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ABSTRACT: In this paper, we investigate the various important prop-
erties and characteristics of the subclasses S, (p, ¢, o, 8) and Cy,(p, q, o, )
of multivalent functions with negative coefficients defined by using a dif-
ferential operator. We also derive many results for the modified Hadamard
products of functions belonging to the classes Sy, (p, ¢, a, §) and Cy,(p, ¢, @, B).
Finally several applications involving an integral operator and certain frac-
tional calculus operators are also considered

AMS Subject Classification: 30C45
Key Words and Phrases: Multivalent functions, differential operator, modified- Hadamard
product, fractional calculus

1. Introduction

Let T'(n,p) denote the class of functions of the form :

f(z) = 2P — i arz®  (ar, > 0;p,me N ={1,2,...}), (1.1)
k=n+p

which are analytic and p-valent in the open unit disc U = {z : |z| < 1}. A function
f(z) € T(n,p) is said to be p-valently starlike of order « if it satisfies the inequality:

Re 2 ) >a (z€eU;0<a<p;p€eN). (1.2)
f(z)

We denote by T.*(p, «) the class of all p-valently starlike functions of order c. Also

a function f(z) € T'(n,p) is said to be p-valently convex of order « if it satisfies the

inequality:

fz)

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland

Re{l—l—zf (Z)}>a (zeU;0<a<p;peN). (1.3)
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We denote by C,,(p, ) the class of all p-valently convex functions of order a. We note
that ( see for example Duren [4] and Goodman [5])

s <) = L erpa) 0a<mpen. )

The classes T (p, @) and Cy,(p, o) are studied by Owa [12].
For each f(z) € T(n,p), we have (see [3])

! > k!
f(z) = Earma— 3 Wa“k_q (g€ No=NU{0};p>q). (L)
) k=n+p ’

The main purpose of the present paper is to investigate various intersting prop-
erties and characteristics of functions belonging to two subclasses Sy (p, ¢, a, 5) and
Cyn(p,q, o, B) of the class T'(n,p), which consist (respectivaly) of p-valently starlike
functions of order @ and type 8 and p-valently convex functions of order a and type
BO<a<p—qgp€N;q€ No;p>q;0<<1). Indeed we have

Sn(p,q,0,8) ={ f(z) € T(n,p) :
zf(1+q)(z)
f(q) (Z) - (p - Q)
Zf(1+q)(z)
fO(2)

<B, zeU (1.6)
+(p—q—2a)
and

Cn(ps g, B) = { f(2) € T(n,p) :

fE+(2)
W) —(r—q)
2f2Ha)(2)
f(1+II) (z)

It follows from (1.6) and (1.7) that

(1+

<B, zeU,. (1.7)

(1+ )+ (p—q—2a)

2f(Ha) (2)
(p—a)
We note that, by specializing the parameters n,p,q, @ and 3, we obtain the fol-
lowing subclasses studied by various authors:

F9(2) € Cu(p,q. . B) & € Su(p,q,, ). (1.8)

(1) Sn(pa q,«, 1) = Sn(p7 q, a) and C’n(pa q,«, 1) = Cn(pa q, a) (Chen et al. [2])9

(i) Su(p, 0,0 1) = { ;ag 23) (((\)(Zriiﬁ]v)va [19]) (O<a<ppnel)
Cn(p,a)  (Owa [12])

(iii) Cp(p,0,, 1) = { CTo(p,n)  (Yamakawa [19]) (0<a<p;p,neN)



Certain classes of multivalent functions with ... 7

(iv) S1(p,0,c,1) =T*(p,a) and Cy(p,0,,1) = C(p, )
(0<a<p;peN) (Owa [11]) and Salagean et al. [13]);

(V) Sl(p,0,0é,,B) = S*(paaaﬁ) and Cl(p7070[76) = C*(pvavﬁ)
O0<a<ppeN;0<p<1) (Hossen [7]);

(Vl) 51(1,0,01,5) = T*(O[,ﬁ) and Cl(l,o,avﬂ) = C(O[,B)
0<a<1;0<pB<1) (Gupta and Jain [6]);

(vii) S, (1,0,,1) =T4(n) and Cn(1,0,,1) = Cy(n)
(0<a<1l;neN) (Srivastava et al. [18]).

In our present paper, we shall make use of the familiar integral operator J., defined
by (cf. [1], [8] and [9] ; see also [17])

z

(Ueshle) = 2 [ sty (19)

0

(f(2) € T(n,p); ¢ > —p;p € N)

as well as the fractional calculus operator D¥ for which it is well known that (see, for
details, [10] and [15] ; see also Section 5 below)

Di{ary = LD

mzpw (p>—1;u € R) (1.10)

in terms of Gamma functions.

2. Coeflicient estimates

Theorem 1. Let the function f(z) € T(n,p) be given by (1.1). Then f(z) €
Sn(p,q,, ) if and only if

> Ak =p)+Bl(k —p) +2(p — g — )]} 3(k, @) < 26(p — g — a)d(p,q) (2.1)
k=n-+p

(0<a<p—gp,n€ N;q€ No;p > q), where

50 = o f!q)! ={ e (2.2)
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Proof. Assume that the inequality (2.1) holds true, we find from (1.1) and (2.1) that

27049 (2) = (= D ()| = 8 2119 (2) + (0 — g = 20)£D2)|

i ‘_ Z (k —p)d(k, q)arz"""
k=n+p
—B12(p—q—a)d(p,9)2" " = Y [(k—p)+2(0— g —a)]6(k, q)arz""1
k=n+p

> Atk=p)+ B[k —p) +2(p — g — )]} 6(k, q)ar —28(p — g — @)d(p,q) < 0

k=n+p

IN

(z € U). Hence, by the maximum modulus theorem, we have f(z) € S,(p,q,a, ).

Conversely, let f(z) € S, (p,q,a, 3) be given by (1.1). Then from (1.1) and (1.6),
we find that

Zf“-“!“]) z
o 0o
20+ (2) (2:3)
IO
> (k—p)d(k,q)arz "1
_ k:n+pOO <:B
2(p—q— a)d(p,q)zP~9 — . %p [(k—p)+2(p — q— a)|d(k, q)arzF—1

(z € U). Now, since |Re(z)| < |z] for all z, we have

> (k—p)i(k,q)zF4
Re ety <B.

2(p—q — a)d(p, q)zP—1 ;_Z_i(k —p)+2(p—q— )]k, q)arzF~1

(2.4)
zf<1+‘1)(z)
f@(z)

the denominator in (2.4) and letting z — 1~ through real values, we get

Now choose values of z on the real axis so that is real. Then, upon clearing

> (k=p)d(k, q)ax < B {Q(p —q—a)5(p,q) =y _[(k—p) +2(p—q— )] 3(, q)ak} :

k=n+p k=n+p

This gives the required condition.
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Corollary 1. Let the function f(z) defined by (1.1) be in the class Sy (p, ¢, o, [3).

Then
26(p — g — @)d(p,q)

ar < 2.5
S 1ALk —p) + 20— g -} ok (29
(k>n+p;p,n € N;q € No;p > q).
The result is sharp for the function f(z) given by
Fz) =27 — 28(p — g — a)i(p, q) e (2.6)

{(k=p)+B[(k—p)+2(p—q—a)]}d(k.q)
(k>n+p;p,n€ N;q € No;p > q).
From Theorem 1 and using (1.8), we can prove the following theorem.

Theorem 2. Let the function f(z) € T(n,p) be given by (1.1). Then f(z) €
Cy(p,q, o, B) if and only if

) <]’j%j> {0k —p) + B1(k =) +2(p — g — )]} 3k, q)ax < 26(p— q — 2)3(p, q)-
k=n+p
(2.7)

Corollary 2. Let the function f(z) defined by (1.1) be in the class C,(p,q, «, ).

Then
ey 28(p —q — )d(p, q) (2.8)
(H) {(k=p)+ B[k —p)+2(p—q—a)]}(k,q)
(k>n+pp,neN;qge Nop>q).
The result is sharp for the function f(z) given by
(H) {(k=p)+ B[k —p)+2(p—q—a)]}i(k,q)

(k>n+p;p,ne€ N;qe No;p>q).

3. Distortion theorems

Theorem 3. If a function f(z) defined by (1.1) is in the class S, (p, q, «, ), then

p! 26(p —q—a)é(p,x)(n+p—q) n\ L p—i
R e TLa L 31)
’f(j)(z)‘

{ p! 2B(p —q—a)d(p,q)(n+p—q)! |Z|”}|Z|PJ'
=5 {n+Bn+20p—qg—a)}(n+p—7j)

IN

IN
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(2€U;0<a<p—gpneN;q,j€ No;p>max{q,j}).
The result is sharp for the function f(z) given by

26(p — q — @)d(p,q) n+p
{n+Bn+2p-q—a)]}dn+pq)

flz) =¥ - (3-2)

(p,n € N;q € Nosp > q).

Proof. Since the sequence {6(k,q)}(k > n + p) is nondecreasing, where 6(k,q) is
defined by (2.2), in view of Theorem 1, we have

{n+Bn+2p—q—a)}dn+p,q
2B(p — q — @)é(p, q)(n + p)! 2 Max

k=n-+p
Z {(k=p)+Bl(k—p)+2p—q-)}o(ka)
WS 26(p — ¢ — )d(p, q)
which readily yields
Z May < PP —a—a)dp.g)(n+p—q) (3.3)
2 (0t A+ 20— o]
Now, by differentiating both of (1.1) j times, we obtain
FU)(2) = p! P i k_!a k=i (3.4)
®—J) L =)t '

(k>n+p;p,n € N;q,j € No;p>max{q,j}).

Theorem 2 follows readily from (3.3) and (3.4).
Finally, it is easy to see that the bounds in (3.1) are attained for the function f(z)
given by (3.2).

Theorem 4. If a function f(z) defined by (1.1) is in the class Cy,(p, q, a, 3), then

o 28(p—q—a)(n+p—q—1) p—j
{@—dﬂ 0 DAt 2p q o mir- y)V'}ﬂp' 3.5)
< |19
{ 1 26p—g—a)(n+p—q—1)! B }pl Bl
=3 @—ag-DH{n+Bn+2p—-q—a)}(n+p—7j) '

(2 €U;0<a<p—gpn€N;q,j€ Noyp>max{qg,j}).
The result is sharp for the function f(z) given by

L) = P 28(p — g — )d(p. q) ek
T = e o it 20— g - )} 60 4 £.) (36)

(p,n € N;q € Nosp > q).
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4. Modified Hadamard products

For the functions f,(z)(v = 1,2) given by

fu(z) =2P — Z arp 2" (ag, > 00 =1,2) (4.1)

we denote by (fi1 ® f2)(z) the modified Hadamard product (or convolution) of the
functions f1(z) and f2(z) defined by

(f1® f2)(2 Z ay,1-a,22" (4.2)
k=n+p

Theorem 5. Let the functions f,(z)(v = 1,2) defined by (4.1) be in the class
Sn(p, ¢, o, B). Then (fi ® f2)(z) € Su(p,q,7, B), where

28(1+ B)n(p — g — @)?(p, q)

P . (43
T T 2 g - W)t pa) 12— g aPomg)
The result is sharp for the functions f,(z)(v = 1,2) given by
— P _ 2ﬁ(p_q_a)6(p,Q) n-+p —
S T T ) T

Proof. Emloying the technique used earlier by Schild and Silverman [14], we need to
find the largest v such that

Z {(k—p)+Bl(k=p)+2(p—q—7)]}d(k,q)

26(p — q —7)d(p, q) ap,1-ar2 <1 (4.5)

k=n-+p

(fu(z) € Sn(pa %Ofaﬁ) (V = 172))
Since f,(z) € Sp(p,q,a, B)(v = 1,2), we readily see that

Z {(k —p) +Bl(k—p)+2(p—q—a)]} d(k,q)

26(p — g — @)3(p. q) ay <1 (v=12). (46

k=n+p

Therefore, by the Cauchy - Schwarz inequality, we obtain

{(k —p) + B[(k —p) +2(0 — g — )]} 6(, q)
Z 28(p — g — a)d(p, q) Vararz <1 (47)

k=n+p

Thus we only need to show that

{(k—p)+Bl(k—p)+2(0—q—)]}
(r—q—")

ak71.ak,2 (4.8)
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cAk—p) +Bl(k—p)+2(p—g—-a)]}

> (p - a) Vak1-0F.2
(k >n+p;p,n € N), or, equivalently, that
T < (P—g—N{(k—p)+Bl(k—p)+2(p—q— )]} (4.9)

(p—q—a){(k—p)+Bl(k—p)+2(p—q—7)}

(k> n+p;p,n € N). Hence, in light of the inequality (4.7), it is sufficient to prove

ha

e 26(p — g — )d(p, q)

{(k—p)+Bl(k—p)+2(p—q— )]} d(k,q)
P—g—N{k-—p) +Bl(k—p) +2(p—qg—a)]} (4.10)
p—qg—a){(k—p)+B[(k—p)+2(p—qg—7]} '

(k >n+p;p,n € N). It follows from (4.10) that

Yy<(—9q) (4.11)
28(1+B)(k —p)(p —q — a)*(p, q)
{(k —p) +Bl(k —p) +2(p — ¢ — )]}’ 3(k, q) — 48%(p — ¢ — @)2(p, )
(k> n+p;p,n € N). Now, defining the function G(k) by
Gkk) = (p—q (4.12)
28(14B)(k —p)(p— g — a)*d(p, q)
{(k—p) + Bl(k —p) +2(p — ¢ — )]} 3(k, q) — 48%(p — ¢ — @)25(p, q)

k > n+p;p,n € N),we see that G(k) is an increasing function of k. Therefore, we
conclude that

v < Gn+p)=(@—q) (4.13)
B 26(1 + B)n(p — g — @)*$(p, q)
{n+Bln+2(p—q— )} d(n+p.q) —48%(p — ¢ — a)2(p, q)

IN

which evidently completes the proof of Theorem 5.
Putting B8 = 1 Theorem 5, we obtain

Corollary 3. Let the functions f,(z)(v = 1,2) defined by (4.1) be in the class
Sn(p,q,a). Then (fi ® f2)(2) € Sn(p,q,7), where

n(p—q—a)?(p,q)
n+p—q—a)?(n+pq —P-—q—a)?i(p,q)’

T=-9) -7 (4.14)

The result is sharp.

Remark 1. We note that the result obtained by Chen et al. [2, Theorem 5] is not
correct. The correct result is given by (4.14).
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Using arguments similar to those in the proof of Theorem 5, we obtain the following
results.

Theorem 6. Let the function f1(z) defined by (4.1) be in the class Sy (p,q,a, 3).
Suppose also that the function f(z) defined by (4.1) be in the class S, (p,q,~, ).

Then (fl ® fQ)(Z) € S’I’L(p7 Qa<76)’ where

¢ = (p—9q (4.15)
B 28(1+B)n(p—g—a)(p— g —7)8(p,9)
{ntBn+20—q—)}{n+Bn+20p—q—]}dén+pq) -0
(Q=48%(p—q—a)(p—a—7)d(p,q))-
This result is sharp for the functions f,(z)(v = 1,2) given by

Fi(z) = 2P — 28(p —q —a)d(p,q) e
{n+Bn+2p—q-a)}d(n+pq)

(p,n € N) (4.16)

and

Fol2) = 2P — 28(p —q—7)d(p,9) ot

{n+Bln+200—q— N} o(n+p.q) (pneN). (417

Theorem 7. Let the functions f,(z)(v = 1,2) defined by (4.1) be in the class
Cn(p,¢, 0, B). Then (f1 ® f2)(2) € Cn(p, 4,7, B), where

v = (p—9q (4.18)
26(1 + B)n(p — g — @)?3(p, q)

) {n+ Bln+2(p— g — )]} 6(n +p.q) — 482(p — q — 0)28(p, q)

n+p—gq
pP—q

(

The result is sharp for the functions f,(z)(v = 1,2) given by

fu(z) — P 26(17 —q— O‘)(S(p7 q) z7z+p (419)

<ﬁ§§§ﬁnﬁ+5m+2@—q—wn&n+nm

(v=1,2).
Remark 2. Putting 8 =1 in Theorem 7, we obtain

Corollary 4. Let the functions f,(z)(v = 1,2) defined by (4.1) be in the class
Cn(p, ¢, @). Then (f1 ® f2)(2) € Cu(p,q,7), where

n(p—q—a)*§(p,q+1)
n+p—q—a)?(n+pq+1)—(p—q—a)?(p,qg+1)

T=-9 - (4.20)

The result is sharp.
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Remark 3. We note that the result obtained by Chen et al. [2, Theorem 6] is not
correct. The correct result is given by (4.20).

Theorem 8. Let the functions f,(z)(v = 1,2) defined by (4.1) be in the class
Sn(p,q, o, 8). Then the function

oo

h(z) = 2 — Z (ail + aiz)zk (4.21)
k=n+p

belongs to the class Sy (p, q,§, B), where

£ = (-9 (4.22)
B 48(1 + B)n(p — ¢ — a)?6(p, q)
{n+Bln+2(p—q—a)}*8(n+p,q) —852(p — q — @)?d(p,q)
The result is sharp for the functions f,(z)(v = 1,2) defined by (4.4).
Theorem 9. Let the functions f,(z)(v = 1,2) defined by (4.1) be in the class

Cy(p, ¢, o, B). Then the function h(z) defined by (4.21) belongs to the class Cy,(p, q, o, ),
where

£ = (-9 (4.23)
4B(1 4 B)n(p — g — @)*8(p, q) .
) {n+Bln+2(p—q— )} 8(n+p,q) — 862(p — ¢ — )26(p, q)

T n+tp—gq
p—q

(

The result is sharp for the functions f,(z)(v = 1,2) defined by (4.19).

5. Applications of fractional calculus

Various operators of fractional calculus (that is, fractional integral and fractional
derivatives) have been studied in the literature rather extensively (cf., e.g., [3] , [10],
[16] and [17]; see also the various references cited therein). For our present investiga-
tion, we recall the following definitions.

Definition 1. The fractional integral of order y is defined, for a function f(z), by

AUV B S 1(S)
D) = 73 0/ L (>0, (51)

where the function f(z) is analytic in a simply- connected domain of the complex z -
plane containing the origin and the multiplicity of (z — ()~ is removed by requiring
log(z — ¢) to be real when z — ¢ > 0.

Definition 2. The fractional derivative of order  is defined, for a function f(z), by

1[I
DL = T O/ Lo 0<u<, (52)
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where the function f(z) is constrained, and the multiplicity of (z — {)™* is removed,
as in Definition 1.

Definition 3. Under the hypotheses of Definition 2, the fractional derivative of order
n 4+ u is defined, for a function f(z), by

DI I() = L ADEf(2)}) (0 < Lime M) (53)

In this section, we shall investigate the growth and distortion properties of func-
tions in the classes Sy, (p, ¢, a, B8) and Cy(p,q,a, B), involving the operators J., and
D¥. In order to derive our results, we need the following lemma given by Chen et
al. [3].

Lemma 1. (see Chen et al. [3]). Let the function f(z) defined by (1.1). Then

o0

" _ T+ ctplk+1) ke
DEA{(Jepf)(2)} = T+ kzzmp LR b (5.4)

(u € Rye> —p;p,n € N) and

(c+p)l(p+1)
(c+p—pwl(p+1—p)

Jep(DE{f(2)}) = ZFH (5.5)

k—p
c+k 1) F(k+1—u)akz

k= n+p

(u € Ryc> —p;p,n € N), provided that no zeros appear in the denominators in (5.4)
and (5.5).

Theorem 8. Let the function f(z) defined by (1.1) be in the class Sy, (p, ¢, o, ). Then

D2 U = { o (5:6)

_ (c+p)F(n+p+ 1)25(1)_ q— O‘)(S(p7 Q) |Z| } |Z|p+,u
(c+n+p)T'(n+p+14+p){n+B8n+2(p—q—a)}dé(n+p,q)

(zeU;0<a<p—qpn>0;¢>—p;p,n€N,q € No;p > q) and

I'(p+1)

I iT (5.7)

D7 (e < {

(c+tn+pTn+p+1+p){n+pn+2p—qg—a)}in+pq)

(zeU;0<a<p—qp>0;¢c>—p;p,ne€N,q€ No;p> q).

Each of the assertions (5.6) and (5.7) is sharp.
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Proof. In view of Theorem 1, we have

{ntBn+2p—g—a)}é(n+p,q) i
ag < (5.8)
28(p—q—a)i(p.q) Ml
i {(k=p) + B[k =p)2(p —q =)} kia)
26(p — q — a)d(p.q) w=
k=n+p ’
which readily yields
— 28(p —q — a)d(p, q)
a . 5.9
2 ST 2k g @) s g (59)
Consider the function F(z) defined in U by
Plp+1+p) oy
FE) = SR ()
~ (c+p)D(k+DC(p+1+p) 4
= P _
P i vy ey
= 2P Z ®(k)apz® (2 €U)
k=n+p
where
o(k) = (c 4 p)U(k+ DU+ 1+ 1) (k>n+p;p,ne N;u>0). (5.10)
(c+k)T(k+1+pl(p+1) = B ’
Since ®(k) is a decreasing function of k when pu > 0, we get
(c+p)T(n+p+1I(p+1+p)
0<Pk)<D = 5.11
< ok) < ®(n+p) (c+n+pI'(n+p+1+pw)'(p+1) (5.11)
(¢ > —p;p,n € N;u > 0). Thus, by using (5.9) and (5.11), we deduce that
[F(2)] > 2" = ®(n+p) |27 > a
k=n+p
(c+pln+p+HI'(p+1+p)28(p—q—)d(p,q) n+p

> |2~

T n Mt p+ 14 WG+ 1) (nt Bl + 20 —g— )} o 1 o)

(2 €U) and

oo
IF(2)] < |2 + @(ntp) |27 Y a
k=n-+p
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(c+p)n+p+1)I(p+ 14+ p)28(p —q—a)d(p,q) o
(c+tn+pln+p+1+plp+1){n+pBh+2p—q—a)tén+pq)

(z € U), which yield the inequalities (5.6) and (5.7) of Theorem 10. The equalities in
(5.6) and (5.7) are attained for the function f(z) given by

< 2"+

D {Uep ) = { Fpor s

B (c+p)L(n+p+1)26(p—q—)d(p.q) Zn}zp—i-ﬂ (5.12)
(c+n+pT(n+p+1+p){n+pn+2p—q—a)}dn+p,q '

or, equivalently, by

o (c+p)28(p—q—a)i(p,q) e
Veal) ) = = e s B+ 2o —a -} o)

(5.13)

Thus we complete the proof of Theorem 10.

Theorem 10. Let the function f(z) defined by (1.1) be in the class Sy (p,q,a, 3).
Then

1D {(Jepf)(2)}] > {r D(p+1)

B (c+p)l(n+p+1)2B(p—q—a)i(p,q) |Z|n} 2P
(c+n+pl(n+p+1—p){n+pBn+2p—q—a)l}in+p,q)

(zeU;0<a<p—q0<p<lic>—p;p,n € N;q€ No;p > q) and

D2 (e N < { (5.15)

(p+1—p)
(c+n+p)Tn+p+1—p){n+pBn+2p—q—a)}dé(n+p,q)
(zeU;0<a<p—q;0<pu<lie>—pip,ne N;q € Noip > q).

Each of the assertions (5.14) and (5.15) is sharp.
Proof. It follows from Theorem 1, that

(n+p)2B(p—q—a)i(p,q)

D T T TR )

We consider the function H(z) defined in U by

(5.16)

F(p+1—p)
T(p+1)

= zZP— Z U(k)kapz® (2 €U),
k=n-+p

H(z) 2 DEA(Jepf)(2)}
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where, for convenience,

(c+p)l(k)(p+1—p)

YR = R+ 1— T+ 1)

(k>n+ppneN;0<p<l).

Since ¥(k) is a decreasing function of k when p < 1, we find that

(c+p)L'(n+p)l(p+1—p)

0<¥(k) < ¥n+p) = o T Tt p + 1T+ 1) (5.17)
(c>—-ppn e N;0< p<1).
Consequently, with the aid of (5.16) and (5.17), we find that
HE) = P = U+ p) S oy
k=n+p
> 2P (c+p)T(n+p+ DI+ 1—p)26(p —q—a)d(p,q) Pl

(c+tn+pln+p+1—-pwWlp+1){n+Bn+2p-q-—a)}in+p,q)
(z € U), and
(HE)| < 2P +U(n+p) [2["7 D kax
k=n+p
(c+p)(n+p+1)I(p+1—p)28(p—q—a)d(p,q) o[
(c+tn+pln+p+1—pwWlp+1){n+pBn+2p—q—a)l}dén+p,q

(z € U) which yield the inequalities (5.14) and (5.15) of Theorem 11. The equalities
in (5.14) and (5.15) are attained for the function f(z) given by

< 2P+

D! {(Jep ) ()} = {%

_ (c+p)L(n+p+1)28(p —q—a)(p,q) o\ pin
(c+ntpln+p+l—pm{n+Bn+2p—g—a)}on+paq) }z+ (5.18)

or for the function (J.,f)(z) given by (5.13). The proof of Theorem 11 is thus
completed.

Theorem 11. Let the function f(z) defined by (1.1) be the class C,(p, q, «, 3). Then
forzeU;0<a<p—qu>0;¢c>—p;p,n € N;q€ Ny and p > q, we have

T(p+1)

| D {(Jep f)(2)}] = {m

(5.19)
B (c+p)Pin+p+1)28(p—q—)d(p.g+1) |Z|n} Bl
(c+n+pTn+p+14+p){n+pn+2p—q—a)]}d(n+p,q+1) (1’)
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and
—u L'(p+1)
D UM < { s (5.20
+ (c+p)F(n+p—|—1)26(p—q—0¢)5(p,q—|—1) |Z|n} |Z|P+M
(c+n+pTn+p+14+u){n+pn+2p—q—a)]}d(n+p,q+1) (2')

Alsoforz e U;0<a<p—q;0<pu<l;e>—p;p,n € N;q € Ny and p > q, we have

DA (e )] = {%

~ (c+p)T(n+p+1)28(p—q—a)d(p.g+1) |z|"} P
(c+n+pTn+p+1—p){n+pn+2p—q—a)]}d(n+p,qg+1) 5:21)

and

r 1
DU < { s
n (c+p)l(n+p+1)26(p—q—a)i(p.q+1) |Z|n} |
(c+nt+pln+p+1-p{n+pfln+2p—-g-a)ltén+pg+l) : )
5.22
The equalities (5.19), (5.20), (5.21) and (5.22) are attained for the function f(z) given
by

(c+p)28(p—q—a)i(p,g+1) e

(Jepf)(2) = 2P — Ctntp{nt B2 —qg-allomtpgt )

(5.23)

Remark 4. Putting 8 =1 in Theorems 10, 11 and 12, we obtain the corresponding
results for the classes Sy (p,q, o) and Cy(p, q,a), respectively.

Acknowledgements. The author is thankful to the referee for his comments and
suggestions.
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1. Introduction

Let D denote the class of functions f(z) of the form :

fR) =24 wzt, (1)
k=2

which are analytic in U = U(1), where U(r) = {z: z € C and |z| < r}.
If f(2) and g(z) are analytic in U, we say that f(z) is subordinate to g(z), written
symbolically as follows :

f=g or f(z)<g(z) (2€U),

if there exists a Schwarz function w(z) in U such that f(z) = g(w(z)) (z € U).
A function f(z) belonging to the class D is said to be convex in U(r) if and only

if
2 f"(2)
f'(2)

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland

Re{1+ }>0 (z€U(r); 0<r<1).
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A function f(z) belonging to the class D is said to be starlike in U(r) if and only
if

A1) }
Re >0 (zeU(r); 0<r<1).
{50 ceve )
We denote by S¢ the class of all functions in D which are convex in U and by S* we
denote the class of all functions in D which are starlike in U.

For analytic functions f(z) = Y. axz¥ and g(z) = Y br2¥, by (f*g)(z) we denote

k=0 k=0

the Hadamard product (or convolution) of f(z) and g(z), defined by

(f*9)(2) =) arbua® .
k=0

Let B be a subclass of the class D. We define the radius of starlikeness R*(B) and
the radius of convexity R¢(B) for the class B by

R*(B) = }Ielfl:j’ (sup{r € (0,1] : f is starlike of order 0 in U(r)}),
R¢(B) = }ng (sup{r € (0,1] : f is convex in U(r)}),
€
respectively.

Let a1, A, ..., aq, Aq and B1,Bi, ..., Bs, Bs(q,s € N = {1,2,...}) be positive real

parameters such that
s q
1+ Bi—> A >0.
k=1 k=1

The Wright generalized hypergeometric function [15] (see also [6])
q\Ils[(ala A1)7 eeey (Olq, Aq)v (/317 B1)7 eeey (657 Bs)7 Z] —q q’s[(any An)l,q; (ﬁn; Bn)l,s; Z]
is defined by

q\IjS[(aka Ak)l,q; (Bktv Bk:)l,s; Z]

[e'e] q s —1 k
— Z {H (o, + kAn)} {H (B, + kB,,L)} Z e,
k!
k=0 (n=1 n=1
If A, =1n=1,...,q9) and B,, = 1(n =1, ..., s), we have the relationship :

Qq\:[js[(an,l)l,q; (6n,1)1,s§ Z] = qu(Oély ey Qg B, .oy Bss Z) ,

where (Fs(ou, ..., aq; b1, ..., Bs; 2) is the generalized hypergeometric function (see for
details [2], [3], [4], [5] and [7]) and

2= (H F(an)> (H F(&)) : (2)
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The Wright generalized hypergeometric functions were invoked in the geometric func-
tion theory (see [1], [2], [3], [8], [9] and [10]) .

By using the generalized hypergeometric function Dziok and Srivastava [3] intro-
duced a linear operator. In [1] Dziok and Raina extended the linear operator by
using the Wright generalized hypergeometric function.

First we define a function ;¢s[(cn, An)1,q; (Bn, Bn)1,s; 2] by

@sl(an, An)1,q; (B, Bn)1,s; 2] = QzqVs[(on, An)1,g3 (Bns Bn)1,si 2]
and consider the following linear operator
0[(cn, An)1,q; (Bn, Bu)1,s) : D — D,
defined by the convolution
0[(on, An)1,q5 (Bn, Bn)1,slf(2) = q@s[(an, An)1,q; (Bn, Bn)1,si 2] * f(2) -
We observe that, for a function f(z) of the form (1), we have

Ol(ctns An)1,gs (Bns Ba)1slf(2) = 2+ Y Qon(ar)arz® 3)

k=2
where Q is given by (2) and oy (1) is defined by

D(ay + Ay (k — 1)) D(ag + Ag(k — 1))
T(Br + Bi(k — 1)) D(Bs + Bs(k — 1))k — 1)1~

(4)

ak(al) =

We note that :
IfA,=1n=1,..,9),B,=1(n=1,..,s), ¢ =2 and s = 1, we have

(i) Oln + 1,1;1]f(2) = D" f(2) (n € Ny = {0,1,...}), where D" f(2) is the n — th
order Ruscheweyh derivative of f(z) (see [13]);

(ii) 02, 1;2 = ¢]f(2) = Q?f(2) =T(2—)2?D2f(2) (¢ € R;p #2,3,4,...; f € D),
where the operator Q7 f(z) was introduced by Owa and Srivastava [11].

If, for convenience, we write

Olaa]f(2) = Ol(ar, Av), s (g, Ag); (Brs Ba), ooy (Bs, Bs)l f(2)

then one can easily verify from the definition (3) that

2A1(0laa]f(2)) = arblar + 1] (2) = (a1 = A)fleu] f(2). ()

The linear operator #[a;] was introduced by Dziok and Raina [1].
Let us denote by V(q, s; A, B, \) the class of functions of the form (1) which also
satisfy the following condition:

1 (a19[a1 +1]f(2)
(1-X) Olas]f(z)

(0<KB<1;-B<A<B;0<A<1),

1+ Az
1+ Bz

+A1(1 —)\) —Oq) < A1
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or, by using (5), if it satisfies the following condition:

1 2(0laa] f(2)) 1+ Az
(1-2)X) ( Olan]f(z) _A> "1+ B

or, equivalently, if

200" g

0laa] f(2)
; <1l (z€0). (6)
BGellE) B+ (A— B)(1-))]

Let T denote the subclass of D consisting of functions of the form:
f(z)=2z— Zakzk (ar, > 0) (7)
k=2

Further, we define the class W(q, s; A, B, \) by
W(q,s;A,B,\) =V(q,s; A, B,A)NT .

In particular, for ¢ = s+ 1 and as41 = Asy1 = 1, we write W(s; A, B,\) =
W(s+1,s; A, B,\). The class W(q, s; A, B,0) = W(q, s; A, B) was studied by Dziok
and Raina [1].

If A, =1(n=1,...,¢q) and B, = 1(n =1,...,s), then we note that:

(i) W(q,s; A, B,0) = Vi (q, s; A, B) (Dziok and Srivastava [3]);
(ii) For a1 =n+ 1,2 = 1 and 51 = 1, we have:

D) g
W(27 1; =P P»A) = Tn()\,p) = f etT: D f(z) <p

2(D"f(2)) _
D7 F(2) +1-2)\

(zeU,0<A<1,0<p<1l,nme Ny}

The class T, (), p) was studied by Patel and Acharya [12];

(ii) For a1 =2, =1 and f; =2 — ¢(¢ € R; ¢ # 2,3,4,...), we have:

AU
Q2 f(2)

207G Ly
Grral +1-2)

(z€eU0<A<1,0<p<1,¢p€R(#23,..))}.

W2 L-pp ) = T“’(A,p)—{féT: <p

2. Coeflicient estimates

Theorem 1 Let a function f(z) of the form (7) belongs to the class D and let Q
or(aq) be defined by (2) and (4), respectively. If

> Qg lar] < (B = A)p - N), (8)
k=2
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where
0 =[1+B)k—1)+(B—A)(1 - MN)]og(a1), (9)
then f(z) € W(q,s; A, B, \).

Proof. Let z € U. If (8) holds, we find from (7) that

/

~ [2tlaal £(2)) ~ Blelf \ - \Bz cl(2))

Z —1)Qoi(aq) ap”

k=2

— (B = A)( i +(B-A)(1- )]Qak(al)akzk
k=2

—[B+(A-B)(1-N)]6]

o

IA

Z(k —1)Qok(ay) |ax] rk— {(B=A4)(1—-XNr-—
k=2
SOIB(k — 1)+ (B — A)(1 - X)] Qop(ar) fox| }

=T {Z[(l +B)(k —1) + (B — A)(1 = N)|Qop(an) |ag| ' = (B~ A)(1 ~ /\)}
k=2

< > Qklar] — (B—A)(1-)A)<0.
k=2

Thus we have condition (6) and f(z) € W(q,s; A, B,\). &

Theorem 2 A function f(z) of the form (7) belongs to the class W (q, s; A, B, \) if
and only if

i Qbray, < (B - A)(p - >\), (10)

where 0y, is defined by (9).

Proof. By Theorem 1 we have that (10) is the sufficient condition for the class
Wi(q,s; A, B,\). Let now f(z) € W(q,s; A, B,\) be given by (7). Then, from (6) and
(7), we have

20ln]f(=)) ¢

0lan] f(2)
Bl (B4 (A~ B)(1- )]
S (k- 1)Qok(o)agzt1
— 0222 <1
(B=A) (A=) = Y [B(k—1)+ (B~ A)(1 - N)]Qox(ar)arzk~1
k=2

(zeU),
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where © and o (aq) are defined by (2) and (4), respectively. Putting z =r (0 <r <
1), we obtain

3 (k — 1)Qok(ar)apr™ ! < (B —A)(1— )
k=2

— Z[B(k — 1)+ (B - A)(1 — N)]Qox(ar)aprt1,

k=2
which, upon letting » — 17, readily yields the assertion (10). This completes the
proof of Theorem 2. m

Since the expression O defined by (9) is a decreasing function with respect to
Bny Bn(n = 1,...,8) and an increasing function with respect to ay, A¢(¢ = 1,...,q),
from Theorem 2, we obtain :

Corollary 1 If ¢ € {1,...,q};j € {1,..,8},0 < a; < ap, 0 < A; < Ay and
0 <B; < B]/w 0 < By < Bé, then the class W(q,s; A, B,\) (for the parameters
(an, An)1,q; (Bn, Bn)i,s) is included in the class W (g, s; A, B, A) for the parameters

(011, Al)"'7 (OQ*l?Af*l)? (047 Alﬁ)? (aerl? Ag+1), ceeny (aleq)

and
’

(617 Bl)“', (ﬁjfly ijl), (6]7 B;), (Bj+1, Bj+1)7 ceeey (657 Bs) .

From Theorem 2, we also have the following corollary.

Corollary 2 If a function f(z) of the form (7) belongs to the class W(q, s; A, B, \),

then
(B-A)(1-A)

- Q6
The result is sharp, the functions fi(z) of the form :

ak (k>2).

(B-H(1-N)

file) =2 = (k > 2) (11)

being the extremal functions.

Let f(z) be defined by (7) and for A = —1 and B = 1, the condition (6) is
equivalent to
Olan]f(z) € T*(N\) (0< A< 1),

where T*(\) is the class of starlike functions of order A\(0 < A < 1) with negative
coefficients, was studied by Silverman [14]. Thus we have the following lemma :

Lemma 1 If o, = 8, and A, = Bp,(n=1,...,s) then

W(s;—1,1,A) CT*(\) (0<A<1).
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By the definition of the class W(q, s; A, B, \), we have the following lemma.
Lemma 2 If A; < Ay, By > By and 0 < A\; < Ay < 1 then
W (g, s; A1, B1, A2) C W(q, s; Aa, B2, A1) C Wi(g,s;—1,1,0) .
Remark 1 Throught our paper we use ) and dy, where  and 8y, are defined by (2)
and (9), respectively.
3. Distortion theorem

Theorem 3 Let a function f(z) of the form (7) belong to the class W(q, s; A, B, \)
If the sequence {0} is nondecreasing, then

(B—A)(1-X)

B—A)(1-X)
A <pp BN = .
T 05, re<|f(z)| <r+ 0, e (lzl=r<1) (12)
If the sequence {%} s nondecreasing, then
2B AA=N <If () <1+ HB-AA=N (2| =r<1). (13)
Q(SQ Q§2

The result is sharp, with the extremal function f(z) given by

(B-A1A =}

Proof. Let a function f(z) of the form (7) belong to the class W (q, s; A, B, A). If the
sequence {0y} is nondecreasing and positive, by Theorem 2, we have

3 (B-A)(1 =N
;ang—(E 5 (15)

and if the sequence {%} is nondecreasing and positive, by Theorem 2, we have

s 2(B—A)(1-))
k;Z:Q kay < — o, (16)

Making use of the conditions (15) and (16), in conjunction with the definition (7), we
readily obtain the assertions (12) and (13) of Theorem 3 m

Corollary 3 Let a function f(z) of the form (7) belong to the class W {(s; A, B, A). If
Bn < ap, B, < Ap(n=1,2,...,8), then the assertions (12) and (13) hold true.

Proof. If ¢ = s and 8, < ay, B, < Ap(n =1,2,...,5), then the sequences {0} and
{%} are nondecreasing. Thus, by Theorem 3, we have Corollary 3. =
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4. The radii of convexity and starlikeness

Theorem 4 The radius of starlikeness for the class W(q, s; A, B, ) is given by

. . . Q5 T
R(W@ﬁwﬁBﬂn—kg{MB_Axl_M (17)
The result is sharp.
Proof. It is sufficient to show that
21 (2)
—1l<1 (zeU(r);0<r<1). 18
e (=€ Ur) ) (18)
Since - -
) 3 (k= 1)agz" S (k—1ag|z|Ft
2f (z) ’_ =2 < k=2
() z+ Y agzk 1= aglz|Ft
k=2 k=2
putting |z| = r, the condition (18) is true if
S kagrtl <1 (19)
n=2
By Theorem 2, we have
= Q6
Z(BfA)(l—A) o =1

k=2

Thus the condition (19) is true if

1 Q(sk
krt—t < [CETE) (k=>2),

that is, if

Q5 =
TS(MB—Aﬂl—M) (k=22).

It follows that any function f(z) € W(q, s; A, B, A) is starlike in the disc U(R*(W (q, s; A, B, A))),
where R*(W(q, s; A, B, \)) is defined by (17). =

Corollary 4
1 (ak Z 6k7Ak Z Bk7 k= 17 "'78)

R W(s;4,BA\)) =4 =
(W ) { <1~c(B——QAé)E(1——>\)>k (g < By A < Bg; k=1,...,s).

The result is sharp.
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Proof. From Corollary 1, Lemma 1 and Lemma 2, we have
W(s;A,B,A) CT*(\) (an > B An > Buin=1,...5).

By Theorem 3, any function f(z) € W (s; A, B, A) is starlike in the disc U(r), where

. 1 Q6
= e (4= mp= )

Since, for ay, < B, An < Bp(n=1,...,s), we have klim dp =d <1,

klim (dk)ﬁ =1, and dy > 0(k > 2), the infimum of the set {(dk)ﬁ k> 2} is

realized for an element of this set for some k = ky. Moreover, the function

(B-A)1-N 4,

fko(z)zz_ Q5k0 ’

belongs to the class W (s; A, B, \), and for z = (dko)k%’l, we have
Re 20Tk %) T, (2) =0
fko (Z)

Theorem 5 The radius of convezity for the class W(q, s; A, B, \) is given by

Thus the result is sharp. m

. ) . Q(;k E—1
R(W((stAaBa)‘))_égg <k2(B—A)(1—>\)> )

The result is sharp.

Proof. The proof is analagous to that of Theorem 4, and we omit the details. m
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1. Introduction

This paper presents new fixed point theorems for multivalued Ménch type maps be-
tween Fréchet spaces. In the literature [1, 2, 3, 5, 6] one usually assumes the map F'
is defined on a subset X of a Fréchet space E and its restriction (again called F')
is well defined on X,, (see Section 2). In general of course for Volterra operators the
restriction is always defined on X,, and in most applications it is in fact defined on
X,, and usually even on E, (see Section 2). In this paper we make use of the fact
that the restriction is well defined on X,, and we only assume it admits an extension
(satisfying certain properties) on X,,. We also show how easily one can extend fixed
point theory in Banach spaces to fixed point theory in Fréchet spaces. In particu-
lar we obtain an applicable Leray-Schauder alternative in Fréchet spaces for Volterra
Kakutani Ménch type operators. Also inward type maps are discussed.

Existence in Section 2 is based on a Leray—Schauder alternative for Kakutani
Monch maps [1, 6] which we state here for the convenience of the reader.

Theorem 1.1. Let K be a closed convex subset of a Banach space X, U a relatively
open subset of K, xo € U and suppose F : U — CK(K) is a upper semicontinuous
map (here CK(K) denotes the family of nonempty convex compact subsets of K ).
Also assume the following conditions hold:

(D) { M CT, MCeo({zo} UF(M)) with T =T and

C C M countable, implies M is compact

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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and
(1.2) ¢ (1—N{xo} +AFa for € U\U and X< (0,1).
Then there exists a compact set > of U and a © € Y, with z € F .

Also in Section 2 we will discuss inward Kakutani Moénch maps. Let ) be a subset
of a Hausdorff topological space X and z € X. The inward set Ig(z) is defined by
Ig(@) ={z+r(y—=z): yeQ, r =0}

If @ is convex and x € @) then

Ig(x) =z +{r(y—2): ye@, r=1}

In our next definition and theorem FE is a Banach space, C a closed convex subset
of £ and Uy a bounded open subset of E. We will let U = UyNC and 0 € U. In our
definitions U and QU denote the closure and the boundary of U in C' respectively.

Definition 1.1.We say F € K(U,E) if F :U — CK(E) is upper semicontinuous,
F(U) is bounded, F(x) C Ic(z) for x € U, and if D C E with D C co({0}UF (DN
U)) and D =B with B C D countable then DNU is compact.

The following theorem [2, 5] will be needed in Section 2.
Theorem 1.2. Let E, C, Uy, U be as before Definition 1.1, 0 € U and F €
K(U,E) with
(1.3) x ¢ NFz for x €U and A€ (0,1)

holding. Then there exists a compact set > of U and a x € Y. with x € Fx.

Now let I be a directed set with order < and let {E,}aecr be a family of locally
convex spaces. For each a € I, B € I for which a < 8 let mo 5 : Eg — E, be a
continuous map. Then the set

{x—(xa) € H Ey: xq =map(zg) Vo, B, agﬁ}

a€cl

is a closed subset of [],.; Es and is called the projective limit of {E4}qer and is
denoted by lim. E, (or lim. {E,,ms g} or the generalized intersection [4, pp. 439
Naer Fo.)

2. Fixed point theory in Fréchet spaces.

Let E = (E,{||n}nen) be a Fréchet space with the topology generated by a family
of seminorms {|- |, : » € N}; here N = {1,2,....}. We assume that the family of
seminorms satisfies

(2.1) |21 <zl < x|z < ... for every x € E.
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A subset X of E is bounded if for every n € N there exists 7, > 0 such that
|z]p, < rp forall z € X. For r > 0 and x € E we denote B(z,r) = {y € E :
|z —yl, <rVn e N} To E we associate a sequence of Banach spaces {(Ey, |- |»)}
described as follows. For every m € N we consider the equivalence relation ~,,
defined by

(2.2) x~py iff |z —yl, =0.

We denote by E" = (E /~y,|-|,) the quotient space, and by (E,,|-|,) the com-
pletion of E™ with respect to |- |, (the norm on E" induced by |- |, and its
extension to E, are still denoted by |- |,). This construction defines a continu-
ous map p, : F — E,. Now since (2.1) is satisfied the seminorm |- |, induces
a seminorm on E,, for every m > n (again this seminorm is denoted by |- |,).

Also (2.2) defines an equivalence relation on E,, from which we obtain a continuous
map fnm : B, — E, since E,, /~, can be regarded as a subset of E,. Now
Hn,m e = fnk if 0 <m <k and pp = fn,m e if 7 < m. We now assume the
following condition holds:

(2.3) { for each n € N, there exists a Banach space (Ep,,|:|n)

and an isomorphism (between normed spaces) j, : E, — E,.

Remark 2.1. (i). For convenience the norm on E, is denoted by |- |,.

(ii). In our applications E, = E™ for each n € N.

(iii). Note if x € E,, (or E"™) then x € E. However if x € E,, then x is not necessaily
in E and in fact E, is easier to use in applications (even though FE, is isomorphic
to E,). For example if E = C[0,00), then E™ consists of the class of functions in
E which coincide on the interval [0,n] and E, = C[0,n].

Finally we assume

EiDE;D ... and for each n € N,
(24) . -—1 < v
|Jn Hnn+1 Jp41 x|n > |x|n+1 T e En-l—l

(here we use the notation from [4] i.e. decreasing in the generalized sense). Let
lim_ E, (or N{° E, where N{° is the generalized intersection [4]) denote the pro-
jective limit of {E,}nen (note Tnm = jn finm Jm' : Em — E, for m > n) and note
lim_ FE,, &£ F, so for convenience we write F = lim_ F,,.

For each X C E and each n € N we set X,, = 7, i1, (X), and we let X,,, int X,,
and 0X,, denote respectively the closure, the interior and the boundary of X, with
respect to |- |, in E,. Also the pseudo-interior of X is defined by

pseudo —int (X) = {z € X : jnpn(z) € X,,\ 0X,, for every n € N}.

The set X is pseudo-open if X = pseudo — int (X). For » > 0 and z € E,, we
denote By (z,r)={y € E,: |z —y|, <7}

Let M C E and consider the map F : M — 2F. Assume for each n € N and
x € M that j, p, F (x) is closed. Let n € N and M,, = j, p,(M). Since we only
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consider Volterra type operators we assume
(2.5) if z,y€ E with |x —y|, =0 then H,(Fz, Fy)=0;

here H, denotes the appropriate generalized Hausdorff distance (alternatively we
could assume Vn € N Ve, y € M if j, pon * = jn iy then j, pn Fo = jpun Fy
and of course here we do not need to assume that j,, p, F' () is closed for each n € N
and = € M). Now (2.5) guarantees that we can define (a well defined) F,, on M,, as
follows:

For y € M,, there exists a © € M with y = j,, un(z) and we let
Foy=jnpnFx

(we could of course call it F'y since it is clear in the situation we use it); note
F, : M, — C(E,) and note if there exists a z € M with y = j, un(z) then
Jn tin F @ = jp pn F 2z from (2.5) (here C(E,,) denotes the family of nonempty closed
subsets of E,). In this paper we assume F, will be defined on M,, i.e. we assume
the [, described above admits an extension (again we call it F,) F, : M, — 2F»
(we will assume certain properties on the extension).

We now show how easily one can extend fixed point theory in Banach spaces to
applicable fixed point theory in Fréchet spaces.

Theorem 2.1. Let E and E, be as described above and let F : X — 2% where
X C E. Also assume for each n € N and = € X that j, i, F (x) is closed and also
for each n € N that F, : X,, — 2P~ is as described above. Suppose the following
conditions are satisfied:

(2.6) xg € pseudo — int (X)
(2.7) for each n € N, F, :int X,, —» CK(E,) Is a upper
' semicontinuous map

for each n€ N, M Cint X, with o
(2.8) M C co({jn pn(x0)} U Fn(M)) with M =C

and C C M countable, implies M is compact

(2.9) for each n€ N, y¢ (1 —X\) jn pin(z0) + AFry in E,
’ for all A € (0,1] and y € dint X,
and
(2.10) for each n € {2,3,...} if y€intX, solves y € F,y
’ in E, then jypknij,*(y) €int Xy for ke {l,...,n—1}.

Then F has a fixed point in E.
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PROOF: For each ne€ Nlet ) ={recintX,: v € F,z in E,}. From Theorem
1.1 there exists y,, € int X,, (note (2.9) holds with A € (0, 1]) with y,, € F}, yn. Lets
look at {y,}nen. Notice y; € int X; and j; ,ul,kjk_l (yx) € int Xy for k € N\{1}
from (2.10). Note j1 11,0 4y, ' (Yn) € F1 (1 1,0 35 ' (yn)) in En; to see note for n € N
fixed there exists a © € E with y, = jp fin () 80 Jn pin (2) € Fp (Yn) = Jn in F(x)
on F, soon F; we have

J1 H1n ]gl(yn) = J H1n ];1 Jn Hn (x) €N H1mn Jr?l Jn M F(x)
= J1if1n e F(2) = j1pn F(x) = F1(j1 1 (2))
Fy(j1 ti1,m dn b (2)) = Fu (1 1,0 5 ().

Thus j1 fi1,n 7 (Yn) € Fi (j1 pan gy '(yn)) in Er and so ji pan jn ' (yn) € >, for
n € N. Now since ), is compact there is a subsequence N of N and a z; €
>0y with jipinjnt(yn) — 21 in By as n — oo in Ny and z; € Fjz since
Fy is upper semicontinuous. Also (2.9) implies z; € int X;. Let N; = N7\ {1}.
Now jo pi2n It (yn) € int Xy for n € Ny and >, compact guarantees that there
exists a subsequence N3 of Ny and a 25 € >, with jopionjn ' (yn) — 22 in En
as n — oo in Ni and zy € Fhzy. Also (2.9) implies zo € int X3. Note from
(2.4) and the uniqueness of limits that 7y p1 2 jgtze = 2z in By since Ni C N
(note j1 i1 i (9n) = 1 12 3 2 iz ot () for n € N). Let Np = N3\ {2}.
Proceed inductively to obtain subsequences of integers

N DNED o, NfC{kk+1,..}

and 2z, € Y, with jk pkndn ' (yn) — 2k in Ex as n — oo in N} and zj € Fy, 2.
Also (2.9) implies zj, € int Xj. Note ji pg k+1 jk__&l Zk+1 = 2 in By, for ke {1,2,...}.
Also let N = N\ {k}.

Fix k€ N. Now z; € F}, z;, in Ej. Note as well that

2k = Jk Bk k+1 j;;ll 2k4+1 = Jk e k+1 jk_ﬁl JkA1 k41 k+2 j;;lz 242
= Jk Mk k+2 j];ig Z2 = eeee = Jk Bhm G’ Zm = Thm Zm
for every m > k. We can do this for each k € N. Asaresult y = (z;) € lim. FE, = F
and also note y € X since z; € int Xj for each k € N. Thus for each kK € N we
have
Jebk (YY) =21 € Frzr = jrpp F'y in By
soyeFyin E. O

Remark 2.2.  Usually in our applications we have 0X, = dintX, (so X, =
mt X,). If X is a pseudo-open subset of F then for each n € N we have X,
is a open subset of E, so intX, = X,. To see this note X,, C X_n\aXn since
if y € X,, then there exists * € X with y = j,u,(z) and this together with
X = pseudo — int X yields jnpn(z) € X, \0X, ie. y € X,\0X,. In addition
notice

X, \0X, = (int X, U0X,)\ 0X, =int X,,\ 0X,, = int X,,
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since int X, N 0X, = 0. Consequently
X, CX,\0X, =intX,, so X, =intX,.
Remark 2.3. We can replace (2.10) in Theorem 2.1 with

for each n € {2,3,....} if ye€intX, solves ye€ F,y
in E, then jypuknj,'(y) € Xy for ke {l,...,n—1}

provided we adjust (2.7) and (2.8) appropriately (i.e. replace int X,, with X,).

Remark 2.4. It is possible to replace A € (0,1] in (2.9) with A € (0,1) provided in
this case we take X to be a closed subset of E and (2.10) is changed to

(2.10)*

for each n € {2,3,....} if ye€intX, solves ye F,y
in B, then jypuk,j,' (y) €int Xy for ke {l,..,n—1}

The proof follows as in Theorem 2.1 except in this case ¥y, € intX, and zp € ntX;.
Also from y = (2x) € lim. E,, = F and 7 (ym) — 2k in Ex as m — 0o we can
conclude that y € X = X (note ¢ € X iff for every k € N there exists (zg,,) € X,
Thom = Thon (Tn,m) for n >k with xg,, — Jipe (@) in Ex as m — oo0). Thus
2 = Ji ik (y) € Xk and so jig px (y) € jk pe F' (y) in Ej as before.

Note here also that (2.10)* could be replaced by

for each n € {2,3,....} if y € int X, solves y=F,y
in E, then jgprnj,* (y) € Xy for ke {l,..,n—1}

provided we adjust (2.7) and (2.8) appropriately (i.e. replace int X,, with X,,).

Essentially the same reasoning as in Theorem 2.1 (now using Theorem 1.2) estab-
lishes the following result.

Theorem 2.2. Let E and FE, be as described in the beginning of Section 2, C a
convex subset in F, V a pseudo-open bounded subset of E, 0 € VNC, and F :Y —
2F with Y C E, and U,, = V,NC, CY, for each n € N (here U, = V,, NC,).
Also assume for each n € N and z €Y that j, pn, F (x) Is closed and also for each
n € N that F, : U, — 2% is as described above. Suppose the following conditions
are satisfied:

for each n € N, F, : U, — CK(Ey) is

(2.11) upper semicontinuous and F,(U,) is biunded;
here U,, denotes the closure of U,, in C,

for each ne€ N, D C E,, with o
(2.12) D Cco({jnpn(0)}UF,(DNU,)) and D=8
with B C D countable, implies D NU,, is compact

(2.13) for each m € N, Fy(z) C Iz—(x) foreach z € U,
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for each n€ N, y¢ A\F,y in E, for all
(2.14) A€ (0,1] and y € 0Uy,; here 0U,

denotes the boundary of U, in C,

and

(2.15) { for each n € {2,3,....} if y € U, solves y € F,,y in E,

then ji pign jnt (y) € Ug for ke {1,...,n—1}.

Then F has a fixed point in E.

Remark 2.5. Note in Theorem 2.2 if z € U,, then z € Y}, so there exists a y € Y’
with z = j, pun (y) and so F, (z) = jn pin F(y).

PROOF: Fix n € N. Let )" = {z € U,: € F,z in E,}. We would like to
apply Theorem 1.2. To do so we need to show

(2.16) C,, is convex
and
(2.17) V., is a bounded open subset of E, and j, uy (0) € U,.

First we check (2.16). To see this let &, § € un(C) and A € [0,1]. Then for every
z € p, (%) and y € p, (§) we have Az + (1 — A)y € C since C is convex and so
A+ (1=N)G = A () + (1= N pn (y). Tt is easy to check that Ap, ()4 (1—=N)pn(y) =
tn(Az 4+ (1 — N)y) so as a result

AZ+ (1= N)F = pn(Az + (1 = N)y) € pn(C),

and so p,(C) is convex. Now since j, is linear we have C,, = j, (1, (C)) is convex
and as a result C,, is convex. Thus (2.16) holds.

Now since V' is pseudo-open and 0 € V' then j, u, (0) € pseudo — intV so
Gn 11 (0) € V,\ OV, (here V,, and dV,, denote the closure and boundary of V;, in
E,, respectively). Of course

Vn\a‘/n - (V:n U avvn)\av:n - an\avtn

SO i fin (0) € Vi, \ Vi, and in particular j, fin (0) € Vi,. Thus jy, i (0) € VNG, =
U,. Next notice V,, is bounded since V' is bounded (note if y € V,, then there exists
x € V with y = juun(z)). Finally notice V,, is open in E, (see Remark 2.2) so
(2.17) holds.

For each n € N (see Theorem 1.2) there exists y, € U, = V, N C, with
Yn € Fnyn. Lets look at {yn}tnen. Notice y; € U; and 7 Nl,kjk_l (yr) € Uy
for k € N\{1} from (2.15). Also as in Theorem 2.1 we have ji p1, j, (yn) €
Fi (1 1,0 55 (yn)) in By and so g1 p1,n jn t (yn) € >, for ne€ N. Now since ), is
compact there is a subsequence N} of N and a z; € >, with ji 11 n i (yn) — 21
in By as n — oo in Ny and z; € Fjz; since Fj is upper semicontinuous. Also
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(2.14) implies z; € Uy. Let Ny = Nf\{1}. Proceed inductively to obtain subse-
quences of integers

Nf DN Do, NfC{kk+1,..}

and zp € >, with ji uhnjgl (yn) — 2z, In Ey as n — oo in N} and z; € Fj, 2.
Also (2.14) implies z;, € Uy. Note Ji fi k41 jk__&l Zp+1 = 2z in Ey for k€ {1,2,..}.
Also let N = N\ {k}.

Fix k€ N. Now z; € F}. z;, in Ej. Note as well that

. 1 . -1 . 1
Rk = Jk Pkk+1 Jg41 Re+1 = Jk Pk k41 J g1 Tk+1 Hk+1,k+2 J g0 Fk+2

. 1 . 1
= Jk Kk k+2 ]k+2 Rhk42 = «ueen = Jk bkm Jm “#m = Tkm Zm

for every m > k. We can do this for each k € N. Asaresult y = (2;) € lim_ E, = FE
and also note z, € U, C Y}, for each £k € N. Thus for each k € N we have

Je b (Y) =21 € Fpzi = ji e Fy in By,
soyeFyin E. O

Remark 2.6. In Theorem 2.2 it is possible to replace C.,NV,CY, with C,NV, a
subset of the closure of Y,, in F,, provided Y is a closed subset of E so in this case we
could have Y = CNV if C,, NV, is a subset of the closure of j, pi, (C ﬂV) in F,, and
if C' is closed. To see this note from y = (2;) € lim E, = E and 7, (Ym) — 2k
in Ej as m — oo we can conclude that y € Y =Y (note ¢ € Y iff for every k € N
there exists (xgm) € Y, Tkm = Thn (Tnm) for n >k with xg,m — jruk (@) in
Ey; as m — o00). Thus zp = ji ux (v) € Y and so jig pux (y) € jp pe F' (y) in Ej as
before. Also it is easy to see with the above argument that A € (0,1] in (2.14) can
be replaced by A € (0,1) again provided C,, NV, is a subset of the closure of Y;, in
FE, and Y is a closed subset of E.
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ABSTRACT: Two methods based on Fourier series expansions (a Chan-
drasekhar functions - based method and a shifted Legendre polynomials -
based method) are used to study analytically the eigenvalue problem gov-
erning the linear convection problem with an uniform internal heat source
in a horizontal fluid layer bounded by two rigid walls. For each method
some theoretical remarks are made. Numerical results are given and they
are compared with some existing ones. Good agrement is found
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1. Problem setting

The effects of the presence in a fluid of an internal heat source have been experimen-
tally, numerically and analytically investigated by researchers in many convection
problems [6], [7], [8],[9]. The investigations concerned the effects of the heating and
cooling rate. Various conditions were imposed on the lower and upper boundaries.
The motion in the atmosphere or mantle convection are two among phenomena of
natural convection induced by internal heat sources. They bifurcate from the con-
duction state as a result of its loss of stability. In spite of their importance, due to
the occurrence of variable coefficients in the nonlinear partial differential equations
governing the evolution of the perturbations around the basic equilibrium, so far these
phenomena were treated mostly numerically and experimentally.

Herein a horizontal layer of viscous incompressible fluid with constant viscosity
and thermal conductivity coefficients v and k is considered [9]. In this context, the
heat and hydrostatic transfer equations are [9]

20
=kl (1)
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P.O. Box 85, 35-959 Rzeszéw, Poland



44 I. Dragomirescu, A. Georgescu

dpp

dz
where 1 = const. is the heating rate, 0g, pg and pp are the potential temperature,
pressure and density in the basic state, respectively. In the fluid, the temperature
at all point varies at the same rate as the boundary temperature, so the problem is
characterized by a constant potential temperature difference between the lower and
the upper boundaries Afp = 0p, — 0p,. Taking into account (1) this leads to the
following formula for the potential temperature distribution [9]

e e 1 T A

= —pBY, (2)

In nondimensional variables the system of equations characterizing the problem is

% = —Vp + AU + Gro'k,

divU =0, (4)
/

% = (1 - N2)Uk + Pr—tA¢,

where U = (u,v,w) is the velocity, 8’ and p’ are the temperature and pressure devi-
ations from the basic state [9], Gr is the Grashof number, Pr is the Prandtl number
and N is a nondimensional parameter characterizing the heating (cooling) rate of the
layer.

The boundaries are assumed rigid and ideal heat conducting, so the boundary
conditions read 1 1

/
U=6¢=0 at z= 5 and Z=3 (5)

In [9] the numerical investigations concerned the vertical distribution of the total
heat fluxes and their individual components for small and moderate supercritical
Rayleigh number in the presence of a uniform heat source.

The eigenvalue problem associated with the equations for a convection problem
with an uniform internal heat source in a horizontal fluid layer bounded by two rigid
walls was deduced in [2].

Consider the viscous incompressible fluid confined into a periodicity rectangular

1 1
box V:0<z<a0<y<asy, —3 <z < B [4] bounded by two rigid horizontal

walls. The corresponding eigenvalue problem [2] has the form

(D? — a®)*W — a?>Ra® =0, 6
{ (D2 = a2)0 + (1 — N2)W = 0. (6)

with the boundary conditions

1
W=DW=0=0 at ¢=-3 and z=-. (7)
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In (6) the Rayleigh number Ra represents the eigenvalue while (1, ©) represents
the corresponding eigenvector. The analytical study of this stability problem consists
in finding the smallest eigenvalue, i.e. the critical value of the Rayleigh number at
which the convection sets in.

In [2] the analytical study of the eigenvalue problem (6)-(7) was performed by
means of a method from [1]. First the system (6)-(7) was written in a more convenient

independent variable z = z + =. Then, two methods (one based on Fourier series

expansions of the unknown functions and other a variational one) were used in order
to find the smallest eigenvalue. Here, the analytical study in also based on Fourier
series expansions of the unknown functions, but the expansion functions satisfy all
boundary conditions.

Taking into account the form of the boundary conditions two methods are used
and, for each of them, some analytical remarks on the chosen sets of expansion func-
tions are presented.

2. A method based on Chandrasekhar functions

In this method, the unknown function W is expanded upon a complete set of orthog-
1
onal functions that satisfy all boundary conditions <W =DW =0at z = :I:§) and

then, from (6) we find the expression of the unknown function ©. Replacing these
expansions in (6); and imposing the condition that the left-hand side of the obtained
equation to be orthogonal to each function from the expansion set, we obtain an alge-
braic system of equations which leads us to the secular equation, yielding the critical
value of the Rayleigh number.

When the normal component of the velocity and its derivative are zero at z =

1 1
—3 and z = 3 the classical set of complete orthogonal functions that satisfy these

conditions are the Chandrasekhar sets of functions {C,, }rnen, {Sn tnen[1]

cosh \,,z COS A\p2

Cnlz) = coshA,/2  cosh,/2’

(8)

_ sinh(pnz)  sin(unz)
Sn(2) = sinh(yi/2)  sin(pn/2) '

A A
where \,, and pu,, are the positive roots of the equations tanh (5) +tan (5) =0 and

A BN
coth (2> cot <2) 0. We have
0.5 0.5
Cn(2)Cp(2)dz = Sn(2)Sm(2)dz = S
—0.5 —0.5

1
By definition, the functions C,, and .S,, and their derivatives vanish at z = :I:§ SO

the boundary conditions (7) are satisfied.
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o)
Let us consider W = > W,,C,(z). From (6)2 we obtain the expression of the
n=1
unknown function O,

B . Wy, cosh Apz(Nz — 1) 22 NW,,
© = Acoshaz + Bsinhaz + 02 —a)cosh 2 02 —a2)cosh /2.
il A, 2 4 (1 = Nz)W, cos Az B 22\ NW,, Sin A, 2.

(A2 +a?)cos A, o (A2 +a?)?cos A\, /2

2a2W,, an
(A2 —a?)(A\2 + a?) cosha/2

.=

d

where A =

83 NW,,a? _ a’NW,,
(A2 —a?)2(A2 +a?)2cosh A, /2 (A2 —a?)(\2 +a?)’

n n

B =

However, in our case, replacing these expressions in (6); and imposing the condi-
tion that the left-hand side of the obtained equation to be orthogonal to C,,, m € N,
we obtain an expression in which the physical parameter IV is missing. The mathe-
matical explanation is that the chosen set of expansion functions introduced an ex-
traparity (inexistent in the given problem), leading to the loss of one of the physical
parameter, in this case the cooling (heating) rate N.

Remark 1. The physical parameter IV also disappear when the expansion func-
tions are S,, n=1,2,....

Another explanation could be the fact that we have no physical or mathematical
reason to assume that W is either even or odd. The general form of W, W(z) =

3 Cr(2)WE + S, (2)W2, will be considered elsewhere.
n=1

no

3. A method based on shifted Legendre polynomials
In order to avoid the loss of N, we use a different set of orthogonal functions, namely
a basis of shifted Legendre polynomials (SLP) on [0, 1].

1
Let us modify the system (6) by a translation of the variable z, x = z + > such

that the eigenvalue problem becomes

(D? — a?)>W — a?Ra® = 0, (10)
(D? —a?)O® + (N; — Nz)W = 0,
. N o
with Ny =1+ ) and the boundary conditions
W=DW=0=0 at z=0 and 1. (11)

Starting with the classical Legendre polynomials defined on (—1,1), let us in-
troduce the complete sets of expansion functions. We are interested in expansion
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functions that satisfy all boundary conditions. Let Hj(0,1), H3(0,1) be two Hilbert
spaces [5]

Hy(0,1) = {fIf, f" € L*(0,1), f(0) = f(1) = 0},
Hg§(0,1) = {fIf, f', " € L*(0,1), f(0) = f(1) = f'(0) = f'(1) = 0}
and denote by Ly the Legendre polynomials defined on (—1, 1). By means of them, we
construct the SLP (denoted by us by Q) on (a,b), namely Q(z) = Ly (be—faa—b)'
Taking (a, b) (0,1) we find that Qi are orthogonal polynomials on the interval

(0,1), i.e. / QiQ;dx = 5 :_16%] Using the identity [5]

2(20 +1)Qi(x) = Qi1 () — Qi1 (). (12)
we define the complete sets of orthogonal functions {¢;}i=12,.. C H0,1),

Qz+1 Qifl
/ QZ - W?

satisfying boundary conditions ¢;(0) = ¢;(1) =0 at = 0 and 1 and {8;}i=1,2,.. C
H§(0,1),

_ 1 Qi —Qin Qiy1 — Qi
fil //Q’“ t)dtds [(22+3)(22+5) (2i+1)(2i+3)}’

satisfying boundary conditions 3;(0) = 5;(1) = 8/(0) = 8i(1) =0 at x =0 and 1.
Remark 2. We could also work with SLP on (a,b) = ( — %, %) However, the
choice (a,b) = (0, 1) leads us to simplified numerical evaluations.

The system (6) can be solved numerically by approximating the solution (W, ©)
by

W = Z WiBi(z), © = Z SHONED) (13)

with W; and ©; the Fourier coefficients. In this way, the system (6) can be written
in terms of the expansion functions only

i [Wz(DZ - a2)2ﬁi — aZRCL@Z‘(ﬁi] =0
z (14)
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Taking into account the fact that the coefficients W;, ©; are not all null, i.e. the
Cramer determinant vanishes, the secular equation has the form

(<D2 - a2)2ﬁi, 6/6) _azRa(gbi?Bk) =0 (16)
Nl(ﬁi,gbk) _N(26i7¢k) ((D2 _a2)¢iv¢k) .

The scalar products from (16) are given in the Appendix.
The system (10) has variable coefficients (functions of ). In this case, the following
recurrence relation was used for the numerical study
i+1 i

22Q; = Qi—HQi—H + Qi + m@i—L (17)

4. Numerical results

Taking n = m = 1 we obtained a first approximation of the Rayleigh number, which
proved to be a good approximation compared to the one obtained in [2]. The obtained
numerical results are presented in Table 1 in comparison with the results from [2].

N a? Ra — Fourier | R, —var.meth. | Ra — Legendre
0 | 9711 1715.079324 1749.97575 1749.95727
119711 1711.742588 1746.804944 1746.809422
2 19711 1701.891001 1737.45025 1737.450242
1 10.0 1712.257687 1747.29100 1747.290998
4 10.0 1664.341789 1701.62704 1701.627037
4 12.0 1685.422373 1723.62407 1723.624047
8 12.0 1547.460446 1590.19681 1590.196769
9 12.0 1508.147637 1551.72378 1551.723746
10 | 12.0 1468.449223 1512.69203 1512.691998
12 12 1389.837162 1434.90396 1434.903926
16 12 1243.442054 1288.50149 1288.501459
10 9.0 1482.527042 1525.59302 1525.593072
11 9.0 1446.915467 1490.55802 1490.558078
12 | 9.00 1411.401914 1455.48233 1455.482384
Table 1. Numerical evaluations of the Rayleigh number for various values of the

parameters N and a.

The disadvantage of this method is given by the fact that the approximations are
limited by the difficult evaluation of the associated matrix for a large number of
functions in the expansion sets. However, the expressions of the neutral manifolds
are easy to obtain with this method.

When the wavenumber is kept constant an increase in the heating (cooling) rate
parameter leads to a decreasing of the Rayleigh number. When N = 0 the problem
reduces to the particular case of Rayleigh-Bénard convection and the numerical eval-
uation lead us to a value similar to the classical value for the Rayleigh number, i.e.
Ra = 1749.95727 for a = 3.117.
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5. Appendix

Let us give the expressions of the scalar products occurring in (16). Since in (10);
the expression ((D? — a?)?3;, By) is written as

((D2 - a2)2ﬁivﬁk) = (D45i,6k) - 2a2(D26i76k) + a’4(ﬁi76k)

let us simplify these products or simply evaluate them. Taking into account the

1
definition of the scalar product on L?(0,1), i.e. (f,g) = / fgdz and the boundary
0

conditions satisfied by the expansion functions, we have

it =k,
(D*Bi, Br) = (B, Bi) =K = (18)
0ifi # k
and
S— ! _ifi =k,
2(2i + 1)(2i +3)(20 + 5)
(D?Bi, Br) = —(B, Br) = 1 ifi =k + 2, (19)

4(2 — 1)(2i + 1)(2¢ + 3)
Ootherwise

Giva — Gi Pry2 — Ok
214+3 7 2k+3

1
Given the fact that (8;, Br) = (

T2
uct (¢4, ¢r) and we get

) we first evaluated the prod-

1

NI
79 = — 1 ifi = k — 20
(#::9) TSP IO s (20)
Ootherwise
Using (20) we have
3 ifi = k
8(20 — 1)(2i + 1)(2i + 3)(2i + 5)(2i + 7) ’
! ifi =k — 2
Bi,Be) = | “A@i+1(2i+3)2i+5)@i+ @i+ (21)
1 N
BTN r)@ iy - F=4
Ootherwise
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We also used (20) to deduce (¢;, B%), i-e.

3
C8(2i — 1)(2i + 1)(2i +3)(2i + 5)

ifi = k,

3 ifi =k +2
8(2i —3)(2i — 1)(2i +1)(2i +3) ’
1

(¢:,8k) = ifi =k —2, (22)

8(2i + 1)(2i + 3)(2i + 5)(2i + 7)

1 o
_8(2i —5)(2i — 3)(2i — 1)(2i + 1)lfz =k+4,

Ootherwise

Let us remark that (8;, ¢r) = (dx, 5i)-

The computation of (D?@;, ¢1,) was simplified by the expressions of the ¢; func-
tions. We have

ST

(D60 6n) = —(Qu Q) = {  2H1 . (23)

Ootherwise

All the obtained expressions (18) - (24) are based on the orthogonality relationship be-
tween the SLP. In deducing the expression below we also used the recurrence relation
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(17)

- i+ ifi=k—5
16(2i +3)(26 + 5)(2i + 7)(2i +9)(2i + 11) '

1
16(2i + 3)(2i + 5)(2i + 7)(2i + 9)

ifi = k — 4,

1
16(2i + 1)(2i + 3)(2i + 5)(2i + 9)

ifi = k — 3,

3
16(2i + 1)(2i + 3)(2i + 5) (2 + 7)

ifti = k — 2,

3 o
_16(2i—l)(2i—|—1)(2i+3)(2i+5)(2i+7)1fz: k—1,

(2B:, 1) =
— 3 ifi =k
16(2i — 1)(2i + 1)(2i + 3)(2i + 5) :

1
16(2i — 3)(2i + 1)(2i + 3)(2i 4 5)

ifi =k + 1,

1
16(2i — 3)(2i — 1)(2i + 1)(2i + 3)

ifti = k+ 2,

1+ 1

6@ 5@ 3@ - D@+ D@3 kT3

Ootherwise

6. Conclusions

In this paper we performed an analytical study of the eigenvalue problem correspond-
ing to a convection problem with uniform internal heat source. We pointed out some
aspects of the spectral methods that we employed concerning the sets of the expansion
functions that can be used to an analytical study of this problem. As in this case the
expansion sets of Chandrasekhar functions introduced an extraparity they were not
appropriate. However, for some other problems [3] their use proved to be successful.
The method based on SLP lead to good numerical approximations. All numerical
results obtained with this method are compared with the existing ones. The effect of
the heating (cooling) rate on the values of the Rayleigh number is pointed out.
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1. Introduction
Let A denote the class of functions which are analytic in U := U(1), where
U(r):={z:2€ C and |z| < r}.
By Ag we denote class of functions f € A of the form:
f(2) :z+Zanz”, (1)
n=2

We say that a function f € A is subordinate to a function F' € A, and write
f(z) < F(z), if and only if there exists a function w € A,

w(0)=0, wiz) <1 (z€U),
such that
f(z) =F(w(z)) (z€l).

Moreover, we say that f is subordinate to F' in U(r), if f(rz) < F(rz). We shall
write

f(z) <r F(2)

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
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in this case. In particular, if F' is univalent in &/ we have the following equivalence
(cf. [8]):

f(z2) < F(z) < f(0)=F(0) and f(U) C F(U).
A function f belonging to the class A is said to be convez in U(r) if and only if

2f"(2)
f'(2)

By f * g denote the Hadamard product (or convolution) of f, g € A, defined by

(f+9)(2) = (Z anzn> * (Z bnz"> = anbp2".
n=1 n=1 n=1

Let A be complex number. We consider the linear operator D* : A — A defined
by (see [3])

m<1+ )>0 (zelU(r); 0<r<1). (2)

DM (2) = (f *ha) (2),
where -
ha(z) = Zn)‘z” (zel).
n=0

For a function f € Aj of the form (1) we have

D’\f(z) =24+ Z nranz"

n=2

and )
DMUf(z) =2 [DMf(2)] (3)
Let h be a function convex in U with h(0) = 1 and let ¢ be complex number.
We denote by V (¢, A\;h) the class of functions f € Ag satisfying the following

condition:
21 [(1 — ) D>‘f(z) + tDM'lf(z)] =< h(z), 4)

in terms of subordination.
Moreover we define class W(t, A; h) of functions f € Aj satisfying the following

condition:
(1—t) DM f(2) +tDA2f(2)

T=0 D) + D fE) e ®)
In particular for
1+ Az
= . < < —_B<
h(z) T+ B, (zeU; 0SBL1,—-B< A< B)
we obtain the class -
+ Az
tLANAB) =V (A ——
V( 7A7 bl ) V<7)\71+BZ>
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which was studied by Dziok [3]. Moreover we denote

1—|—Az)

For suitable chosen parameters ¢, A\, A, B classes defined above was investigated among
overs by Stankiewicz et al. ([7], [11], [9] and [10]).
In the paper we present some inclusion relations for defined classes.

2. Main results

We shall need the following lemmas.
Lemma 1. [6] Let w be a nonconstant function analytic in U(r) with w(0) = 0. If

[w(z0)| = max {w(2)|; |2] <[z} (20 €U(r)),
then there exists a real number k (k > 1), such that
Zow/(Z()) = k‘w(Z())

Lemma 2. [5] Let h be a convex function in U with h(0) = 1. If ¢ is an analytic
function in U, ¢(0) =1 and

q(2) + 2¢'(2) < h(2),
then
q(z) < h(2).
Lemma 3. [4] Let h be a convex function in U(r) with h(0) = 1. If ¢ is an analytic
function in U(r), ¢(0) =1 and

zq'(z) - 1+ Az
q(z) "1+ B2’

then
14+ Az

1) = 5y

Making use of above lemmas , we get the following two theorem.
Theorem 1.
V(t,A+m;h) CV(E, A h)  (meN).

Proof. It is clear that it is sufficient to prove the theorem for m = 1. Let a function
f belong to the class V(t, A\ 4+ 1; h) or equivalently

21 [(1 —t) D>‘+1f(z) + tDM'Zf(z)] =< h(z), (6)
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It is sufficient to verify the condition (4). The function
q(z) =27 [(1 =) D f(2) + tDM ()] (7)
is analytic in I/ and ¢(0) = 1. Taking the derivative of (7) we get
A=) DMUf(2) + DM f(2)] = a(2) + 24'(2) (2 €U). (8)
Thus by (6) we have
q(z) + 2¢'(z) < h(z).
Lemma 2 now yields
q(z) < h(z). 9)
Thus by (7) f € V(t, A; k) and this proves Theorem 1.

Putting h(z) = }Igz in Theorem 1 we obtain the following two corollary.

Corollary 1.
V(t,A+m;A,B) CV(t, A\ A, B) (meN).

Theorem 2.
W(t, \+m; A, B) C W(t,\; A, B)  (m e N).

Proof. It is clear that it is sufficient to prove the theorem for m = 1. Let a function
f belong to the class V(a + 1; A, B) or equivalently

(1—t) D 2f(2) +tD 3 f(2) 1+ Az

(1—1) DMLf(z) 1D"2f(z) 1% Bz (10)
It is sufficient to verify condition (5). If we put
R=sup{r: (1—t)D f(2) +tD ' f(2) #0, z€U(r)},
then the function
(1 1) DM@LH() + D24 (2) "

1) = T D)+ D)
is analytic in U(R) and ¢(0) = 1. Taking the logarithmic derivative of (11) and
applying (3) we get

(1 —t) DM2f(z) + tDM3f(2) 2q'(2)

(1—t) DMIf(z) + tD 2 f(2) =q(2) + 402) (z€eU(R)). (12)
Thus by (10) we have
2q'(2) 14+ Az
O+ 20) v B
Lemma 3 now yields |
4(=) <r T 13)
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By (11) it suffices to verify that R = 1. From (3), (11) and (13) we conclude that the
function H(z) = (1 —t) D f(2) + tD 1 f(2) is starlike in U(R) and consequently it
is univalent in U(R). Thus we see that H(z) cannot vanish on |z| = R if R < 1. Hence
R =1 and this proves Theorem 1.

Using Lemma 1 we show the following sufficient conditions for the class W(¢, A; A, B).

Theorem 3. Let t,\, A, B be real numbers 0 < B<1,-B< A<2AB—B. Ifa
function f € Aq satisfies the following inequality:

(1—t)D’\JFQf(z)4—25D/\+3f(z)_1 <2(B—A)+A2—3AB (= e ) (14)
(1= t) D1 f(z) + tD2f(z) (1+B)(1-4) sEHD
then f belongs to the class W(t, \; A, B).
Proof. Let a function f belong to the class Ag. Putting
14 Aw(z)
a(z) = 1+ Bw(z)

(z €U(R)) (15)

in (12), we obtain

(1—¢)DM2f(2) +tD 3 f(2) 14 Aw(z) Azw'(2) Bzw'(z)
(1 —t) DM1f(2) +tD2f(2) ~ 14 Bw(z) 1+ Aw(z) 1+ Bw(z)

Consequently, we have

Fz) = w(z) {ZZ(? (1 +;14w(z) 1 +§w(z)) - 151;1:}@}’ (16)

Py~ L=D DY) £1DME1()
- (L=t DMf(2) + DA f(2)
By (5), (11) and (15) it is sufficient to verify that w is analytic in U and

lw(z)| <1 (ze€lU).

where

Now, suppose that there exists a point zy € U(R), such that
lw(zo)| =1, lw(z)] <1 (|z] <|z0l).
Then, applying Lemma 1, we can write
20w’ (20) = kw(z0), w(z0) = € (k>1).

Combining these with (16) , we obtain

—A B B-A
Fz0)l = ‘k <1+Aei9 * 1+Bei9) T Ty Bew
> kRe( —A B )+BA

1+4¢% " 1+Be?) " 148
k(A B> B-A_2(B-A)+A> 34B

14 17B)"17B- (1+B0-4)

Y
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Since this result contradicts (14) we conclude that w is the analytic function in
U(R) and |w(z)] < 1 (z € U(R)). Applying the same methods as in the proof of
Theorem 2 we obtain R = 1, which completes the proof of Theorem 3.

Puttingt =0, A =2a—1 and B = 1 in Theorem 2 and 3 we obtain the following
two corollaries.

Corollary 2. Let 0 < a < 1, m € N. If a function f € Ay satisfies the following

inequality:
DA m+1
Re{l))‘Tf{z’(’;)}>a (ZEU),
then o
RG{W{Z()Z)}>O[ (ZEZ/{)

Corollary 3. Let m € N, 0 < o < 2/3. If a function f € Ay satisfies the following
inequality:

D 2 f(2) 4—Ta+2a2
e < Ce,
then DA
Re{W{S)}>a (zel).

Remark 2. Putting A =0 or A =1 and m = 1 in Corollary 2 and 3 we obtain the
sufficient conditions for starlikeness of order v and convexity of order «, respectively.
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1. Preliminaries and introduction

Let C denote the space whose elements are finite sets of distinct positive integers.
Given any element o of C, we denote by c(o) the sequence {¢,(¢)} which is such that
cn(0) =1ifn € 0,¢,(0) = 0 otherwise. Further

Cs = {a €C: ch(U) < 3} (cf[9])s

the set of those ¢ whose support has cardinality at most s, and

d .= {¢=(¢n)€w:¢1>0,A¢k>0andA<%) <0 (k::1,2,...)},

where A¢,, = ¢, — ¢p—1; and w is the set of all real or complex sequences = = (xx).

For ¢ € ®, we define the following sequence space, introduced by Sargent[14],and
further studied by Malkowsky and mursaleen [8] and Mursaleen [9)].

m(g) = {x (z,,) € w:sup sup (%Z | zg |> <oo}.

s>1 0€Cs keo

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Recently the space m(¢) was extended to m(¢,p) by Tripathy and Sen[16] as
follows:

s>1 o€Cyq ¢s

m(o,p) := {x: (2g) € w : sup sup L Z | g |P< oo}.
keo

A map M : R — [0, 400] is said to be an Orlicz function if M is even, convex, left
continuous on Ry, continuous at zero, M(0) = 0 and M(u) — o0 as u — oco. If M
takes value zero only at zero we will write M > 0 and if M takes only finite values
we will write M < 0. [1,4,6,7,10,13].

W.Orlicz [11] used the idea of orlicz function to construct the space (L) . Lin-
dendstrauss and Tzafriri [5] used the idea of Orlicz function to define orlicz sequence
space

KM:_{xGw:ZM<%><oofor somep>0}

in more detail . £, is a Banach space with the norm

lall = inf{p > 0: 3 M COR

k=1
The space [js is closely related to the space {,, , which is an Orlicz sequence space
with M(z) =P for 1<p<oo.

The /Ay - condition is equivalent to
M(Lz) < KLM(x), for all valuesof x>0, and for L > 1.

An Orlicz function M can always be represented in the following integral form M (z) =
fom n(t)dt, where n is known as the kernel of M , is right differentiable for ¢ > 0
n(0) =0, n(t) > 0, n is non-decreasing and 7(t) — co as t — oo.

Note that an Orlicz function satisfies the inequality

M(Az) < AM(z) for all A with0 <\ <1

The study of Orlicz sequence spaces have been made recently by various authors
(cf [2],[3],[12],[15]). In this paper we defined the following sequence space

s>1 o€Cs ¢s keo

1
m(M, ¢) = {az € w:sup sup ZM <|x_:|> < oo for some p > O}

1 P
m(M,¢,p) :={x €w:sup sup —ZM(M) < oo for somep>0
s>1 o€Cy ¢s reo 14
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Remark 1. (i) If ¢, = 1 for all n = 1,2,---; then m(M,¢) = I and
m(M, ¢,p) = 1,(M).

(i) f pp=m (n=1,2,---), then m(M,p,p) =m(M,d) = lo(M).

2. Topological Properties

Let E be a sequence space . Then E is called

(i) A sequence space E is said to be symmetric if (z,,) € E implies (z,(n)) € E,
where 7(n) is a permutation of the elements of the elements of N.

(if) Solid (or normal), if (axxy) € E, whenever (xy) € E for all sequences of scalars
(o) with Jag| <1 for all ke N.

Lemma. A sequence space E is solid implies E is monotone.
Theorem 2.1. m(M, ¢, p) is a linear space.

Routine verification.
Theorem 2.2. The space m(M, ¢,p) is a complete space.
Proof. To show the completeness, suppose that (z?) be a cauchy sequence in m (M, ¢, p),
where z' = (z1) = (z},24,2%,---) € m(M,¢,p) for alli € N. Let r >0 and z¢ be
fixed . Then for each ﬁ > 0, there exists a positive integer ng such that

gzt —27) < L, forall i,5 >ng
o

implies that

1 i J|p
(2.2.1) inf< p:sup sup — ZM M <1 <e forallij>mng.
s>1 o€Cyq ¢s keo P

By (2.2.1) for all i,j > ng, we have

1 |zt — xfc p
sup sup — M| ——1]<1
s>1 0€Cs Os l; (g(xZ - xj)

LRy |$foi|‘p <
¢ \gla'—ad) ) ~

which implies that
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o —alP N
= M m <¢1 foralli,j >ng, and k € N.

For r > 0 we have “50n(%) > ¢1, where 7 is the kernel associated with M, such
that

Hence (z%)2°, is a Cauchy sequence in R, which is complete. For each k € N, there
exists z € R such that |z}, — zx| — 0 as i — co. By the continuity of M , we have
1 |.1‘2 - Jli)nolo 'Tgc |p
sup sup — ZM — | <1
s>1 o€Cyq st heo P

1 T
sup sup —ZM <M> <1 for some p > 0.
s>1 o€eCs ¢S keo P

Taking the infimum of such p's, by (2.2.1) we get

1 R
inf < p : sup sup —ZM <M> <1 <e forallij>ng.
s>1 o€l Qbs kco P

Since m(M, ¢, p) is a linear space and (z(?) and (z — ) are in m(M, ¢, p) , then we
have

(z) = (2") + (z — 2") € m(M, ¢,p)

Thus m(M, ¢,p) is complete .
medskip
Theorem 2.3. The space m(M, ¢,p) is solid, symmetric and monotone.

Proof. Let © € m(M, ¢,p). Then we have

1 |ZL’k|p)
2.3.1 sup sup — M|[—) < oo
(2.3.1) p sup ¢SZ ( p

s>1 o€C, keo

Now let (Ax) be a sequence of scalars with |A\;| <1 for all £ € N. Then from (2.3.1)

we have \ ) )
ZM<| kzkl )§Z|)\k|M<|xk| )

keo keo P

o ()

keo
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Hence m(M, ¢, p) is solid.

65

The symmetricity of the space follows from the definition of the space m(M, ¢, p).

By the Lemma it follows that the space m(M, ¢, p) is monotone.

3. Inclusions Relations

Theorem 3.1. m(M, ¢,p) C m(M,,p) if and only if sup (i—) < o0.

s>1

Proof. Let sup (-f;—) < oo and z € m(M, ¢, p). Then
s>1 °

1 P
sup sup — ZM (%) < 0o, for some p >0

s>1 o€Cs QSS keo

This implies that

sup sup — M (— <sup|— | sup sup — M
s>1 0€Cyq ws ; 14 s>1 ws s>1 o€eCs, (bs kezcr

< 0.

Therefore x € m(M, 1, p).

Conversely, let m(M, ¢,p) C m(M,,p) and suppose that sup

there exists a sequence (s;) of naturals number such that

1131010 (%) = oo

Let © € m(M, ¢, p). Then there exists p > 0 such that

1 |p
sup sup —ZM(M) < 00
s>1 o€Cy ¢s keo 4

Now we have

1 z|P 1
sup sup —ZM (M) > sup (¢ ‘) sup sup —ZM(
s21 oeC, Vs f2 p i>1 \ Vs, ) s>1 oeCs Ps =

|z |P
P

)

(i—) = o0. Then

|z [P
p

)

Therefore @ ¢ m(M,,p). This contradict to m(M, d,p) C m(M,,p).

¢s
sup (—) < 00.
s>1 Ps

Theorem 3.2. [,(M) C m(M, ¢,p) Cloo(M) for all ¢ € ®; where

e P
I,(M) = {wa:ZM(%) < oo for somep>0}
k=1

Hence
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and

loo(M) := {wa sup]\J(| k|> < oo for somep>0}.
k>1 P

Proof. Since ¢ < ¢, < s¢p; for all for all ¢ € @, that is ¢;' < ¢7! an

¢ < ¢4, it follows that sup ¢, < oo and sup(g’—) < 0. Hence from Theorem 3. 1
s>1

and Remark 1, it follows that [,,(M) C m(M, ng, p) Cloo(M) for all ¢ € P.

Theorem 3.3.(a) m(M, ¢,p) = 1,(M) iff slggo Ps < 0.
(b) m(M, ¢,p) = loo(M) iff lim () > 0.

Proof. (a) If o3 = 1 for all s in Theorem 3.1, then we get m(M,¢,p) C

I,(M) iff sup¢s < oo Hence by Theorem 3.2, we have (a), since (¢5) is monotonic.
s>1

(b) Similarly, by Theorem 3.1 , we get loo (M) € m(M, ¢,p) iff supysq(3-) < oo.

s
Hence by Theorem 3.2, we have (b), since (3-) is monotonic.
Corollary 3.4. m(M,¢) =1y iff lim ¢ < 0.

Theorem 3.5. Let M, My, Ms be Orlicz functions each satisfy Ay - condition. Then
(i) m(My, ¢,p) € m(M o My, $,p),

(u)m(Mla ¢ap) N m(MQa ¢7p) = m(Ml + M27 ¢7p)

Proof . (i) Suppose that x € m(Mji, ¢,p). Then there exists p > 0 such that

sup sup — ZMl <|xk| )

s>1 o€Cy ¢.s keo

Now if we take 0 < ¢ < 1 and ¢ with 0 < § < 1 then M(t) < e for 0 <t < 4. Put
yr =M (%) and for any o € C4 consider

> M) = M(ys) + Y M(ys),

keo

where the first supremum is over y; < ¢ and second is over y; > 6 . We know that
an Orlicz function satisfies the inequality M (Az) < AM(x) for all X with 0 < X < 1.

By above inequality we have
(3.5.1) ZM ye) < M(1 Zyk<M Z
For yi, > § we use the fact that
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since M is convex, so

M(yk)<M<1 3i;)< —M(2) + M(ng).

Since M satisfies Ay— condition, so we have

1 1
M@w<§K%M®+§K%M®

0 0
:K%M@.
Hence ,
(3.5.2) ZM(yk) < max(l,Ké_lM(Z)Zyk.
2 2

From (3.5.1) and (3.5.2) we have (x) € m(M o M1, ¢, D).
Thus m(My, ¢,p) € m(M o My, ¢,p).

(ii) Let (xx) € m(Mi, ¢,p) N m(Ma, ¢,p). Then there exists p > 0 such that

P
sup sup — ZMl ('xk| ) < 00
p

s>1 o€Cy st

and
|2k |” )
sup sup — My
s>1 o€Cs ¢.s Z <
The remaining part of the proof follows from the equality
kal |ﬂ?k|p |$k|p

S+ ) “Swm S
k€o keo keo

Put M;(z) = x in Theorem 3.5(1) We have the following result.
Corollary 3.6. Let M be an Orlicz function satisfying Ay— condition. Then

m(¢,p) € m(M,,p)
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ABSTRACT: A partition of V(G), all of whose classes are dominating
sets in G, is called a domatic partition of G. The maximum number of
classes of a domatic partition of G is called the domatic number of G. In
this paper we explore the bounds for the domatic numbers of the cartesian
product, the strong product and the join of two graphs. The bounds are
the best possible in the sense that there exist examples for which equalities
are attained
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1. Introduction

By a graph G we mean a finite undirected graph without loops and multiple edges
with the vertex set V(G) and the edge set E(G). A set D C V(G) of vertices is a
dominating set in G if every vertex not in D is adjacent to at least one vertex in
D. A domatic partition of the graph G is a partition of V(G) into pairwise disjoint
dominating sets. The domatic number d(G) of G is the maximum cardinality of a
domatic partition of G. The domatic number was introduced by E. J. Cockayne
and S. T. Hedetniemi in [3]. If G is not connected, then d(G) equals the minimum
of domatic numbers of its connected components. Because of this, throughout the
paper G will always denote a connected graph. As usual, the minimum degree of G is
denoted by §(G), the maximum degree of G by A(G) and the domination number of
G by v(G) (the minimum cardinality of a dominating set in G). Then the following
simple relationships between these numbers hold.

Proposition 1 For any graph G of order n > 1,
a) [3] d(G) > 2 if and only if G has no isolated vertex,

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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b) [3] d(G) <(G) +1,
c) d(G) <n/v(G),
d) if H is a spanning subgraph of G, then d(H) < d(G).
The last two results follow from the definition of the domatic number of a graph.

Moreover, note that if d(G) = §(G) + 1, then G is called domatically full. For
example, in the literature it is known that

e every regular graph whose the domatic number divides its number of vertices

e every domatically 3-critical graph

every block-cactus graph with the minimum degree at least 4
e every strongly chordal graph

e every graph with the minimum degree 1

is domatically full.

We recall here one of results which will be used in our investigations.

Theorem 1 [7] A regular domatically full graph G of order n and d(G) = d exists if
and only if d divides n. Its structure is the following: The vertex set V(G) = U?Zl Vi,
VinV; =0, |Vi| = n/d and the subgraph G;; of G induced by V; UV is regular of
degree 1 (fori=1,...,d; j=1,...,d;1# j).

The cartesian product of the graphs Gy and G5 is the graph G100Gs such that
V(G10G2) = V(G1) x V(G2) and (x1,y1)(x2,y2) € E(G10G2) whenever 21 = x2
and y1y2 € E(G2) or y; = yo and z122 € E(Gy).

Instead of K100G2 we will write 2G5, where {z} = V(K7), similarly we put Gy
instead of G1OKj.

The strong product of the graphs G; and Gg is the graph G; X G2 such that
V(G1 K Gy) = V(Gy) x V(G2) and (z1,y1)(z2,y2) € E(G1 K Ga) whenever x1 = x5
and y1y2 € E(G2) or y1 = y2 and x122 € E(G1) or 122 € E(G1) and y1y2 € E(G2).

The join of two graphs G; and Gs is the graph G; + G2 defined as the disjoint
union of graphs G; and G4 with additional edges linking each vertex of G; with each
vertex of Gs.

Standard notation is applied for the particular types of graphs, too, such as K,
(the complete graph on n vertices), P, (the path on n vertices), C,, (the cycle on n
vertices), K, » (the complete bipartite graph), S, (the star with n leaves).

It is immediately seen that

Proposition 2 [3],[4]
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a) d(P,) =2 and P, is domatically full, for n > 2,
2, if n £ Qmod 3);

3, otherwise

b) Forn >3, d(C,) = {
and C,, is domatically full if n = Qmod 3),

c) d(K,) =n and K,, is domatically full, for n > 2,

d) d(K,,,) =min{m,n}, form,n>2,

e) d(S,) =2 and S, is domatically full, for n > 1.

For general concepts, not defined terms and symbols we refer the reader to [1], [4],
[5] and [6].

Our aim is to determine upper and lower bounds for d(G10Gs2), d(G; K G2) and
d(G1+G2). We also calculate these numbers for special graphs G and G2 mentioned
above.

2. Domatic number of the cartesian product G;L1G,

In [2] it was calculated the domatic number of the cartesian product P,00P,,, for
m,n > 2.

Proposition 3 [2] For n,m > 2,
2, ifm=n=2o0rn=4 and m=2 or
d(P,0P,,) = n=2 and m=4, or

3, otherwise.

We calculate this number for the cartesian product of two special graphs. Before
proceeding we make a useful simple observation to help to do it.

Proposition 4 For any two graphs G1, Go we have
max {d(G1),d(G2)} < d(G10G2) < 6(G1) + 0(Ge) + 1.
Corollary 1 If §(G1) =1 and G2 is domatically full, then
d(Gy) < d(G10G:2) < d(Ga) + 1.
From Corollary 1 and Theorem 1 it follows

Corollary 2 Let Gy be a graph with §(G1) =1 and let Gy be regular domatically full.
Then d(Gﬂng) = d(GQ)

Theorem 2 Let G be a graph with a spanning tree such that the distance between
its each two leaves is even and Go be domatically full. If 6(G;) = 1, for i = 1,2, then
G10G5 is domatically full.
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Proof. To prove that the graph G100G5 is domatically full we must find its do-
matic partition of cardinality three, say {W1, Wa, W3}, because 6(G10G2) = 6(G1) +
0(G2) = 2. Since 6(G2) = 1 and Go is domatically full, then the existance of a do-
matic partition {D;, Dy} of the graph Go is assured. Let y € V(G3). Let T be a
spanning tree of G; such that the distance between its each two leaves is even. Pick
a leave r € T. Put (r,y) € Wi whenever y € Dy; otherwise (r,y) € Wa. Now, let
u € T)u # r. If dr(u,7) = Amod 4) and y € Dy, then (u,y) € Wa; if dr(u,r) = 2
(mod 4) and y € Ds, then (u,y) € Wi. If dp(u,r) = Qmod 4) and y € D;, then
(u,y) € Wy, for i = 1,2. In other cases (u,y) € W3. It is not difficult to see that the
sets W1, Wo, W3 create a domatic partition of the graph G10G2 and the assertion
holds. ]

2, ifn=m=1, or

Corollary 3 a) Forn,m > 1, d(S,05,) = { 3 otherwise

b) d(P,08S,,) =3, forn>2,m>1.
The proof of the next result is based on the following lemma.

Lemma 1 Let G be of order m, m > 2. If D is a dominating set in K,UG, then
|D| >m, n>m.

Proof. We exhibit any graph G of order m, m > 2. Suppose on the contrary that
there is a dominating set D in K,0G such that |D| = k < m. Then there would be a
vertex « € V(K,) such that A = {(z, y;) € V(K,,0G) : 5 =1,...,m} and AND = 0.
Moreover, there would be also a vertex y € V(G) such that B = {(z;,y) € V(K,0OG) :
i=1,...,n} and BN D = (). Therefore there is a vertex (z,y) € AN B C V(K,0G)
which is adjacent to no vertex in D. This contradicts the fact that D is the dominating
set in K,,00G and the assertion follows. [

Theorem 3 If G is of order m, then d(K,0G) =n, forn>m > 2.

Proof. Applying Proposition 4 and Proposition 2c), we conclude that d(K,0G)
> max{n, d(G)} = n, with n > m > d(G). It remains to prove that d(K,,00G) < n.
Note that the set D = {(z1, y;) € V(K,0G) : j =1,...,m} is a dominating set in the
graph K,00G. Indeed: K, y; is a complete subgraph of K, 00G, for every y; € V(G).
Then every vertex (z;, y;) € V(K,O0G) — D, fori € {2,3,...,n},j € {1,2,...,m}, is
adjacent to the vertex (z1,y;) € D. Since |D| = m, hence vy(K,00G) < m. Suppose
v(K,OG) < m. This is certainly that there exists the dominating set D; in K,,0JG,
for which |D;| = m — 1. On the other hand, according to Lemma 1, it must be
|D1| > m, a contradiction. Hence v(K,0G) = m. Therefore, from Proposition 1c),
it follows that d(K,0G) < n. Consequently, d(K,00G) = n and the theorem holds.
|

Corollary 4 Forn,m > 2, d(K,0K,,) = max{n,m}.
Corollary 5 Forn,m > 2,

3, ifm=2 and n€ {3,5,6,7,8,...};

d(P,0Kn,) = { m, otherwise.
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Proof. From Theorem 3 we obtain that d(P,0K,,) = m, for m > n > 2. Fur-
thermore, by Proposition 3 we get d(P4/O0K5) = 2 and d(P,0Ks) = 3, if n €
{3,5,6,7,8,...}.

Now, let n > m > 3. By Corollary 1 and Proposition 2c), we observe that m <
d(P,0K,,) <m+1. Suppose first d(P,0K,,) =m+1 and let {Wy,...,W,,11} bea
domatic partition of the graph P,00K,,. Without loss of generality let us assume that
(x1,y1) € Wi Since degp,nk,, ((z1,y1)) = m, so we may suppose that (z1,y;) € Wj,
for j =2,...,m and (z2,y1) € Wi,41. Moreover, degp,nk,, ((z1,y;)) = m, for j =
2,...,m, then it must be (z3,y;) € Wy,41. This guarantees that (3,y1) € ;2 W,
otherwise the vertex (x2,y1) would not have any neighbour in at least one of the
sets Wo, ..., W, and then such the set would not be a dominating set in P,[(]K,,, a
contradiction with the assumption. On the other hand, since W, N W, = 0, for all
p # 7, hence (z3,y1) € 0, a contradiction. [

Now we investigate the cartesian product of the path P, and the cycle Cp,.

Proposition 5 Let n > 2, m > 3. If m = Qmod 4), then d(P,0C,,) = 4.

Proof. By Proposition 4 we obtain d(P,00C,,) < 6(P,) +0(Cy,) +1=4. Let m =0
(mod 4). It turns out that V(P,0C,,) can be partitioned into four subsets:

D; = {(zi,y;) 1 i = (mod 2) and j = Imod4), 1 <i<n, 1< j<mpU
{(z;,y;) :i=(0qmod 2) and j=3mod4) 1<i<mn,1<j<m},

Dy = {(x;,y;) : 1= Lmod 2) andj = Jmod 4), 1 <i <n, 1 <j<mpu {(x;,y;) :
i =(Qqmod 2) and j = I(mod 4), 1<i<mn,1<j<m},

D3 = {(z;,y;) : 4= 1Lmod 2) and j =Amod 4), 1 <i<n, 1 <j<m}U{(z;,vy;):
i =(Qqmod 2) and j = (Qmod 4), 1 <i<n,1<j<m},

Dy = {(z;,y;) : 4= 1Lmod 2) and j =(Qmod 4), 1 <i<n, 1 <j<mpU{(z;,y;):
i =(Qqmod 2) and j = Amod 4), 1 <i<n,1<j<m}

Evidently the sets Dy, Do, D3, D4 are pairwise disjoint, U?:l D; =V(pP,0C,,) and
each of them is a dominating set in the graph P,[0C,,. In conclusion, { Dy, D2, D3, D4}
is a domatic partition of P,1C,,. [ ]

Proposition 6 Let m > 3. Then d(POC,,) = 4 if and only if m = (mod 4);

otherwise d(P,00C,,) = 3.

Proof. According to Proposition 5 we shall only prove the necessity of the first part of
the proposition. Suppose that d(P0C,,) = 4. Then there exists a domatic partition
{D1, Dy, D3, D4} of P,OC,,. Without loss of generality suppose that (z1,y1) € Ds.
Then exactly one of the vertices (x1,¥y2), (1,Ym), (T2,y1) is in Ds, exactly one in
D3 and exactly one in D4. This follows from the fact that P,[0C,, is a cubic graph.
Supposing that (z1,y2) € Da, (z2,y1) € D3, it must be (z1,y3) € D3, (2,y2) € Day,
(21,94) € Dy, (22,y3) € D1, (22,y4) € D2. Generally, we may prove that:

(wi,y;) € Dy if and and only if i = 1 and j = mod 4) or i = 2 and j = Jmod 4)
(xi,y;) € Dy if and only if ¢ = 1 and j = Amod 4) or ¢ = 2 and j = ((mod 4);
(xi,y;) € D3 if and only if ¢ = 1 and j = Imod 4) or ¢ = 2 and j = Lmod 4);
(zi,y;) € Dy if and only if i = 1 and j = Qmod 4) or ¢ = 2 and j = Amod 4). Since

)
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(1,Ym) € Dy, hence m = Qmod 4). This means that m must be divisible by 4 and
the necessity follows.

Now, we shall show that if m # Qmod 4), then d(P.0C,,) = 3. First, let us
suppose that m Z (mod 4) and m is odd number. Construct a domatic partition
{Dl, DQ, D3} of PQDCm as follows:

Dy ={(z;,y;):i=1and j = mod 4) or i =2 and j = Jmod 4), 1 < j < m},

Dy = {(z;,y;) :i=1and j =3mod 4) or i =2 and j = Imod 4), 1 < j <m},

D3 = {(zi,y;) : i € {1,2} and j = Qmod 2), 1 < j <m}.

Let m # (Q(mod 4) and m be even number, then we can also construct a domatic
partition of P,JC,, in the following way. Namely,

Dy = {(zij,yj) :t=1and j = (mod4) and 1 < j <m/2ori=1and j =0
(mod 4) and m/2 < j<mori=2and j =3mod 4) and 1 <j <m/2ori=2 and
j = 2qmod 4) and m/2 < j < m},

Dy = {(zij,y;) :t=1and j = Jmod4) and 1 < j <m/2ori=1and j =2
(mod 4) and m/2 < j<mori=2and j = lmod 4) and 1 < j <m/2or i =2 and
J = (Qmod 4) and m/2 < j <m},

D3 = {(z;,y;) : i € {1,2} and (j = Qmod 2) and 1 < j < m/2 or j = l(mod 2)
and m/2 < j <m)}. ]

Now, we consider the cartesian product of two complete bipartite graphs.
Proposition 7 Let n > 2. Then d(K,, ,0K, ) = 2n.

Proof. First observe that the minimum degree of the graph K, ,0L1K, , is equal to 2n.
Further, using Proposition 1b), we conclude that d(K, ,0K, ,) < 0(K, 0K, )+
1=2n+1.

By Theorem 1 we know that a regular graph G is domatically full if and only if
d(G) divides the number of vertices of this graph. Since the graph K, ,,J0K,, ,, has 4n?
vertices and it is regular of degree 2n, its domatic number could be equal to 2n + 1
if and only if 2n + 1 divides 4n?. Unfortunately, it is not possible. Consequently,
d(K, ,0K,.,) < 2n. To complete the proof we construct a domatic partition of the
graph K, ,0K, , using partite sets, say Aq1, A12 of the first copy of the graph K, ,
and Asi, Ags of the second copy of K, . We can observe that V(K ,0K, ) =
AH X Agl U AH X AQQ U A12 X A21 U A12 X A22. For convenience, let Bl = A11 X A21,
Bg = A11 X A22, B3 = A12 X A21, B4 = A12 X A22 and Uzkj denotes the vertex
(wi,y;) € V(K,,»,0K, ), which belongs to the set By, for k = 1,2,3,4 and i,j =
L...,n. Let Fy = {vf; : ke {1,3} and 1 <i <mandj =i}, b, = {v}; : k € {2,4}
and 1 <i<mnandj=i}, M, ={vf; : k€ {1,3} and 1 <i <mandj=(i+p)
(mod n) + 1}, for p = 0,1,...,n — 2 and D, = {vfj cke{24and1 <i<n
and j = (i + p mod n) + 1}, for p = 0,1,...,n — 2. The form of the sets Fy, F5,
M,, Dy, for p =0,1,...,n — 2, guarantees that they are pairwise disjoint and F3U
KU U;:OQ (M; UD;) = V(K, »,OK, ). Moreover, the sets are dominating sets in the
graph Kn,nDKn,n~ Finally, {Fl, FQ, M(), Ml, PN ,Mn,Q, D(), Dl, ceey Dn,Q} is the
domatic partition of K, ,,[JK,, ,,. Thus, the proposition follows. [ ]
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3. Domatic number of the strong productG; X G5

In this section we estimate the domatic number of the strong product of two graphs.
In particular, for some special factors of the product, its domatic number is calculated.

Proposition 8 For any two graphs G1, Gy we have
max{d(Gl),d(Gz)} < d(G1 X GQ) < (5(G1) + 5(G2) + 5(01)(5(G2) + 1.

Proof. By the definition of the strong product G; X G5 it follows immediately that
0(G1 W G2) = §(Gy) + 6(G2) + 6(G1)0(G2). Hence, by Proposition 1b), we have
d(G1 K Ga) < 6(G1)+ §(Ga) + 6(G1)6(G2) + 1, as required. Furthermore, it knows
that G10Gj is the spanning subgraph of G; X G,. For this sake, from Proposition 1d)
and Proposition 4 the lower bound follows. [

Now, we use this result to allow us to obtain some exact domatic numbers of the
strong product.

Theorem 4 Let Gy be a graph with 6(G1) =1 and let Gy be domatically full. Then
G1 X Gy is domatically full.

Proof. From Proposition 8 and by the assumption it is clear that d(G; X Gy) <
2d(G2). We create a domatic partition of the graph G1 X G2 with 2d(G2) classes.
Let {D1,...,Dgq,)} be a domatic partition of the graph G5. Take y € D;, for
some 1 < i < d(G2). Let T be a spanning tree in G; and pick a leave r € T.
Put d = dg, (r,x), where z € V(G1). If d = Qmod 2), then (z,y) € W;; otherwise
(z,y) € Witaa,)- It is not difficult to see that {Wy,...,Wagq,)} is a domatic
partition of G; X G3. Consequently, the result is true. ]

Corollary 6 a) Forn,m >2, d(P,X P,) =4,

b) Forn>2, m>1,d(P,XS,,) =4,

c) Forn,m>1,d(S,KSy,)=4.

Theorem 5 If G is domatically full, then d(GX K,,,) = m - d(G), for m > 2.

Proof. By Proposition 8 we obtain that d(G X K,;,) < m(§(G) + 1). Note, by
Proposition 1d), that 6(G) = d(G) — 1. This is certainly since G is domatically full.
Then in a consequence d(G X K,,,) < m-d(G). Let V(G) = {x1,...,2n}, V(Kp) =
{y1, .-, ym}- Recall that Gy; denotes the subgraph of GRK,, induced by V(G)x{y;},
for 1 <4 < m. Since Gy; = G, then d(Gy;) = d(G). Therefore let {V{,V3,....Vj )}
be the domatic partition of Gy;. Put P = {V{{, Vi, ..., le(G)7 V2, V2, ..., VdZ(G), cee
v var . .,Vd’ELG)}. We shall prove that P is the domatic partition of G X K,,.
Since {V{, V3, ..., Vdi(G)} is a domatic partition of Gy;, fori =1,...,m and V(Gy;) N
V(Gy;) = 0, for each i,j € {1,...,m}, i # j, then V,jﬂVlj =0, fori#jork#I,
where i,5 = 1,...,m; k,l = 1,...,d(G). Moreover, |J;", Z(:GP Vi=V(GKK,,).
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Hence P is the partition of G X K,,. It remains to prove that V}! is a dominating set
in GX K,,. To do it, consider the vertices belonging to the set V(G X K,,,)\V{, for a
fixedi, 1 <i<mandk, 1 <k <d(G). Let (z,y,) € V(GRK,)\Vi, pe{l,...,n}
q € {1,...,m}. There are three cases to discuss.

Case 1: Let ¢ = i and (zp,;) € V(Gy;)\V}. Evidently, the vertex (x,,vy;) is
dominated by a vertex from V.

Case 2: If ¢ # i and (zp,y,) € V!, where ¢ € {1,...,m}, then the vertex (z,, ;) €
V¢ dominates the vertex (z,,y,), since y;y, € E(K,,) and the edge (zp,v:)(p,Yq)
exists in G X K,,.

Case 3: Let (zp,y,) € VI, 2 # k and q # i. Then the vertex (z,,y;) € VI C
V(Gy;) C V(GRK,,) is dominated by a vertex of V}! say, by a vertex (x,, y;) (recall V}}
is a dominating set in Gy;). Moreover, (zp,v;) € V(Gy;) is adjacent to (zp, yq) € V2,
because of y,y; € E(K,,). Since z,z, € E(G) and yqzy; € E(K,,), then by the
definition of the strong product it follows that the vertex (z,,y,) is dominated by
vertex (z,,y;) from V;'. Hence the set V}, for i = 1,...,m and k = 1,...,d(G) is
a dominating set in G X K,,,. Finally, the partition P is the domatic partition of
GX K ,,. Moreover, its cardinality is equal to m-d(G). Hence, d(GRK,;,) > m-d(G),
This completes the proof of the theorem. [

The above result in particular enables us to calculate domatic numbers of GK K,
for special domatically full graphs G. By Proposition 2 we may check easily that

Corollary 7 a) Forn,m >2, d(P, X K,,) = 2m,

b) Forn>1, m>2,d(S,XK,,) =2m,

c) Letn >3, m>2. Then d(Cy, K K,,) = 3m if and only if n = Qmod 3),
d) Forn,m>2, d(K,XK,,)=nm.

4. Domatic number of the join G| + G»
Theorem 6 For any two graphs G1, G2 we have

max{d(G1) + d(G2), min{|V(G1)],|V(G2)[}} < d(G1 + G2) <
min{6(G1) + |V(Gz)|,8(G2) + |[V(G1)|} + 1.

Proof. We put V(Gy) = {z1,...,2n}, V(G2) = {y1,...,ym} and assume without
loss of generality that the minimum degrees §(G1), 6(G2) are realized by vertices xy,
yi respectively. By the definition of the join Gy + G2, degg, 1, (Tx) = 0(G1) +
[V(G2)| and degg, ¢, (%) = 6(G2) + [V(G1)|. Evidently, §(G1 + G2) = min{d(G1) +
|[V(G2)|, 6(G2) + |V(G1)|}. By Proposition 1b), we have d(G1 + G2) < min{§(G1) +
[V(G2)|,6(G2) + |V(G1)|} + 1. Consequently, the upper bound follows.

Now, we shall prove the lower bound. Let {Vi,...,Vyq,)} be a domatic partition
of Gy and {U1,...,Uqa,)} be a domatic partition of Go. The partition {Vi, ..., Vya,),
Ui, ..., Uga,)} is the domatic partition of the join Gy 4+ G2, where d(G1) + d(G2) <



Domatic number of graph products 79

d(G1 + G3). Indeed: each set V;, for i = 1,...,d(G1) dominates the vertex set V(G3)
of G5 and simultaneously each set Uj, for j = 1,...,d(G2) dominates the vertex set
V(G1) of Gy.

Moreover, the sets V;,U;, for i = 1,...,d(G1) and j = 1,...,d(G2) are pairwise
disjoint and (JXGV v; U U?(:CiZ) U; = V(G + G2). Therefore

d(Gy + Ga) > d(Gy) + d(Ga). (1)

On the other hand, each subset {z,y} C V(G1 + G3), where z € V(G1), y €
V(G2) is the dominating set in the join G; + Go. Without loss of generality, let
|[V(G1)| = |V(G2)|. First, we claim that |V(Gy)| = |V(G2)|. Then certainly there
exists the domatic partition {{z;,y;} : ¢ = 1,...,|V(G2)|} of the graph G; + Go. If
|[V(G1)| > |V(G2)|, then there exists the domatic partition
[V(G2)|-1
i=1

{{55173/1}7 cees {x\V(G2)|—17y\V(G2)|—1}, V(G1 + GQ)\U {xuyz}}
of G1 + G2. Hence d(G1 + G2) > |V(G2)|. Therefore, by the commutativity of the

join,
d(Gy + G2) =2 min{|V(G1)], [V(G2)[}- (2)

Consequently, according to (1) and (2) we obtain the lower bound. ]

Some pairs of factors in G; + G5 for which the bounds in Theorem 6 are attained
are given below.

By Theorem 6 it follows immediately.
Corollary 8 Let G be domatically full and let m > 1. Then d(G + K,,) = d(G) +m.

Theorem 7 Let G1,G2 be given. If |V(G1)| = |V(G2)| and A(G;) < |V(G;)| — 1,
fOT’i = 1,2, then d(Gl + GQ) = |V(G1)|

Proof. Our assumption |V (G1)| = |V(G2)| and Theorem 6 imply that
d(Gy + G2) = max{d(G1) + d(G2), [V (G1)]}. (3)

Since A(G;) < |V(G;)| — 1, this means that there exists no dominating set D; in
G; such that |D;| = 1, for ¢ = 1,2. Namely, if it would be, say D1 = {z,}, then
by the assumption degg, (z,) < A(G1) < |[V(G1)| — 1. Furthermore it would be at
least one vertex in V(G1)\{zp} which could not be dominated by the set D;. But this
contradicts the fact that D is a dominating set in G;1. Hence |D;| > 2 and y(G;) > 2,
for i = 1,2, by commutativity of G; + G3. From this fact and Proposition 1c) we see
that d(G;) < |V(G))|/2, for i = 1,2. Moreover,

d(G1) +d(G2) < |V(Gh)|. (4)
By (3) and (4) it follows that d(Gl +G2) > max{d(Gl) +d(G2), |V(G1)| } > |V(G1)|
On the other hand, because of v(G;) > 2, for i = 1,2, then v(G1+G2) > 2. Therefore

by Proposition 1c¢), we have d(G1 4+ G2) < |[V(G1+ G2)|/v(G1+ G2) < 2|V (G1)]/2 =
|V (G1)|. Consequently, the assertion holds. ]
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Corollary 9 Forn >4, d(P, + P,) =n.

The following observation we use to help to partite the vertex set of the join of
two stars S, Sp.

Proposition 9 Let n,m > 2 and put V(S,) = {zo} UA, V(Sn) = {yo} U B, where
A={z1,...,2n}, B={y1,...,Yym} with xo,yo of degree n and m, respectively. Then
{zo}, {vo} {zi Yy ti=1,... .nj=1,....m,A, B are all possible minimal dominating sets in

Sn + S
Corollary 10 For n,m > 2, d(S, + Sy,) = 2 + min{n, m}.

Proof. By Theorem 7 we obtain d(S,, + Sy,) < min{n,m} + 3. Let us suppose
that n > m. Then d(S, + Sm) < m + 3. First, we claim that d(S, + Sp) =
m + 3. Without loss of generality we may assume that o € Dy and yg € Do,
where {Dy, Da, ..., Dp43} is the domatic partition of S,, + S, (the proof in the case
Zo, Yo € D1 is analogous). Furthermore by Proposition 9, we may suppose Dy = {zo}
and Dy = {yo}. Since |B] = m > 2, there exists k € {3,...,m + 3} such that
D, N B = (. Hence Dy, is a subset of A. But by Proposition 9 it must be D, = A.
From this and by Proposition 9 we get D; = B, for ] = 3,...,m+ 3 with [ # k, a
contradiction (because the sets Ds, ..., Dy, 13 are pairwise disjoint). All this together
leads to a conclusion that d(S, + Sy,) < m + 2. To complete the proof we create a
partition with m + 2 dominating sets in G; + G5 in the following way: Dy = {zo},
D2 = {y0}7 Di+2 = {xiayi}, for i = 17 s, M — 1 and D7n+2 = {x'ﬂux’m-‘rh ) 7xn7y7n}'
[
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ABSTRACT: Let A(n) denote the class of functions of the form

o0

flz)=2- Z arz®, (ax >0, ke N\{1}, n€ N={1,2,..})

which are analytic in the open unit disk & = {z : |z| < 1}. In this note,

the subclasses S, (8,7, a,¢), Rn(B,7,a,¢; 1), S(B,7,a,c) and R¥(5,7,a,c; w)
of A(n) are defined and some properties of neighborhoods are studied for
functions of complex order in these classes
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1. Introduction

Let A(n) denote the class of functions of the form
fe)=z- > a¥, (>0, keN\{1}, ne N={1,2,..}) (1)
k=n+1

which are analytic in the open unit disk U = {z: |z| < 1}.
For any function f(z) € A(n) and ¢ > 0, we define,

Nos(f) = {g €Amn):g(z)=2— Y bez"and > Klax — bl < 5} (2)

k=n+1 k=n+1

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
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which is the (n,d) - neighborhood of f(z).
For e(z) = z, we see that,

Npos(e) = {g € A(n):g(z)=z— Z brz" and Z klbg| < (5}. (3)

k=n-+1 k=n+1

The concept of neighborhoods was first introduced by Goodman and then generalized
by Ruscheweyh [8] .

In this paper, we discuss certain properties of (n,d) - neighborhood for analytic
functions of complex order in U.

The subclass S;:(v) of A(n), is the class of functions of complex order v satisfying,

1 [2f'(2) ] }
RI1+ — —1| >0, eu, v e C\{0}). 4
{125 (et yeT\{o) (@)
The subclass Cy,(7y) of A(n), is the class of functions of complex order « satisfying,
12f"(2) }
N1+ — >0, eu, ve C\{0}). 5
{14270 (et reT\(o) )

The Hadamard product of two power series

fx)=2z+ Zakzk and g(z) =z + Zbkzk
k=2 k=2

is defined as  (f*g)(z) =z + Zakbkzk.
k=2

In particular, we consider the convolution with the function @(a,c) defined by

dla,c;2) =2+ Z (@1 2" zeU, c#0,—-1,-2,..
n—o (C)n—l

where,
I'(a+n)
(@)n = =~
I'(a)
That is, (a)o =1, (a)p =ala+1)...(a+n—-1), n>1.
The function ¢(a,c) is an incomplete beta function related to the Gauss Hypergeo-

metric function by
¢(a7 (& Z) = ZQFl(lv a, C; Z)

It has an analytic continuation in the z-plane cut along the positive real line from 1 to

oo. We note that ¢(a,1;2) = ﬁ and ¢(2,1;z) is the Koebe function. Carlson
and Shaffer defined a convolution operator involving an incomplete beta function as
L(a,c)f(z) = ¢(a,c;2) x f(z) =z — i (a)nflanz”. (6)

(c)n—l

n=2
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for a function f(z) € A(n). Clearly, L(a,c) maps onto itself and L(c,c) is the
identity operator. If a =0,—1,—2,..., then L(c,a) is an inverse of L(a,c).
In particular, we have,

2" (=)™

Lin+1,1)f(z) = p”

s (’ILENO:NU{O})

The subclass S, (8,7, a,c), of A(n) is the class of functions f(z) such that
1 (2L df(=) _ >’
(s )| < @

where, v € C\{0}, 0<p <1, a>0 and z€cl.
And let the subclass R, (8,7, a,¢; 1), of A(n) be the class of functions f(z) such

that
2 (0= e aser -1)| < (5)

where, v € C\{0}, 0<p <1, a>0 and z€cl.

2. Neighborhoods for classes S,(53,7,a,c)
and R, (8,7, a, c; 1)

In this section, we obtain inclusion relations involving N, 5 for functions in the classes
STL(67 ’Y’ a’ C) and an(ﬁ’ P)/’ a7 c; /’L) *

Lemma 1 A function f(z) € Sp(B,7,a,c) if and only if

— ()1 1
Proof. Let f(z) € Sp(8,7,a,¢). Then by ( 6) we can write,
2(L(a, ) ()’
i iere

Using ( 1) and ( 6), we have,

_ 1} >l (zel). (10)

o (@k1 g
71@;1 (¢)k—1 (k= La
R 00 > _/Bh/'? (Z € U) (11)

Letting z — 1, through the real values, the inequality ( 11) yields the desired condi-
tion ( 9).
Conversely, by applying the hypothesis ( 9) and letting |z| = 1, we obtain,
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< Bl

Hence, by the maximum modulus theorem, we have f(z) € S,(6,7,a,¢). Thus the
proof is complete. B On similar lines, we prove the following lemma.

Lemma 2 A function f(z) € Rn(8,7,a,c;u) if and only if

[k —1) + 1 ar < Bly|. (12)

Theorem 1 If

5= LW'(”') (I < 1), (13)

(Bl *”%ﬁﬁ

then; STL(ﬁ) ’Ya a" C) C ./\[,L7§(6).

Proof. Let f(z) € S$,(8,7,a,c). By Lemma 1, we have,

oo

Bl +m@n S oy < )

(C) " k=n+1

which implies,

i ag S &
S (Bl +

3

Using ( 9) and( 14) , we have,
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(@)n Z kar < Bly[+ (1 - (@) Z ag

(C)n k=n+1 C k=n-+1
< Bl + (1 Bhi) 8 2
" (Bl + ) (5"
< rnohl
(B + )"
That is,

kay < L% _5

k=n-+1 (Bly] +n) (C):

Thus, by the definition given by ( 3), f(z) € Ny s(e). This completes the proof. m
Theorem 2 If

5+ 15| (15)
a)y’
-+ 1)
then, Rn(ﬁ, ’7, a‘7 C; /J’) C Nn,5(€)~
Proof. Let f(z) € Rn(8,7,a,¢; ). Then, by Lemma 2, we have,
a)n =
Ot 1) Y ax < 6l
n k=n-+1
which gives the following coefficient inequality:
Z ar < _ Bl . (16)
@
k=n+1 ('un + 1) (c)
Using (12) and ( 16), we also have
a)p
i S ke < B+
k=n-+1 V= n+1
a)n B
<ﬁ|v|+(u—1)i) il
C)n 1 (a)n
(un + )(C)

That is,

Z kay, <M:5_

k=n+1 (,u,n—|—1) ))

Thus, by the definition given by ( 3), f(z) € M, s(e). This completes the proof . m

/-\

/\
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3. Neighborhoods for classes S%(f3,7,a,c)

and R{(8,7,a, ¢ p)
In this section, we define the subclasses S (8,7, a,c) and R%(S3,, a,c; ) of A(n)and
neighborhoods of these classes are obtained.

For 0 <a <1 and z €U, afunction f(z) € S¥(5,,a,c) if there exists a function
g(z) € Sn(B,7,a,c) such that

‘@—1’<1—a. (17)

For 0 < o <1 and z € U, a function f(z) € RY(B,7,a,c; ) if there exists a
function g(z) € Rn(5,7,a,c; ) such that the inequality ( 17) holds true.

Theorem 3 If g(z) € S,(8,7,a,¢) and
(@)n

C)n

(14 1) (Bl + )% — |

(Bl +n)d

—

a=1-—

then, jv:n,ﬁ(g) - Sﬁ (ﬁ? v, @, C).

Proof. Let f(z) € N, 5(g). Then,

Z k|ak — bk| S 5,

k=n-+1
which yields the coefficient inequality,

> 0
— b < —— .
k:;rlk% b| < pal (n €N)

Since g(z) € Sy(8,7,a,c) by ( 14), we have,
c- ikl

bké—m)7
S (ol

n

so that,
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D lax — byl

‘@ _ 1’ okl
9(2) - i be
k=n+1 /
(a)n
" on1+miSE - s
=1-c.

Thus, by definition, f(z) € S¥(8,v,a,c) for « given by ( 22). Thus the proof is
complete. m On similar lines, we can prove the following theorem.

Theorem 4 If g(z) € Rn(58,7,a,¢; 1) and

(un+1)6
a=1- (S)n : (22)
(n+1) |(pn+1)7== =Bl

then, Ny.s5(g9) C Re (8,7, a¢; p).
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1. Introduction

Let A denote the class of normalized univalent functions of the form
f(2) :z+Zanz" (1)

that are analytic in the open disc U = {z 3 |2| < 1}.
Define S to be the subclass of A consisting of all univalent functions f € U. Suppose
T as the subclass of functions of S of the form

f(Z) =z io: anzn7 an > 0. (2)

n=2

Let  be the class of functions w(z) analytic in U such that

w(0) =0, |lw(z)| < 1.

For f(z) and g(z) in A, f(z) is said to be subordinate to g(z) € U if there exists
an analytic function w(z) € Q such that f(z) = g(w(z)). This subordination [1] is
denoted by

f(z) < g(2). 3)

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
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Let Pi(A, B) be the class of functions in U which are of the form

1+ Aw(z)

— < 1<A<BX<1 Q.
1+ Bw(z)’ sA<B<luwiz)e

Define

Si(A.B) = () € s and*T ) € P4, )

K1(A,B) ={f(2)|f(#) € Sand%(zz)))/ € P(A,B)}

We further define,

T*(A,B) = {f(2)|f(z) € Tand fiz) € Pi(A,B)}

(2)

((Z))) € Pi(A,B)}
We note that f(z) € C(A4, B) if and only if zf'(z) € T*(A, B).

For A =2a —1,B =1 the class T*(A, B) reduces to T*(«) introduced by Schild and
Silverman [5] . Lakshma Reddy and Padmanabhan established the following results
for the classes T*(A, B) and C(A, B) [4].

Lemma 1 A function

i
(4, B) = {f(2)|f(z) € Tand & ]’f

o0
z)=2— E an2", an >0

n=2
is in T*(A, B) if and only if

= m(B+1)—(A+1)
)

G, < 1. (4)

m=2

Lemma 2 A function

o0
(2)=2-Y anz", an >0

n=2
is in C(A, B) if and only if
> m(B+1)— (A+1)
mzﬂm[ - ]amgl. (5)
Extreme points of the classes T*(A, B) and C'(A, B) are
B-A
f1(z) = zand f,(2) = 2z — n(B+(1) — ()A+ 1)z" (n>2),
fi(z) = zand f,(2) = (B-4) "(n>2)

nn(B+1) — (A+1)]”

respectively. For subordinations, Littlewood [2] has given the following integral mean.
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Theorem 1 If f(z) and g(z) are analytic in U with f(z) < g(z) then for A > 0 and
|z =r(0<r<1),

27 ) 27 )
/ Fre®)do < / lg(re®) A d. (6)
0 0

Applying Theorem 1 Owa, Pascu and Nishiwaki [3] proved the following results.
Theorem 2 Let f(z) € T*,\ >0 and

Sk

frx(2) :z—?(kEZ).

If f(2) satisfies

N

|
k

(agktj—1+ Arijpr — ak—j-1) 2 0, fork >3 (7)

<.
I
=)

and if there exists an analytic function w(z) € U given by
(WE) =R anz )
n=2
then, for z = e (0 < r < 1),
2T 2T
| r@ra < [ inera (®)
Corollary 1 Let f(z) € T*, 0 < A <2 and

fi(2) :z—?(kEQ).

If f(z2) satisfies the conditions in Theorem 2,
then for z =re®(0 <r < 1),

2w
/ F(2)d6
0

1 2
< 27 (1 + prz(kl)) (9)

1\
<27T<1+ﬁ) .

Theorem 3 Let f(z) € T*,\ >0 and
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If there exists an analytic function w(z) € U given by

o0
= E Na,z" !
n=2

then, for z = re’®(0 < r < 1),

2 2T
/ £ ()0 < / |FL(2) Mo, (10)
0 0

Corollary 2 Let f(z) € T*,0 < A <2 and

Zk

fe(2) :z—?(k22).

If f(2) satisfies the conditions in Theorem 3,
then for z =re? (0 < r < 1),
2m
JRECRT
0

<27(1+ 7“2(1“71))%
24X
<277nm

Theorem 4 Let f(z) € C, A >0 and

If f(2) satisfies
k—1 k+] (k+)(k—j)

M

————(agk—; —a;) > 0 fork > 3, (11)
j=2

and if there exists an analytic function w(z) € U given by

W = 1S ana

n=2
then for z = e’ (0 < r < 1),
2T 27
[ useras < [ 1P, (12
0 0
Corollary 3 Let f(z) e C,0< A< 2 and
k
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If f(2) satisfies the conditions in Theorem 4,
then for z = re’(0 < r < 1),

/ 1o

A
1 2
< 2mr? (1 + Frz(k_l))

1\
<27T<1+ﬁ) .

Theorem 5 Let f(z) € C,A >0 and

fe(z)=2— 2 (k>2)
If f(2) satisfies
2k—2
> ik —j)a; <0
j=2

and if there exists an analytic function w(z) € U given by

()T = kS nagz )

n=2

then, for z =re'? (0 <r < 1),

2m 2
/‘|ﬂwwst/‘|ﬂ@ww&
0 0

Corollary 4 Let f(z) € C,0 < A <2 and

Sk

fi(2) :z—?(kEQ).

If f(2) satisfies the conditions in Theorem 3,
then for z =re? (0 <r < 1),

27
/ (26
0

§2ﬂ1+%ﬁ%4n%

1.
2m(1 + —)=2.
<7r(+k)

95

(13)

(14)
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2. Generalization Results

We prove the following results for integral means for the classes T*(A, B) and C(A, B)

which generalize the above results.
Theorem 6 Let f(z) € T*(A,B), A >0 and

(B 4)2" (k>2).

@)=z gEin - @Ay * 2

If f(2) satisfies

k-3

Jj+1
k

(@2k4j—1 + Qptjr1 — @r—j—1) >0

<.
Il
o

for k> 3, and if there exists an analytic function

G kKB -(A+D) K
(w(z))k = B_A ;anz

then, for z =re? (0 < r < 1),

27 2
/ |f(2)|*do s/ | fi(2)]dO
0 0

Proof. For f(z) € T*(A, B), we have to show that

2m 0 2m k—1
B—A)z
1-— a2 < / 1-— ( do
/0 7;2 0 E(B+1)—(A+1)
By Theorem 1, it suffices to prove that
_ - n—1 _ (B _ A) k—1
D D NV
Let us define the function w(z) by
= B-—A)
1— ! n—1 _ 1— ( k—1
> o T )
It follows from ( 17) that
_ E(B+1)—(A+1) & _
k—1 _ n—1
R P

< (Z k(B +E1;);(1A + 1)an>

n=2

(15)

(16)

(17)



Some criteria on integral means for ...
Thus, we need to show that

o0

L k(B+1)—(A+1) n(B+1)—(A+1)
Z B—-— A angz B— A Gp,

n=2

n=2

Equivalently, we only show that

oo oo
Z ka, < Z nan,
n=2 n=2

o0

- 1
Z an < T nan,
n=2

n=2

Consider,

1 & k—2 k-3 2
EZn%-(l 3 >a2+<1T)a3+...+<1E)ak_2

n=2
(1w tart (142 )+ (142)a
A k—1 k A k+1 A k42

k+1 k+2
+ ...+ (1 + %) agk+1 + <1 + %) agk+2 + ...
k—2 k—3
3 (agk,Q — a2) + A (an,g - ag) + ...

1 k-1
(Gk42 — ak—2) + E(akﬂ —ak-1)+ 1+ ) G2k
2k—2

L2
k
k E+1
+ <1+E> asgy + <1+T) a2k4+1 + ...+ E Un.-

n=2

Since

k4 24
(LA A e A R T T

97
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we have

k

1 & k—2
% Z na, > (a2—2 — az) + (a2k—3 —as) + ...
n=2

k

1
(Qkt2 — ar—2) + E(akJrl — ag—1)

1 2
1+ E) a2k_1 + (1 + E) sk + ...

k—3 k—2 k2
1+ T) agg—s5 + (1 + T) agk—4 + ... + Z an

n=2

_|_

_|_

+
P Y S N NG ) I

(18)

%

(agk—1 + ag+1 — ag—1) + —(ask + a2 — ap—2) + ...

+
I
DO
ol i)

(a3k—a + a2p—2 — az) + Z Qn

k n=2
k—3 . [ee]
j+1
= i (a2k+j—1 + Q4541 — ak—j—l) + Z an
7=0 n=2
o0
> an
n=2
since
k-3 .
j+1

2 (@2k4j—1 + Qpyjt1 — ar—j—1) > 0.

Il
=)

J

Hence, we observe that the function w(z) defined by ( 17) is analytic in U with
w(0) =0, |w(z)| <1, (2 € U). Thus we have proved the theorem. m

Remark 1 For the parametric values A= —1,B =1
we get Theorem 2.
Taking A= —1,B = 1,k = 2 we have the following result by

Silverman [6]:
2

Suppose that f(z) € T*, A >0 and fa(z) = z — %
Then for z =re? (0 <r < 1),
2T 2T
[ u@pa s [T ine P (19)
0 0
Corollary 5 Let f(z) € T*(A,B), 0 <A <2 and
fr(z) =2z — (B—4) 2P (k> 2).

KB+1)—(A+1) o =
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If f(2) satisfies the conditions in Theorem 6,
then for z =re (0 <r < 1),

o B—-A ’ 2(k—1
/0 7P < lu_(k(B—i—l)—(A—H)) o )]

bt (k(B +lf)——f(1A n 1))2]

<

A

Proof. We have
b-4 k=1 dp

2 2
A k
do =
Applying Hélder’s Inequality for 0 < A < 2, we obtain

[
< (/O%(Izlx)%cw)% (/:W (’1— B +(113)_f(111+1)zk_1

J’_
B_A 2\ 2
< <1+<k(3+1)—(A+1)) )

Further, it is clear for A=2. =
Theorem 7 Let f(z) € T*(A,B),A >0 and

B (B — A) |
&) =2y —arn” *2?

If there exists an analytic function w(z) € U given by

L =nB+H-A+D
W) = Y P
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then, for z =re (0 <r < 1),

2 27
[ reras [ e
0 0
Proof. For f(z) € T*(A, B), it is sufficient to show that

1_in(B+;)__f(1A+l)

anz" <1 =1

n=2

Let the function w(z) be defined by

1— ZQ n(B +;)__ng + 1)anz”_1 =1— (w(z))*

Equivalently w(z) is defined by

e =S BED AT s

anz
~ B-A
Since f(z) satisfies
Zn(B+1)—(A+1) <1,
~ B-A

the function w(z) is analytic in U, w(0) =0
and |w(2)| <1(z€U). =
Remark 2 Parametric values A = —1, B =1 yield Theorem 3.
For A= —1,B =1,k = 2 we obtain the following result by
Silverman [6] :

52

Iff(z) €eT*, A >0 and fa(z) =z — =

then , for z =re (0 <r < 1)

27 2m
[irera s [ ine P

0 0

Using Holder’s inequality for Theorem 7 we have

Corollary 6 Let f(z) e T*(A,B), 0 < A <2 and

Ielz) =2 =g Jf)—?A n 1)Zk (k= 2).

If f(z) satisfies conditions of Theorem 7, then for
z=re? (0<r<1)

B(BA1) = (A+1) ,1)) 3 2
B—A

2w
/ |f'(2)[*d6 < 27 (1 + 7
0

<2727

(23)

(24)
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Now we discuss the integral means for functions in the class C(A, B)
Theorem 8 Let f(z) € C(A,B), A >0 and

(B — A)zF
klk(B+1) — (A+1)]

fr(z) =2 - (k=2)

If f(2) satisfies

?T‘

— (k+5)(k - j)

12 (a2k—; — a;) >0 fork >0,

||
N

J
and if there exists an

1 kk(B+1)—(A+1)] « _
) = T T Y e

nalytic function w(z) € U given by

)

n=2

then, for z =re? (0 <r < 1),

2 2
A A
/0 ()] des/o k(=)0

Proof. It is sufficient to show that

. n—1 (BiA) —1
“;W B (A+1)]Zk

by theorem 1, define the function w(z) by

- n—1 __ B—-A —1
I A Es vy (GO

n=2
or by

(w(Z»k_l_k[k(B—H A+1 Zan

‘We need to show that

B—-A N (n(B+1)—(A+1))
Za”_k E(B+1)— (A+1)] (Z B—A )a

n=2 n=2
Using the same technique as in the proof of Theorem 6 we see that
B-A in[n(B+1)f(A+1)]a
klk(B+1)—(A+1)] o B-A "
k—1
(k+
] ) a2k —j — a] Z Gnp
]:2
> Z ap
n=2

101

(25)

(26)
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Remark 3 For A= —1,B =1 we get Theorem 3
Corollary 7 Let f(z) € C(A,B), 0 <A <2 and

_ (B—A)
Tez) =2 =g = (A+1)]Zk (k2

2)

If f(2) satisfies the condition in Theorem 8, then for k >3 and z =re’ (0 <r < 1)

2T
/ ()6
0

B-A "
< 2 (H (k[k(B+1)—(A+1)]) a ))
B A 2%
<27 <1+(k[k(3+1)—(A+1)]> >
27
/ F(2) b
0
B—A )"}
< 21 <1+ (k[k‘(BJrl) — (A+1>]T2(k )) )

B-A *
<2 (” (k[k(B+1)—(A+1)]) )

Theorem 9 Let f(z) € C(A,B), A >0 and

B—-A
f’“(z)zzik[k(B+1)—(A+1)]Zk(kZ

Wl

(S

2)

If f(2) satisfies

2k—2

> ik —=j)a; <0, (28)

Jj=2

and if there exists an analytic function

n—1

B _ A anz I

(w(z)"

EB+1)—(A+1) &= n(B+1)—(A+1)
B4 L

n=2

then for z = re? (0 < r < 1),

27 2T
/ F(2) b < / L) db. (20)
0 0
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Remark 4 Taking A= —1, B =1 we obtain Theorem &

Corollary 8 Let f(z) € C(A,B), 0 <A <2, and
B-A

fr(z) =z - ]zk (k>2).

Kk(B+1)— (A+1)

If f(z) satisfies the condition in Theorem 9,
then for k> 2, and z = re’? (0 < r < 1),

/ TP
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1. Introduction

Let A denote the class of functions of the form
f(2) :z+Zakzk (1)
k=2

analytic in the open unit disk
U={z:1z| <1}

For a function f(z) in A, due to Al-Oboudi [1]we define the following generalized
Salagean differential operator

Df(z) = f(2) (2)
D'f(z) = (1= AN f(z) + Azf'(z) = Daf(2), A>0 3)

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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D" f(z) = DA(D"~' f(2)). (4)
From (3) and (4) we note that

D"f(z) =2+ Z(l + (k= D\ "ax2", (5)
k=2

when A = 1, we have Salagean’s operator [7].
Denote by T' [9] , the subclass of A consisting of functions of the form

fz)=2z- Zakzk (ar, > 0). (6)
k=2

Let P(A, B, «) be the subclass A satisfying the condition
1+ (1—a)A+aB)z

7
fle) < SO 7
where -1 < A< B<1,0<a<1and “<” stands for subordination.
Denote by T5 the subclass of T' consisting of functions of the form
f(z)=2— Z agp 2. (8)
k=2

Motivated by the works of Joshi [3] and Naik [5] and using the tecniques of Sil-
verman and Berman [8], Padmanabhan and Ganeshan [6] and others [2,4], we define
new subclasses of 7" and T3 as

_ . . (1=9)2(D"f(2)) +~z(D* ™ f
A(n7m7’77)‘7A7Bva) - {f . f € T . ( Zl)f(’y)Dn(f()z)'H»zD(”*mf(z

@VemAB@@(m

— = =R

* % 1—~)z(D f(z))’ le”rm
T2 (n7m777>\aAaB?a):{f : f € T2 : ( ’(y].)—("/)DZL(f()z)iZD(*"+mf(JZc

where n,m € NU{0},0 <y <1,A>0,-1<A<B<1,0<a<]1,D"f(z)is
defined by (5) and D7 f(z) = z + > (14 (2k — 1)\)"agx2?*.
k=2

”VGHABﬁ@um

Specializing the parameter -y we can define the following subclasses as a particular
case of our new class

S(n,m,\, A, B,a) = A(n,m,0,\, A, B, @) (11)
K(”? m7 )\7 A7B7a) = A(n7 m717)\7A7 B7 a) (12)
Ss(n,m,\, A, B,a) =Ty (n,m,0,\, A, B, &) (13)
and
K;(”? m7 A? A7 B7a) = T;(”? m7 17 A? A7B7a) (14)

We remark that by specializing the parameters n,m,y,a and A,
(i) 75(0,0,0,1, A, B,0) = T5 (A, B) and (ii) 75 (0,1,1,1, A, B,0) = C2(A, B) our new
subclasses reduce to the subclasses studied in [5].
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In this paper, we obtain the coefficient inequalities and convolution properties for
univalent functions with negative coefficients of the form (8) in our new class. Further
we state some interesting results as corollaries which are new and not found in the
literature.

2. Main Results

Let f(2) =2z — 3 az?* and g(2) = z — Y boi2?*, with ag, > 0,bo), > 0 then the
k=2 k=2
convolution is defined by

f(z)xg(2) =2 — Zazkb%z%- (15)
k=2

For proving our convolution results ,first we shall prove the following Lemma.
Lemma Let f(z) be of the form (8), then f(z) belongs to Ty(n,m,v,\, A, B,«a) if
and only if

o [Ch =)+ 2k —a)B - (1 - )AL (2 - DN —y y (L @R DNy

2 B-A)1—a)
(16)

where agr, > 0,n>0m>0,0<v<1,-1<A<B<1,0<a<,A>0.

Proof. Since f(z) € T5(n,m,v, A\, A, B, ), then by (10) we have

(1 =)z(DEf(2) +v2(Drt™ f(2))
(1—=")D2f(z) + DI ™ f(2)

z— 3 2kX"(1 — v +yX™)ag 2k
k=2

- 1+ ((1—-a)A+aB)z
z— 3 X1 —vy+yX™)agz?* 1+ 82

k=2
where X =14 (2k — 1)\,

Now, by definition of subordination, there exists w(z) which is analytic function
in U with w(0) =0, |w(z)|] < 1 in U such that

=S 2EX (1 — Ay 4 7 X )agg 22k
P U X e (- A aBu(z)

2= 3 Xn(1 =+ 7 X ™) a2k 1+ Buw(z)
k=2
then by simple calculations we obtain
> (2 = DX (1 =y +9X ™)z
k=2

w(z) = =
B-(1-a)A—aB—- > ((2k—a)B— (1 —a)A)X"(1 — v+ ~yX™)agz?k"1
k=2



106 G.Murugusundaramoorthy, A. R. S. Juma, S. R. Kulkarni

then by noting |w(z)| < 1, we get

i 2k —-1DX"(1—~+ YX™)agy 2?1
h=2_ <1.
(B = A)(1— )4~ 3 (2%~ )B — (1) A)X"(1 7+ 7K azg 2!
Letting z — 17, we have
SY(2k — 1)+ (2k — @) B— (1—a) A)(1+ (2k— DAY (1 =y +(1+ (2k—1)A)™)
h=2 az, < 1.

(B—A)(1—-«a)

Which completes the proof of Lemma.

Theorem 1 If f(2) = z— Y a22?* and g(2) = z— Y bor2?* where ag, > 0,ba >0
k=2 k=2

such that f(2),9(z) € Ty (n,m,v,\, A, B,a), then q(z) = 2z — 3. askbarz?* belongs to
k=2
T3 (n,m, v, \, A1, B, o) with —1 < A < B <1, where A; <1 —2j,B; > %

. 3(1—a)(B — A)?
T BT @ —a)B -1 - A2 +30)"(1 -7 +7(L—30)™) — (B—A)2(1—a)?

andn>0m>00<~y<1,A>0,0<a<1.

Proof. We have by Lemma

[(2k—1)+(2k— ) B— (1— @) AIX" (L -y +7X™)[(B— A)(1— )] aze <1 (17)

M8

x>
||
o

and

[(2k—1)+ (2k—a)B— (1— a) AJX"(1—y+7X™)[(B— A)(1 @) 'boe <1 (18)

NE

x>
||
o

where X =14 (2k — 1)\,
We want to find A;, By such that

—1<A; <B; <1 for q(z) € Ty(n,m,v,\ A1, B, )

that is
Z[(%* 1)+ (2k—a)Bi = (1= a) 4] X" (1 =y +7X™)[(B1 = A1) (1 - )] agrbar < 1.

= (19)
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By using Cauchy-Schwarz inequality, we get

V(agbar)/? < (Z Va%)uz(z Vbg)t/? <1 (20)
2 =2 =2

K

=
[|

where

V=[2k-1)+2k—a)B—(1-a)AX"(1—~y+~+X™)[(B—-A)(1-a)* (21)
If Viaggbor < V(agrbar)'/?, then (19) is true, where

Vi =[(2k—=1)+ 2k —@)Bi — (1 =) ] X" (1 =y +~4X"™)[(B1 — A1) (1 - )] " (22)

therefore, Vi (agrbor)'/? <V, k =2,3,4,--- .
In view of (20), we obtain

(akbay)/? < VL (23)

Thus, we must find V7, such that
Vl = V27 (24)

that is,
(2k — 1)+ (2k —a)By — (1 — a)A) X" (1 —y+7X™) < VZ((B; — 41)(1 —)) (25)

then
V2(1—a)By — ((2k — 1) + (2k — @) B1) X" (1 — v +yX™)

A = 26
1 (T a)(V2 — X(1 = + 7 X7)) (26)
It is clear that V2 > X™(1 — v +~X™) for k > 1.
From (26) we can get
B, — 4 > 2k —-1DX"1—~v+~+X™) for k>2. (27)

Bi+1 — (1—a)(V2—X"(1—7+1X™))

The right hand side of (27) is decreasing as k is increasing, then it has maximum for
k =2, thus (27) is true if
Birl
S 3(1 —a)(B - A)?
T B+(d-a)B-(1-a)A)2(1+3N)"(1—y+v(1+3N)™) —(B—-A)*(1—a)?
= J (28)

We can see that j < 1. Fixing A4; in (28), we have

J+ A
11—y

B, > (29)

and —1 < A; < By < 1. Which completes the proof of theorem =
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o] (o]
Corollary 1 If f(z) = z — 3 ag2®* and g(z) = 2z — 3 bor2?*, where agp >
k=2 k=2

0,bor > 0 and f(2),g(z) € S5(n,\, A, B,a), then q(z) = z — 3 askbar2®* belongs to
=2

S;(n,)\,Al,Bl,a) with —1 < A1 < By <1land A1 <1-— 2j1,Bl > 1411_—;{17

. 3(1— a)(B — A)?
N BT -—a)B-(1-ARI+3N"— (B—A2(l—a)

Theorem 2 Let f(z) € Ty(n,m,v,\, A, B,a) and g(z) € T35 (n,m,v,\,C,D,a),
then f(z) * g(z) € Ty (n,m,v,\, E, F,«), where E <1—2j and F > }f—f]l with

ji=B1—-a)(B-A)(D-0)]/[3+@4—-a)B—(1—-a)A)B+(4—-a)D—(1-a)0)
(14+30)"(1 =y +9(1+3\)™) = (B - A)(D - C)(1 - a)?.

Proof. By virtue of Theorem 1, we require that

(2k(F+1) — (1= aF + (1 — ) E)X™(1 — y + yX™)

(F—E)(1-a)
2kB+1)—(1+aB+(1—-a)A)X"(1—y+~yX™) "
= B-A(-a)
2k(D+1)—(1+aD+(1-a)C)X"(1 -y +4X™)
(D-C)(i—a) = (30)

where X = (14 (2k — 1)), A >0, then by simple calculations, we have

F—E_ _(2k=1X"(1—7+yX")

Frl - 0—a)d—X"(I—7+ X)) (31)

The right hand side of (31) is decreasing as k is increasing and it has maximum for
k = 2, then we obtain

F-F
F+1

> Bl-a)(B-A)D-0)/[B+(4—-a)B—(1-a)A)x
B+ (A—a)D— (1 —a)C)(1+30)"(1—v+~(1+30)™)
- (1-a*(B-A)(D-0)] =

It’s clear that j < 1. Now fixing E in the last expression, we get F' > ]f—_ﬂ-, so F<1
and E<1—-25.m

Corollary 2 Let f(z) € S5(n,\, A, B,a) and g(z) € S5(n, \,C, D, ), then
f(2) * g(2) € S3(n, A\, E, F,a) where E <1—2j, and F > £51 with

o= Bl-a)(B-A)(D-0)/[B+(#-a)B-(1-a)d)x
B+(@—-a)D—-(1-a)0)(1+3N)" - (1—a)*(B-A)D - 0)].



Convolution properties of univalent functions defined by ... 109

Corollary 3 Let f(z) € K3(n,m,\ A, B,a) and g(z) € K5(n,m,\,C,D,«a), then
f(z)xg(z) € Ki(n,m,\, E,F,a) where E <1 —2j3 and F > ?—jﬂ% with

js = [Bl—a)(B-A)(D-0)/[B+(4—a)B—(1-a)d)x
B+ (@A —a)D—(1—-a)C)(1+3N)™" —(1—a)*(B-A)(D-0).

Theorem 3 Let f(z) = z — 3. a2.2%*, agr > 0 belong to Ty (n,m,y,\, A, B,a) and
=2

g(2) = 2 — 3 bopz with |by;| <1 fori > 1, then f*g € T(n,m,v,\ A,B,a).
=2

Proof. By assumption we have

(2k—1)+(2k—a) B—(1—a) AJ(1+(2k—D)N) " [1—y+~(1+(2k—1)N)™
Z[ (j]B e 1=+~ ]a2k§1

and since |bg;| < 1 for ¢ > 1, then

3 [(2k—1)+(2k—a)B—(1—a)x(él]}g(i—;()Q(lf:;)))\)"[1—'y+'y(1+(2k—1))\)m]azkbzk <1
k=2

;;2 (k1) k) (e 0 ORI 1y 49 QDN | < 1,

That is f(2) * g(2) = 2z — 3. agrberz®* € T(n,m,v,\, A, B,a). m
=2

Corollary 4 Let f(z) =2z — ), a2k 2%, agy, > 0 belongs to Si(n, A\, A, B, o) and
k=2

g(2) = 2 — > boi2?k with |by;| <1 fori > 1, then f*g € S(n,\ A, B, ).
=2

Corollary 5 Let f(z) = z — Y aoxz?*, agr > 0 belongs to K3(n,m,\, A, B,a) and
k=2

g(z)=2z—- > bor 22K with |bo;| <1 fori > 1, then f+g€ K(n,m,\, A, B,a).
k=2

Theorem 4 Let f,g € Ty (n,m,v,\, A, B,«a), then
Q(Z) =Zz— 2 (agk—i_bgk) € T2*(n7m777)‘7AlaBl7a)7 where Al S 1_2] G/IldBl Z %‘l

with

6(1 — a)(B — A)?
B+A—a)B—(1-a)A21+3N"(L—7+y(1+3N™) —2(B— A2(1—a)?

] =

Proof. By assumption, we have

i [(2k — 1) + (2k — a)B — (1 — @) A]X™(1 — v +9X™)

(B-A)(1—a) ook =1

k=2
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i [(2k — 1)+ (2k —a)B — (1 — @) A]X™(1 — vy +yX™)

B-A1—a) b =1

k=2
where X =1+ (2k — 1)A. Thus

<2k—1 (2k —)B — (1 - ) AIX"(1 — 7 +7X™) )2
(B—A)(1—a) 2k

=2

B ( [(2k— 1) + (2k — @)B — (1 — @) AJX™(1 — v + ’me)a2k>2 -

(B-A)(1-a)

=2

and so,

i ([(Qk — 1)+ (2k —a)B— (1 —)A]X™(1 — vy +~yX™)

k=2 (B—=A)(1~-a) b2k> <1 (32

then we may write

3 % <[(2k — 1)+ (2k — 02)5: /(S(; f);q)]xna — v+ w@n)) @ ) <1 (33

k=2
Therefore, in view of (32) the inequality (33) holds if
(k-1 + 2k —a)B1 — (1 —a)A]X"(1 —vy+~vX™)
(Bl - Al)(l - Oé)
_1 <[(2k — 1)+ (2k — a)B — (1 — &) A]X"(1 7+7xm>)2 v

-2 (B-A)(1-a) 2
and by simplification, the last inequality gives
— A S 22k - 1)X"(1 —y+yX™)
Bi+1 — (1—a)(VZ-2X"1—~+~yXm)

The right hand side of (34) is decreasing as k is increasing and if we put k = 2, we
obtain

(34)

— A
Bl +1 =
(I—=7+~(14+3N)")—-2(B - A)2(1 — 04)2] =7
Now fixing A1, we have By > ‘L}%‘;' and B; <1givesus 41 <1—-2j.m

> [6(1 —a)(B—A)?/[(3+ (4 —a)B—(1—a)A)?(1+3)\)"

Corollary 6 Let f,g € Si(n,\, A, B,a), then q(z) = z — 3. (ag + bay)%2%* €
k=2

S3(n, A, A1, By, ), where Ay <1 —2j1, and By > % with

6(1 —«a)(B— A)?
B+A—a)B—(1—-a)A)2(1+3N)"—2(B—A)2(1-a)?
Acknowledgements: The authors would like to thank the referee for his valu-
able suggestions.
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1. Introduction

A continuous function f = u+iv is a complex- valued harmonic function in a complex
domain € if both v and v are real and harmonic in €. In any simply connected domain
D C Q we can write f = h+¢ where h and g are analytic in D. We call h the analytic
part and g the co-analytic part of f. A necessary and sufficient condition for f to be
locally univalent and orientation preserving in D is that |h/(z)] > |¢'(2)| in D (see
2)-

Denote by H the family of functions

f=h+7 (1)

which are harmonic univalent and orientation preserving in the open unit disc U =
{z : |z| < 1} so that f is normalized by f(0) = h(0) = f.(0) — 1 = 0. Thus , for
f=h+7 € H, we may express the analytic functions h and g in the forms

o

—z—l—Zan ,g(z Z L(0<b <1).
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Hence
) =2+ anz"+ > bz, [b] < 1. 2)
n=2 n=1

We note that the family H of orientation preserving,normalized harmonic univalent
functions reduces to the well known class S of normalized univalent functions if the
co-analytic part of f = h + g is identically zero that is ¢ = 0. Due to Silverman[11]
we denote H the subclass of H consists harmonic functions f = h + g of the form

f(z):Z—Zanz"+anz", |bi] < 1. (3)
n=2 n=1

(oo}
Let the hadamard product (or convolution ) of two power series ¢(z) = z+ > ¢, 2"
n=2

and ¥(z) = z+ > 2" be defined by

(Br (=) = 6(2) ¥ b(z) = 2 + 3 buthu"

For complex parameters a, ...,z and Bi,...,5m (B; #0,—1,...;5=1,2,...,m)
the generalized hypergeometric function ;F,(z) is defined by

lFm(Z)ElF’m(ala-~-al;ﬁ17~-~7ﬁm;z) = ZW ;_T: (4)

I<m+1;limeNy = NU{0}z€eU)

n=0

where N denotes the set of all positive integers and (a),, is the Pochhammer symbol
defined by

1, =0
(“>":{ Wat )@t2). (atn—1) neN ®)

For positive real valuesof a1, ...,aq and 81, ..., Bm (B; #0,—1,...55=1,2,...,m)
, let
H(oy,...qp;81,...y0m): S — S

be a linear operator defined by

[(H(ay, .0 815, Bn))(9)(2) = 2 1Fm(an, a2, .. ai; B1, B2 - -, B 2) % 6(2)

:z+ZF(a1,n) On 2" (6)
n=2
where
- (al)n—l cee (Ofl)n—l 1
B A S B e ™
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a; >0,(i=1,2,..1),5;,>0,(j =1,2,..m),l <m+1; |,m e Ny =NU{0}.
For notational simplicity, we use a shorter notation H!, [a1] for H(ay, ... ay; b1,
.+, Bm) in the sequel. It follows from (6) that

Hy[1]6(2) = ¢(2), Hp[2](2) = 2¢/'(2)

The linear operator H! [a1] is called Dziok-Srivastava operator (see [5]),which
contains such well known operators as the Hohlov linear operator, Saitho general-
ized linear operator, the Carlson-Shaffer linear operator, the Ruscheweyh derivative
operator as well as its generalized versions, the Bernardi-Libera-Livingston opera-
tor, and the Srivastave-Owa fractional derivative operator. One may refer to [4], [5]
and [12] for more details concerning these operators(see[3, 8, 9, 10]. Applying the
Dziok-Srivastava operator to the harmonic functions f = h 4+ g given by (1) we get

Hi,[00]f(2) = Hy,[oa]h(2) + HE[oa]g(2) (8)

Motivated by Jahangiri etal.[6, 7]Jand Ahujha and Jahangiri[l], we define a new
subclass HS([an],7) of H that are starlike with respect to other points .

For 0 < < 1, we let HSs([au],7) a subclass of H of the form f = h+g given by
(2) and satisfying the analytic criteria

e 22( 7ln[ 1f(2)
: { '[HL Jea] f(z) — HL o] f(— Z)]}>7 (9)

) -
where H! [a1]f(2) as given in (8),2' = ai(z =re) and z € U.
We also let HS;([a1], ) = HSs([a1],v) NH.
The family HS;s([ou1],7) is of special interest because for suitable choices of I, m

and [a1] we can state the following. From (8) we note that
(i) H3([1])f(2) = f(2) hence we define a class HS;(y) satisfying the criteria

22(f(2))
R { S
(ii) H([a,1;¢c]) = L(a,c)f(2), hence we define a class HSs(a, c;y)satisfying the
criteria
22(L(a, ) f(2))'
e { S 70 Fie 7

where L(a, ¢) is the Carlson - Shaffer operator[4] .
(iii) HZ([A + 1,1;1]) = D*f(2), hence we define a class HS,(),7) satisfying the

criteria (DM (2))
2z(DMf(z
R 0< 1).
AT 0s1<
where D*(\ > —1) is the Ruscheweyh derivative operator[10] .
(iv) H3([2,1;2 — p]) = QL f(z) we define another class HSs(u,7y) satisfying the

condition
22(Q8 f(2))
e {z’[ﬂ’éf(z) - Q2 f(~=2)] } >y (0<y<1).

}>'y, (0<y<1).

}>7, (0<~y<1).
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given by
Wf(z) =T2-pDlf()(0<pn<1),

where Q¥ is the Srivastava-Owa fractional derivative operator [12].

__In this paper, we obtained coefficient conditions for the classes HSs([a1],7) and
HSs([a1],7). A representation theorem, inclusion properties and distortion bounds
for the class HS;s([au1],7) are also established.

2. Coefficient Bounds

In our first theorem, we obtain a sufficient coefficient bound for harmonic functions

in HSs([oa],7)-

Theorem 1 Let f = h + g be given by (2).1If

[2n — y(1 = (=1)")]T(e1, ) — [2n+ (1 = (=1)")]T (a1, n)
Z _7) lanl + ) 50— lbn| <1 (10)

n=2 n=1

where a1 = 1,0 <y <1 and z € U. Then f(z) € HSs([oa], 7).

Proof. According the condition (9), we only need to show that if (10) holds, then

) 22(H! o] (2))’ g AG)
R{ THL [on]f(2) — Hin[al]f(—Z)]}_R B(z) =

where

A(2) = 22(H. [ou]f(2)) = 2[z + inf(al,n)anz” - inf(al,n)grﬁn]

n=2 n=1
and
B(z) = Z’[an[al]f() H}[en]f(=2)]
= 2z+21— D" (a1, n )anz'L—l—Zl— (=)0 (1, )b, 2"
n=1

Using the fact that Re {w(2)} > v if and only if |1 — v+ w| > |1+ — w|.
That is,

[A(z) + (1 =7)B(2)| = |A(2) = (1 +7)B(2)| = 0.
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Substituting for A(z) and B(z) we get

by (10).

_Z+Z F Oél, {2

%

Y

v

[A(z) + (1 =7)B ()I—IA() (1+7)B(2)|

| 24201 -~ z+2{2n+ (1= = (=1)"]}T (o1, n)anz"
=Y {2n— (1 =)l = ()" (a1, n)b, 7" |

—[2=200+))z+ ) {20 — (L +)[1 = (1"} (a1, n)anz"

=Y {20+ 1+ = ()" (e, n)byz" |

n=1

[2+2(1—~ Z{2n+ (1 =71 = (=1)"}(ex, n)|an |2

- Z{Zn = (1= = (=1)"[}T (a1, 7)[ba] [2]"

n=1

~29zl =Y {20 - (1+7)[L = ()"} (a1, n)lag| |2

n=2

=Y 20+ (L)L = (1" (@ n) b 2]

n=1

4(1 - ’}/)|Z| {1 - Zf(al,n) |:2'fl 2’)2[11_’)(/)1)71] |an|

n=1

2n + ’7[1 - (_1)"] n—1
ERTTi— 'b”'}'z' }

® The harmonic functions

2(1 =) 2(1 —7)

z

WAl (1) ]}“””Z”Zral, E e

?



118 G. Murugusundaramoorthy, K. Vijaya, M.K.Auof

where Z |z, |+ Z |yn| = 1, shows that the coefficient bound given by (10) is sharp.
=2 =1
The functlons of the form (2) are in HS;([a1],7y) because

o~ {2n 5[l = ()]} = {2+l — (-1}
2 Ty Nenmlal 3 g Tenmlbal

=D lzal + ) lyal = 1.
n=2 n=1

The following theorem establishes that such coefficient bounds cannot be improved
further .

Theorem 2 Let f = h+7 be given by (3).Then f € HSs([c1],7) if and only if

oo [2"1 -7 — (1 - (_1)71)] > [2n + 7(1 _ (_1)71)]
7;2 2(1— ) 1“(041,7”L)|an|+n¥1 T e, m)[bn] < 1.
(11)

where a; = 1,0 < v < 1 and z € U. Proof. Since HS,([a1],7) C HS,([e1],7),
we only need to prove the ”only if” part of the theorem. For the only if part, we
assume that f(z) € HSs([ai],7). For functions f(z) of the form (3) we notice that
the condition (9) is equivalent to

Re { 2[z(Hy[u]h(2)) — = [enlg (=)' ) 7}
H Jonlh(=) + HiJaalg(z) — Hifanlh(z) — HyJonlg(—2)

_Re{

3 n - (1>">]r<a1,n>|bn|z"-1] /

n=1

[2—Z<1—(—1>”>F(a1, Yan|2~t + gz B al,n)|bn|zn—1”

n=2 n=1

oo

21 —7) = 3120 — (1 — (~1)")]D(ar, m)la 2"

n=2

> 0.

The above required condition must hold for all values of z in U. Upon choosing
the values of z on the positive real axis where 0 < z = r < 1, we have

{ lZ(l =) = > [2n— (1 = (=)™ (a1, n)|ay "

n=2

22n+7 (1 — (=)™ (e, n)|by | 1]/

n=1

[2 = (1= (1)) (ag,n)|an |+ (1 - (—1)”)1“(041,n)|bn|r”_1] } > 0.

n=2
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If the condition (11) does not hold, then the numerator in (?7?) is negative for r
sufficiently close to 1. Hence, there exist zg = 79 in (0,1) for which the quotient of
(??) is negative. This contradicts the required condition for f(z) € HS,([a1],7). =

From the above theorem ,for suitable choices of I, m and [«;] we state the necessary
and sufficient conditions for the various subclasses as corollaries.

Corollary 1 Fora; =1,0<vy <1, f =h+g € HS.(y) if and only if

o 20—y — (1
Z 2(1 —

—~ )

S e A E Nt

Corollary 2 Fora; =1,0<~y <1, f =h+7 € HSs(a,c;7) if and only if

2=y = (L= D)) (@ o Rrty(= (D)) (@)
D O D R R

where (a)y, is given by (5)

n=2 n=1

Corollary 3 Fora; =1,0<~y <1, f =h+73 € HS;(\,7) if and only if

> o Oy 4 32 220 C0 0y, <

n=1 2(1 - 'Y)
(14)
where C(\,n) = (AZﬁI 1)
Corollary 4 Fora; =1,0 <7 <1, f=h+7 € HS(n,7) if and only if
o~ [2n =y — (1= ()" = 204+ 4(1 — (—1)")]

where P(n) = %

3. Distortion Bounds and extreme points

Now we obtain the growth result for functions in HSs([a1], 7).

Theorem 3 Let f € HSs([a1],7), then

< — =
|f(z>|*(1+bl>r+1"(a1,n) ( 5 5 |b1|>r , 2zl =r <1,

and

1 1—v 147
@I 0=~ s (52 = ) 2 =<,
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Proof. We prove only the left hand inequality, let f(z) € HSs([ou],7). Taking the
absolute value of f(z), we have

oo

‘f(2)| > (1—|bl|)T—Z(|an|+|bn|)TTL
n=2

> (L= [bal)r =Y (lan| + ba])r?
- (1_|b1|)r_2;(;:2);(22(@1, o + 52 )
> (1—|b])r—

(L= g~ (20—l = (1)) - 201 = (=1)")

2T (ay, 2) 7;2 ( 21— ) lan| + 21 =) |bn|) (a1, n)
> (-l - g (g - Tl )

The proof of the right hand inequality follows on lines similar to that of the left hand
inequality. Which completes the proof of Theorem 3. m

Now we determine the extreme points of closed convex hulls of HS,([ai],7) de-
noted clcoHS,([an], ).

Theorem 4 A function f = h+ g € clcoHSs([c1],) if and only if f(z) can be
expressed in the form f(z) = > (Xphn(2) + Yogn(z))where

n=1

_ _ 2(1 —7) Ny — :
hi(z) =z, hn(2) = 2 — F(al,n)[an'y(lf(fl)”)]z , (n=12,3,...);

_ (1_7) —-n _ .
gn(2) =z + I‘(al,n)[ZnJrfy(l—(—l)”)]z , (n=1,2,...);

anﬂz =1, X, >0 and Y, >0.

Proof. For functions f(z) as in Theorem 4, we have

[e e}

fz) = Z(thn<z>+mn<z>>

2(1-9)
2n —y(1 = (=1)")]

X, z"

I

w

\
M
=
E

1_ ) =n
+Z T(ai,n 2n+7(1 - (*D”)]Ynz
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Then by Theorem 2

Z[2”‘7(1_(_1)n)]r(a1,n)|an|+z RN (U G | PN

2 (i) 21— 7)
& o m)2n — (1 — (~)™)] 21— )
-2 21— 7) <r<a1,n>[2n—v<1—<—1>n>]X”)
M(as,n 2n+7<1—<—1>n>] 21— 7)
* Z -7) (F(al,n)[% +(1 - (—U”)]Y”)

:ZXn+ZYn:1—X1§1.
n=2 n=1

Therefore, f(z) € clco HS,([a1], 7). Conversely, suppose that f(z) € clco HSs([o1], 7).
Set

X, — [2n —~(1 — (_1)n)]r‘(a1,n)|an|,n =2,3,...,

2(1 =)
" [ (1-(=D")]
_Pn+y@ (D" -
= 2(1—7) D(ax,n)|bnl,n=1,2,...,
where Y (X, +Y,) = 1. Then

n=1

f(Z) = z2- ianzn + ibnzn

n=2 n=1

_ ) n
- 27721“041, 2n— )R

—7) n
+LZFa1, 2n+'y(1—(—1) )]Y

= Z_Z[Xn Z z)]

n=2

= Z X,Lhn +}/ngn( ))
n=1

as required. m

4. Inclusion results

Now we show that HS,([a1],) is closed under convex combinations of its member
and also closed under the convolution product .
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Theorem 5 For 0 < v <y <1, let f(2) € HSs([ca],7) and F(z) € HSs([ou],v).
Then (f x F) € HSs([o],v) € HSs([aa], v).

Proof. Let
—z—2|an|z +Z|b| € HS.(Jou], )

and

2)=2= D |Anle" + 3 |Balz" € FSy([oal,v).
n=2 n=1

Then the convolution of f(z) and F(z) is given by

) F(2) =2 =) lanAnlz" + > [bnBa[z"
n=2 n=1

Note that [A,| <1 and |B,| < 1, since F' € HS4([a1],v). Then we have

> 2=l = (~)")0(ar,n)|an| [An]+ Y 20 +7(1 = (=1)")T(a1,n)[ba| | Byl

Z% Y(1 = (=1)")C (e, m)lan] + Y [20n+7(1 = (=1)")]F(ar, )bl -

Therefore f(z) * F(z) € HSs([aa],7) € HSs([oa],v), since the above inequality
bounded by 2(1 — ) while 2(1 —v) <2(1—-v). =

Theorem 6 The class HSs([a1],7) is closed under convexr combination.

Proof. For i = 1,2,..., suppose that fi(2) € HSs([a1],7) where f;(2) is given by
=z Z |an z|zn + Z |bn z|_n

o0
For Y t; = 1,0 <t; <1, the convex combination of f;(z) may be written as
i=1

Zthz(z) = Zztif (Zt |anz> Zn+z <th|bn,l|>zn
i=1 i=1 n=2 n=1 \i=1
- Z (Zt |am|> 4y (Zti|bn,i|> z
i=1

n=2 n=1
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By Theorem 2,

> [2n—4(1 = (=1)")T(ar,n (Zmam)
2n+~(1 - (=1)")T(ea,n (thm>

ti (2[271— (1= (=)™, n)an + Y [2n+(1 - (—1)")]1“(0617n)|bn,i|> :

n=1

+

gk

n=1

Mg

i=1

Hence,

=N ti=201-7)

Hence f tifi € HSs([aa],7). m
=1
Now, we will examine the closure properties of the class HSs([ev1],7) under the
generalized Bernardi-Libera -Livingston integral operatorL.(f) which is defined by

Lc(f):CH/“f() e L

2C
0

Theorem 7 Let f(z) € HSs([a1],7) Then L.(f(2)) € HSs([a1],7)
Proof. From the representation of L.(f(2)), it follows that

Lo(f) = 1= / =71 [he) + 900 o

Z(,
0
_ c+1 c—1 _ n n
= — (/t (t Z;zt)dt—k/ (th) )
0 n 0
= Z—ZA,Lz”—i—Zan”
n=2 n=1
where 1 1
An = et Qp; Dn et bn
c+n c+n
Therefore,
(20 —~(1—(=1D)") c+1 2n+ (1 — (=1)") . c+1
2( 20— logn ] 21—  lognltnll)T@nm)
— (2n—7(1—(=1)") 2n + (1 — (=1)")] >
< an| + bu| | P(a1,n) < 1,
since f(z) € HSs([a1],7). Hence by Theorem 2, L.(f(z)) € HS,([a1],y) m
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ABSTRACT: We investigate the family LP, (o € (—m,7]) of functions
o0
f(z) = 24+ > anz™ that are analytic in the unit disk with the property
n=2

that the domain of values f’(z) + #zf”(z) is the parabolic region
(Imw)? < 2Rew — 1. We give inclusion theorems and bounds of Ref’(2)
for this class

AMS Subject Classification: 30C45
Key Words and Phrases: convez functions, starlike functions, uniformly convex func-
tions

1. Introduction and definitions

Let A be the class of functions of the form f(z) = z+ Z a, 2™ analytic in the unit disk
=2

={z€ C:|z] <1} andlet S, K be the subclasses ofA consisting of functions which
are univalent and convex in A respectively. Let R = {f € S: Ref'(z) >0, z € A}.
In 1988 St. Ruscheweyh [6] introduced the class

D={feA:|zf"(z)| <Ref'(z), z € A}
which is convex subset of K. The alternative definition of D is the following
feD e Re{f'(z) +e2f"(2)} >0 for € A and for all a € (—,7].

In 1998 Silverman and Silvia [7] introduced and investigated the class

— {f € A:Re (f'(z) + ! +2€ zf”(z)) >0, z€ A}
where o € (—, 7] is fixed. Let £=[_,_ <. La-

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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Let

2
Q(z)-l+%<logit£) , 2 €A,

where the branch of square root is chosen such that Imy/z > 0. The function @ is
analytic and univalent in A with the following power series expansion [3]

and it maps A onto the set
QA)={weC:|w-1] <Rew}:{w€C:(Imw)2 < 2Rew — 1} .

For functions g and h, analytic in A, a function g is called subordinate to h,
written g < h (or g(z) < h(z)) if h is univalent in A, g(0) = h(0) and g(A) C h(A).
In [8] author investigated the class LP, defined as follows:

1+ e

(1) L‘,Pa:{feA:f’(z)Jr 5

() < Q). e A},

where o € (—m, 7] is fixed.

2. Inclusion relations
First, we recall the following

Lemma 1 (Noshiro [5]) If the function f(z) is analytic in |z] < R and Ref'(z) >0
for |z| < R, then f(z) is univalent in |z| < R.

Notice that the parabola 9Q(A) is symmetric w.r.t. the real axis and its vertex
is in the point w = % Therefore for f € LP, we have Ref’(z) > % Consequently, by
Lemma 1, the class LP, consists of univalent functions.

Now, we will show that for each o € (—m, 7) the inclusion LP, C LP, holds. We
need the following result

Lemma 2 [4] Let 8 and v be complex constants, and let h be convex (univalent) in
A, with h(0) = 1 and Re(Bh(z) +7) > 0. If p(2) = 1+ p1z + ... is analytic in A,
then

zp'(2)
z) + =< h(z) = p(z) < h(z).
P+ 5 < h) > ple) < h(2)
Theorem 1 For each « € (—m,7) we have

LPy C LP.



Remarks on the certain subclass of univalent functions 127

Proof. Observe that for all a € (—m,7)

2 2(1+cosa)
e — = - > 0.
1+ eta |1+ew¢|2

Ri

Thus for f € LP, it is sufficient to take p = f’, 8 =0 and v = in Lemma 2.
This completes the proof. m

Basing on that result we can conclude that each £P, consists of univalent func-
tions and that | J_,_ <. LPa = LPx.

Let £P = (_,cocn LPa-

2
T+ei®

Theorem 2 The class LP is nonempty.

Proof. It is easy to check that the function f%(z) := —4log(1 — %) belongs to LP.

Let

14 et
2

g f/i (2) +

1
P

G =ref e+ e yo) -

zf%'(z) — 1‘ :
It is enough to show that the condition g1(z, ) > 0 holds for all |z| = 1 and for all
a € (—m,7]. From

2(6 — 2) + 2ze'@
(4 - 2)?

4 2z 2ze'
gi(z’a)_Re{zl—z* @22 (4—z)2}

8-z  |2][4+16 2]
@of P

> 2Re

it follows that 4 ,

8—e® 4416 e"
(4761‘9)2 |476i0|2 -
~ 32cos? 60 — 130 cosf + 188 — (17 — 8 cos0)+/37 — 12 cos 0
N (17 — 8cos )2

Direct computation leads to the conclusion that for all # € [0,27) the function
#(0) = 32 cos?  — 130 cos 0+ 188 — (17— 8 cos #)/37 — 12 cos @ has the positive values.
Therefore g%(eie, a) > 0 for all § € [0,27) and for all & € (—m, 7). Consequently fu
is in LP. The proof is completed. m

Silverman and Silvia proved in 1999 [7] that the inclusion D C £ C K holds. Note
that for each a € (—m, 7] we have LP,, C L, therefore LP C L. Consequently, LP
consists of convex functions. We have LP C £ and D C L. It will be interesting to
answering to the question what are the inclusion relationships between £P and D.
The next theorem presents the partial solution of this problem.

(e a) > 2Re

g

1
4

Theorem 3 We have
(i) LP ND is nonempty,
(ii) D\ LP is nonempty.
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Proof. It is known [1] that the function f,.(z) = ﬂ:*ll belongs to the class D if
and only if 0 < r < % On the other hand, as we showed in the proof of Theorem 2,
fy (z) € LP. Consequently, LP N D is nonempty.

To show that (ii) holds it is sufficient to prove that f1(z) ¢ LPo. We observe that
f1(2) € LPy if and only if

(2) = Re { £} () + 2f{ () } -

for all z € A. Note that

g Fi@) +2ff ()~ 1] > 0

1
2

4 |4z — 22|
2-2) [2-=2*

91(z) = Re
It is sufficient to look at z = €%, @ € (0, 27]. A straightforward computation leads to
the observation that

(e = 8cos? 0 —16cosf + 12 — (5 —4cos )17 —8cos  ((0)
B |2_€i9|4 o |2_6i0|4'

g

[N

It is easy to check that ((%) = 12 — 5v/17 < 0. Therefore f1(z) ¢ LPo and conse-
quently f1 (z) ¢ LP. The proof is completed. ®

3. Bounds of the real part of derivative

For f € LPr = U_,cu<r LPa we have Ref’(z) > 4. In this section we give an
answer to the question how large is Ref’(z) for f € LP,, a € (—n,m) fixed. We will
use the following result of Hallenbeck and Ruscheweyh.

Lemma 3 [2] Let h(z) be convexr in A with h(0) = a, v # 0 and Rey > 0. If

p(2) = a+ anz™ + ans12"t + ... is analytic in A and
zp' (2

@) o)+ ZE <)

then

p(2) < q(z) = - /O " h(ytE -t

nzn

and q is convex and this is the best dominant of (2).

Theorem 4 Let o € (—7,m) and let v := —2=. If f € LP4, then

1+ete
C14Vz
2y log ==0% _ (tanh %)27—1
/ — - 2 2
f(z)'<q'y(z)—1+7r22 ’Y/O quu,zEA

and q 1s the best dominant. Furthermore

Ref’'(z) > q,(-1).
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Proof. Let o € (—m,7) and f € LP,. Note that Relt&™ = L(1 4 cos ) > 0 for all

a € (—m,m). Settingn =1, v = H%, p= f'and h = @) in Lemma 3 we obtain

2
2 1+t
1+—= {1 dt =
+772 <0g1_\/g>]

2 2
:1+2—7z—7/ -1 loglJ”/lE dt.
U 0 11—t

Substituting v = log ifﬁ and dt = %du we obtain

z

f(z) < 'yz*"’/ 1

0

P Gt Vi
U

R

8’)/ log

/ —

fl(z) <1+ —* 7/0
1+VZ

2y _ [TvF ,(tanh%)*7—1

=14+—=z7" 2y = .

+ % /0 u (cosh 172 u=:q(2)

Since f’ is subordinate to the convex function, hence

Ref'(2) > |IZI\H:H1 0y (2) = ¢y (—1).

This completes the proof. m
Setting a = 0 in Theorem 3 we obtain the following result:

Corollary 1 If f € LPg then
, 4 2
Ref'(z) > = 1-— = In2 | ~ 0.711395603.

Proof. For a = 0 we have vy = = 1, so making use of Theorem 4 we immediately

obtain

T+ei™
2 (1% , sinh¥

Ref’ > -1)=1-— C—

ef (Z) ql( ) 7{'2 o u (COSh%)g

Integrating by parts we get

5 sinh% u? U u
u du = — + 4u tanh — — 8log(cosh —).
/ cosh?® 5 cosh? & 2 & 2)

Therefore
Ref'(z) > 4 (1 — g1n2> .
T T

The proof has been completed. m
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ABSTRACT: In this paper, we prove two strong convergence theorems
for strict pseudo-contractions in Hilbert spaces by hybrid methods. Our
results extend and improve the recent ones announced by Nakajo and
Takahashi [K. Nakajo, W. Takahashi, Strong convergence theorems for
nonexpansive mappings and nonexpansive semigroups, J. Math. Anal.
Appl. 279 (2003), 372-379], Marino and Xu [G. Marino, H.K. Xu, Weak
and strong convergence theorems for strict pseudo-contractions in Hilbert
spaces, J. Math. Anal. Appl. 329 (2007), 336-346], Martinez-Yanes and
Xu [C. Martinez-Yanes, H.K. Xu, Strong convergence of the CQ method
for fixed point iteration processes, Nonlinear Anal. 64 (2006), 2400-2411]
and some others

AMS Subject Classification: 47H09, 47H10
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1. Introduction and Preliminaries

Let H be a real Hilbert space, C' a nonempty closed convex subset of £, and T : C' — C
a mapping. Recall that T' is nonexpansive if

[Tz —Ty|| < |lz—y|| Yz,yeC.

A point z € C' is a fixed point of T provided Tz = x. Denote by F(T) the set of fixed
points of T; that is, F(T) ={z € C: Tz = z}.

Some iteration processes are often used to approximate a fixed point of a non-
expansive mapping 7. The first iteration process is now known as Mann’s iteration
process [7] which is defined as

Tyl = @nZp + (1 — )Tz, n >0, (1.1)

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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where the initial guess zo is taken in C arbitrarily and the sequence {a,}52 is in
the interval [0, 1].

The second iteration process is referred to as Ishikawa’s [4] iteration process which
is defined recursively by

Tpt1 = pZp + (1 — ap)Tyn, n>0,

where the initial guess z is taken in C arbitrarily, {a,} and {8,} are sequences in
the interval [0, 1].

But both (1.1) and (1.2) have only weak convergence, in general (see [2] for an
example). For example, Reich [15], shows that if E is a uniformly convex and has a
Frehét differentiable norm and if the sequence {a, } is such that v, (1—ay,) = oo, then
the sequence {z,} generated by processes (1.1) converges weakly to a point in F'(T).
(An extension of this result to processes (1.2) can be found in [21].) On the other
hand, process (1.1) may fail to converge while process (1.2) can still converge for a
Lipschitz pseudo-contractive mapping in a Hilbert space [1]. Therefore, many authors
attempt to modify (1.1) and (1.2) to have strong convergence in Hilbert spaces and
Banach spaces, respectively, see [10,12-14,18] for more details.

Attempts to modify the Mann iteration method (1.1) so that strong convergence
is guaranteed have recently been made. Nakajo and Takahashi [11] proposed the
following modification of the Mann iteration (1.1) for a single nonexpansive mapping
T in a Hilbert space. To be more precise, They proved the following result.

Theorem NT. Let C be a closed convex subset of a Hilbert space H and let T :
C — C be a nonexpansive mapping such that F(T) # (. Assume that {a,}>2 is a
sequence in [0, 1] such that o, < 1—0 for some ¢ € (0,1]. Define a sequence {x,}5%,
in C' by the algorithm:

zg € C  chosen arbitrarily,

Yn = Qpdn + (]— - an)Tx'na

Co={2€C:|lyn— 2l < |0 — 2|}, (1.3)
Qn = {Z eC: <x0 — Tn,y T — Z> > 0}7

Tnt+1 = Po,ng. %o-

Then {x,} converges in norm to Pp(r)Zo.

Recently, Kim and Xu [5] has adapted the iteration (1.1) in Hilbert spaces. They
extended the recent one of Nakajo an Takahashi [11] from nonexpansive mappings to
asymptotically nonexpansive mappings. To be more precise, they gave the following
results.

Theorem KX. Let C' be a nonempty bounded closed convex subset of a Hilbert space
H and let T : C — C' be an asymptotically nonexpansive mapping with a sequence
{kn} such that k, — 1 as n — co. Assume that {a,,}22 is a sequence in [0,1] such
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that lim sup,,_,., o, < 1. Define a sequence {x,} in C by the following algorithm:

xg € C  chosen arbitrarily,

Yn = anp + (1 — ap)T" 2,

Co = {2 €C: llgn — 2 < wn — 21 + 02}, (1.4)
Qn={2€C:{xg— xn,oH — 2) >0},

ZTnt1 = Po,nq,. o,

where

0, = (1 — ) (k2 — 1)(diamC)? — 0, asn — oo.

Then {x,} defined by (1.4) converges strongly to Pp()xo.

Very recently, Marino and Xu [9] adapted the iteration (1.1) in Hilbert spaces.
They extended the recent one of Nakajo an Takahashi [11] from nonexpansive map-
pings to strict pseudo-contractions. To be more precise, they proved the following
results.

Theorem MX. Let C be a closed convex subset of a Hilbert space H and let T :
C — C be a k-strict pseudo-contraction for some 0 < k < 1 and assume that the fixed
point set F(T) of T' is nonempty. Define a sequence {z,}72, in C by the algorithm:

xg € C  chosen arbitrarily,

Yn = anZpn + (1 — ap) Ty,

Co={2€C:lyn — 2|* < ||lzn — 2|2
—(k —an)(l —an)l|zn — Txn”Q}:

Qn={2€C:{xg—xn,z, —2) >0},

Tn4+1 = PCTLI’TQTLJ:O'

(1.5)

Assume that the control sequence {a, }5% is such that 0 < a,, < 1 for all n. Then
{zn} converges in norm to Pp(r)xo.

On the other hand, Attempts to modify the Ishikawa iteration method (1.2) so
that strong convergence is guaranteed have recently been made. Martinez-Yanes and
Xu [8] adapted the iteration (1.2) in Hilbert space to have strong convergence. To be
more precise, they obtained the following convergence theorem.

Theorem MYX1. Let C be a nonempty closed convex subset of a Hilbert space
H and let T : C — C be a nonexpansive mapping such that F(T) # (. Assume
that {ay, }22, and {B,}22, are sequences in (0,1) such that lim, . o, < 1—4 for

some 0 € (0,1] and lim,,_,o By, = 1. Define a sequence {x,} in C by the following



140 X. Qin, Y. Su

algorithm

zg € C  chosen arbitrarily,

Zp = BnTn + (1 - Bn)Tmm

Yn = nZpn + (1 — )T 2y,

Con={veC:|lyn —v|?* < llzn —v[* + (1 — an)([|2n]]? (1.6)
—Hanz + 2(xp — zn,0))},

Qn={veC:{(xg—xpn,x, —v) >0},

Tnt+1 = Po,ng. %o,

then {x,} converges in norm to q = Pr(1yZo.
It is well know that Halpern iterations process [3] which is defined as

Tn+1 = QpTo + (1 - an)Txnv n Z 07 (17)

where {, }52, is a sequence in the interval [0,1] is also usually used to approximate
a fixed point of nonexpansive. The iteration process (1.7) has been proved to be
strongly convergent in both Hilbert spaces [3,6,19] and uniformly smooth Banach
spaces [16,17,20] unless the sequence {a, } satisfies the conditions

(C1) limy,— 00 aty, = 0;
(C2) 32,2 an = o003

(C3) either Y7 o | — pg1] < 00 or limy, oo S =1

It is well know that process (1.7) is widely believed to have slow convergence
because the restriction of condition Cy. Moreover, Halpern [3] proved that condition
(C1) and (Cs) are indeed necessary in the sense that if the iterative process (1.7)
is strongly convergent for all closed convex subsets C' of a Hilbert space H and all
nonexpansive mappings 7' on C, then the sequence {e, } must satisfy conditions (Cy)
and (C2). (However, It is unknown whether these two conditions are also sufficient;
see [20] for more detail.) Thus to improve the rate of convergence of the iterative
process (1.7), one cannot rely only on the process itself. In [8], Martinez-Yanes and
Xu studied the following iteration process:

Theorem MYXZ2. Let H be a real Hilbert space, C a closed convex subset of H and
T : C — C a nonexpansive mapping such that F(T) # (). Assume that oy, C (0,1) is
chosen such that lim,_,o o, = 0. Then the sequence {x,}>2 , generated by

x9 € C  arbitrarily,

Yn = Qo + (1 - a7L)T$n7

Crn={2€C:lyn — 2> < lzn — 2l + anll|zo]|* + 2(zs — 0, 2))}, (1.8)
Qn={2€C:{xg—xp,z, —2) >0},

Tn+1 = PCnﬁin'&
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converges strongly in norm to Pp(1)o.

The purpose of this paper is to employ Nakajo and Takahashi’s [11] idea to modify
process (1.2) and (1.7) to have strong convergence for strict pseudo-contractions. Our
results improve and extend the ones announced by Martinez-Yanes and Xu [8] from
nonexpansive mappings to strict pseudo-contractions.

Let C be a nonempty subset of a Hilbert space H. Recall that A mapping T :
C — C is said to be k-strictly pseudo-contractive if

(1.9) 1Tz = Ty|* < o = yl* + kIl (I = T)z — (I = Tyl

for some k € [0,1), for all z, y € C.

Note that the class of k-strict pseudo-contractions strictly includes the class of
nonexpansive mappings. That is, T is nonexpansive if and only if T is O-strictly
pseudo-contractive.

In order to prove our main results, we shall make use of the following lemmas,
[8,9].

Lemma 1.1. Let H be a real Hilbert space. there hold the following identities:

(@) llz =yl =z = llylI* — 2z — y,y), Vo,y € H;

(i) [ftz+(1=)yll* =tlz>+ Q= )llyl> —tA -tz —yl? Vte€[0,1],Va,y € H.

Lemma 1.2. Let C be a closed convex subset of real Hilbert space H and let Pc be
the metric projection from H onto C(i.e., for x € H, Pc is the only point in C' such
that ||x — Pox|| =inf{||lz — z|| : z € C}). Givenx € H and z € C. Then z = Pox if
and only if there holds the relations:

(xt—z,y—2) <0 VyeC. (1.9)

Lemma 1.3. Let H be a real Hilbert space. Let C' be a nonempty closed convex
subset of E and T : C'— C' a k-strict pseudo-contraction with a nonempty fixed point
set. Then (I —T) is demi-closed at zero.

Lemma 1.4. Let E be a real Banach space, C' a nonempty subset of E andT : C' — C
a k-strict pseudo-contraction. Then T is L-Lipschitzian.

Lemma 1.5. Let H be a real Hilbert space, C' a nonempty subset of H andT : C — C
a k-strict pseudo-contraction. Then the fixed points set F'(T) of T' is closed and convex
so that the projection Pty is well defined.

Lemma 1.6. Let H be a real Hilbert space. Given a closed convex subset C C H
and points x,y,z € H. Given also a real number a € R. The set

D={veC:ly—vl* <z —v|*+(w,v)+a}

is closed (and convex).
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2. Main Results

2.1 The hybrid projection method for Ishikawa’s iteration process

Theorem 2.1. Let C be a closed convex subset of a Hilbert space H, T : C — C a k-
strict pseudo-contraction. Assume that the fixed point set F(T') of T is nonempty and
{an}, {Bn} are sequences in (0,1) such that o, < 1 for alln > 0 and lim, o B, = 1.
Define a sequence {z,,} in C' by the following algorithm:

xo € C' choen arbitrarily,
2y = Bptn + (1 = Bn)T2n,
Yn = WnZpn + (1 — ap) T2y,
Cp={veC:|lyn —v[* < [lzn —v|?
+(1 = an)(1 = Bn)(k = Bu)| Txy — an2
+(1 — an)(kl[2n — TZnH2 —ap||Tz, — anZ)}v
Qn={vel:(xy—xpn,z, —v) >0},

Tn+1 = PC’,,ﬂQr,,x07

then {x,} converges strongly to Pg(ryxo.

Proof. First observe that C,, is convex by Lemma 1.6. Next, we show that F'(T') C Cp,
for all n. Indeed, we have, for all p € F(T),

lyn = plI* = llan(@n —p) + (1 = @n) (T2 — p)|?
< anllz, — p”2 + (1= on)|[T2n — pH2 —an(l = an)|[ T2, — anQ
< anlzn = pl* + (1= an)(ll2n = plI* + kllzn — Tzal?)
—an(1 = )| Tz, — 20
< apllzn = pl? + (1= an)l2n = pl* + (1 = @n) (kllzn — T2

- O‘TLHTZn - $7L||2)'

(2.1)

On the other hand, we also have

20 = plI* = 1Ba(@n —p) + (1 = Bu)(Tan — p)|°
< Bullzn = plI* + 1 = B Tn = plI* = Ba(1l = Ba) | Tzn — 4 1?
< Bullen = plI* + (1 = Ba)(llzn — plI* + k| T2y — 24]1%) (2.2)
- ﬁn(l - Bn)HTxn - anz
= H% *p”z + (1= Bn)(k = Bn)||Txy — anz

Substitute (2.2) into (2.1) yields that

lyn = plI* < llzn = pl* + (1 = an) (1 = B) (k = Ba) [Tz — @
+ (1 = an)(kllzn — T?fn”2 — || T2n — xn”z)
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So p € C,, for all n. Next we show that
F(T)C Qpn, Yn>0. (2.3)

We prove this by induction. For n = 0, we have F(T) C C = Q. Assume that
F(T) C Q. Since x,; is the projection of zy onto C,, N Q,,, by Lemma 1.2 we have

(¥ — Tpa1,Tny1 —2) >0, VzelpNQy.

As F(T) C C, N @, by the induction assumptions, the last inequality holds, in
particular, for all z € F(T). This together with the definition of @1 implies that
F(T) C Qn+1- Hence (2.3) holds for all n > 0. In order to prove

lim ||zp41 — zn|| =0,
n—oo

from the definition of @, we have z, = Py, xo which together with the fact that
Tny1 € Cp,NQ, C Q) implies that

2o = znll < 20 = Znsa]-

This shows that the sequence {||z, —zol|} is nondecreasing. On the other hand, since
x, = Pg, zo (by the definition of Q),,) and since F(T') C Q,,, we have

|7 — @ol| < [lp —zoll, Vp € F(T).
In particular, {z,} is bounded and
|0 — ol < || Preryzo — ol (2.4)
We obtain that lim,,_,. ||z, — o]l exists. Noticing again that z, = Py, x¢ and

ZTnt1 € Qpn which give that (x,41 — Tpn, T, — o) > 0. Therefore, we have

[Zns1 — an2 = [[(znt1 — 20) — (Tn — x0)||2

= [|zns1 — zol® = |z — ol” — 2(ns1 — Tn, 20 — 20)
< ||33n+1 - 330H2 - Hxn - xOHZ'

It follows that
lim ||z, — Tp41] = 0. (2.5)

n—oo

On the other hand, It follows from the definition of C,, that z,+1 € C,,, Therefore,
we have

Hyn - $n+1H2 < lwpn — $n+1||2 + (1 —an)(1 = Bn)(k = Bn) | T2 — xn”z

5 9 (2.6)
+ (1= an)(kllzn — Tzn||” — an||T2n — w4l]).
Moreover, since ¥y, = apZy + (1 — ap)T'z,, we obtain
yn — $n+1H2
= oy (T, — zn + (1 —a,)(Tz, — x, 2
Jan(en = zasa) + (1= @) (T 2| .

= an|lzn — $n+1||2 + (1 = ap) | T2n — xn+1||2

- an(l - Ofn)”TZn - anz'
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Substituting (2.7) into (2.6), we arrive at

(1 = an)llznsr — Tz
< (1= an)lzn = znta]* + (1 = an )k T2n — 2o
+ (1= an) (A = Ba)(k = Bp) | Ty — wnl[*.
Since a,, < 1 for all n > 0, the last inequality becomes

ns1 = Tzn)|? Sllzn — znga|* + kT 20 — 2

) (2.8)
+ (1= Bp)(k = Bo)[[ Ty — @|”
On the other hand, we have
|Zn+1 — TZnH2
= |Zng1 — T + 20 — T2 |)? (2.9)

= |Znt1 — ol + |0 — T2 |* + 2(xns1 — Tn, T — T2p).
Combining (2.8) with (2.9), we obtain
zn — Tznl|? + 2(Tpi1 — Tn, T — T2p)
< k|20 = zal* + (1= Ba)(k = Bu) | T2n — @nll*.
That is,

|2n — Tanl|? + | Txn — T2al|? + 2{xp — Tp, Ty — T2y)
+ 2xpy1 — Tpyn — Tzy)
< KTz — Txnll? + k| Ty — znl|? + El|2n — 24|
+2k(Txy, — xpyxy, — 20) + 2k(T2 — Ty, Txp — 21) + O,

where 8, = (1 — B,)(k — Bn)| Tz — z4]|%. Tt follows from lim, .o B, = 1 and the
boundness of {x,} that §, — 0, as n — oo. Therefore, we obtain

(L —=k)lzn — TanQ < kflz, — Zn||2 + 2k Tzy — znllllzn — 20|
+ 2Tz = Tanl|(|T2n — 20l + l2n — Tan|)
+2||zpg1 — xp||2n — T2 + 05

On the hand, we have
|20 — znll = (1 = Bu)|lzn — Tl
It follows from lim,_, By, = 1 and the boundness of {z,} that
nlLrI;o |zn — 2zl = 0. (2.10)
Noticing that T is L-Lipschitzian, (2.5) and (2.10), we obtain

lim ||, — Tz,| = 0.
n—oo
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Assume that {z,,} is a subsequence of {z,} such that x,, — Z. by Lemma 1.3 we
have € F(T). Next we show that & = Pp(r)zo and convergence is strong. Put
T = Pp(r)zo and consider the sequence {z¢g — zp, }. Then we have xg — z,, — 9 — &
and by the weak lower semicontinuity of the norm and by the fact that ||z¢ —zp41| <
|lxo — Z|| for all n > 0 which is implied by the fact that z,4+1 = Pc, ng, To, we have

[zo = Z[| < [lwo — Z[| < liminf [lzg — zp, || < Timsup [lzg — zp, || < [0 — 2|
1—00 7

11— 00

This gives that

lzo = Z[| = [lzo — Z[|  and  [lzo — zn, || = |20 — Z]|

It follows that z¢p — x,, — 2o — &; hence, z,, — Z. Since {z,,} is an arbitrary
subsequence of {z,}, we conclude that x,, — Z as n — oco. The proof is completed.

2.2 The hybrid method for Halpern’s iteration process

Theorem 2.2. Let C be a closed convex subset of a Hilbert space H and let T : C' —
C be a k-strict pseudo-contraction and assume that the fixed point set F(T) of T is
nonempty. Define a sequence {z,,}52, in C' by the algorithm:

xp € C' choesn arbitrarily,
Yn = an@o + (1 — ap)Txy,
Cp={2€C:|lyn — 2> < llzn — 2|
+Ozn(onH2 - Han2 + 2<xn - anz>)
+(1 — o) k|| Ty, — anQ —ap||Tw, — ZUOHZ]};
Qn={2€C:{(xg—xn,zyp — 2) >0},
Tn+1 = Pcannxo.

Assume that the control sequence {ay, 152 is chosen such that lim,,_, o o, = 0. Then
{xn} converges in norm to Pp(r)To.

Proof. We first show that C,, is convex. Since
I = 211> <liza = 21 + an(leol® = zall? +2(zn - 20,2)
+ (1= apn) k| Tz, — an2 —ap|| Tz, — xOHZ]
is equivalent to

2(x0 = Yn,2) < (1= )20l = [yl + anl2ol®

9 9 (2.11)
+ (1 = an) k| Tzn — 20" — anl|Tzn — 20l7]-

It is easy to get C,, is convex. Next, we show that F(T) C C,, for all n. Indeed, we
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have, for all p € F(T)

lyn — I = la(zo — p) + (1 — an)(Tz, — p)||?

< allzo = pl* + (1 — an)[| Tz, — pl|* — an(l — @) || T, — x|
< aflzo = pl* + (1 = an)(lzn — plI* + k[ T2n — za?)

— an(l — ap)||Txn — o]
< e = plI* + an(llzol* = llzall? +2(zs — z0,p))

+ (1 —an)[k|| Tz, — anZ —an|Txn — xOHZ]'

So p € C,, for all n. It follows from the methods of Theorem 2.1 that
F(T)cQ, foraln>O0. (2.12)

In order to prove lim, oo ||Zn41 — Zpn| = 0, from the definition of @,, we have z,, =
Pg, xo which together with the fact that z,41 € C, N @y C @y implies that

20 = znll < [0 = nia -

This shows that the sequence {||z, — zo||} is nondecreasing. On the other hand,
we have {x,} is bounded. Indeed, the definition of @, and Lemma 1.2 imply that
x, = Pg, xo which in turn implies that ||z, — 2o/ < ||p — x| for all p € F(T'). In
particular, one has

|z — 2ol < [|Preryzo — w0l

This shows that {x,} is bounded. Therefore, we obtain that lim,, . ||z, — zo]| exists.
Noticing again that x,, = Py, ¢ and z,,11 € @, which give that (z,, 11—z, z,—z0) >
0. Therefore, we have

|Znt1 — anQ = [[(znt1 — 20) — (Tn — xO)”z
<N@ngr — zoll? = n — 2ol — 2(xni1 — @0, 20 — o)
< ||zns1 — $0H2 — ||z — xOHZ'
It follows that
lim ||z, — Zn41]| = 0. (2.13)

n—oo

On the other hand, it follows from z, 1 € C,, that

lyn = @nral® < zn = 2t + en(lzoll® = llonll? + 2(@n — 20, 2n41))

(2.14)
+ (1 = ay) k| Tzn — anz — ap|| Tz, — 350”2]'

Moreover, since y, = anZo + (1 — ap)Txy,, we obtain

9 = zn4a||?
= [lan(zo = Tny1) + (1 — an)(Tzp — 2pi1)|? (2.15)

= apllwo — xn+1||2 + (1 = ay)|| Tz, - xn-l-le —ap(l —ap)||Tzn — x0||2.



Strict pseud-contraction strong convergence theorems ... 147

On the other hand, we have

2741 — Tap?
= |Tns1 — p + 2p — Ty )? (2.16)

= ||Tnt+1 — xn||2 + ||xn — Txn||2 + 2xpg1 — Tny Ty, — Txy).
Combine (2.14), (2.15) with (2.16) yields that

(1= o)1 = k)| Tan — 2 ®
<2(1 = ap)l|@ns1 — znllllzn — Tan|

+l[en = zppa || + anlllzol® = lzn? + 2(2n — 20, Zas1))-
Since (2.13) and lim,,—, o a;, = 0, we obtain
lim | Tz, — z,| = 0.

Next, we can obtain the desired conclusion easily by following the method of Theorem
2.1. The proof is completed.

As some applications of our main results, we have the following results.

If 8, = 1 for all n > 0 in Theorem 2.1, then Theorem 2.1 includes the correspond-
ing result of Marino and Xu [9] as a special case.

Note that the class of k-strict pseudo-contractions strictly includes the class of
nonexpansive mappings. That is, T" is nonexpansive if and only if T is 0-strict pseudo-
contraction. by using Theorem 2.1 and Theorem 2.2, we can obtain the following
desired conclusions easily.

Corollary 2.3 (Martinez-Yanes and Xu [8]). Let C' be a nonempty closed convex
subset of a Hilbert space H and let T : C — C be a nonexpansive mapping such
that F(T) # 0. Assume that {a, }52, and {5,}32, are sequences in (0,1) such that
lim,, oo a, <1 — 46 for some 6 € (0,1] and lim,,_,o, 8, = 1. Define a sequence {z,}
in C' by the following algorithm:

x9 € C  choesn arbitrarily,

Zn = BnTn + (1 - Bn)Txna

Yn = nZpn + (1 — )T 2y,

Crn={v€C:|lyn —v|* < [lzn — o[> + (1 = an)([|2n]?
_Hxn‘P + 2(xp — zn,v))},

Qn={vel:{(xg—xpn,x, —v) >0},

Tp+1 = PCnﬂan07

then {x,} converges strongly to ¢ = Pp()x0.

Corollary 2.4 (Martinez-Yanes and Xu [8]). Let H be a real Hilbert space, C' a closed
convex subset of H and T : C — C' a nonexpansive mapping such that F(T) # 0.
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Assume that o, C (0,1) is chosen such that lim,,_,, = 0. Then the sequence {x,,}52
generated by

xg € C chosen arbitrarily,

Yn = anTo + (1 — an)Tzy,

Cn=1{2 € Ct|lyn — 2|1 < llzp — 2l + an(llzol* + 2(zn — 20, 2))},
Qn=1{2€C:{xg— xn,z, — 2) >0},

Tpn+1 = Pcannxo.

converges strongly to PF(T).’E(].
Acknowledgments

The authors are extremely grateful to the referees for useful suggestions that
improved the content of the paper.

References

[1] C.E. Chidume, S.A. Mutangadura, An example on the Mann iteration method
for Lipschitz pseudocontractions, Proc. Am. Math. Soc. 129 (2001), 2359-2363.

[2] A. Genel, J. Lindenstrass, An example concerning fixed points, Israel J. Math.
22 (1975), 81-86.

[3] B. Halpern, fixed points of nonexpanding maps, Bull. Am. Math. Soc. 73 (1967),
957-961.

[4] S. Ishikawa, Fixed points by a new iteration medthod, Proc. Am. Math. Soc. 44
(1974), 147-150.

[5] T.H. Kim, H.K. Xu, Strong convergence of modified mann iterations for asymp-
totically nonexpansive mappings and semigroups, Nonlinear Anal. 64 (2006),
1140-1152.

[6] P.L. Lions, Approximation de points fixes de contractions, C.R. Acad. Sci. Ser.
A-B Paris 284 (1977), 1357-13509.

[7] W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953),
506-510.

[8] C. MartinezYanes, H.K. Xu, Strong convergence of the CQ method for fixed
point iteration processes Nonlinear Anal. 64 (2006), 2400-2411.

[9] G. Marino, H.K. Xu, Weak and strong convergence theorems for strict pseudo-
contractions in Hilbert spaces, J. Math. Anal. Appl. 329 (2007), 336-346.

[10] S. Matsushita, W. Takahashi, A strong convergence theorem for relatively non-
expansive mappings in a Banach space. J. Approx. Theory 134 (2005), 257-266.



Strict pseud-contraction strong convergence theorems ... 149

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

K. Nakajo, W. Takahashi, Strong convergence theorems for nonexpansive map-
pings and nonexpansive semigroups, J. Math. Anal. Appl. 279 (2003), 372-379.

X. Qin, Y. Su, Strong convergence theorems for relatively nonexpansive mappings
in a Banach space, Nonlinear Anal. 67 (2007), 1958-1965.

X. Qin, Y. Su, M. Shang, Strong convergence theorems for asymptotically nonex-
pansive mappings by hybrid methods, Kyungpook Math. J. 48, (2008), 133-142.

X. Qin, Y. Su, M. Shang, Strong convergence of the composite Halpern iteration
J. Math. Anal. Appl. 339 (2008), 996-1002.

S. Reich, Weak convergence theorems for nonexpansive mappings in Banach
spaces, J. Math. Anal. Appl. 67 (1979), 274-276.

S. Reich, Strong convergence theorems for resolvents of accretive operators in
Banach spaces, J. Math. Anal. Appl. 75 (1980), 287-292.

N. Shioji, W. Takahashi, Strong convergence of approximated sequences for non-
expansive mappings in Banach spaces, Proc. Am. Math. Soc. 125 (1997), 3641-
3645.

Y. Su, X. Qin, Strong convergence of modified Ishikawa iterations for nonlinear
mappings, Proc. Indian Acad. Sci. Math. Sci. 117 (2007), 97-107.

R. Wittmann, Approximation of fixed points of nonexpansive mappings, Arch.
Math. 58 (1992), 486-491.

H.K. Xu, Iterative algorithms for nonlinear operator, J. London Math. Soc. 66
(2002), 240-256.

K.K. Tan, K.K. Xu, Approximating fixed points of nonexpansive mappings by
the Ishikawa iteration process, J. Math. Anal. Appl. 178 (1993), 301-308.

Xiaolong Qin
email: gx1xajh@163.com
Yongfu Su

email: suyongfu@tjpu.edu.cn

Department of Mathematics
Tianjin Polytechnic University
Tianjin 300160, China

Received 18 XII 2007



Journal of

Mathematics
and Applications

No 30, pp 131-135 (2008)

On an application of certain sufficient
condition for starlikeness

Janusz Sokotl

Submitted by: Jan Stankiecwicz

ABSTRACT: In this paper we consider a sufficient condition for function
to be a-starlike function, when o € [0,1/2]. We use it for certain subclass
of strongly starlike functions defined by a geometric condition. We take
advantage of the techniques of differential subordinations
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1. Introduction

Let H denote the class of analytic functions in the unit disc U = {z : |z] < 1}
on the complex plane C. Let A denote the subclass of H consisting of functions
normalized by f(0) = 0, f/(0) = 1. We say that f € H is subordinate to g € H in
U, written f < g, if and only if there exists a function w € H with w(0) = 0 and
|w(z)| < 1in U such that f(z) = g(w(2)) for z € U. If f < g in U, then f(U) C g(U).
Many classes of functions studied in geometric function theory can be described in
terms of subordination. Let us denote po(z) = (1+ (1 —2a)z) /(1 — 2), z € U, and
let

zf'(2) zf'(2)
f(z) f(z)

be the class of a-starlike functions, « € [0,1). S*(0) is the class of starlike functions
which map U onto a starlike domain with respect to the origin. We say that the
function f € H is convex when f(U) is a convex set. It is easy to see that p, is a
convex univalent function.

Robertson [4] obtained the following theorem.

S*(a):_{feA: <pa(z)inU}_{f€A:Re[ ]>aforz€ U}

Theorem A([4]). If f € A, with f(z)/z # 0 and if there exists a k € (0, 2], then
'@ o |2G) 2f(z) 2
f'(z) f(z) fz) 2+ kz

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland

(1)
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In particular f € §*(«), with o =2/(2+ k).
In this paper we consider a condition similar to (1). We shall use the Jack’s Lemma
given below.
Lemma A(see [2]). If a function w is analytic for |z| < |z < 1, w(0) = 0 and
|w(z0)| = max{lw(z)] : |2] <z0[}, then
zow' (20)

w(z0) =

2. Main results

Theorem 1. If f € A, then

Zf”(Z)} [Zf’(Z)} 3 2f'(z)
< Re -— =

f'(2) f(2) 4 f(2)

where the branch of the square root is chosen in order to ¢o(0) = 1.

Proof. Let us denote Q(f,z) = zf'(z)/f(z). Suppose that Q(f,2z) A qo(z). The
function go is univalent in U so there exist zg, (o such that |zo| = ro < 1, |(o] =

1, Q(f,2){lz] < ro}) C q(U) and Q(f,20) = qo(¢o). Then the function w(z) =
4 " (Q(f,2)) is analytic in |z| < 79 and w(0) = 0, w(zo) = (p. Thus |w(2)| assumes

Re { < qo(2) = V1+z,

at zp its maximum in |z| < |zp| and by Lemma A zow'(z9) = mw(z), m > 1.
Logarithmic differentiating go(w(z)) = Q(f, z) we obtain
wiz)  wle) 2" ()
w(z) 2(1+w(2)) f'iz) )
Then we have
20f"(z0) ZOJN(ZO)] _ [ZOw’(zo) w(z0) _m 1
e f'(20) flz0) | w(z0) 2(1+w(z))| 4 =y

which contradicts the hypothesis of the theorem so Q(f, z) < qo(2) = V1 + 2. O

For the function

4 2T+ 2 -2 1 1 1 1
JLew@Viteod) g leilagla Lol @
(1+ I+ 2)2 2 16 96 128

we have zfq(2)/ fo(2) = qo(2) and 1+ 2f¢/(2)/f5(2) = qo(2) + 5777, hence

fo(z2) :

UG ) a2
foz) — fo(2) 2(z+1)
Note that the function g(z) = —TZ;Z—I) maps U onto the half-plane {w : Re w <

—3/4}.
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Let us still denote Q(f,z) = zf'(z)/f(z). Kanas and Wisniowska introduced in
[3] the concept of a k-starlike functions

k—ST = {f € A:Re[Q(f.2)] > K|Q(f,2) — 1|}, k> 0.

In this way they obtained a continuous passage from starlike functions (k = 0) to the
class S considered by Renning [5], where S; = (1 — ST). Moreover for 0 < k < 1
the quantity Q(f, z) takes its values in a convex domain on the right of a hyperbola
while for k£ > 1 inside an ellipse. Now, let us consider the class SL*:

SL' = {f e A:|Q¥f,2) —1] <1} 3)

It is easy to see that f € SL* if and only if Q(f,z) < qo(z) = V1+ 2, ¢o(0) = 1.
Therefore by Theorem 1 we obtain the following corollary.

Corollary 1. If f € A and

then f e SL”.

Notice that £ := {w € C: Rew >0, |w?—1| < 1} is the interior of the right half
of the lemniscate of Bernoulli s : (2% + y?)? — 2(2? — y?) = 0. It can be verified that
L C{w:|w—+2/2| < /2/2} (see Fig. 1). Moreover £ C {w : |Arg w| < 7/4}, thus
SL* C 8§8%(1/2) C §*, where SS§*(8) denotes the class of strongly starlike functions
of order 3

SS*(B) ={feA:|Arg Q(f,2)| < pr/2}, 0<pB<1

which was introduced in [6] and [1]. Let us consider the conic region P(k) = {w €
C : Re w > k|lw — 1|} connected with the class k — ST described above. For k > 1
the curve OP (k) is the ellipse 71 : 22 = k?(z — 1)? + k%y2. For k > 2+ /2 this ellipse
lies entirely inside £. Therefore k — ST C SL*, for k > 2 + /2.
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71 2? = (6 +4v2)(z — 1)?
+(6 + 4v/2)y2

A= 4+7312

Re B =Re O = £/2-=2

_ __ 1
Im B=-Im C s

Yo (2% +y%)? —2(2® —y?) =0

71

Y2 E

73 Fig.1

Re

Re D =Re E = £
ImD:—ImE:%

v3 1 (x —v2/2)2 + 42 =1/2,
r:ﬁ/Q

A simple calculation shows that the function g(z) = zexp(az) satisfy (4) when
la| < 1/3. Thus g € SL* for |a| < 1/3. The condition (3) gives after much more
intricate calculation the sharp bound |a| < v/2 — 1. Moreover by (3) we obtain

(1—a2)?
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ABSTRACT: In this paper we study stability of solutions of minimiza-
tion problems f(z) — min, € C, where f is a convex lower semicon-
tinuous function and a set C' is the countable intersection of a decreasing
sequence of closed sets C; in a reflexive Banach space X
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1. Introduction
In this paper we study the minimization problem
f(z) — min, z € C (PY)
and the convergence of solutions of the problems
fl@) > min, z€ C;, i =1,2,...
to a solution of the problem (P7), where
C=n2,C;,

C;,i=1,2,... is a decreasing sequence of convex closed subsets of a reflexive Banach
space X, and f is a convex lower semicontinuous function defined on X. Such conver-
gence properties for minimization problems on reflexive Banach spaces and Hilbert
spaces were studied in [2-5].

In the present paper we will prove two main results. The first of them stated in
Section 2 and proved in Section 3 establishes that if a function f satisfies a strict

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
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convexity condition, then for all sufficiently large natural numbers ¢ all approximate
solutions of the problem
f(z) = min, z € C;

are close to a unique solution of the problem (P7).

Our second main result stated in Section 4 and proved in Section 5 establishes the
existence of an open everywhere dense subset F of a space of convex lower semicon-
tinuous functions on X equipped with a natural complete metric such that for each
f € F the following property holds:

If a function g belongs to a small neighborhood of f and a natural number 7 is
large enough, then approximate solutions of the problem

g(x) — min, x € C;

are close to a unique solution of the problem (P7).

2. The first main result

We use the convention that co — 0o = 0 and co/oo = 1. Let X be a reflexive Banach
space with the norm || - || and let

Coo = N24Ci 0, (2.1)

Ciy1CCi,i=1,2,...,

where for all natural numbers ¢, C; is a closed convex subset of X.
Let f: C; — R U{co} be a convex lower semicontinuous function which is not
identically infinity on C'», and satisfy

H,_l‘i‘m f(z) = oo. (2.2)
For each nonempy set C' C C put
inf(f;C) =inf{f(z) : x € C}. (2.3)

Since the space X is reflexive and the convex lower semicontinuous function f satisfies
(2.2) for each i € {1,2,...} U {oo} the following minimization problem

f(x) = min, z € C;

has a solution.

In this section we assume that f possesses the following property:

(P1) For each natural number n > 1 there is a number J > 0 such that for each
z,y € Cy satisfying ||z|], ||y|| < n and ||z—y|| > 1/n and each a € [(2n)~1,1—(2n) 1],

flaz+(1—a)y) +d <af(z)+(1—a)f(y).
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Property (P1) implies that for each i € {1,2,...}U{oco} there is a unique z; € C;
such that
f(xi) = inf(f; C;). (2.4)

The following theorem is our first main result.
Theorem 2.1.
1. lim; o inf(f; C;) = inf(f; Cuo).
2. Let ¢ > 0. Then there exist § > 0 and a natural number iy such that for each
integer i > ig and each x € C; satistying f(z) < inf(f;C;) + 4,

|z — zoo|| < e.

Theorem 2.1 will be proved in Section 3.

Note that if C4 = X where X is a Hilbert space with the inner product < -,- >
and if f(z) =< z,z >, z € X, then the function f is convex and the property (P1)
holds. The minimization problem (Py) with the function f(z) =< z,x > was studied
in [5].

It was shown in [1] that if in a complete metric space of convex lower semicon-
tinuous functions there is a function which possesses the property (P1) then most
functions of the space (in the sense of Baire category) have this property.

3. Proof of Theorem 2.1

It is not difficult to see that assertion 1 holds (see also Lemma 2.1 of [2] or Lemma
3.3 of [3]).
Let us prove assertion 2. Let ¢ > 0. Choose ¢y > 0 such that

co > |inf(f; Coo)| + |inf(f; C1)| + 4. (3.1)
Let v be an arbitrary positive number such that
v <4 te (3:2)
By (2.2) there is a natural number k such that
if z € C1 and f(z) < ¢p, then ||z|]| <k, (3.3)

El<~/8, k>4 (3.4)

By property (P1) there is A € (0,27!) such that the following property holds:
(P2) For each z,y € C; satisfying

[l [yl < &, [l —yll = 1/k

we have
FO 4+ 27y) + 8A <271 f(2) + 271 £(y). (3.5)
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By assertion 1 there is a natural number iy such that for each integer ¢ > ig

|inf(f; Coc) — inf(f: C3)| < A/2. (3.6)
Let integers 4, j satisfy
iv.j > iOv
z €y, f(x) <f(f;C) + A, y € Cy, fly) <inf(f;C)) + A (3.7)

We show that ||z — y|| < . Assume the contrary. Then by (3.4)
lz —yll >~ > 8/k. (3.8)
We may assume that j > 4. In view of (3.7), the inequality A < 1/2, (2.1) and (3.1)
f), f(z) <inf(f;Coo) +1 < co. (3.9)

It follows from (3.3) and (3.9) that

Il [yl < k. (3.10)
Clearly,
27z +y) €. (3.11)
By (P2), (3.7), (3.8) and (3.10)
f Nz +y) <27 f(x) +27 f(y) — 8A. (3.12)

In view (3.6), (3.7) and (3.12),

F@ Nz +y) <27 (inf(f;Ci) + A) + 27 (inf(f; Cj) + A) — 8A
< 27Y(inf(f; C;) + A) + 27 H(inf(f; C;) + A) — 85 = inf(f; C;) 4+ 2A — 8A.

This contradicts (3.11). The contradiction we have reached shows that ||z — y|| < 7.

We have shown that the following property holds:

(P3) For each pair of integers i,j > i9 and each x,y € X satisfying (3.7) the
inequality ||z — y|| <+ holds.

Since + is an arbitrary positive number satisfying (3.2) it follows from (P3) that
{z;}32, is a Cauchy sequence (see (2.4)). Since f is lower semicontinuous we obtain
that

f(lim z;) < lim f(x;). (3.13)
71— 00 71— 00
Clearly,
lim z; € Cw. (3.14)

71— 00

In view of (3.13), assertion 1, (2.4) and (3.14),

f(lim z;) < f(200).

11— 00
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Since zo is a unique minimizer of f on C the relation above and (3.14) imply that

ZToo = lim x; in the norm topology. (3.15)

By (P3) and (2.4) for each pair of integers ,j > 4o
|z — a4l <.
Together with (3.15) this implies that
[|Too — ;|| < 7y for all integers i > ip. (3.16)
Let an integer i > ig and let x € C; satisfy
f(x) < inf(f;C;) = A.
By (P3) ||z — ;|| < 7. Combined with (3.2) and (3.16) this inequality implies that
|z — zoo]| < 2y <e.

Assertion 2 is proved. This completes the proof of Theorem 2.1.

4. The second main result

We again use the convention that co — oo = 0 and co/oo = 1. Let X be a reflexive
Banach space with the norm || - || and let

Cro = 324 #0,
where for all natural numbers i, C; is a closed convex subset of X such that C;1 C Cj,
Z :]f}‘(f,e.&;c.}; function g : C; — R' U {co} put
dom(g) = {z € Cy : g(z) < o0}.
Let ¢ : C1 — R' be such that

¢(z) — o0 as ||z|]| — 0. (4.1)

Denote by M the set of all convex lower semicontinuous functions f : C; —
R U {00} which are not identically oo such that

f(x) > ¢(x) for all x € C;. (4.2)

Denote by M, the set of all finite valued functions f € M, by M, the set of all
continuous functions f € M., by ML the set of all locally Lipschitz functions f € M,
and by M the set of all Lipschitz on bounded subsets of C functions f € M,,.
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For each integer n > 1 set
Em)={(f,9) e M x M : |f(z)—g(x)| <1/n for all z € Cy such that ||z|| < n}

N{(f.9) e Mx M+ |(f = g)(@) = (f —9)W)| < n ||z — |
for all z,y € Cy N dom(f) such that ||z||,]|y|| < n}. (4.3)

We equip the space M with the uniformity determined by the base £(n), n =1,2,....
It is clear that the uniform space M is metrizable and complete. We equip the space
M with the topology generated by this uniformity. Clearly, M,, M., M;p, and M,
are closed subsets of M.

Note that for each i € {1,2,...} U {oo}, inf(f; C;) is finite.

In the following theorem which is our second main result we assume that 4 is one
of the following subspaces of M with the relative topology:

M; My; Me; Mip; Mr.

Theorem 4.1. There exists an open everywhere dense set F C A such that for each
f € F there exist x5 € Coo and an open neighborhood V- C F of f such that:

fzy) =nf(f; Cx);

For each € > 0 there exist 6 > 0 and an integer ig > 1 such that for each integer
i > g, each g €V and each x € C; satisfying g(x) < inf(g; C;) + 9,

e — a4 < e

5. Proof of Theorem 4.1

Lemma 5.1. Let f € M. Then inf(f; C) = lim;_, o inf(f; C;).

Proof Clearly,
inf(f;C) = lim inf(f;C;)

and for each i € {1,2,...} U{oo}, inf(f;C;) is finite.
For each integer ¢ > 1 set

Clearly for any integer ¢ > 1 D; # () and the set D; is closed convex and bounded
and therefore it is weakly compact. Hence

M2y Di # 0.

Let
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Then
f(z) < lim inf(f;C;), 2z € Cuo

and
inf(f;C) < lim inf(f; C;).

11— 00

Lemma 5.1 is proved.

Let A be M or M,, or M, or M;, or M,

feA v€(0,1), x5 € Cx, f(zy) =inf(f;Coo). (5.1)
Set
£(@) = f@) +lle — ], = € Cu. (5.2)
Clearly, f, € A and
fy— fasy— 04 in A (5.3)
Lemma 5.2. Let
JeA v€(0,1), x5 € Cx, f(xy) =inf(f;Cux) (5.4)

and let € > 0. Then there exist an integer iy and § > 0 such that if an integer i > i
and if © € C; satisfies f(x) <inf(fy;C;) + 6, then ||z —x¢|| <e.

Proof By (5.1) and (5.2),
fy(@p) = f(zy) = inf(f; Co) = inf(f3; Coc)- (5.5)

Choose § € (0, 1) such that
46/v < e. (5.6)

By Lemma 5.1 there is an integer ig > 1 such that
|inf(f; Cx) —inf(f; C;)| < 0 for all integers i > ig. (5.7)
Let an integer i satisfy
i > 1o, x € Cj, fy(z) <inf(fy;C;) +4. (5.8)
In view of (2.1), (5.3), (5.5), (5.7) and (5.8)

f@)+alle —zgll = fy(z) < inf(fy;C5) + 0 < inf(fy;Cx) +0 = inf(f;Cx0) +0
< inf(f;C;) +20 < f(zf) + 26.

These relations imply that
Al — 2y < 26.

Together with (5.6) this inequality implies that

|z —aysl] <2677 <e
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Lemma 5.2 is proved.
Lemma 5.3. Let

feA v€(0,1), x5 € Cx and f(zy) = inf(f; Cu). (5.9)

Then there exists a natural number n such that the following assertion holds.
For each € > 0 there is § > 0 and an integer iy > 1 such that if an integer i > iy,
if g € A satisfies (g, fy) € £(n) and if x € C; satisfies

g(x) < inf(g; C;) + 0,

then ||z — zf|| <e.
Proof By (5.1), (5.2) and (5.9),

F(ay) = flay) = inf(f; Co) = inf(fy; Coc). (5.10)
In view of (4.1) there is a natural number n such that
n>||lzf||+4and 1/n < /4 (5.11)
and
if x € Cy satisfies ¢(z) < |inf(f; C1)| + |inf(f; Cso)| + 8, then ||z]| <n. (5.12)
Let € > 0. Choose ¢ € (0,1) such that
807! <e. (5.13)
By Lemma 5.1 there is a natural number iy such that for each integer ¢ > ig
|inf(f; C;) —inf(f; Co)| < 0/4. (5.14)
Assume that
g€ A (g9,fy) € En), aninteger i > g, x € Cy, g(x) <inf(g;C;) +45.  (5.15)
In view of (5.11), (5.15), (2.1) and (5.9)
lg(zs) = fr(xp)] < 1/n. (5.16)
It follows from (5.15) that
g(z) <inf(g; C;) +6 < inf(g; Coc) + 0 < g(s) + 6. (5.17)
By (4.2), (5.16) and (5.10),

¢(z) < g(x) < flzg) +1. (5.18)
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By (5.18), (5.12) and (5.15),

|zl < n, |g(z) = fy(x)] < 1/n. (5.19)

By (5.15), (4.3), (5.19), (5.11) and (5.3),

9(x) = fy(@) +9(x) - fy(2)
= @)+ (g = )@) = (9= F)@p) + (9= F) ()
> fy(@) —nTHlw —apll + (g = ) (@)
= f@) +lle =zl =n7 Mo —zyll + (9 = f7)(2y)
> f(@)+ (/2 =zl + g(xg) = fr(2s).

Combined with (5.10) and (5.17) this implies that

6 > f(z) + (v/2)lle — xpl] = flzp). (5.20)

By (5.20), (5.15), (5.14) and (5.9),

flag) +6 f@) + (/2w — 2|l = inf(f; Co) + (v/2) || — ]|
inf(f; Coo) = 6/4+ (7/2)l|x — ]|

f(@y) = 6/4+ (v/2)l|w — ]l

AVANY]

and
46y~ > o — z]|.

Combined with (5.13) this inequality implies that
[l —ay|| <e

Lemma 5.3 is proved.

Completion of the proof of Theorem 4.1.

Let f € A, z¢ € Cx, f(zy) = 1inf(f;Cx), v € (0,1). By Lemma 5.3 there exists
an open neighborhood V'(f,v) of f, in A such that the following property holds:

For each € > 0 there exist 6 > 0 and an integer g > 1 such that if an integer
i >0, g € V(f,v) and if x € C; satisfies

g(x) <inf(g; C;) + 0,

then ||z — z¢|| <e.
Put

F=u{V(f): feA ve (D)

By (5.3), F is an open everywhere dense subset of A. It is not difficult to see that
Theorem 4.1 holds by the definition of V(f,v) (f € A, v € (0,1)).



160 A.J. Zaslavski

References

[1] D. Butnariu, S. Reich and A. J. Zaslavski, There are many totally convex func-
tions, J. Convex Analysis 13, 623-632 (2006)

[2] P.G. Howlett and A. J. Zaslavski, On the minimization of convexr functions in
reflexive Banach spaces, Communications in Applied Analysis, 5, 535-545, (2001)

[3] P.G. Howlett and A. J. Zaslavski, A porosity result in convexr minimization, Ab-
stract and Applied Analysis, (2005), 319-320.

[4] M.M. Israel and S. Reich, Eztension and selection problems for nonlinear semi-
groups in Banach spaces, Math. Japonica, 28, 1-8, (1983)

[5] J. Semple, Infinite positive-definite quadratic programming in o Hilbert space, J.
Optim. Theory Appl. 88, 743-749, (1996)

A. J. Zaslavski

email: ajzasltx.technion.ac.il

Department of Mathematics
The Technion-Israel Institute of Technology
32000 Haifa, Israel

Received 19 I 2008



Journal of

Mathematics
and Applications

No 30, pp 161-170 (2008)

Certai s,ubclﬁ%s 8£0 tivalgnt functions

mvolving t won-drivastava
operator

Ting Zeng, Chun-Yi Gao, Zhi-Gang Wang and R. Aghalary

Submitted by: Jan Stankiewicz

ABSTRACT: In the present paper, we introduce a new subclass Sg /)\(oz; a, c; P)
of multivalent functions involving the Cho-Kwon-Srivastava operator. Such
results as inclusion relationships, coeflicient estimates and convolution
properties for this class are proved. The results presented here would
provide extensions of those given in earlier works

AMS Subject Classification: 80C45
Key Words and Phrases: Analytic functions, multivalent functions, subordination
between analytic functions, Hadamard product (or convolution), Cho-Kwon-Srivastava

operator
1. Introduction
Let A, denote the class of functions of the following form:

flz)=2"+ Z Anpz" TP (peN:={1,2,3,...}), (1)

n=1
which are analytic in the open unit disk
U:={z:2€C and |z] <1}

For simplicity, we write
./41 = A.

Also let P denote the class of functions of the form:

p(z) :1—|—anz" (z €U),
n=1

COPYRIGHT @ by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszéw, Poland
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which are analytic and convex in U and satisfy the following inequality:
R(p(2)) > 0.

Let f, g € A, , where f is given by (1.1) and g is defined by
g(z) = 2"+ Z brgpz™ P,
n=1
Then the Hadamard product (or convolution) f* g of the functions f and g is defined
by
(f#9)(2) = 2"+ > tnpbnipz" P =i (g% f)(2).

n=1

For parameters
ac€R, ceR\Z; (Zy:={0,-1,-2,...}),
Saitoh [5] introduced a linear operator:

Ly(a,c): Ay — A

defined by
Ly(a,0)f(2) = dpla,c;2)* f(z2) (2€TU; feA)
where .
o) = 3 @)

and (A), is the Pochhammer symbol defined by
1, (n=0),
(A)n =
AA+1D) - A+n—1), (n €N).

In a recent paper, Cho et al. [2] introduced the following family of linear operators
77 (a, ¢) analogous to Ly(a, c):

I)(a,c) : A, — Ay,
which is defined as
Ip(a,¢) f(2) =@l (a,c;2) * f(2)  (a,c€R\Zy; A>—p; z€U; fEA), (3)

where ¢L(a, ¢; z) is the function defined in terms of the Hadamard product (or con-
volution) by the following condition:

2P
opla,c; z) * (b;ﬂ(a,c; z) = A= 4)
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We can easily find from (2), (3) and (4) that

I;‘(a,c)f(z) = Z %anﬂ,z"ﬂ’ (z€U; A > —p). (5)

n=0

It is also readily verified from (5) that

(@) ) = -i—0) (B0 @) +e(@ac+1)HY () (6)
(z€U; je{0,1,...,p—1}).

For two functions f and g, analytic in U, we say that the function f is subordinate
to g in U, and write

fz) <g(z)  (z€0),

if there exists a Schwarz function w(z), which is analytic in U with
w(0)=0 and |w(z)]<1l (z€U)
such that

fz) =g(w(z)) (z€0).
Indeed it is known that

f(z) <g(z) (2€U) = [f(0) =9(0) and f(U)C g(U).

Furthermore, if the function g is univalent in U, then we have the following equiva-
lence:

f(z) <9(z) (z€U) <= f(0)=g(0) and f(U)Cg(U).

In recent years, several authors obtained many interesting results involving the
Cho-Kwon-Srivastava operator (see, for details, [1, 4, 6]). In the present paper, by
making use of the operator I;‘ (a,c) and the above-mentioned principle of subordina-
tion between analytic functions, we introduce and investigate the following subclass
of the class A, of p-valent analytic functions.

Definition 1 A function f € A, is said to be in the class S;{;(a; a,c; @) if it satisfies
the following subordination condition:

2[(1-0) @@AN T )+ (Bac+ 1)) ()
(1—a) (20, 0) (2) + (D@, e+ 1) )Y (2)

<(p—-i)¢(z) (z€0)

(7)
for some a (« 20) and j (j € {0,1,...,p—1}), where ¢ € P.

For simplicity, we write

89050, ¢;6) = S (a, ¢; 9).
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Remark 1 If we set

LA i<paasy

a=3j=0 and ¢(z)—1+Bz s =

in the class SZE{/)\(a;a,c; ®), then it reduces to the class Sy, (a,c; A, B) which was
studied recently by Aghalary [1].

In order to establish our main results, we shall also make use of the following
lemma.

Lemma 1 (see [3]) Let 8,7 € C. Suppose also that ¢(z) is conver and univalent in
U with

#(0)=1 and R(BoP(z)+7v) >0 (z €U).
If p(2) is analytic in U with p(0) = 1, then the following subordination:

zp'(2) s s
ao(z)+7ﬁp(z)ij <¢(z) (z€D)

implies that
p(z) <o(z)  (2€).

In the present paper, we aim at proving such results as inclusion relationships,

coefficient estimates and convolution properties for the class S;f;\(a;a,c; ¢). The
results presented here would provide extensions of those given in earlier works.

2. A set of inclusion relationships

At first, we prove some inclusion relationships for the class S;j;(a; a, c; ¢), which was
defined in the preceding section.

Theorem 1 Let ¢ € P with
R(p=i)o(z)+=—p+3) >0 (a>0 je{0,1,....p—1} z€U).
Then
SR (;a,¢;6) € S (a,¢5.6).
Proof. Let f € SI(){))\(oz;a,c; @) and suppose that

4 )\ac (J+1) V4
poy=2G@I) B oy 0
-9 (B @oN

Then 1 is analytic in U and 4(0) = 1. It follows from (6) and (8) that

_c(@act )Y ()
(Ta.N (z)

c—p+j+(p—3)v()



Certain subclass of multivalent functions ...

We can easily find from (8) and (9) that

z (Ip(a,c+ l)f)(jﬂ) (2)

=22 i) e p o+ i+ - VAR (BN ()

It now follows from (6), (8), (9) and (10) that

A[0-0) B@an)™™ @) +a @ e+ n)" (zﬂ
(p—17) [1—04 (Z)(a,0) f )(J) (2) + a (T} (a,c+ 1) ) z}
(1 —a)yp(2) + 2{2¢'(2) + e —p+ 3+ (p = J)Y(2)] ¥(2)}
O—a) Sle=p+Ji+(p—5)v(z)
:%WNQ+{1—Q+ [c—p+i+—i)vE)]}vE)
(I—a)+gle—p+j+(—iv()

<é(2) (z€D).

el
(@

:w@%+——p+y+@ )P (2)

Moreover, since
R(0-i)o(:)+5—p+j) >0  (a>0 z€D),
by Lemma 1 and (11), we know that

z (Z)(a,c)f) G+1) (z)
(0 —9) (@)Y (2)

that is, that f € S;{;(a, ¢; ¢). This implies that

P(z) = <¢(z2) (2€D),

S;{;(a; a,c;¢) C Sz(j))\(a, ¢ b).
Hence the proof of Theorem 1 is complete. m
Theorem 2 Let ¢ € P with
R(p—5)e(z) +c—p+7) >0  (5€{0,1,...,p—1} z€l).

Then . 4
S (a,e+1;0) € S (a,¢:9).

Proof. Suppose that f € Sz(j{g\(a, ¢+ 1;¢). Then we have

2 (TN ae+ 1)) (2)
(p—7) (@ac+ 1)) (2)

<é(z) (2e).

165

(10)

(12)
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Differentiating both sides of (9) with respect to z logarithmically and using (8), we
have

. 2/ (2) C 2(@ect DN () .
(A0 Ry sy s =) (Tae+ D) () (zeU). (13)
It now follows from (12) and (13) that
er ) <o) (z€D). (14)

c—p+ij+—4)b(z)
Moreover, since
R((p—4)o(z) +tc—p+j)>0 (2€0),
by (14) and Lemma 1, we know that
2 (Ba,00) " ()
(- 3) (@@, (2)

that is, that f € Sg;\(a, ¢; ¢). This implies that

P(z) = <¢(z) (2€D),

Sz(ig\(a, c+1;0) C Sg/)\(a,c; ®).

The proof of Theorem 2 is thus completed. m

3. Coefficient estimates

In this section, we give the coefficient estimates of functions belonging to the class
S (asa,c:9).

Theorem 3 If f € SI()J/)\ (a;a,c- 1+z>, then

P 1—-z

2nl(p — J)( =5+ Dn(p = 3j + Dn-1(a)n

| < : 15
(4ol S T35 4 D)nlo + Do D (e + ma) (15)
(] € {0717"'7p_1}; n,pEN).
Proof. Suppose that f € S[()j;\ (a; a,c; ifz) It follows that
[1-0) (200N () +a (B ac+ 1)) ()]
=:p(z), (16)

(—3) |1 =) (@a.0N) Y () +a (Ba,c+ 1) (2)]

where
142

1—=2

p(2) =1+piz+pez? +--- < (z €eU).
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Upon substituting the series expansion of f(z) and p(z) in (16) and equating the
coefficients of 2”77 on both sides of the resulting equation, we obtain

(TL - J) [(1 - a)kc,n + Oékchl,n]
=p1(p— ) [(1 = @ken—1 + kcrin1] +p2(p — §) [(1 — Qken—2 + aketr,n2]

+~-~+pn(p—j) [(1 _a)kc,0+akc+1,0] (n € N)v
(17)

where
k(] ‘= Po ‘= 17

and
(A+Pp)n(c)n

n!(a)n

Using the well known coefficient estimates:

ken =

)

(ntp)--(n+tp—Jj+1)ansp

lpal=2  (neN)
in (17), we get the required result (15) asserted by Theorem 3. m

Remark 2 If we set « = j = 0 in Theorem 3, we can get the corresponding result
obtained by Aghalary [1].

4. Convolution properties
In this section, we provide some convolution properties for the class SI()J ;\(a, c; ).

Theorem 4 Let f € Sz(i/)\(a,c; @). Then

f9(z) = {z”j exp ((P —J) /OZ —QS(w(?) — 1d§>} * (;} TETRCHR fgi’éc)n z”“’j) , (18)
( €{0,1,...,p—1}) where w is analytic in U with
w(0)=0 and Jw(z)|<1 (z€0).

Proof. Suppose that f € SI(E;\(CL, ¢; @). We know from (7) (with o = 0) that

z (I;,‘(a, c)f)(j+1) (2)
(p—3) (Ta, 00N (2)

where w is analytic in U with

=ow(z) (z€D), (19)

w(0)=0 and |w(z)]<1 (z€0).
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We next find from (19) that

(@@N ") p-j _
BNV ) 2

Upon integrating (20), we have

Ma, c @) z  dlw —
1Og<(fp< ) <>>_(p_j)/0 SCLIEL

Zp_j

or equivalently,

BN (=7 e (-5 [ L)
On the other hand, we know from (5) that
(I;‘(a, c)f) 2 (2) = (Z %fﬂ)j) % f(j)(z). (22)
n=0 ! n

The assertion (18) of Theorem 4 can now easily be derived from (21) and (22). m

Theorem 5 Let
feA, and ¢€P.

Then f € Sg;\(a,c; @) if and only if

z nl(a)n

! lf(j)(Z) " (Z QAP 1,y 5 (5= j)o(e)) +)] 40 (23)

n=0

(z€U; 0Z6<2m).

Proof. Suppose that f € SI()j ;\(a, ¢; ¢). Since the following subordination condition:

¢ (B0 )" ()

- < ¢(2)
(p— ) (TN (2)

is equivalent to

¢ (B0 ()
(p—7) (T(a, 00NV ()

It is easy to see that the condition (24) can be written as follows:

¢ (2€U; 0260 <2n). (24)
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L@@ @) - - ) (@ n) @o®)] #0 (25)
(z€eU; 056 <2n).
On the other hand, we know from (5) that

nl(a),

2 (@, )7 (2) = (Z GR LG LY j)z”ﬂ’-f) f9G). (26)

n=0

Upon substituting (22) and (26) into (25), we can easily get the convolution property
(23) asserted by Theorem 5. m
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