zl,-“ 7271_1”))}1%)% <l,rse€ N} =0.

" kel,

This implies that for a given € > 0, there exists some p.(0 < p. < €) such that

1

(i 3 bl ))[) 1

" kel

Thus
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] YN S S

keI,

= (_ > [Mk(Qk(”A Z’“*S 2, ’Z’H”))rk)%

gT’ kEI €
< 1

for each r and s. Suppose that xj # 0 for each k € N. This implies that A zp4s # 0,
for each k,s € N. Let ¢ — 0, then q;%”m

I IPREE ,zn,1||) — o0. It follows
that
1 ukAﬁxk s Pk
(_Z [Mk(Qk(H 6 as ;Zlv"'vzn71||)):| ) — 00,
gr k€I,

==

which is a contradiction. Therefore, A'xy1s = 0 for each k and s and thus xx =0
for each k € N. Let p; > 0 and p2 > 0 be such that

(3 5 (25 )] )

" kel,

==

and

(— Z [Mk(Qk(”% 21, ,zn,1||))rk)? <1

gr kel,.

for each r and s. Let p = p1 + p2. Then, by Minkowski’s inequality, we have

1

(o 3 [ (o (et ) o ))])

" kel
(3 [ ) )

kel,.

bl (g (1B ) )Y
< (2) (2 3 [ (R )]

" ke I,
() G (a1 )] )

<1

Since p's are non-negative, so we have
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g(z+y)
. /1 AT (2ot , *
:jnf{pp? (_ Z [Mk(qk(Huk W (Trrs + Yt )721,”' 72’n71||))rk)K < 1,T,S€N},
9r p
pr 1 AT s Pr\
<int (ol (>3 [ (qk(nwnpi(lm)%... aall))]) " < 1rsen

o
m
~
3

==

—l—inf{p;%: {Mk(qk(H%,zl,--- ,zn_1||))rk) Sl,r,seN}.

~
=

o
m
~
3

Therefore,
9(z +y) < g(@) +9(y).

Finally, we prove that the scalar multiplication is continuous. Let A be any complex
number. By definition,

x|

g(Ax) = inf {p% : (gi Z {Mk(qk(H%,zl,--- ,zn_1||))}pk) <l,rse€ N}.
" kel
Then
g() = inf {(INI1) % (gi 3 {Mk(qk(H%,zl’... ,zn,1||))]p")% SR
" kel

where t = ﬁ. Since |A[Pr < max(1, |A[F"PPr), we have
g(Ax) < max(1,|A[S"PPr)

L

inf{tpfr : (gi Z {Mk(qk(H%,zl,--- ,zn_1||))}pk>K <1,r,s€ N}.

" kel,

So, the fact that scalar multiplication is continuous follows from the above inequality.

This completes the proof of the theorem.m

Theorem 2.3 Let M = (My,) be a Musielak-Orlicz function. If sup[My(x)]P* < oo for
k

allﬁxedw >0, then[cuMapu ||7 e 7|| ]8(A:zn7u7Q) C [Cqupu ||7 e 7|| ]go(A:znuua(J)
Proof. Let x = (z) € [ ¢, M,p, ||, -+, || ]§(A™, u, q). There exists some positive p;
such that
1 FANKL TR p
lim — Z [Mk(qk(||ﬂ,zl,~-~ ,zn,1||))} o 0, uniformly in s.
=00 gr rel P1

Define p = 2p;. Since M = (M},) is non-decreasing and convex, by using inequal-
ity(1.1), we have
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1 U AT Pk
sup— [Mk(qk(nuvzh... 7Zn71||))}

r,8 g’l‘ ke] p
1 1 U Az s — L Pk
< Dsup — Z [—Mk(qk(”%’%... 7Zn71||))}
ms 9ropeT o 1
1 1 L Pk
+Dsup— Z |:_Mk(qk(||_7zl7 7271—1”))}
7,8 grk Pk P1
EI’V‘
1 ukA?xk s_L Pk
< Dsup — Z {Mk(qk(H—Jr,Zl,'“ 72n—1||):|
r,s 9r kel P1
1 Pk
+ Dsup — Z {Mk(Qk(” ) 21, ,%—1“)”
rs 9T
< 0.
Hence z = (z) € [ ¢, M,p, ||+ || 1% (A" u, q). m

Theorem 2.4 If0 < infpr, = h < pi, <suppr = H < 0o and M = (My), M’ = (M)
be two Musielak-Orlicz functions satisfying As— condition, then we have

(Z.)[C,Ml,p,H',"' 5|| ]g(AzlaUHQ) C [QMOM/,%HH"' 7|| ]S(A:anuaq);
(ii)[cvM/vl)’H""' 7|| ]Q(AnmJL,Q) - [QMOM/,%HH"' a|| ]H(A;n,u7q>,
(ZZZ)[C5M/7P5||5 5|| ]ZO(A;,”?u)q) C [C,MOM/,p,H-,-" 7|| ]go(A:Lnau7Q)
Proof. Let = = (z1) € [e, M', p, ||-,- -+ ,-[|](A™, u, q). Then we have
. 1 , Al xpps — L PE
I ] (T )

uniformly in s for some L.

Let € > 0 and choose § with 0 < § < 1 such that M (t) < e for 0 <t <. Let

AlMxgrs — L
ykZ,S:M]:;(qk;(H—Uk n Tkt 21, ,zn_1||)> for all k,s € N.
p

We can write

1 1 1
— Y M) = — D Me(ye )P+ — > Mgk
gr kel, gr k€l yr, s<s " k€l gk s>s

Since M = (M},) satisfies Ag-condition, we have

LS M) < O S (M)

9r

k€L yk,s < gr k€L ,yk,s <
1
S[Mk(Q)]Hg— > My (2.1)

ke]rvyk,sg‘;
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For y s > 0

Yk,s yks
=<1

5 St

Since M = (M},) is non-decreasing and convex, it follows that

yk,s <

M, (yks)<Mk(1+y1:$s> < %Mk( )+ M (2y§5>

Since (M) satisfies Ag-condition, we can write

1 S 1 S S
Milye.s) < §Tyk’ Mi(2) + §Ty’“’ Mip(2) = TZ52 01 (2).

) ) )
Hence,
g Y Do mex(L(EEDD LT o e2)
K€Ly yn,s>5 k€T, yp >0
from equations (2.1) and (2.2), we have
z=(zx) € [, Mo M p, || [I§(AT u, ).
This completes the proof of (i). Similarly, we can prove that
[e, Mp, 1y IR AT uyq) € [ Mo M1 [T TR (AT u, )
and
[e, M [ I (AT s g) € [e, Mo MY p, (|- [T (AT u, ).
|

Corollary 2.5 If0 < infpy, = h < pr. < suppy = H < 0o and M = (M},) be Musielak-
Orlicz function satisfying Aa- condition, then we have

[CvpaH'a"' 7|| ]g(A:znvuaq) - [Canpa”'a"' a|| ]8(A?7uaq)

and

[C,p,“-,--- 7|| ]go(Anm7u7Q) C [Cvapvn'v"' 7|| ]go(Anm7u7Q)'

Proof. Taking M’(z) = x in the above theorem, we get the required result.m

Theorem 2.6 If M = (M) be the Musielak-Orlicz function, then the following state-
ments are equivalent:

(Z) [C5p7||'7"' 5|| ]%o(Aﬁvuaq) - [CvMapv”'v"' a|| ]go(A:znvuaq)a
(Z’L) [Cvp5||'5"' 7|| ]O(Axvuaq) - [Canpa”'a"' a|| ]OO(AZL,’LL,Q),

fiii) sup — S [Me( L) < 00 (1,0 > 0).
"I kel
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Proof. (i) = (ii) The proof is obvious in view of the fact that

[Cvpa ||a o 7|| ]S(AT,U,Q) C [Capv ||7 ! a|| ]Zo(Aﬁvuaq)
(11) :>(111) Let [Capv”v a|| ]8(A:Lnau7Q) C [CvMapv”v a|| ]ZO(A:anuaq) Sup_
pose that (iii) does not hold. Then for some ¢, p > 0
1 top
sup — »  [Mi(=)]"* = 0o
r Jr kel 14

and therefore we can find a subinterval I,.(;) of the set of interval I,. such that

TN
Lgr () Z {Mk(Tﬂ >3, j=12, (2.3)
]CEIT(]')

Define the sequence = = (xj) by

1
m _ J 5 ke Ir(j)
ATirs = { 0, k¢l forall seN.
Then z = (1) € [e,p, ||, -+, |[]§(A™, u, ¢) but by equation(2.3),
= (xx) € [c, Myp, ||+ || 1% (A™ u, ), which contradicts (ii). Hence (iii) must
hold.
(iii) = (i) Let (iii) hold and = = (xx) € [¢,p, ||+ -+ , || 1% (A™, u, q). Suppose that
T = (:Ek) ¢ [cvMupv ||7 T 7|| ]&(Axuua(p Then
1 A"y Pk
sup—z [Mk(Hi]H_,zl,---,zn_lH)] = 0. (2.4)
ms 9roper, P

Let t = qi (||ukAﬁxk+s, 21,0 ,zn,1||) for each k and fixed s, then by equations(2.4)

aw L 5 i (£)] =

r9r el P

which contradicts (iii). Hence (i) must hold.m

Theorem 2.7 Let 1 < p;, < suppp < 00 and M = (My) be a Musielak Orlicz func-
tion. Then the following statements are equivalent:

(i) [ M- ] ]SG(Az%u,q) Clepl- wll]g(eAT,u,Q),
(ZZ) [Ca'/\ilvpa ||a ,|t| ]OgoAznvuaq) C [C,p, ||a 7|| ]oo(A:Lnau7Q>a
k
(iii) inf — Y | My (= >0 (t,p>0).
e

Proof. (i) = (ii) It is trivial.
(i) = (iii) Let (ii) hold. Suppose that (iii) does not hold. Then

nf L 3 [Mk(ﬁ)rk —0 (t,p>0),

T
gr kel
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so we can find a subinterval I,.(;) of the set of interval I,. such that

o X P < i1 2

g"(j) ke[r(j) P

Define the sequence x = (xj) by

m _ j7 ke Ir(j)
ATBhrs = { 0, k¢l foral seN.
Thus by equation(2.5), z = (1) € [ ¢, M, p, ||, ,-|[J§(A™, u, q), hence
v =(z) € [e,p, || || 1% (A™, u, q), which contradicts (ii). Hence (iii) must hold.
(iii) = (i) Let (iii) hold and suppose that = (zx) € [ ¢, M, p, ||, -+, || |$(A™, u, q),
i.e,
o1 URLAT Thoy s Pk
lim —Z [Mk(qk(ﬂw,zl,--- ,zn_1||>)} =0, (2.6)
T er P

uniformly in s, for some p >0 .

Again, suppose that = = (zx) & [ ¢,p, ||, -+ || §(A™, u, ). Then, for some num-
ber € > 0 and a subinterval I,.(;) of the set of interval I,., we have

Nup AN Thys, 21, 5 2n—1|| > €

for all £k € N and some s > sg. Then, from the properties of the Orlicz function, we

can write
ur Az Pk €\ Pk
M (o (=25 e anal])) ™ 2 04 ()

and consequently by (2.6)

which contradicts (iii). Hence (i) must hold.m

Theorem 2.8 Let 0 < pi, < qi for all k € N and (Z_Z) be bounded. Then,

[CuMaqu ||7 7|| ]G(Anm7u7Q) - [C,M,p, ||7 7|| ]H(A?7U7Q)'

Proof. Let x € [ ¢, M, q,||-,-++ || 1°(A™, u, q). Write

Al — L 9k
b= (M s (=2 )
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anduk:’q’—:foraﬂkeN. Then 0 < pur <1 for ke N.Take0 < pt < pg for k€ N.

Define the sequences (ux) and (vg) as follows: For ¢, > 1, let up = ¢ and v, = 0 and
for t; < 1, let uxp = 0 and v = tr. Then clearly for all £ € N, we have

b = ug + vg, tZkZUZ’“+U§k

Now it follows that u}* < wuy <t and v,* < v). Therefore,

i Zt;:k _ i Z(ugk +v;:k)

g

" kel, " kel,
1 1 L
N DI
gr kel " kel,

Now for each k,

=3 () ()

(E LT ()

and so )
n
Lyt S (tyw)
Ir rer gr kel, " kel
Hence x € [caMupv ||7 . 7|| ]O(A:znuu7Q) u

Theorem 2.9 (a) If 0 < infpr, < pr, <1 for all k € N, then
[Cvapvn'v"' 7|| ]G(Aﬁaua‘J) C [07M7||'7"' 7|| ]O(A?VUWJ)'
(b) If 1 < pp <suppp < oo forall k € N. Then

[Can”'v"' a|| ]Q(A?#,‘J) C [CvMapv”'v"' a|| ]O(A?aUﬂ(ﬁ'

Proof. (a) Let z € [C,M,p, ||a e 7|| ]Q(A:anuaq)v then

.1 upAMxpys — L Pk
N O (e )
gr kel P
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Since 0 < inf pp < pr < 1. This implies that

o1 U A xpps — L
O S| TN EE N )))
"k

p
el,
. 1 UkA:Inkars — L Pk
< lim _Z |:Mk(qk0|—azlv"'7Zn*1||)):| )
"I ke, p

1 Am s — L
therefore, lim — Z [Mk (qk(HM,zl,w- ,zn,1||))} = 0. This shows

o0 gr kel, P
that € [ ¢, M, ||-,-++ || ]?(A™, u, q)- Therefore,
[Cvapvn'v"' 7|| ]G(Aﬁaua‘J) C [07M7||'7"' 7|| ]O(A?VUWJ)'

This completes the proof.

(b) Let py > 1for each k and suppy < oo. Let = € [ ¢, p, ||, , || ]°(A™, u, q). Then
for each € > 0 there exists a positive integer N such that

1 A™ s — L P
lim — 3 [Mk(Qk(”Mm’fl;'” ,anlll))} o<1
Ir yel, P

Since 1 < p, < sup pg < 00, we have

. 1 ukA?:vk s — L Pk
it 3 [ )
gr kel, P

"o gr kel, P
=0
<1

Therefore x € [CuMapu ||7 e 7|| ]G(A:zn7u7Q) u
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The random of lacunary statistical on y?
over p-metric spaces defined by Musielak

N. Subramanian, R. Babu, P. Thirunavukkarasu

ABSTRACT: Mursaleen introduced the concepts of statistical conver-
gence in random 2-normed spaces. Recently Mohiuddine and Aiyup de-
fined the notion of lacunary statistical convergence and lacunary statis-
tical Cauchy in random 2-normed spaces. In this paper, we define and
study the notion of lacunary statistical convergence and lacunary of sta-
tistical Cauchy sequences in random on x? over p— metric spaces defined
by Musielak and prove some theorems which generalizes Mohiuddine and
Aiyup results.

AMS Subject Classification: analytic sequence, double sequences, x? space, Musielak
- modulus function, Random p— metric space, Lacunary sequence, Statistical conver-
gence

Keywords and Phrases: 40405,40C05,40D05

1 Introduction

The concept of statistical convergence play a vital role not only in pure math-
ematics but also in other branches of science involving mathematics, especially in
information theory, computer science, biological science, dynamical systems, geo-
graphic information systems, population modeling, and motion planning in robotics.

The notion of statistical convergence was introduced by Fast and Schoenberg inde-
pendently. Over the years and under different names statistical convergence has been
discussed in the theory of fourier analysis, ergodic theory and number the- ory. Later
on it was further investigated by Fridy , Salat , Cakalli , Maio and Kocinac , Miller ,
Maddox , Leindler , Mursaleen and Alotaibi , Mursaleen and Edely , and many oth-
ers. In the recent years, generalizations of statistical convergence have appeared in
the study of strong integral summability and the structure of ideals of bounded con-
tinuous func- tions on Stone-Cech compactification of the natural numbers. Moreover
statistical convergence is closely related to the concept of convergence in probability.

Throughout w, x and A denote the classes of all, gai and analytic scalar valued

COPYRIGHT (@© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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single sequences, respectively.
We write w? for the set of all complex sequences (Z,,,), where m,n € N, the set of
positive integers. Then, w? is a linear space under the coordinate wise addition and
scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [2]. Later on,
they were investigated by Hardy [3], Moricz [6], Moricz and Rhoades [7], Basarir and
Solankan [1], Tripathy [8], Turkmenoglu [9], and many others.

We procure the following sets of double sequences:

Mu (t) = {(xmn) € U)2 L SUPm,neN |$mn|tmn < OO} ;
Cp (t) :== {(:C,,m) € w? :p—limy, oo |Tmn — l|tm” =1 forsomel € (C} ,
Cop (t) 1= {(xmn) € w? : p— iy osoo |Tmn ™" = 1} :

Lo (t) = {(xmn) cw?: Y 2 |xmn|tmn < OO} 3

Cop (1) 1= €p (£) 1 My (¢) and Copp (£) = Cop () 1M (¢);

where t = (t,,,) 1s the sequence of strictly positive reals t,,, for all m,n € N and
D — limmy n—oo denotes the limit in the Pringsheim’s sense. In the case tp,, = 1
for all m,n € N; M, (t),Cp (£), Cop (£) , Lu (), Cpp (t) and Copp (t) reduce to the sets
My, Cp, Cop, Lo, Cpp and Copp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gokhan and Colak
[11,12] have proved that M, (¢) and C, (¢), Cpp (t) are complete paranormed spaces
of double sequences and gave the a—, —,y— duals of the spaces M, (t) and Cy, (¢) .
Quite recently, in her PhD thesis, Zelter [13] has essentially studied both the theory of
topological double sequence spaces and the theory of summability of double sequences.
Mursaleen and Edely [14] have independently introduced the statistical convergence
and Cauchy for double sequences and given the relation between statistical convergent
and strongly Cesaro summable double sequences. Altay and Basar [15] have defined
the spaces BS, BS (t), C8,, C8pp, €S, and BV of double sequences consisting of all dou-
ble series whose sequence of partial sums are in the spaces My, My, (t) , Cp, Cpp, C and
L., respectively, and also examined some properties of those sequence spaces and de-
termined the a— duals of the spaces BS, BV, €8, and the 8 (¥) — duals of the spaces
C8pp and €8, of double series. Basar and Sever [16] have introduced the Banach space
L4 of double sequences corresponding to the well-known space ¢, of single sequences
and examined some properties of the space £,. Quite recently Subramanian and Misra
[17] have studied the space x3, (p, ¢, u) of double sequences and gave some inclusion
relations.

The class of sequences which are strongly Cesaro summable with respect to a
modulus was introduced by Maddox [5] as an extension of the definition of strongly
Cesaro summable sequences. Cannor [18] further extended this definition to a def-
inition of strong A— summability with respect to a modulus where A = (an ) is
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a nonnegative regular matrix and established some connections between strong A—
summability, strong A— summability with respect to a modulus, and A— statistical
convergence. In [19] the notion of convergence of double sequences was presented by
A. Pringsheim. Also, in [20]-[21], and [22] the four dimensional matrix transformation
(AZ) o = Doy Dopey A7 Tmn was studied extensively by Robison and Hamilton.
We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 < p< 1, we have
(a+b)P <af +b° (1.1)

The double series > ° | &y, is called convergent if and only if the double sequence

(Smn) is convergent, where S, = Z;njzl xij(m,n € N).
A sequence © = (X,y,)is said to be double analytic if supp,, |:C,,m|l/m+" < 00. The

vector space of all double analytic sequences will be denoted by A%2. A sequence
@ = (Zmn) is called double gai sequence if ((m + n)! |Zpn )™ ™ = 0 as m,n — oco.
The double gai sequences will be denoted by x2. Let ¢ = {all finitesequences}.

Consider a double sequence = = (x;;). The (m,n)" section z[™" of the sequence
is defined by al™" = 33" (2,95 for all m,n € N; where Sy; denotes the double
sequence whose only non zero term is a ﬁ in the (i,j)th place for each i, j € N.

Let M and ® are mutually complementary modulus functions. Then, we have:
(i) For all u,y > 0,

uy < M (u) + @ (y), (Young'sinequality)[See[10]] (1.2)

(ii) For all u > 0,
wn (u) = M () + ® (n (w) (1.3)

(iii) For all w > 0, and 0 < A < 1,
M (Au) < AM (u) (1.4)

Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to construct Orlicz
sequence space

Uy = {x cw:y o M (%) < 00, forsomep > O},

The space {3y with the norm
Jall = inf {p>0: 552, M (1) <1},

becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces ¢5; coincide with the classical sequence space £,,.

A sequence f = (fmn) of modulus function is called a Musielak-modulus function.
A sequence g = (gmn) defined by
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gmn (V) = sup {|v|u — (frun) (u) :u >0}, mn=1,2---

is called the complementary function of a Musielak-modulus function f. For a given
Musielak modulus function f, the Musielak-modulus sequence space tf is defined as
follows

)l/m-i-n

tf:{waQ:If(|xmn| —>Oasm,n—>oo},

where I is a convex modular defined by

I (@) = 0 20 fon (@)™ o2 = (20n) € L

We consider t; equipped with the Luxemburg metric

d (xu y) = SUPmn {an (Eﬁ:l 220:1 fmn (W)) < 1}

If X is a sequence space, we give the following definitions:

(i)X'= the continuous dual of X;

(i) X = {a = (amn) : 2% et [amnTmn| < 00, foreachaz € X };
(iii) X8 = {a = (Gmn) 1 Y o n=10mnTmn 15 convegent, foreachx € X} :

(iv) X7 = {a = (@mn) : SUPmn > 1 ‘Z%i\;l AmnTmn

< o0, foreachz € X} ;

(v)let X beanF K — space D ¢; then X/ = {f(%mn) 1 fe X/} ;

Lmtn 00, foreachx € X} ;

(vi) X% = {a = (amn) : SUPmn |@mnTmn|
X X8 X7 are called a — (orKéthe — Toeplitz)dual of X, 3 — (or generalized —
Kothe — Toeplitz)dual of X, v — dualof X, 6 — dualof X respectively. X is defined
by Gupta and Kamptan [10]. It is clear that X* ¢ X% and X* ¢ X7, but X? c X7
does not hold, since the sequence of partial sums of a double convergent series need
not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz as follows

Z(A)={x = (z) € w: (Axg) € Z}

for Z = ¢, ¢y and £, where Az, = xp, — 2441 for all k € N.

Here ¢, ¢y and £, denote the classes of convergent,null and bounded sclar valued single
sequences respectively. The difference sequence space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by Bagar and Altay and in the case
0 < p < 1 by Altay and Bagar in [15]. The spaces ¢(A),co (A),los (A) and bv, are
Banach spaces normed by

%) 1
2l = 21| + supis1 [Azg] and [z, = (52, [zf?)”, (1< p < 00).
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Later on the notion was further investigated by many others. We now introduce the
following difference double sequence spaces defined by

Z(A) = {z = (Tmn) € W : (Azpn) € Z}

where Z = A27 X2 and A:I/'Wzn = (xmn - xmn—i—l) - (xm—i-ln - xm-}-ln—i—l) = Tmn —
Tmn+1 — Tmtin + Tmyint1 for all m,n € N. The generalized difference double notion
has the following representation: A™x,,, = A™ 1o, —A™ e, 0 — A o+
A™ 2 1ne1, and also this generalized difference double notion has the following
binomial representation:

A" = zm: zm: (-1)" (7) (7) Tntintj-

i=0 j=0

2 Definition and Preliminaries

Let n € N and X be a real vector space of dimension w, where n < w. A real val-
ued function dy(x1,...,2,) = ||(di(z1),...,dn(zn))|, on X satisfying the following
four conditions:

(1) I(di(z1),...,dn(zn))|lp = 0 if and and only if di(z1),...,dn(x,) are linearly de-
pendent,

(i) [[(d1(z1),- .., dn(xn))|lp is invariant under permutation,

(iti) [[(adi (1), s dn(@n))llp = || [(di(21), - - - dn(zn))[p, 0 € R

(iv) dp (21, 91), (22, 92) -+~ (T, Yn)) = (dx (21,22, 2)P + dy (y1, Y2, - ya)?) "7 for
1 <p < o0; (or)

(V) d((‘rlvyl)a (IQ, y2)7 e (Ina yn)) ‘= sup {dX(‘TlvaQ; co {En), dY(ylyyZa t yn)} )

for z1, 9, T, € X, y1,¥y2, - Yn € Y is called the p product metric of the Cartesian
product of n metric spaces is the p norm of the n-vector of the norms of the n sub-
spaces.

A trivial example of p product metric of n metric space is the p norm space is
X = R equipped with the following FEuclidean metric in the product space is the p
norm:

[(di(21), .- - dn(zn))| 2 = sup (|det(dmn (2mn))])

dii (z11)  diz(z12) ... din(@1n)
doi (x21) dao (z22) ... don (x1n)
= sup '
dnl (Inl) dn2 ($n2) dnn (-Inn)
where x; = (21, xin) € R™ for each i = 1,2, -n.

If every Cauchy sequence in X converges to some L € X, then X is said to be com-
plete with respect to the p— metric. Any complete p— metric space is said to be p—
Banach metric space.
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Let X be a linear metric space. A function w : X — R is called paranorm, if

(1) w(x) >0, for all z € X;

(2) w(—z)=w(x), for all z € X;

B)w(z+y) <w(z)+w(y), foral z,y € X;

(4) If (6mn) is a sequence of scalars with o,,, — 0 as m,n — oo and (zy) is a
sequence of vectors with w (2., — ) = 0 as m,n — oo, then w (TmnTmn — ox) — 0
as m,n — oo.

A paranorm w for which w (z) = 0 implies x = 0 is called total paranorm and the
pair (X, w) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [23], Theorem 10.4.2,
p.183).

By the convergence of a double sequence we mean the convergence on the Pring-
sheim sense that is, a double sequence x = () has Prinsheim limit L (denoted by
P —limxz = L) provided that given € > 0 there exists n € N such that |z, — L| < €.
We shall write more briefly as P— convergent.

The double sequence 6,5 = {(m,,ns)} is called double lacunary sequence if there
exist two increasing of integers such that

mo=0,¢0, =m, —m,_; = 00 asr — oo and
ng = 0,ps =Ng —Ns—1 —> 00 as § — 0.
Notations: my.s = myng, hrs = ©rQPs, 015 is determined by
Is ={(m,n) :my—1 <m <mpandns_1 <n <ns},

My - Ns

qr = mﬂ]s D and Qrs = Qr{s-

The notion of A— double gai and double analytic sequences as follows: Let A\ =
(Amn) e neo be a strictly increasing sequences of positive real numbers tending to
infinity, that is

0< Ao <A <--+ and Ay — 00asSm,n — 00

and said that a sequence = (x,,) € w? is A— convergent to 0, called a the A— limit
of , if pmn () = 0asm,n — oo, where

1 m— m—
Hmn (JJ) = Z Z (A 1)\m,n - A 1)\7n,n—i-l -
Prs me&l,.s n€l,g
A" At + A" Kt ) [
The sequence © = (T,) € w? is A— double analytic if supuy |fmn (z)| < oco. If

lim;y, Ty = 0 in the ordinary sense of convergence, then

hm ( ! Z Z (Amil)\m,n - Amil)\wz,n-i—l - A77171)\17%{-1,71 + Amil)\m—i—l,n-{-l)

mn
Prs mel.s n€lrs

((m -+ ) — OV <0,
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This implies that

Z Z Am 1)\mn _Am_ mn+l

(SDTS melrs n€lrs

_Amil/\anl,n + A77171)‘77%Jr1,7hL1) ((m 4+ n)! ||z — 0O]])

Hm |y () — 0] = hm

1/’”*”) —0.

which yields that limy, fmn (#) = 0 and hence x = (2,,,) € w? is A— convergent to

0.
Let I?— be an admissible ideal of 2Y¥*N g, be a double lacunary sequence,

f = (fmn) be a Musielak-modulus function and (X, [(d(z1),d(22), - ,d(@n-1)),

be a p—metric space, ¢ = (¢mn) be double analytic sequence of strictly positive real
numbers. By w? (p — X) we denote the space of all sequences defined over

(X, I(d(z1),d(x2), - ,d(zn-1))] ) . The following inequality will be used through-
out the paper. If 0 < ¢y < supgmn = H, K = max (1, 2H’1) then
|a/mn + bmn|Q7nn S K {|a/mn|an + |bmn|Q7nn} (2'1)

for all m,n and amn, bmn € C. Also |a|™™ < max (1, |a|H) for all @ € C.
In the present paper we define the following sequence spaces:

[l ) o) lE]L
T N (T ER T RIS REITRN TR b
e I’

12

(AR (@) d @) d@aea))E]
= o (0,060t )] K]
e I’

If we take fon () = x, we get

2

DL (@) dwa) - d @)

- {r,sefm:[(numn(x),(d<x1>,d<x2>,-- da-0)l,) | = €}
e I’

(420, 1 (@) d @) - d )]

- {nsefrs:[(numn<x>,<d<x1>,d<w2>,-- d@a)l,)]"" = 1}
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If we take ¢ = (¢mn) = 1, we get

I
[ I (1) dw2) - d (1) ]

Ors
= {rs e s [fun (lmn @), @@ d (@) -+ d @), )| 2 €}
e I?

p

M@ @) @), sd @] |

rs

= {rse L [fun (It @), (@@ d (@), d@a)l,)] 2 K}
e I

In the present paper we plan to study some topological properties and inclusion
relation between the above defined sequence spaces.

2

(32 I(d @) s d (w2) o d (n0))| ]

and
2

[A§1,||(d(x1),d(xz),--- d(zn-1))l ]

which we shall discuss in this paper.

3 Main Results

3.1 Theorem

Let f = (fmn) be a Musielak-modulus function, ¢ = (gm») be a double analytic
sequence of strictly positive real numbers, the sequence spaces

2

[x§1,||<d<x1>,d<x2>,--- awn- ],

and [A?i, [(d(z1),d(z2), - ,d(zn-1))l; are linear spaces.

Proof: It is routine ver1ﬁcat1on Therefore the proof is omitted.

3.2 Theorem

Let f = (fmn) be a Musielak-modulus function, ¢ = (gmn») be a double analytic
sequence of strictly positive real numbers, the sequence space

(X2 (@) d w2) o d ()| }
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is a paranormed space with respect to the paranorm defined by
g(z) =inf \
{[Fn (lrtmn (@), (@ @2) (2, d @), ) |7 <1}

Proof: Clearly g (z) > 0 for

2

2 = (onn) € [\ N o) (02 o+ d i) E]

Since [, (0) =0, we get g (0) = 0.
Conversely, suppose that g () = 0, then

inf { [ (lmn (@), (@ (1), d (2) -+ d @a-0)],)| " <1} =0,
Suppose that fim,y, (z) # 0 for each m,n € N. Then

||:umn (.I) ) (d (‘Il) ) d (IQ) y T ad(xnfl))nﬁ — 0.
It follows that

([fm" (||an (2),(d(z1),d(22), - d(@n1))| )}an)l/H%OO

which is a contradiction. Therefore piy,, () = 0. Let

([fmn (Hﬂmn (), (d(z1),d(22), - d(@a1))| )}qmn)l/H o
and

([fm" (Hﬂmn (y),(d(x1),d(z2), - ,d(xn-1))l )j|Q7nn)1/H -

Then by using Minkowski’s inequality, we have

([fmn (”/Lmn (x+y),(d (331) 7d(x2),,,_ (In 1))” )}qmn)l/H
= ([fm” (”“m" (), (d(x1),d (x2) - ,d(xn_1))| )]an)l/H
+ ([fmn (IIumn ), (d(z1),d(x2), - ,d(zn_1))] )}qmn)l/H'

So we have
gt y) = inf {[fmn (W (2 +0), (@), d (@), d i), )| <1}
< inf { [fmm (||umn<w>,<d<x1>7d<x2>,--- d@a-)l,)]"" <1}

+ inf { {fmn (H/Lmn (), (d(z1),d(x2) -, d(@n_1))| )}qmn - 1}
Therefore,
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glx+y) <g(x)+gy).

Finally, to prove that the scalar multiplication is continuous. Let A be any complex
number. By definition,

gO) = inf { [ frn (Ittmn 02) (@ (1), d (2) @), ) | <1}
Then
g Ova) =it LA [ fun (It (A1) (d (1) d (2) -+ d ) ) | <1}
where ¢ = 7. Since [A|""" < magz (1, A" | we have

g (Ax) < maz (L [A]™F""")

inf {20/ [ fn (1t (W2) (A (1) A (22) -+ d @ae)],) ] < 1]

This completes the proof.

3.3 Theorem
(i) If the Musielak modulus function (f,,) satisfies Ay— condition, then

1204

G bt (@) (d (21) . (22) - d a7

= [ s (@) (d(@1)  d () -+ d (@ mu}

(ii) If the Musielak modulus function (g,,) satisfies Ag— condition, then

2a

DG o (@) (d ) o (w2) - d )]

= [0t (@), (A1) d (22) -+ (@ mn}

Proof: Let the Musielak modulus function (f,,) satisfies Ay— condition, we get

{ngu, ltmn (), (d(21),d(22), - ,d (!En—l))Hﬂ ;S c (3.1)
[ b ), @ 1) 22 - n )]
To prove the inclusion
I2a

D b (@) (A (@1)  d (22) -+ d wam)F)

< [, It (2)  (d (21) d (2) .-+ d (2 1>>||} :
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let

I2a

a € {X?IZN H,umn (IE) ) (d (‘Tl) yd (IQ) yosd ($n71))||§:| Ors

Then for all {2, } with

2

(n) € [N i (), (@ 1) )+ s )]

we have
Z Z [T Gmn| < 00. (3.2)
m=1n=1

Since the Musielak modulus function (f,,) satisfies As— condition, then

2

(Ymn) € [X?‘,Z,Ilumn (@), (d(z1),d(22) - d (@)l |

we get

SO’I‘Symna/’rnn
A" N (Mm 4+ n)!

‘<oo.

by (3.2). Thus

(prstimn) € [0 lptnn (2) A (22) (22, ,d<xn_1>>||*1;5

= [ lttmn (2) (A (1) d (2) (o mn}

and hence

2

() € [N T () @ (1), d 22), - d )]

This gives that

[ b (), @ 1) 22+ d ) IE]
C [ M (), (@) A a2) A )]
we are granted with (3.1) and (3.3)
[0 lttmn (@), (d (1) d (@2) -+, d (@0-))| }”

= [ o @) @) A a2) A )]
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(i) Similarly, one can prove that

I2o<

G b (@) (d 1), d (@) - d a1 E]

< [ Mm@, (@A (1) d (22) -+ (@ 1>>H

if the Musielak modulus function (gp,,) satisfies Ao— condition.

3.4 Proposition

If 0 < gmn < Pmn < o0 for each m and m, then

2

(30 i &) @ (1), d 2), - )],

C AT Mt (2) (A (1) (2) -+ - mn}

Proof: The proof is standard, so we omit it.

3.5 Proposition

(i) If 0 < infqmn < Gmn < 1 then

(A3t (@), (@ (21) d (2) -+ (2m0))] }
12

< [A3 Mt (2) (A (1) d (@2) -+, d (- 1>>”“”Lm'

(i1) If 1 < Gumn < SUPGmn < 00, then

2

(43 T 2 @ (1), d 2), s )],

C (A2 i 0 (@ 2) d(02) - d 1>>H

Proof: The proof is standard, so we omit it.
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3.6 Proposition
Let f/ = ( f,/,m) and f// = ( f,l,lm) are sequences of Musielak functions, we have
12

(A2 Nt (@), (@ (1) d (2) -+ o d (@a1)IIE]

rs

OV [A2, Dt ) (@ 0) s 2) i )IE]

12
C MYl (@), (@ (@2) d(w2) - d @a)F ],
Proof: The proof is easy so we omit it.

3.7 Proposition

For any sequence of Musielak functions f = (fmn) and ¢ = (gmn) be double
analytic sequence of strictly positive real numbers. Then

2

[0 ltmn (@), (d (1) d (@2) -+ d (w0-))] }
C AT ttmn (@) (d (1) d (22) -+ d (e mn}

Proof: The proof is easy so we omit it.

3.8 Proposition

The sequence space [A?L, |t (), (d (21) ,d (22) -+ yd (xn_1))||¥ ] : is solid
Proof: Let © = () € {A?L, | tmn () 5 (d (21) ,d (22) -+, d (zn—1))| } , (ie)
s [A3 i (), (4 (21) ), D] < o0

Let (cmyn) be double sequence of scalars such that |am,,| < 1 for all m,n € N x N.
Then we get

2

sup | A%, ([ () (d (1) . 22) -+ ()| }
< sup (A lnn () (@ (@0) d (@) -+ o )| }

This completes the proof.
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3.9 Proposition

The sequence space A?‘L, [ttmm (), (d (1) ,d(x2), - ,d(Tn-1))| } is mono-

tone
Proof: The proof follows from Proposition 3.8.

3.10 Proposition
If f = (fmn) be any Musielak function. Then

{A?;IH ”/Lmn (:E) ) (d (fEl) s d (IQ) o ’d(xnfl))HfLM

2

wx 11
C At (@) (d (1) d (@2) - d @)

rs

if and only if sup, >, % < 0.

Proof: Let
2
€ (A% ltmn (@), (@ (1) d (22) -+ d @a-D)E ]
and .
N = SUPy s>1 *i < 0oQ.
Then we get

(A5 o (2) (@ (1) d (22) -+, d (- 1>>”“’:Z]Is

97‘
w117
= N [AFL o (@) (d (1) d (2) - d (@) [57] =0
e I?
Thus & € (A28, [t (2) , (d (21) d w2) -+ sd an-1 )]
Conversely, suppose that b
w11
|:A?L, H,umn (I)v(d ('rl) ad(x2)7" ’ ’d(Inil))Hkp :|N9
c [Aii“,|\umn (2),(d(21),d(z2), - ,d(@n-1))] ]
and
17
& [A20 i (2), (@) ) o D]
Then

[A?L’ ltmn (), (d(21),d(22), - ,d (xn_l))”;:*} <e
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for every ¢ > 0. Suppose that sup, ;> f:—Zi = 00, then there exists a sequence of

members (rs;;) such that lim; ;0 % = 00. Hence, we have
Jk

(420, o &) (o) d )+ d @) 5] = o

rs

Therefore

2

2 ¢ (38 o (@) (1) d o)+ d )]

which is a contradiction. This completes the proof.

3.11 Proposition
If f = (fmn) be any Musielak function. Then

|:A§‘(Z“ ”an (J:) ) (d (fI;l) ’ d ((EQ) )T ’d(xn_l))H?s*}@m

12

= [N @), @ ) ), d )]

if and only if
sup wii < 00, Sup Pra
rs>1 Prg r,s>1 (Prs

> 00.

Proof: It is easy to prove so we omit.

3.12 Proposition

The sequence space

2

[0 Lt (@) 01 2) )]
is not solid
Proof: The result follows from the following example.

Example: Consider

1
1
2

r=(tmn) = | € [\ Ntmn (@), (@ (1) (), (e nM

1
1
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Let
I S L
_1m+n _1m+n _1m+n
Amn — )
L L S L)
for all m,n € N. Then
2
2
Qonntmn # [\ D (), (@ 1), 2) -+ 0]
Hence .
[0 o (), @ 1) ) s )],
is not solid.
3.13 Proposition
The sequence space [x?‘,ﬂ,l\umn (@), (d(z1),d(z2), - ,d(zn1))| } is not

monotone
Proof: The proof follows from Proposition 3.12.
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1 Introduction

The study of the existence, the structure and properties of (approximate) solu-
tions of optimal control problems defined on infinite intervals and on sufficiently large
intervals has recently been a rapidly growing area of research [4-8, 10, 11, 14, 15,
16, 18-20, 22, 23, 27, 30]. These problems arise in engineering [1, 32], in models of
economic growth [2, 9, 12, 17, 21, 24, 25, 27-29, 31], in infinite discrete models of
solid-state physics related to dislocations in one-dimensional crystals [3, 26] and in
the theory of thermodynamical equilibrium for materials [13, 16].

In this paper we study the structure of approximate solutions of nonautonomous
discrete-time optimal control systems arising in economic dynamics which are deter-
mined by sequences of lower semicontinuous objective functions.

For each nonempty set Y denote by B(Y") the set of all bounded functions f : Y —
R' and for each f € B(Y) set

[ f1l = sup{|f(y)|: y € Y}

For each nonempty compact metric space Y denote by C(Y) the set of all continuous
functions f : Y — R

COPYRIGHT (@© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Let (X, p) be a compact metric space with the metric p. The set X x X is equipped
with the metric p; defined by

pl((‘Tlux?)a (y17y2)) = p(xhyl) + P($27y2)7 (l’l,l’g), (y17y2) e X xX.

For each integer ¢ > 0 let Q; be a nonempty closed subset of the metric space
X x X.

Let T > 0 be an integer. A sequence {x;};°r C X is called a program if
(x4, x441) € O for all integers ¢ > T.

Let T1,T5 be integers such that 0 < T < Ty. A sequence {It}tTiTl C X is called
a program if (z;,x441) € Q¢ for all integers ¢ satisfying 71 <t < Tb.

We assume that there exists a program {z;}72,. Denote by M the set of all
sequences of functions {f;}$2, such that for each integer ¢t > 0

fr € B(Q4) (1.1)

and that
sup{||fe]l : t=0,1,...} < 0. (1.2)

For each pair of sequences {f;:}$2g, {gt}i2y € M set
d({fe}iZ0:{9e}i20) = sup{llfe —gel - £=0,1,...}. (1.3)

It is easy to see that d : M x M — [0, 00) is a metric on M and that the metric space
(M, d) is complete.
Let {f:}52, € M. We consider the following optimization problems

Tp—1
Z fe(xs, xr41) — mins. t. {:Ct}tTiTl is a program,
t=T1
To—1
Z fi(x4, x141) — mins. t. {xt}tTiTl is a program and zp, =y,
t=T1
Tp—1
Z fi(xe, x441) — mins. t. {xt};‘FiTl is a program and xp, =y, zm, = 2,
t=T1

where y, z € X and integers 17,715 satisfy 0 < T < Ts.

The interest in these discrete-time optimal problems stems from the study of vari-
ous optimization problems which can be reduced to this framework, e. g., continuous-
time control systems which are represented by ordinary differential equations whose
cost integrand contains a discounting factor [12], the study of the discrete Frenkel-
Kontorova model related to dislocations in one-dimensional crystals [3, 26] and the
analysis of a long slender bar of a polymeric material under tension in [13, 16]. Similar
optimization problems are also considered in mathematical economics [9, 17, 24, 28,
29, 31].
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For each y, z € X and each pair of integers 11, T» satisfying 0 < T7 < T» set

To—1
U{fe}:20, T1, To) = inf{ Z fi(xe, 1) - {xt}tTiTl is a program}, (1.4)
t=T1
To—1
U({ft}i0, T1, T, y) = inf{ Z fewe, megn) © {we}{2, is a program and 7, = y},
t=T1
(1.5)
To—1
U({fi}i20:T1, Toyy, 2) = nf{ Y fulws, mi4a) :
t=T1
{xt}tTiTl is a program and z, =y, T1, = 2}. (1.6)

Here we assume that the infimum over empty set is co.

Denote by M, the set of all sequences of functions {f;}5°, € M for which
there exist a program {z7}52, and constants ¢; > 0, 7 ¢ > 0 such that the following
conditions hold:

(C1) the function f; is lower semicontinuous for all integers ¢ > 0;

(C2) for each pair of integers 77 > 0, To > T,

To—1

Z ft(${7${+1) < U({ft}?io’TlvTQ) + ¢y
t=T1

(C3) for each ¢ > 0 there exists § > 0 such that for each integer ¢ > 0 and each
(z,y) € Q satisfying p(z,z]) <4, p(y,fo) < 6 we have

el aliy) = fley) < e

(C4) for each integer t > 0, each (xy, 244 1) € Q satisfying p(zy, 2] ) < 7 and each
()1, %), o) € Quq1 satisfying p(z] ., :Etf+2) < 7y there is x € X such that

(x4, ) € Y, (x,24,5) € Qq1;

moreover, for each € > 0 there exists § € (0,7;) such that for each integer ¢ >
0, each (x4, 2441) € Q4 and each (v},,,7;, 5) € Q41 satisfying p(ze,2]) < 6 and
G xf+2) < ¢ there is © € X such that

(xtvx) € Qta (x,$;+2) € QtJrlv p(xvx{+1) <e

Denote by ./\;lTeg the closure of M,y in (M, d). Denote by M, e, the set of all
sequences {f;}2, € M,y such that f; € C(£;) for all integers ¢ > 0 and by ./\;lweg
the closure of Mg eq in (M, d).

We study the optimization problems stated above with the sequence of objective
functions {f;}32, € Myeg. Our study is based on the relation between these finite
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horizon problems and the corresponding infinite horizon optimization problem deter-
mined by {f;}5°,. Note that the condition (C2) means that the program {zl1eo, is
an approximate solution of this infinite horizon problem.

We are interested in turnpike properties of approximate solutions of our optimiza-
tion problems, which are independent of the length of the interval T, — T, for all
sufficiently large intervals. To have these properties means that the approximate so-
lutions of the problems are determined mainly by the objective functions, and are
essentially independent of the choice of interval and endpoint conditions, except in
regions close to the endpoints. Turnpike properties are well known in mathematical
economics. The term was first coined by Samuelson in 1948 (see [26]) where he showed
that an efficient expanding economy would spend most of the time in the vicinity of
a balanced equilibrium path (also called a von Neumann path).

The paper is organized as follows. In Section 2 we present turnpike results and
show the existence of optimal solutions over infinite horizon established in [31]. Our
main results (Theorems 3.1 and 3.2) are stated in Section 3. Section 4 contains an
example. Our auxiliary results are proved in Section 5. Section 6 contains the proof
of Theorem 3.1 while Theorem 3.2 is proved in Section 7.

2 Preliminaries

Let {£i}220 € Myey, a program {z! 122, ¢; > 0 and v¢ > 0 be such that (C1)-(C4)
hold.
In [31] we proved the following useful result.

Proposition 2.1Let S > 0 be an integer and {z;}{2 ¢ be a program. Then either the
T-1 T-1 .
sequence {y ;o fi(xi, Tix1) — > i g fi(xf,xfﬂ)}%o:sﬂ is bounded or
T—o0 4

T-1 T-1
lim [Z filwi, xig1) — Z fi(%'faffﬂ)] = o0.
=S =S

A program {z;}° ¢, where S > 0 is an integer, is called ({f;}$2,)-good if the
sequence

T-1 T-1
O filwiwi) = Y filal 2l e
=S =S

is bounded [9, 27-29, 31].

We say that the sequence {f;}$2, possesses an asymptotic turnpike property (or
briefly (ATP)) [31] with {x/}5°, being the turnpike if for each integer S > 0 and each
({/i}720)-good program {z;}3 s,

lim p(xl,xzf) =0.

i—00

We say that the sequence {f;}5°, possesses a turnpike property (or briefly (TP))
[31] if for each € > 0 and each M > 0 there exist ¢ > 0 and a natural number L such
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that for each pair of integers T1 > 0, T3 > T; + 2L and each program {xt}tTiTl which
satisfies

To—1

> filwi i) < minf{U{fi}20, Th, To, oy, 21,) + 6, U({fi}320, Ty, To) + M,
=T

the inequality p(z;, azzf) < € holds for all integers i =Ty + L,...,To — L.

The sequence {z/ }22, is called the turnpike of {f;}32,.
In [31] we proved the following results (see Theorems 2.1-2.4).

Theorem 2.1The sequence {f;}2, possesses the turnpike property if and only if
{[fi}22, possesses (ATP) and the following property:

(P) For each € > 0 and each M > 0 there exist § > 0 and a natural number L
such that for each integer T > 0 and each program {x;}!* which satisfies

T+L-1

Z fi(l‘z', Iz‘+1)
i=T

< min{U({fi ;’iO,T, T+ vaTvxT-i-L) + 57 U({fl ;?iovTv T+ L) + M}
there is an integer j € {T,...,T + L} for which p(x;, :1:5) <e.

The property (P) means that if a natural number L is large enough and a program
{:vt}tT;TL is an approximate solution of the corresponding finite horizon problem, then
there is j € {T,...,T + L} such that z; is close to a:g

We denote by Card(A) the cardinality of the set A.

Theorem 2.2 Assume that the sequence {f;}5°, possesses (ATP) and the property
(P), e > 0 and M > 0. Then there exists a natural number L such that for each pair
of integers Ty > 0, T > 11 + L and each program {xt}tTiTl which satisfies

To—1
Z ft(xtu xt-‘rl) S U({fl};’i@u T17 TQ) + M
t=T1

the following inequality holds:

Card({t € {T},..., Ty} : p(zs,z]) > €}) < L.

Let S > 0 be an integer. A program {z;}° ¢ is called ({f;}32,)-minimal [3, 26,
31] if for each integer T > S,

T-1
Z ft(‘rtu :Et-‘rl) = U({fl}zoi(ﬁ Su T7 I’S,I'T).
t=S
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A program {z;}° ¢ is called ({fi}$2,)-overtaking optimal [12, 27, 31] if for each
program {x}}2° ¢ satisfying xg = z,

T-1 T-1
limsup(Y  fi(we, weg1) = Y filwh, a4,)) <0,
t=5 =5

T—o0

Theorem 2.3 Assume that the sequence { f;}$2, possesses (ATP), z € X, S > 0 is
an integer and that there exists an ({ f;}32,)-good program {x;}:° ¢ satisfying xs = z.
Then there exists an ({ i }$2,)-overtaking optimal program {x} }$° ¢ satisfying % = z.

Theorem 2.4 Assume that the sequence {f;}2, possesses (ATP), z € X, S > 0 is
an integer and that there exists an ({ f;}32,)-good program {Z; };° ¢ satisfying s = z.
Let a program {xz;}{° ¢ satisfy xs = z. Then the following properties are equivalent.

(i) {z}2g is an ({fi}32,)-overtaking optimal program;

(ii) the program {z:}° ¢ is ({ fi}52,)-minimal and ({ f;}$2,)-good;

(iii) the program {z;}{° ¢ is ({ fi}$2,)-minimal and satisfies lim;_,  p(z¢, ey =0

3 Main results

Let {fi}2y € Myeg, a program {xlf};’io, cs > 0and vy, > 0 be such that (C1)-(C4)
hold.

We say that the sequence { f;}$2, possesses a strong asymptotic turnpike property
(or briefly (SATP)) with {x/}°, being the turnpike if for each integer S > 0 and
each ({fi}$2,)-good program {z;}°,

> .
Zp(I“IZj) < 0.
1=0

Clearly, (SATP) implies (ATP).

We say that the sequence {f;}52,, possesses a a strong turnpike property (or briefly
(STP)) if for each € > 0 and each M > 0 there exist 6 > 0 and a natural number L
such that for each pair of integers T7 > 0, T > 17 + 2L and each program {xt}tTiTl
which satisfies

To—1

> filwi i) < minf{U{fi}20, Th, To, oy, 2m,) + 6, U({fi 1320, Ty, To) + M},
=T

the inequality ElTi;lLJFL p(x;, :1:{) < € holds.
The sequence {zf}2°, is called the turnpike of {f;}22,.
Clearly, (STP) implies (TP).
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In this paper we prove the following two results which are extensions of Theorems
2.1 and 2.2 respectively.

Theorem 3.1 The sequence {f;}52, possesses the strong turnpike property if and
only if {f;}5°, possesses (SATP) and the property (P).

Theorem 3.2 Assume that the sequence { f;}52, possesses (SATP) and the property
(P), and M > 0. Then there exist a natural number L and My > 0 such that for each
pair of integers Th1 > 0, T3 > T} + L and each program {It}tTiTl which satisfies

To—1

Z Je(xe, 1) SU{fi}i2o, Th, To) + M
=T,

the following inequality holds:

T

Z p((Ez,(E,Lf) < MO'

i=T1

4 An example

Let {fi}220 € Myeq, a program {2 }2°,. ¢; > 0 and 7v¢ > 0be such that (C1)-(C4)
hold.

Now we show that { f;}5°, is approximated by elements of M,.., possessing (STP).

For each r € (0,1) and all integers 7 > 0 set

ffr)(‘rvy) = fi(xvy) —i—rp(x,w{), (‘T’y) = Ql (41)

Clearly, {fi(r)};-’io € Mg for all r € (0,1) and lim, o+ d({fi(r) >0 {fi}2y) =0.

Proposition 4.1 Let r € (0,1). Then {fi(r)}fio possesses (STP) with {xzf}fio being
the turnpike.

Proof. By Proposition 2.6 of [31], {fi(r)}fio possesses (TP) with {x{}z"io being
the turnpike. It follows from Theorem 2.1 that { fi(r)}fio has the property (P). In
view of Theorem 3.1 it is sufficient to show that { Q)“Z-(T)}fi0 possesses (SATP).

Assume that S > 0 is an integer and that a program {z;}:° o is ({fi(r) 2 0)-good.
Then there is ¢; > 0 such that

T-1 T-1
| Z ft(T)(:ct,:cHl) - Z ft(r)(a:{,a:{Jrlﬂ < ¢ forallintegersT > S. (4.2)
t=5 t=5

By Proposition 2.1, (4.1) and (4.2), 325° ¢ p(x4, ] ) < 00. Thus (SATP) holds. Propo-
sition 4.1 is proved.
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5 Auxiliary results
We use the notation, definitions and assumptions introduced in Sections 1-3.
The following two results were obtained in [31].

Lemma 5.1 Let an integer S > 0 and a program {z;}{° ¢ be ({fi}32,)-good. Then
there is a number ¢ > 0 such that for each pair of 1ntegers T, > S and Ty, > Ty,

To—1

> filwiwinn) SU{fi}320, T, To) + ¢

=T

and the following property holds:
for each € > 0 there exists a natural number L such that for each integer T1 > L
and each integer Ty > T,

To—1

7 filwi wivn) U320, Tr, Toy oy, o) + €.
i=T1

Lemma 5.2 Let € > 0. Then there exists § > 0 such that for each pair of integers
Ty >0, Ty > Ty + 2 and each program {:vi}iTiTl satisfying
( Forn) <6, ( RS
P IT1+17$T1+1 >0, p IT2*17$T271 >~ 0,

Ty—2
> filwn i) SU{fi}20, To+1,To — Lag 41,00, 1) + 0
i=T1+1

there exists a program {5:1-}2‘}1171 such that
P 1 =ah e =ad o Fi=a, =TI+, Ty —1
TTy—1 = Tp 1y Dol = Ty qqs Ti = Tg, 0 =41+ 1,03
and that the following inequality holds:

Z fz xzuxz-i-l Z fz z+1 + €.

=T —1 'LT11

Lemma 5.3 Assume that {f;}5°, possesses (SATP) and let € > 0. Then there exist
0 > 0 and a natural number L such that for each pair of integers To > Ty > L and
each program {xi}?iTl satisfying

To—1 T>—1
_ .. _ .
T, = Ty, T, = Ty, filwi, 2ip) < filel,al ) +0
=T i=T1

the inequality ZtTiTl pxe, ) < € holds.
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Proof. Assume that the lemma is not true. Then there exist sequences of natural
numbers {T5}72, {Sk}72, such that for each natural number £,

Ty < Sk < Tx41

and there exists a program {xgk)}zs . such that

k k
xgpk) = :CTk xgk) = :Csk (5.1)
Sk—1
k k _
S fi@, a2l < Z filal wl ) + 27" (5.2)
=T} =T}
Sk
> ol xl) > e (5.3)
=T

Define a sequence {z;}2, C X as follows: for each integer k > 1,

.’L‘izw(-k), iZTk,...,Sk, (5.4)

K3

x; = a:f for all integers ¢ > 0 such that ¢ ¢ U2 {T%, ..., Sk} (5.5)

By (5.1), (5.4) and (5.5) {z;}5°, is a well-defined program. By (5.2), (5.4) and (5.5)
for each integer p > 1,

S, Sp P .
Z fi(@i, wip1) < Z fi (‘vaxzfﬂ) + Z 2
i=0 =0 =t

Combined with Proposition 2.1 this implies that the program {z;}32, is ({fi}520)-
good. In view of (SATP),

Z p(zi,zl) < oo

i=0

On the other hand, it follows from (5.3), (5.4) and (5.5) that

Zpl’u €y i Z (k) i& Q.

k=0 i= Tk k=0

The contradiction we have reached completes the proof of Lemma 5.3.

Lemma 5.4 Assume that {f;}5°, possesses (SATP) and let € > 0. Then there exist
0 > 0 and a natural number L such that for each pair of integers T, T> satisfying
Ty > L, Ty, > Ty + 2 and each program {xi}?iTl satisfying

p(‘rTl-l‘l?x;’lJrl) <9, p(xTz—lvxézq) <9, (5.6)



160 A. J. Zaslavski

Tp—2
Z fi(xi, wi1) SU{fi}i2o, Tr + 1, T2 — Lz 11,215 -1) + 0 (5.7)
i=T;+1
the following inequality holds:

To—1

Z p(xtvxtf) <e

t=T1+1

Proof. By Lemma 5.3, there exist §; > 0 and a natural number L such that for each
pair of integers S > S1 > L and each program {xl 2 g, satistying

Sa—1 Sa—1
xSi = :I‘hgi? i= 1727 Z fi(xi7xi+1 Z fl 17 z+1 +61 (58)
=51 =51
we have
Sa
Z p(a:i,x{) <e. (5.9)
=51

By Lemma 5.2 there ex1st 0 > 0 such that for each pair of integers T1 > 0, T > T1 +2
and each program {xl =, satisfying

p(!ET1+1796';7;1+1) <4, p(!ETg—hUC';];Q_l) <4,

To—2

S filwiwin) SU{fi}20 T+ 1L, T2 — Lag 41, 21, 1) + 0
i=T1+1

there exists a program {5:1-}2}1171 such that

Bry1 =y, En =2, B =g, i=Ti+ 1, T — 1, (5.10)
Z fz :Ezuxz-i-l Z fz 17 H—l +61 (511)
=T —1 i=T1—1

Assume that an integer T7 > L, an integer T > T7 4+ 2 and a program {331}1 T1
satisfies (5.6) and (5.7). By (5.6), (5.7) and the choice of d, there exists a program
{Z }T2+171 which satisfies (5.10), (5.11). By (5.10), (5.11), the choice of §; (see (5.8),

(5.9)),

To+1

Z p(ji,l'{) <e

=Ty —1
Together with (5.10) this implies that

T>—1

Z p(xivxif) <e

=T +1

Lemma 5.4 is proved.
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6 Proof of Theorem 3.1

Assume that (STP) holds. Then (TP) holds and in view of Theorem 2.1, (ATP)
and the the property (P) hold. Therefore

Jlim p(zy,af) =0 (6.1)

for each integer S > 0 and each ({f;}$2,)-good program {z;}3°.

Let us show that (SATP) holds. Assume that S > 0 is an integer and a program
{zi}2qis ({fi}520)-good. Then (6.1) is true. By Lemma 5.1, there is ¢ > 0 such that
for all integers 17 > S, Ty > T,

To—1

D filwi i) SUSY 0 T To) + ¢ (6.2)
i=T1

By (STP), there exist 6 > 0 and a natural number Ly such that for each pair of
integers 77 > 0, Ty > T} + 2Lg and each program {Zt}tTiTl which satisfies

T>—1

> filzi zion) < min{U{ £i}320, Tv, T, 21y, 21,) + 6, U({fi}220, T1, To) + ¢} (6.3)
=T

we have
T2—Lo

> plzal) <1 (6.4)

i=T1+Lo
By Lemma 5.1, there exists a natural number L; > S such that for each integer
T1 > Ly and each integer To > T7,

To—1

> filwi i) SU{SYZ0 Th, Toyory o) + 6. (6.5)
i=T1

Assume that integers

Ty > Ly, To > Th + 2Ly. (6.6)
Then (6.2) and (6.5) hold. In view of (6.2), (6.5), (6.6) and the choice of d, Ly,
To—Lg
S plaiaf) <1 (6.7)
i=T1+Lo

Since (6.7) holds for any pair of integers T3, T, satisfying (6.6) we conclude that

o0

Z p(xiv‘rif) <L

i=L1+Lo

This implies that Y- p(zi,2]) < 0o and that (SATP) holds. Thus we have shown
that (STP) implies (SATP) and the property (P).
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Assume that (SATP) and the property (P) hold.

Let € > 0 and M > 0. By Lemma 5.4 there exist 69 > 0 and a natural number
L such that for each pair of integers Sy, S2 satisfying S; > Lg, S > S1 + 2 and each
program {azz}lsz2 s, satisfying

p(IS1+1aI§1+1) < 605 p(IS2*17$§271) < 605

So—2
> filwiwinn) SUES}20, 81 + 1,82 — L,as, 11, 25,-1) + 0o (6.8)
1=S1+1
we have
So—2
Z p(zs,zl) <e. (6.9)
1=S1+1
By the property (P) there exist
5 € (0,50) (6.10)

and a natural number L; such that for each integer T' > 0 and each program {:vt}tT:TL !
which satisfies

T+L,—1

Z fi(Iz', Iz‘+1)
i=T

<min{U{ f:}20, T, T+ L1, xp, xr+1,)+0, U{fi}i2o, T, T+L1)+3c;+ M}, (6.11)

there is an integer j such that
jE{T, ..., T+ L1}, plaj,«l) < do. (6.12)

Choose a natural number
L>4Ly+ 4L,. (6.13)

Assume that a pair of integers T3 > 0, To > T} + 2L and that a program {xt}tTiTl
satisfies

T>—1

> filwi i) < minf{U{fi}20, T1, To, oy, 21,) + 6, U({fi}320, Ty, To) + M.
=Ty

(6.14)
In order to complete the proof of the theorem it is sufficient to show that
To—1L
Z plzs,al) <e (6.15)

1=T1+L
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Let integers Sy, So satisfy T < S1 < Sz < T. By (6.14) and (C2),

So—1 To—1 S1—1 To—1
Y. filwi i) =Y filwiwin) = Y filmin i) — Y filws wiga)
=51 =T =T =S5
< U({fi}iZo, Th, T2) + M = U({fi}Z0, T1, S1) — U({ fi}iZ0, S2, T2)
To—1 Si1—1 To—1
S Zfl X5, »L+1 +M Zfz x5, »L+1 +Cf_ZfZ z;, H—l +Cf
=T i=T1 i=S2
So—1
= Z fl z’ 1+1 —|—20j—|—M<U({fZ Z:0,31,52)—|—3Cf—|-]\4.
=51
Thus
So—1
7 filwiywisn) SU{fi}20, 51, S2) + 3cp + M (6.16)
=51

for all pairs of integers S1, S satisfying 77 < 51 < So < Th.
By (6.13), (6.14), (6.16), the choice of ¢ (see (6.10)-(6.12)) there exist integers

T1 € {L1—|—T1—|—2L0,...,T1—|—2L0—|—2L1}, T2 E{TQ—2L1,...,TQ—L1} (617)

such that

p(xr,, 2l ) <o, i=1,2. (6.18)

By (6.13) and (6.17),
Tog —T1 > 2Lg + L. (619)

By (6.14) and (6.17),

T271
Z fi(xiu :Ei-‘rl) S U({fl}zoi()u T1,T2,Trq, :E‘rz) + 0. (620)

i:Tl

By (6.19), (6.20), (6.17), (6.18), (6.10) and the choice of Ly and g (see (6.7)-(6.9)),

T2

Z p(xi,x{) <e.

1=T1

Together with (6.13) and (6.17) this implies (6.15). Theorem 3.1 is proved.

7 Proof of Theorem 3.2

Set
Dy = sup{p(z1,22) : 21,22 € X}. (7.1)
We suppose that the sum over empty set is zero. By (SATP), the property (P) and

Theorem 3.1, {f;}52, possesses (STP). By (STP) there exist § € (0,1) and a natural
number Ly such that the following property holds:
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(a) for each pair of integers 71 > 0, 72 > 71 + 2Lo and each program {};2,
which satisfies

7'271

> felwewen) < min{U{fi}20, 71,720 Try, ey) 0, U({fi}i20, 71, 72) +2M +4cy}

t=71

the inequality

T2—Lo

Z p(‘riv‘rg) <1
i=T1+Lo
holds.
Choose a natural number
L> (4Lo+3)(6 "M +1) (7.2)
and
Mo > 1+ (67 M +2)(1+2Do(2Lo + 1)). (7.3)

Assume that integers 77 > 0, T > T7 + L and that a program {xt}tTiTl satisfies

To—1

> felwewig) SUES320, T1, To) + M. (7.4)
t=T,

Set

to =T1. (7.5)
By induction we define a finite strictly increasing sequence of integers {t;}{_, C
[Ty, T2] where g is a natural number such that:

tq = TQ; (76)
(b) for each integer i satisfying 0 < i < ¢ —1,

tip1—1

Z ft(fEh ‘Tt+1) > U({fz}fim tistita, Iti’xti+l) + 5; (77)

t=t;
(c) if an integer ¢ satisfies 0 < i < ¢ — 1 and (7.7), then

t¢+1—2

ti+1 > ti + 1 and Z ft($t,$t+1) S U({fj};O:07ti7ti+l — 17xthti+1—l) + 6 (78)

t=t;

Assume that an integer p > 0 and we have already defined a strictly increasing
sequence of integers {t;}’_, C [T}, T»] such that ¢, < T5 and that for each integer i
satisfying 0 < ¢ < p, (7.7) and (7.8) hold. (Note that for p = 0 our assumption holds.)
We define ¢,41.
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There are two cases:

T271
Y el wen) S U S} E0, tp Toy we,, w1,) + 65 (7.9)

t=t,

To—1
Z ft(act, $t+1) > U({fl}fio, tp, Ts, J,'tp,sz) + 6. (710)

t=t,

Assume that (7.9) holds. Then we set ¢ = p + 1, t; = T, the construction of the
sequence is completed and the properties (b), (c) hold.
Assume that (7.10) holds. Set

tpr1 = mln{S S {tp+ 1,...,T2} :

S—1
Z ft((Et, (Et+1) > U({fi}?imtpa S, LL'tp,.’IIS) =+ 6} (711)

t=t,

Clearly, t,41 is well-defined. If t,;1 = T5, then we set ¢ = p + 1, the construction is
completed and it is not difficult to see that (b) and (c) hold.

Assume that tp41 < T5. Then it is easy to see that the assumption made for p is
also true for p + 1.

Clearly our construction is completed after a final number of steps and let t, = T5
be its last element, where ¢ is a natural number. It follows from the construction that
the properties (b) and (c) hold.

By (7.4) and the property (b)

To—1
M > N filwnee) = U{ £}, Tr, To)
t=T1
To—1
> felwo ) = U{ S} 20, T, Toy oy o)

t=T,

Y

ti+1—l

Z{ Z ft(xtvxtJrl) - U({fj}(;iOativtiJrlv‘Ttiv‘TtiJrl) :
t=t;

Y

iis an integer, 0 <1i < q—1} > d(q — 1),

g<6 M 41, (7.12)

Set
AZ{iE{O,...,q—l}Z ti+1—ti>2L0}. (713)

Let
j € A. (7.14)
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By (b), (c) and (7.13) and (7.14),

tj+1—2

Z fe(@e, we1) S U fi}Zo: st — 1wy, oy, 1) + 0.

t=t;

By (7.4), (7.13), (7.14) and (C2),

tj+1—2 To—1
o fil@ewen) = Y fil@nwega)
t=t; t=T,
To—1
— Z{ft($t,$t+1) : tis an integer, Tl <t< tj} — Z ft($t,$t+1)
t:tj+1—1
Ty—1 )
< Y felal )+ M+
t=T1
To—1

(7.15)

- Z{ft(x{,xfﬂ) : tis an integer, Th <t <t;} +cy — Z ft(x{,xfﬂ)

t:tj+1 —1

tj+1—2

> helwl) + M 42 SU{SIZ00 Lty — 1) + M+ 3¢y,

t=t;
y (7.13), (7.14), (7.15), (7.16) and property (a),

tjiy1—1—Lo

Z p(xtvxtf) <1

t:t]‘JrL()
for all j € A. By (7.5), (7.6), (7.13), (7.1), (7.17), (7.12) and (7.3),

—1 tj+1— 1

T
prt,xt < D0+Z Z l’tal’t))
=0

=0 t=t;

tjy1—1

Do+ YOS plenad)

JEA t=t;

tj+1—1

+Z{Z plas,a]): je{0,...,q—1}\ A}

t=t;

< Do+ Y (LoDo+1+ Do(Lo+1)) +gDo(2Lo + 1)
JjEA

(7.16)

(7.17)

< Do+q(1+2Dg(2Lo +1)) < (67" M + 2)(1 + 2Do(2Lo + 1)) < M.

Theorem 3.2 is proved. *
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human T-cell lymphotropic virus I
(HTLV-I) infection of CD4" T-cells

Mohammad Zurigat, Mousa Ababneh

ABSTRACT: Human T-cell Lymphotropic Virus I (HTLV-I) infection
of CD4" T-Cells is one of the causes of health problems and continues
to be one of the significant health challenges. In this article, a multi-step
differential transform method is implemented to give approximate solu-
tions of fractional modle of HTLV-I infection of CD4" T-cells. Numerical
results are compared to those obtained by the fourth-order Runge-Kutta
method in the case of intger-order derivatives. The suggested method is
efficient as the Runge-Kutta method. Some plots are presented to show
the reliability and simplicity of the method.
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1 Introduction

Human T-cell lymphotropic virus Type I (HTLV-I) infection is associated with mem-
ber of the exogeneous human retroviruses that have a tropism for T lymphocytes.
HTLV-I belongs to the delta-type retroviruses, which also include bovine leukemia
virus; human T-cell leukemia virus Type II (HTLV-II), and simian T-cell leukemia
virus. Human T-cell lymphotropic virus (HTLV) is a infection with HTLV-I is now a
global epidemic, affecting 10 million to 20 million people. This virus has been linked
to life-threatening, incurable diseases:

a) Adult T-cell leukemia (ATL).

b) HTLV-I-associated myelopathy/tropical spastic paraparesis.
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These syndromes are important causes of mortality and morbidity in the areas
where HTLV-I is endemic, mainly in the tropics and subtropics. Mathematical models
have proven valuable in understanding the dynamics of medical systems. Dynamic of
HTLV-I infection of CD4™1 T-cells is examined by [1, 2, 3, 4, 5, 6]. The components of
the basic four-component model are the concentration of healthy CD4™ T-cells at time
t, the concentration of latently infected CD4" T-cells, the concentration of actively
infected CD4™" T-cells and the concentration of leukemic cells at time t respectively,
they are denoted by T'(t), I(t), V(t) and L(t).These quantities satisfy:

‘”(;_it) — Ay T() — & V(OT().
%f) = ' VIOT() — (g +w)I(t),
WO~ wrt)—(ua + V00, (1)
d];_f) — V() + BL(H)(1 - fmﬂ> — g L(D).
With the initial conditions:
T(0) = To, 1(0) = Ip, V(0) = Vo, L(0) = Lo. (2)

The parameters \, jur, < and k1 are the source of CD4+T-cells from precursors, the
natural death rate of CD4T T-cells, the rate at which uninfected cells are contacted by
actively infected cells, the rate of infection of T-cells with virus from actively infected
cells, respectively. p, 4 and p,; are blanket death terms for latently infected,
actively infected and leukemic cells. w and p represent the rates at which latently in-
fected and actively infected cells become actively infected and leukemic, respectively.
The rate 8 determines the speed at which the saturation level for leukemia cells is
reached. Ti,ax is the maximal value that adult T-cell leukemia can reach. All parame-
ters are assumed to be positive constants. In recent years, there has been a great deal
of interest in fractional diffusion equations. These equations arise in viscous flows
[7], biological models [8], evolution equations [9], reaction equations [10] and so on.
Fractional derivatives provide an excellent instrument for the description of memory
and hereditary properties of various materials and processes. Half-order derivatives
and integrals prove to be more useful for the formulation of certain electrochemical
problems than the classical models [11]. A great deal of effort has been expended over
the last 10 years or so in attempting to find robust and stable numerical and analytical
methods for solving fractional differential equations of physical interest. Our moti-
vation for this work is to obtain the approximate solution of the fractional modle of
HTLV-I infection of CD4™ T-Cells using the multi-step differential transform method
(MSDTM). This method is only a simple modification of the differential transform
method (DTM) [12, 13, 14, 15], in which it is treated as an algorithm in a sequence
of small intervals (i.e. time step) for finding accurate approximate solutions to the
corresponding systems. The approximate solutions obtained by using DTM are valid
only for a short time. While the ones obtained by using the MSDTM [16] are more
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valid and accurate during a long time, and are in good agreement with the RK4-5
numerical solution when the order of the derivative (« = 1). The rest of the paper
is organized as follows. Section 2 gives an idea about the fractional calculus theory.
In Section 3, we describe the MSDTM of the fractional order model of HTLV-I infec-
tion of CD4™ T-Cells. Numerical simulations are presented graphically in Section 4.
Finally, the conclusions are given in Section 5.

2 Fractional calculus

Fractional calculus has been extensively applied in different fields. Many mathemati-
cians and applied researchers have tried to model real processes using the fractional
calculus. Jesus, Machado and Cunha [17] analyzed the fractional order dynamics in
botanical electrical impedances. In biology, it has been deduced that the membranes
of cells of biological organism have fractional order electrical conductance [18] and
then are classified in groups of non-integer order models. Fractional order ordinary
differential equations are naturally related to systems with memory which exists in
most biological systems. Also, they are closely related to fractals, which are abundant
in biological systems. We first give the definition of fractional-order integration and
fractional-order differentiation [19, 20, 21]. There are several approaches to the gen-
eralization of the notion of differentiation to fractional orders e.g. Riemann-Liouville,
Caputo and generalized functions approach. For the concept of fractional derivative,
we will adopt Caputo’s definition, which is a modification of the Riemann-Liouville
definition and has the advantage of dealing properly with initial value problems.

Definition 2.1 A real function f(z), x > 0, is said to be in the space Cy, o € R
if it can be written as f(z) = 2P fi(x), for some p > a where fi1(x) is continous in
[0,00), and it is said to be in the space C™ if f(™) € C,, m € N.

Definition 2.2 The fractional integral of order o > 0 of a function f: Rt — R s
given by

T° () :%a) (& — ) f()dt, a>0, x>0,

I f(x) =f(2). (3)

Here we only need the following properties: For f € Cq,, a,8 > 0, ¢ € R and
v > —1, we have

o~—8

(J*J?) f(x) TP f(x) = (J7J) f(a),

s = T iyt 1) (@)
- F(a) T 7’7 b)
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where B (o, + 1) is the incomplete beta function which is defined as

Br(avy +1) = [t271(1— t)dt, (5)
0

The Riemann—Liouville derivative has certain disadvantages when trying to model real
world phenomena with fractional differential equations. Therefore, we shall introduce
a modified fractional differential operator D proposed by Caputo in his work on the
theory of viscoelasticity.

Definition 2.3 The Caputo fractional derivative of f(x) of order a > 0 is defined as

(m)( )
JJ —t a+1l— mdt’ (6)

D f(x) = (J" )" (2) =

o%s

I‘(m—a

form—1<a<m, meN,z>0, f(zx) € C™.The Caputo fractional derivative
was investigated by many authors, for m — 1 < o < m, f(z) € C" and a > —1, we

have
m—1

(JD) f () = J" D™ f(a 1®0) 77 (7)
k=0
For more mathematical properties of fractional derivatives and integrals one can
back to the mentioned references.

3 MSDTM Algorithm

This paper attempts to find numerical solution for a general class of fractional order
model of HTLV-I infection of CD4" T-cells. Therefor, the paper summarizes specific
techniques for MSDTM, as well as the applications of Caputo fractional calculus. The
fractional order differential equations (FOD) are used becuace it are naturally related
to systems with memory since the definition of fractional derivative involves an in-
tegration which is non local operator (as it is defined on an interval), so fractional
derivative is a non local operator. Also, they are closely related to fractals which are
abundant in biological systems. It has been shown that the approximated solutions
obtained using DTM are not valid for large t for some systems [12, 13, 14, 15]. There-
fore, we use the MSDTM to solve the following fractional order model of HTLV-I
infection of CD4T T-Cells of order 0 < v < 1 :

DUT() = A pup T() — 5 V(OT(),
DUI() = m VIOT() — (g, +w)I(0),

DUV = wIlt) - (us +p)V(E), (5)
DLW = V() +BLO ~ 1) — g L1
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With the initial conditions:
T(0) = 1000, I(0) =250, V(0) =1.5, L(0) =0. (9)

The method is a simple modification of the DTM, in which it is treated
as an algorithm in a sequence of small intervals (i.e. time step) for finding accurate
approximate solutions to the corresponding systems (8). This MSDTM offers accurate
solutions over a longer time frame (more stable) compared to the standard DTM.
Using the theorems given in [12] and taking the differential transform for the system
(8) with respect to time t gives

T*(k+1) = % A S(k) — g T*(k)—néV*(l)T*(k—l)],

Pl = s [ §_jv (i +w>f*<k>},

VY = ey ) = o)V (b, (10)
L'(k+1) = % pV*(k)+BL*(k)—LfaX éL*(z)L*(k—z)—uML*(k) .

where T*(k), I*(k), V*(k) and L*(k) are the differential transformations of
T(t), I(t), V(t) and L(t), respectively. The differential transform of the initial con-
ditions are given by T*(0) = 1000, I*(0) = 250, V*(0) = 1.5 and L*(0) = 0. In
view of the differential inverse transform, the differential transform series solution for
System (8) can be obtained as

T(t) = ZT* Y tem, I(t ZI* ) o,
V() = ZV* ) " L(t ZL* ) tom, (11)

Now, according to the MSDTM, the series solution for the system (8) is suggested to
be

ZT* ) o, telo, t1],
Tt ;T;(n) (t — 1), t € [t1, ta], (12)
K
ZT*( ) (t = tme1)®", t € [tm-1, tm],
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K
> Ii(n) tom, telo, ti],
n}:{O
1) = ;I;(n) (t —t1)>m, te [ty, ta, 13)
K
> I (n) (= tmo1)o", t € [tm1, tm)],
n=0
Zvl ) gom, telo, ta],
K
V(t): nzo‘/Q( ) (t_tl) ) tE[tl, t2]7 (14)
K
D Vi) (t—tmo1)", t € [tm1, tm)],
n—OK
> Li(n) o, telo, ti],
n}:{O
L) = ;L;(n) (t —t1)>", t e [t ta], -
ZL* (t —tm_1)™", t € [tm—1, tml],

where T7(n), If(n), VZ*( ) and L (n) for i = 1,2,...,m satisfy the following recur-
rence relations

T +1) = Far T |00 e 7700~ x l}jjowmmk - z>} ,

Bet+) = o e Zv T (=)~ (s +w>f;<k>},

Vik+1) = %Mﬁ(k)—(m V) (16)
L1 = S |V 0+ L) - 7 Z (e =1) = g L)

such that 77(0) = T3, (0), 17 (0) = 17 ,(0), V;*(0) = V;*,(0) and L (0) = L;_,(0).
Finally, if we start with 77(0) = 1000, I5(0) = 250, V;(0) = 1.5 and L(0) = O,
using the recurrence relation given in System (16) then we can obtain the multi-step

solution given in Systems (12)-(15).
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Figure 1: Plots of the components of lymphotropic virus T (HTLV) infection of CD4%
T-cells model. Solid line: MSDTM solution, Dotted line: Runge-Kutta method solu-
tion

4 Numerical results

In this work, we propose the MSDTM, a reliable modification of the DTM that
improves the convergence of the series solution. The method provides immediate
and visible symbolic terms of analytic solutions, as well as numerical approximate
solutions to both linear and nonlinear differential equations. Figure 1 shows the
approximate solutions obtained using the MSDTM and the fourth-order Runge-Kutta
method of the concentration of healthy CD4™ T-cells at time t, the concentration of
latently infected CD4™ T-cells, the concentration of actively infected CD4T T-cells
and the concentration of leukemic cells when o = 1 and the step size At = 0.1.
We assumed that all parameters are positive in mm?/day as follows: A = 6, pup =
0.6, p;, = 0.006, py = 0.05, g, = 0.0005, w = 0.0004, p = 0.00004, 8 = 0.0003,
Timax = 2200 and x = k1 = 0.1. It can be seen that the results obtained based on
MSDTM match the results of the Runge-Kutta method very well, which implies that
the MSDTM can predict the behaviour of these variables accurately for the region
under consideration. Next, interset to show how the concentrations of healthy CD4*
T-cells, latently infected CD4™" T-cells, actively infected CD4™ T-cells and leukemic
cells depend upon the magnitude of the order of fractional derivatives. We fix the
parameters and perform a numerical simulation for different values of a. Simulation
results are presented in Figure 2. It it is clear that these solutions continuously depend
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on the fractional derivatives.
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Figure 2: Plots of the components of lymphotropic virus I (HTLV) infection of CD4%
T-cells model using MSDTM. Solid line: (o = 1), Dotted line: (o = 0.99), Dashed
dotted line: (a = 0.95), Dashed line: (o = 0.9).

5 Conclusions

In this paper we employed the multi-step differential transform method in order to
solve the fractional model of human T-cell lymphotropic virus I (HTLV-I) infec-
tion of CD4* T-cells. Comparisons of the results obtained by using the MSDTM
with that obtained by the classical Runge-Kutta method in the integer case reveal
that the approximate solutions obtained by DTM are only valid for a small time,
while the ones obtained by MSDTM are highly accurate and valid for a long time
to nonlinear systems of differential equations. The reliability of the method and
the reduction in the size of the computational domain give this method a wider
applicability. It is of interest to note here that time fractional derivatives change
the solutions, also we usually get in standard System (1). The concentration of
healthy CD4™" T-cells T'(¢), the concentration of latently infected CD4™ T-cells I(T'),
the concentration of actively infected CD4" T-cells V(¢) and the concentration of
leukemic cells L(t) have been obtained, therefore when o — 1 the solution of the
fractional model (8) D*T'(t), D*I(t), D*V(t), D*L(t) reduce to the standard solu-
tion T'(¢), I(t), V(t), L(t) (see fig. 2). The recent appearance of nonlinear fractional
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differential equations as models in science and engineering makes it necessary to in-
vestigate the method of solutions for such equations. Consequently, the proposed
method for the considered model verifes that it is a useful tool for these kind of mod-

els.

The obtained results demonstrate the reliability of the algorithm and its wider

applicability to fractional nonlinear evolution equations.
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