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The Real and Complex Convexity

Abidi Jamel

ABSTRACT: We prove that the holomorphic differential equation
©"(p+c) =v(¢")? (¢ : C — C be a holomorphic function and (v, c¢) € C?)
plays a classical role on many problems of real and complex convexity. The
condition exactly v € {1, 21 /s € N\{0}} (independently of the constant
¢) is of great importance in this paper.

On the other hand, let n > 1, (A3, A2) € C2, and g1,92 : C* — C be
two analytic functions. Put u(z,w) =| Ayw — g1(2) |? + | Asw — go(2) |?,
v(z,w) =| Ajw —g1(2) |2 + | Aow — g2(2) |?, for (2,w) € C* x C. We
prove that u is strictly plurisubharmonic and convex on C" x C if and only
if n =1, (A1, A42) € C?\{0} and the functions g; and go have a classical
representation form described in the present paper.

Now v is convex and strictly psh on C™ x C if and only if (A;, As) €
C2\{0}, n € {1,2} and g1, g» have several representations investigated in
this paper.
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1. Introduction

Tt is not difficult to prove that if g : D — C be a function (not necessarily holomorphic)
such that v is convex over D x C, then g is an affine function, where D is a convex
domain of C", n > 1 and v(z,w) =| w — g(2) |?, for (z,w) € D x C.
But if we consider the case of 2 functions, the problem is difficult. However if g1, g5 :
C™ — C be 2 holomorphic functions, v;(z,w) =| Ajw — g1(2) |?
+ | Agw — g2(2) |?, v2(2,w) = v1(Z,w), for (z,w) € C" x C and Ay, Ay € C.

We have the questions:
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— Find exactly all the conditions described by ¢g; and g» such that v; is convex
over C" x C?

— Find exactly all the conditions described by g1 and g2 such that v; (respectively
vg) is convex and not strictly psh over C* x C?

— Find exactly all the conditions described by g1 and g such that v; (respectively
vg) is convex and strictly psh over C™ x C?

Several questions can be studied in this situation.

The class of convex and strictly psh functions is a good family for the study
and has several applications in complex analysis, convex analysis in several complex
variables, harmonic analysis (representation theory), physics, mechanics and others.
For example, the importance of my study of this last class is to discover the existence
of an infinite family of convex and strictly psh functions but not strictly convex (or
not strictly convex in all Euclidean open ball of the domain of definition) on the
above form. It follows that the exact characterization of the (convex and strictly psh)
functions of the form | Ajw — g1(2) |> + | Asw — ga(2) | describe the existence of
an important family of holomorphic functions (which is fundamental for the study).
Note that if n increases, the problem is difficult if we consider several absolute values.

Using this paper, we can answer to the following question.

Characterize all the holomorphic not constant functions f1, fo : C* — C and all
the holomorphic not constant functions Fy, Fy : C™ — C, such that u is convex
(respectively convex and strictly psh) over C* x C™, where n,m > 1 and

u(z,w) =| fi(z) = Fy(w) * + | f2(2) = Fa(w) |”

for each (z,w) € C™ x C™.

Now, for example, given g1,gs : C" — C be two analytic functions, n > 1 and
Ay, Ay € C\{0}. Define u(z,w) =| Ajw — g1(2) |> + | Asw — g2(2) |?, for (z,w) €
C™ x C. We prove that u is convex and strictly plurisubharmonic on C" x C if and
only if n =1, g1 and g9 satisfies

{ g1(z) = Ay1(az + b) Jr@(cz +d)
92(2) = Az(az +b) — Ai(cz + d)

(for each z € C with a,b,d € C and ¢ € C\{0}), or

g1(2) = Ai(arz + by) + Ageler=+d)
g2(2) = Ag(ayz + by) — Ajelerztd)

(for each z € C, where aj,b1,d; € C and ¢; € C\{0}).

However, the number of the absolute values implies that n = 1. The great differences
between the classes of functions (convex and strictly psh) and strictly convex is one
of the purpose of this paper.

Moreover, if we replace C™ by a convex domain bounded on C™, the above result is
not true.
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We show extension results of ([3], Corollaire 17), which is the following.

Let o, 8 € C, (o # ) and g : C" — C be analytic. Using holomorphic differential
equations, we prove that | g+ a | and | g + 8 | are convex functions over C" if and
only if ¢ is an affine function on C”.

Observe that the complex structure plays a key role in this situation. For example,
let p(z) = 22 + 1, for z = (21,...,2,) € C", 21 = (z1 + iy1) € C, where z1,y; € R.
Then ¢ is real analytic on C". | ¢ +0 |=| ¢ | and | ¢ + 1 | are convex functions on
C™. But ¢ is not affine on C".

Let U be a domain of R, (d > 2). We denote by sh(U) the subharmonic functions
on U and my the Lebesgue measure on R%. Let f : U — C be a function. | f | is the
modulus of f, Re(f) is the real part of f. supp(f) is the support of f. For N > 1 and
h=(hy,...hy), where hy,...hn : U = C, | h||= (| h1 |2 +..4 | hy [2)2.

Let g : D — C be an analytic function, D is a domain of C. We denote by ¢(©) =
g,9M) = ¢ is the holomorphic derivative of g over D. g2 = ¢”,¢®) = ¢/”. In general
gm) = g;;(f is the holomorphic derivative of g of order m, for all m € N.

Let z € C",z = (21,...,2n),m > 1. For n > 2 and j € {1,...,n}, we write z =
(25 Z3) = (Z1y ey 2j—1, Zjy Zj1y ooy Zn) Where Zj = (21, ey Zj—1y Zj4 1y ey 2n) € CPLIE
&= (&,...,&,) € C", we denote < z/€ >= 2161 + ... + 2,&, and B(&,r) = {( € C"/
| ¢ =& ||<r} for r >0, where \/< /€ > =| £ | is the Euclidean norm of &.
C(U)={¢:U — C/ypis continuous on U}.

CHU) = {¢ : U = C/p isofclass C* on U} and C¥(U) = {p : U — C/p €
C*(U) and have a compact support on U}, k € NU {co} and k > 1.

Let ¢ : U — C be a function of class C?. A(yp) is the Laplacian of (.

Let D be a domain of C", (n > 1). psh(D) and prh(D) are respectively the class of
plurisubharmonic and pluriharmonic functions on D.

Definition 1. Let ¢ : D — R be a function of class C? and a € D. We say that ¢
2

(a)ajay > 0, for all a = (e, ..., ) €

n
is strictly plurisubharmonic at a if —
_Zl 0207,

Cc™\{0}.

Moreover, we say that ¢ is strictly plurisubharmonic on D if ¢ is strictly psh at
every point a € D.
For all a € C,| a | is the modulus of a. Re(a) is the real part of a. D(a,r) = {z € C/
| z—a|<r}and dD(a,r) ={2z€C/ | z—al|=r}, for r > 0.
For p an analytic polynomial over C, deg(p) is the degree of p.

J.k=

For the study of properties and extension problems of analytic and plurisubhar-

monic functions we cite the references [1], [4], [5], [6], [7], [8], [10], [13], [14], [15], [16],
[19], [20], [21], [24], [25], [26], [27], [29], [30], [32], [34], [35] and [12]. Several properties
of analytic functions and their graphs are obtained in [12] and [13].
The class of n-harmonic functions is introduced by Rudin in [33]. There are many
investigations of plurisubharmonic functions in [2], [18], [22], [23], [28], [29], [31], [11]
and [9]. Good references for the study of convex functions in complex convex domains
are [17], [21] and [35].
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2. A Fundamental Properties over C”

The following 4 lemmas (Lemma 1, Lemma 2, Lemma 3 and Lemma 4) are fun-
damental in this paper. Convex and plurisubharmonic functions are connected by
the

Lemma 1. Let u: C" — R be a continuous function, n > 1. Put v(z,w) = u(w — %),
for (z,w) € C™ x C"™. For z = (21, ..., 2n),@ = (a1, ...,a,) € C" and 1 < j < n, we
write z; = (xj + i%j4n) and o; = (bj +ibj1n), where £j,Tj4n,b;,b0j4n € R,

The following conditions are equivalent

(a) u is convex on C™;
(b) v is psh on C™ x C™;
(¢c) For all ¢ € C*(C™), ¢ > 0, we have

- Z / (2)bjbrdma, (z) = Re( Z / 6z 82 (2)ajopdman(2))
7,k=1 J

J,k 1
E / 9 ]9 a )ajak: m2n(2> =

J,k=1

for each o = (avq, ..., ) € C™;

(d) For all ¢ € C°(C™), ¢ > 0, we have

1 2n 82Q0
Z / (2)ajandman(2)) < / u(2) 5 (2)bjbidman (2)
7,k=1 j,k=1 J k
Z/ 8zjazk (2)ajoidman (2)

J,k=1

for each o = (aq,...,a,) € C™. (This is an important property in real and
complex analysis);

Z/ 82] (2)ajoudmay, (2) Z/ azjazk (2)ajadmay, (),

7,k=1 7,k=1
for eacha:(al,..., n) € C", for each ¢ € CX*(C™), ¢ > 0.

Proof. (a) implies (b) is evident.

(b) implies (a).
Case 1. n=1.
Let p: C — Ry, pis a radial C* function, supp(p) C D(0,1) and [ p(§)dma(£) = 1.
For all § > 0, we define ps by ps(§) = 6%/)(%), for £ € C.
Observe that v(z,.) is sh and continuous on C.
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Fix 6 > 0 and z € C. We have

v(z, ) * ps(w) = / o(zsw — €)pa(€)dma(€) = / u(w — € — 2)ps () dma (€)
= ps(w — %) = ¥s(z,w),

where ¢5(¢) = [u(¢ — &)ps(§)dma(§) = u+* ps(C), for ¢ € C.
Therefore the function s is C> on C. Consequently, s is C> on C2.

Let A(z,w, &) = v(z,w—&)ps(§), for z,w, & € C. Since u is continuous on C, then
A is continuous on C3. Note that the function A(.,.,¢) is psh on C2, for each ¢ € C.
Since ps have a support compact, then by ([32], p.75), s is psh on C2.
Consequently, 15 is C* and psh over C2.
By ([3], Lemme 3 p. 339), the function ¢; is convex over C. Thus u * ps is a convex
function on C, for all § > 0. The sequence of functions (u * p1), (for j € N\{0}),
converges to the function w uniformly over all compact subset of C because u is
continuous. Therefore, u is convex on C.

Case 2. n > 2. This proof is similar to the Case 1.
(a) implies (c) is well known.

(c) implies (a).
Let j € {1,...,2n}. If b; =1 and b, = 0, for all k # j, then
0%
/ ) g (Jdman(2) 2 0.

It follows that
2n 62
Z/u(z)a—;(z)dmgn(z) = /u(z)Aap(z)dmgn(z) >0,
j=1 J

for all p € C(C™), ¢ > 0.
Therefore u = v on C"\E, where v is a subharmonic function on C” and FE is a
borelien subset of C™ with mg, (E) = 0.

Now, assume that u is not subharmonic on C™. Then there exists zy € C" and

r > 0 such that )

uz0) > B )

/ w(&)dmap (§).
B(zo,r)

Since
[ u@amae) = [ olydman o).
B(zo,r) B(zo,r)
it follows that u(zp) > v(zp) and consequently, v(z9) — u(zp) < 0.
Since u is continuous on C", then (v — u) is an upper semi-continuous function
on C". Therefore, there exists n €]0,r[ such that (v — u) < 0 on B(z,7n). Since
man(B(20,1)) > 0 and u = v on C"\ E, we have a contradiction.

The rest of the proof of this lemma is similar to the two above proofs. O
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Remark 1. The constant % is the good constant for the two inequalities in the
assertion (d) at Lemma 1.

Let D be a not empty convex domain of C", n > 1 and s € N\{0, 1}. There does
not exists a constant ¢ > 0 such that for all ©: D — R be a function of class C* and
convex on D, we have

1, & % 2 92 u
E' Zm(z)%’ak < Zaw]a 2)bjbr < c Za Jevjou |,
J,k=1 j,k=1

Vz = (21,..,2n) € D, Va = (a1, ...,a,) € C", zj = (x; +i%j4n), @; = (b; +ibj1n),
(acj,xj+n,bj,bj+n S R), 1<5<n.

Lemma 2. Let a,b,c € C. We have

(A) (aca@ + bBB + 2Re(caB) > 0, for all (a, B) € C?) if and only if (a > 0, b >0
and | ¢ |*< ab).

(B) (ac@+bBB+2Re(caB) > 0, for all (o, B) € C2\{0}) if and only if (a > 0, b > 0
and | ¢ |2< ab).

Proof. See ([3], Lemme 9, p. 354).

Lemma 3. Let u : G — R and h : D — C, G is a convexr domain of C*, D is
a domain of C", n > 1. Suppose that u is a function of class C? on G and h is a
pluritharmonic (prh) function over D. Then we have

(A) The Levi hermitian form of | h |? is

(‘ | (92’](),2]9 A%k

Jik=1

_|Z J|2+|Za O‘J|2

for each z = (21, ..., 2n) € D, for all a = (ay, ..., ap,) € C™.
We can also study the case where h is n-harmonic on D.

(B) u is convex on G if and only if

= " 9%
_ _
DD v azjaz azar |< ) azjaa(z)%o"“

7,k=1

for each z € G and all a« = (ay, ..., ) € C™.
u s strictly convex on G if and only if

| Z 82']82 Z)ajon [< z 8,2]82 2)oa

for each z € G and every o = (o, ..., ) € C"\{0}.
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Proof. Let z=(z1,...,2,) € D, a = (a1,...,a,) € C™.
Vi, k € {1,...,n}, since h is prh on D then

(| h|?, . 0h,  Oh) oh o)
) (2) = S (G + () G o).
Therefore,
9 ( |h| _ " Oh oh), .__ " Oh __o(n)
=) o (e + 3 2 ,
Z 3z](92k A 4,0z (2)e; 0% () Lk:lm(z)ak 9z, (2)a;
N0k O “~ Oh <Ok, .
gz @ (G Eaw) + (5 (s (X5 (lew)
Jj=1 k=1 j=1
n ah n ah
= 7(2’)0@ 1> + | Za (2)a; |2
j=1""7 j=1

The following lemma plays a classical role on several problems of complex analysis.
Several fundamental properties of pluripotential theory deduced by this lemma was
obtained in this paper.

Lemma 4. Let f1,..., fn,91,-, 98 : D — C, D is a domain of C™*, n, N > 1.

Put f = (f1,..,fn), 9 = (91,...,9n) and assume that f1,...,fn, g1,...,9N are
holomorphic functions on D. Let w : D — R be a function of class C?. Then
(M F12+ 1l gl?) and (|| f+7 ||?) have the same hermitian Levi form over D.
In particular (u+ || f ||> + || g ||?) is strictly psh on D if and only if (u+ || f+7 ||?)
1s strictly psh on D.

N N N
Proof. | f+g[P=>_|fi+g5 P=|fI*+1gl*+>_Figi+D_fig; on D.
j=1 j=1 j=1
N N
Observe that Z(fjgj + fig;) = 2Re(2fjgj) is a pluriharmonic (prh) function on
j=1 j=1
N
D. Consequently, the Levi hermitian form of the function Z( fijg; + £;g;) is equal
j=1
zero on D x C". Tt follows that || f+g || and (|| f ||*> + || ¢ [|*) have the same
hermitian Levi form on D. O

Now we choose a proof which is classical in complex analysis of the following.

Theorem 1. Let g1,92 : C* — C be two analytic functions, n > 1 and Ay, As €
C\{0}. Put

u(ap)(2) = A1(< z/a > +0) — g1(2) |* + | Aa(< 2/a > +b) — ga(2) |*= u(z),
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forz€e C", acC” and b € C.

The following conditions are equivalent

(A) u(ap) is convex on C", for all a € C" and b € C;

(B)
{ 91(2) = A1(< z/ar > +b1) + Az(< z/er > +d)™
92(2) = Az2(< z/a1 > +b1) — Ar(< z/er > +di)™

(for each z € C™ with ay,¢1 € C",by,dy € C,m € N), or

91(2) = A1(< z/ag > +by) + Agel<z/c2>+d2)
92(2) = As(< z/ag > +by) — Ajel<=/e2>+d2)

(for each z € C™, where az,co € C", by, dy € C).

Proof. Case 1. n=1.

(A) implies (B). For a,b € C, ugy) is a function of class C*° on C2. Therefore we

have

62’&(5)1,)
022

aQU(E’b)

2
9207 (z), VzeC,V(a,b)eC”.

() |

Fix z € C. Then

| 91 (2)[A1(az + ) — g1(2)] + g5 (2)[A2(az + b) — g2(2)] |
<[ Ara—gi(2) [* + | A2a — g5(2) %,

for all a,b € C.
State 1. Take a = 0. Then

| =97 (2)71(2) — g3 (2)72(2) + b(A1g] (2) + A295 (2)) [<] g1 (2) [* + | g5(2) |,

for all b € C.

If (A197(2) + Aagy(2)) # 0. Then the subset C is bounded. A contradiction.

It follows that (A;g} + A2g5) = 0 over C. Consequently, (A1g1 + Aag2) is an affine
function on C.

State 2. For all a € C, we have

| 91 (2)[Araz — g1(2)] + g5 (2)[Azaz — g2(2)] |
<| Ara—gi(2) I* + | Asa— g3(2) |7, VzeC.

It follows that

| 97 (2)1(2) + 95 (2)72(2) <] Ara — g1 (2) |* + | Aza — g5(2) |?
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for each z € C. We have

(| A1 P + [ A2 1) | a | —2Re[a(A1g1(2) + Azg5(2))]+ | g1(2) 17 + | g5(2)
— 1 g (2)71(2) + g5 (2)g2(2) |> 0,V2 € C, Vae€C.

Now observe that

(I A1 P+ 1 A2 *) | a|* —2Re[a(Arg)(2) + A2g5(2)]+ | 91(2) |* + | ga(2) 7

— 197 (2)71(2) + 92 (2)32(2) |=| av/| A |? + | Az |?
1 a 2 -1 A A 2
A Pr A |2( A191(2) + Azg5(2)) | +m | A1g1(2) + A2g5(2) |
+191(2) P + 1 92(2) [P = | 97 (2)71(2) + g3 (2)72(2) [> 0

for each a € C. o o
For a = e (A191(2) + A295(2)), we have

‘ A2 |2 2 | Al |2 / 2
[ et L TR i
‘Al |2 + | A2 |2 |gl(z) | |A1 |2 + ‘ A2 |2 ‘92(‘2) |
2 A A —_— J—
A 1 4, e A1 () ()= | 91 (2)F1(2) + 02 (2)92(2) [> 0.

Thus

1 / J— J—
EEEPNE | A2gi(2) = Arga(2) |2 = | 9 (2)71(2) + 95 (2)g2(2) > 0

for each z € C. Put A = f‘—; € C\{0}.
Ayg! + Asgl =0 on C and then g = —Ag} over C.
Therefore we have

(1)

(] Ay |2 i | Ay |2) | A29/1(z) - Algé(z) |22| glll(z)(gl(z) - A92(2)> |

for each z € C.
Since g{ = —=g4, then

(2)
1
(1AL 2+ 42 %)

| 20 6(2) — An2) 1= St () 1(2) — Aga(2)) |

| Aagi(2) — Arga(2) P>

for every z € C.
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(1) implies that

‘ gil(z)(gl(z) - Ag?(z)) |S (‘ Al |2 i | Ag |2) ‘ Alel(z> - Algé(z) |2

for each z € C.
Then

|91 (2)(91(2) — %92(2)) = ﬁ | A2gY(2)(A201(2) — Arga(2)) |

1
<
T (AP A2?)

| Azg1(2) — A1gh(z) |2

for each z € C.
Then we obtain the inequality

3)

| Az |?
(1AL ]2+ 1 A2 )

| Aagl (2)(A2g1(2) — A1ga(2)) |< | A2y (2) — Argh(2) |2

for every z € C.
Now (2) implies the following inequality
(4)

| Ay |
(| AL 2+ A2 ?)

| —A191(2)(A201(2) — A1g5(2)) |< | A2 (2) — Avga(2) |2

for every z € C.

The sum between the inequalities (3) and (4) implies that
| A2gY (2)(A201(2) — Arga(2)) | + | —A1g5(2)(A201(2) — A1g2(2)) |

AP+ Ay P , .
<UAMPHTA ) ) — Aigh(=) =] Aagh(z) — Argh(2)
(A E+] 42 )

for each z € C.
By the triangle inequality we have

| (A2g7 (2) — A1g5(2))(A2g1(2) — Ar1g2(2)) |<| Azgi(2) — Argy(2) |2

for each z € C.

Now put ¢(z) = A2g1(2) — A192(2), for z € C.
Note that ¢ : C — C, ¢ is holomorphic over C. ¢ satisfy the holomorphic differential
inequality | ¢”¢ |<| ¢’ |* on C. Then "¢ = vy(¢')?, where v € C, | v |< 1.

By ([3], Corollaire 14, p. 361; Théoréme 22, p. 362) exactly v € {1, 51/t € N\{0}}.
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Therefore ¢(z) = (az +b)® for all z € C, where a,b € C and s € N, or ¢(z) = ele*+9)
for all z € C, where ¢,d € C.
Step 1. ¢(2) = (az + )%, for all z € C. Then Asgi(z) — A1g2(z) = (az + b)*.

Now since A1¢}(2) + Aagy(z) = 0, then Ay1g1(2) + Azg2(2) = a1z + by, for all
z € C, where aq,b; € C. We have the system

{ &91(2) - ég2(z) = (CLZ + b)s
A191(2) + Azga(2) = a1z + by

for each z € C. o
It follows that (| Aa |> + | A1 [?)g1(2) = As(az +b)* + Aj(arz + by), and then

gg(z) = AQ(GQZ —+ bg) — E(agz —+ bg)s
for each z € C, where ag, bs,a3,b3 € C and s € N.

Step 2. p(2) = e(**9) for all z € C.
Then we have by the Step 1, the system

{ Azgi(2) — A1ga(z) = et
A191(2) + Aaga(z) = a1z + by

for all z € C, with (ay,b; € C).
Then

{ 91(2) = Ay(azz + b)) + As(azz + b3)*®

{ g1(2) = A1(e1z + dy) + Agelczztd2)
ga(2) = Ag(c12 +dp) — Ajele2ztdz)
for each z € C, where ¢1,dy,ca,ds € C.
(B) implies (A) is evident.

Case 2. n > 2.

For z = (21, ..., 2n) € C", we write z = (21, Z1), Z1 € Ccr1, 2 eC.
We can prove that (A1g1 + Asgs) is an affine function on C".

A191(2) + Aaga(z) =< 2/ag > +by, ag € C", byeC.

Consider the functions ¢1(., Z1), g2(., Z1) and we use the problem of fibration as
follows. By the Case 1, we have

{ 91(2) = Ay[o(Z1)z1 + B(Z1)] + Azp(2)

92(2) = Az[a(Z1)z1 + B(Z21)] — Arp(2),
where o, 3: C"~! = C and ¢ : C" — C.
A201(2) = Arga(2) = (| AL [P + | A2 [*)o(2).
Then ¢ is analytic on C™. Consequently,

(A1g1(2) + A292(2)) = (| A1 P + | A2 )l Z1) 21 + B(Z1)] =< z/ag > +bo
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for each z € C".

Then « and  are analytic functions. « is constant and S is an affine function on
C"~ ! Then a(Z1)21 + B(Z1) =< 2/A > +u, A€ C", u € C (2 = (21, Z1) € CM).
It follows that | ¢ |? is convex on C". By ([3], Théoreme 20, p. 358), the proof is
complete. O

Theorem 2. Let g1,92 : C* — C be two analytic functions, n > 1 and Ay, As €
C\{0}. For all a € C" and b € C, define

ugap) (2) =| Ai(< z/a > +b) — g1(2) [P + | Aao(< 2/a > +b) — ga(2) |,

Ulab,er,es)(2) =| AL(< 2/a > +b) — g1(2) + 1 |2 + | As(< z/a > +b) — g2(2) + 2 |27

for each z € C".

The following assertions are equivalent

(A) wap is strictly convex on C", for each (a,b) € C" x C;
(B) n=1 and g1, g2 are affine functions on C with the condition (A1g5 # Aag));

(C) There emists c1,co € C such that uqp.c, c,) 15 strictly convex on C", for every

(a,b) € C" x C.

Proof. (A) implies (B).
Since w4 p) is strictly convex on C”, for each (a,b) € C" x C, then by Theorem 1, we
have

{ gl(Z) = A1(< z/a1 > +b1) +§(< Z/Cl > +d1)m
92(2) = Aa(< z/ay > +b1) — A1 (< z/eq > +di)™

(for each z € C", where ay,c; € C™,by,d; € C,m € N), or

91(2) = A1(< z/az > +b2) —i—@e(g/cp“‘d?)
gg(Z) = A2(< Z/Clg > +b2) — A16(<z/c2>+d2)
(for each z € C™, where as,cy € C™, by, dy € C).

Case 1. o
{ gl(Z):A1(< z/a1>+b1)+ﬁ(< Z/Cl>+d1)m
92(2’) = A2(< z/a1 > +b1) — A1(< Z/Cl > +d1)m

for each z € C".

Uap)(2) =| A1(< z/a > +b— < z/a1 > —b1) —Ay(< z/ey > +d))™ |2

+ | Ax(< z/a > +b— < z/ag > —by) + AL (< z/er > +di)™ |2,
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where (a,b) € C™ x C.
Choose now a = a; and b = by. It follows that

u(z) =[< z/er > +dy P (| Ay P+ ] A2 )

and u is strictly convex on C”.
Thus v is strictly convex on C", where v(z2) =|< z/c; >|*™, for z € C". But v is
strictly convex on C™ if and only if m =1, n =1 and ¢; € C\{0}.

g1(2) = Ay(a1z + by) + As(cr1z + di) = a1z + fi,
92(2) = Az(arz 4+ b1) — Ai(c1z + di) = oz + fa,

for z € C, with oy, B1, 2,82 € C and (g #0or az #0).
In this case A1g5 = A1(Asar — Aicr), Aagh = Az(Arar + Ascr).
Aigh # Asgy, because — | Ay |2 ¢ #| Az |2 ¢1.

Case 2. _
g1(Z) = A1(< Z/Clg > +b2) + A26(<Z/C2>+d2)
92(2) = Aa(< z/ag > +bs) — A e(<z/c2>+d2)

for each z € C. For (a,b) € C" x C,
Uapy (2) = | A1(< z/a > +b— < z/as > —by) — Agel<#/c2>d2) |2
+ | Ao(< z/a > +b— < z/ag > —by) + Aje(<#/c2>+d2) 2
Choose now a = as and b = by. It follows that
u(z) =] (/) 2 (| A, P g | Ay )

and u is strictly convex on C". Thus ¢ is strictly convex on C", where ¢(z) =
| e<#/¢2> |2 for all z € C". But now observe that ¢ is not strictly convex at all
point of C”, for all n > 1. Therefore this case is impossible.

(B) implies (A) is evident.
(B) implies (C). Note that if

Uasberen) (2) =] Ar(az +b) = gi(2) +e1 [P+ | Az(az +b) = ga(2) + 2 )
a,b,cq,co € C, we now prove that

0<|Aja—g; >+ | Asa—gh|?, foreach acC.

If a = lel € C (g; is an affine function), then a # %, because if a = %’2, then
4 = 4 and therefore Asg) = A1g5. A contradiction.

Consequently, | Aja — g} |*> + | Asa — g} |?>> 0, for every a € C. It follows that
Ua,b,c1,cq) 18 strictly convex on C, for all (a,b,c1,¢2) € Cc4.

(C) implies (B). By the proof of the assertion (A) implies (B), we have

{ 91(2) —c1 = Ai(< z/an > +51) + Ax(< 2/ > +62)™
92(2) —co = Ax(< z/ag > +51) — A1(< z/ag > +52)™
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(for each z € C", where ay, a3 € C", 31,62 € C,m € N), or

91(2) —¢ = A1(< Z/'Yl > +51) +A726(<z/72>+52)
92(3) — o = A2(< Z/’Y1 > +61) — Tle(<2/72>+52)

(for each z € C™, where 71,72 € C", 61,02 € C).
Case 1.

{ 91(2) —e1 = Ai(< z/ar > +B1) + Ao (< z/az > +52)"
g2(2) —ca = Aa(< z/an > +01) — A1(< z/ag > +52)™

for each z € C".
Uaper,en)(2) = | AL(< z/a > +b— < z/ar > —P1) + As(< z/ag > +52)™ |
+ | As(< z/a > +b— < z/ag > —B1) + A1(< z/ag > +62)™ |?

for each z € C™.
Take a = a1, b = 1, then we have

Uabrer,es) = (| A1 P + | A2 ) [< 2/ > 462 [P

Therefore u(q,p ¢, c,) is strictly convex on C" if and only if m =n =1 and az # 0.
Therefore (g1 — ¢1) and (g2 — ¢2) are affine functions and consequently, g; and g2 are
affine functions.

g1(2) =Mz + 1 = Ai(caz + B1) + As(aez + B2) + ¢,

92(2) = Aoz + po = Ag(onz + 1) — Ar(z + ) + c2,

where A1, p1, Ao, o € C. Then (A;1g5 # Aag)).
Case 2. L

g1(2) —c1 = A1(< z/y1 > +01) + Age(<2/72>+02)

go(2) — ca = Aax(< 2/ > +01) — Aje(<z/12>+02)
for each z € C™.
We prove that this case is impossible. O

Using the holomorphic differential equation £ (k+c) = (k)% (k: C — C, (vy,¢) €

C2, k is holomorphic on C), we prove

Theorem 3. Let (A1, A3) € C2\{0} and n > 1. Given two analytic functions g1, go :
C" = C. Put ugap(z) =] A1(< z/a > +b) — g1(2) |* + | A2(< z/a > +b) — ga(2) |2,
for z € C", (a,b) € C" x C.

The following conditions are equivalent

(A) u(ap) is strictly convex on C", for each (a,b) € C" x C;

(B) n=1, g1, 92 are affine functions on C and we have the following 3 cases.
Ay =0, Ay #£0. Then g5 # 0.
Ay =0, Ay #0. Then g} # 0.
Ay #0 and As #0. Then Aagy # A1gh.
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Proof. If A; # 0 and Ay # 0, we use the above Theorem 2.
Now suppose that Ay = 0 and A; # 0. For (a,b) € C" x C, u(qy) is C*° and strictly
convex on C". Therefore we have

3uam mm
< _
| Z 0z;0zy, (2)ajen | Z azjazk Y%k

J,k=1 7,k=1

for each z = (21, ..., 2,) € C", for every a = (o, ..., ) € C"\{0}.
It follows that for z = (z1,...,2,) fixed on C", for a € C" fixed and o =
(a1, ..., ) € C™"\{0} fixed, we have the inequality

B n 829 B n 829
(5) 1T Y D (Gajon + T Y ()
k=11%k jh=1%1Y %k
n 2 n
— Ai(< z/a > +b) 8'91 (2)ajop | < | AL < afa > — a—@(z)aj |2
= 020z = 0%

0
+|Z 92 j|2

for each b € C.
Observe that the right expression of the above strict inequality (S) is independent

£ b. Therefore it 3 9!
(@) . ereiore 1 J;lazjazk

A contradiction. It follows that

(2)ajoy # 0, then the subset C is bounded.

n 2
Z &(z)ajak =0, for every z = (21,...,2,) € C" and o = (a1, ..., ) € C™.
k=1
Since g7 is a holomorphic function over C™, then g¢; is an affine function on C™.

Choose (ag, bg) € C™ x C such that A;(< z/ag > +by) = g1(2), for all z € C™.

Therefore (g, p0)(2) =| g2(2z) |*, for each z € C". Consequently, | g [* is
strictly convex on C". Then, n = 1. In particular | go |? is convex on C. By
([3], Théoreme 20, p. 358) we have ga(z) = (Az 4 0)*, (for all z € C, where ), 0 € C,
s € N), or ga(z) = eM=+9) (for all 2 € C, with Ay, 6, € C).
Case 1. g2(z) = (A\z +6)?, for all z € C.
We have | g5 (2)g2(2) |<| gh(2) |?, for each z € C. Then A # 0 and s = 1.

gy(z) =X #0, (z€C).

Case 2. go(z) = e1#+91) for each z € C.
| g2 |? is a function of class C° on C. We prove that | g |? is not strictly convex at
all point of C. Therefore this case is impossible. O

Corollary 1. Let g1, g2 : C* — C be two analytic functions. Fora € C™, b,c € C, put

Uap,e)(2) =< 2/a > +b—g1(2) + ¢ > +|< z/a > +b— ga(2) |?
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for z € C". The following conditions are equivalent
(A) u(ap,e) is convex on C", for each (a,b,c) € C" x C x C;
(B) g1 and go are affine functions on C™.

Question. Let (A7, A2) € C2\{0} and n > 1. Find exactly all the analytic functions
91,92 : C" — C such that v is convex and w is strictly (n + 1)— sh on C™ x C, where
v(z,w) =] Ajw — g1(2) |> + | Asw — go2(2) |? and u(z,w) = v(z,w) + v(Z,w), for
(z,w) € C" x C?

The case of the conjugate of holomorphic functions

Theorem 4. Let g1,92 : C" — C be two analytic functions, where n > 1. Given
(A1, 43) € (C\{0})? and u(zw) =| Ayw —gi(2) 2 + | Agw — Ga(2) 2, for (,w) €
C™ x C. The following assertions are equivalent

(A) u is convex on C™ x C;
(B) We have the two following fundamental representations.

{ g1(2) :E(< z/a > +4b) + As(< z/c > +d)™
92(2) = Aa(< z/a > +b) — A1 (< z/e > +d)™

(for each z € C™, where a,c € C",b,d € C,m € N), or

gl(z) = E(< Z/)\ > —|—lu) + A2€(<z/’y>+§)
92(2) = A72(< Z/A > —hu) _ Ale(<z/»y>+5)

(for each z € C™, where \,y € C", u,6 € C).

Proof. Let T(z,w) = (z,w), for (z,w) € C* x C. T is an R— linear bijective
transformation over C™ x C. Therefore, v = uoT is convex on C" x C. But
v(z,w) =| Ay~ Fi(2) [P + | A2W — Ga(2) =] Arw — g1(2) [P + | Aow — ga(2) |?

for (z,w) € C™ x C. By the Theorem 1, we conclude the proof. O
Example. Let g(z) = 22+2, 2 € C. Put g1 = g, g2 = —g.
Then g; and go are analytic functions on C. Let D = D(2i, ;). Define u(z,w) =|
w—g1(2) > + [ w—g2(2) %, v(z,w) =] w—71(2) P + | w—52(2) [, (,w) € C*
Then u(z,w) = v(z,w) = 2(] w |*> + | g(2) 1?), (2,w) € C% We have u is strictly
convex on D x C. But we can not write g; and g» on the form of the above theorem.

Now let (A1, A2) € C*\{0}. Define uy (2, w) =| Ayw — k1(2) |? + | Asw — ka(2) |?,

v1(z,w) =| Ajw — k3(2) |2 + | Agw — ky(2) |2, for (z,w) € D x C, where k; = Aag,
ky = —Aig, ks = Asg, ky = —A;g. Note that ky, ks, k3 and k4 are analytic functions
on D. We have u;(z,w) = vi(z,w) = (| A1 |2 + | A2 |P)(| w |? + | g(2) |?), for
(z,w) € D x C. Then u; and v; are functions strictly convex on D x C, but kq, ks,
ks and k4 are not affine functions on D.

It follows that in all bounded not empty convex domain of C" (n > 1), the above

theorem is false.
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Theorem 5. Let g1,90 : C* — C be two analytic functions, where n > 1. Let

(A1, Ag) € (C\{0})? and define v(z,w) =| Ajw — g1(2) | + | Adsw — G2(2) |

(z,w) € C™ x C. The following assertions are equivalent
(A) v is convex and strictly psh on C™ x C;

(B) n € {1,2} and we have the following cases:
If n=1, then
{ g1(2) = Ai(az +b) + Az(cz +d)™
g2(2) = Ag(az +b) — Ai(cz + d)™

2. for

(for each z € C, where a,b,c,d € C,m € N with (m =0,a #0), (m =1, (a,c) #

(0,0)), (m>2,a#0) ), or

g1(2) = A1 (A2 + p) + Age(r3+9)
g2(2) = Ag(\z + p) — Ayel7#+9)

(for each z € C, where A\, u,7,6 € C, (X\,7v) # (0,0)).
If n =2, then

{ g1(z) = E(< z/a > 4b) + As(< z/c > +d)
= Az(< z/a > +b) — A1(< z/c > +d)

92(2)

(for each z € C%, where a,c € C2, b,d € C with the determinant det(a,c) # 0),

or

91(2) = A1(< 2/ > +p) + Aze(<=/1>+9)
g2(2) = Ag(< 2/X > +p) — Ayel<z/7>+9)

(for each z € C%, where \,y € C2, u, 8 € C with the determinant det(\, ) # 0).

Proof. Let T:C" xC — C" xC, T(z,w) = (z,w), for (z,w) € C" x C.

T is an R linear bijective transformation on C™ x C. Then voT = u is convex on

C" x C. u(z,w) =| Ajw — g1(2) |> + | Asw — g2(2) |2, for (z,w) € C" x C.

It follows that

{ 61() = AL(< /0> +5) + As(< 2/ > +d)™
92(2) = Aa(< z/a > +b) — A1(< z/c > +d)™

(for each z € C", where a,c € C*, b,d € C,m € N), or

{ 91(2)
92(2)
(for each z € C", where A,y € C™, u,d € C).
Case 1.

A1(< 2/A > +p) + Agel<=/7>F9)
As(< 2/A > +p) — Agel<z/1>+9)

1
2

{ 91(2) = Ai(< z/a > +b) + As(< z/c > +d)™
92(2) = Aa(< z/a > +b) — A1 (< z/c > +d)™

for each z € C™. We have
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v(z,w) = | Aj(w— < z/a > —b) — Ay(< z/ec > +d)™ |2
+ | Ag(w — < z/a>—b) + A (< z/e > +d)™ |2
=( AP+ P)(w-<z/a>-b*+|<z/c>+d[*™),

for (z,w) € C* x C.

Let vi(z,w) =|w—< z/a>—b |2+ |< z/e > +d |*™, (z,w) € C" x C.
v and v; are functions of class C"° on C" x C. Note that v is strictly psh on C* x C
if and only if vy is strictly psh on C™ x C. By Lemma 4, v; is strictly psh on C™ x C
if and only if vy is strictly psh on C" x C, where

va(z,w) =|w 2+ |< z/a > +b > + |< z/c > +d |*™

for each (z,w) € C™ x C (v is a function of class C* on C™ x C).
But the Levi hermitian form of vy is

L(v2)(z, w)(e, B) =| B |2 +|<ala >|2 +m? |< a/e >|2|< z/e > +d |2m,—2’

for each (z,w) € C" x C and all (o, ) € C™ x C.
We have (L(v2)(z,w)(a, 8) > 0, ¥(z,w) € C"* x C, V(a, ) € C™ x C\{0}) if and
only if (p2(z, ) > 0, Vz € C", Yo € C™\{0}), where

©02(&,0) =|< 0/a >* +m? |< §/c >]?|< &/c > +d ™2

for (§,9) € C™ x C™.
Step 1. m = 0.
Then |< a/a >|> 0, for each a € C*"\{0}. Thus n =1 and a € C\{0}.

In this case we have L
91(2) = A1(az +b) + As
{ 92(2) = Az(az +b) — Ay
for each z € C.
Step 2. m = 1.

Let p3(a) = pa(2,a) =|< a/a >|? + |< a/c >|?, for (z,a) € C" x C. Now since we
have po(z,a) > 0, for each z € C", and a € C"\{0}. Then ¢3(a) =|< a/a >|* +
|< a/e >|?> 0, for every a € C™\{0}.
Put a = (a1, ...,a), ¢ = (€1, ..., Cn). Let a = (a1, ..., ) € C™. We have p3(a) =0
if and only if @ = 0. But p3(a) = 0 is equivalent with < a/a >= 0 and < a/c >= 0.
Therefore
a1ay + ... +apa, =0
{ ajcy + ... + ape, = 0.

Then aq(ai,c1) + ... + ap(an,c,) = (0,0) € C? (C? is considered a complex vector
space of dimension 2) if and only if a3 = ... = a,, = 0. Then the set of vectors
{(a1,c1), ..., (an,cn)} is a free family of n vectors of C2. Therefore n < 2.
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State 1. n = 1.
|<afa>*+|<ale>P=|aal® + | ac [*> 0,
for each o € C\{0}. Then (a,c) # (0,0). Therefore

{ q1(z) = E(ﬁz +b) 4+ Az(cz + d)
gg(Z) = AQ(EZ + b) — Al(EZ + d)

for each z € C. We have
vi(z,w) =|w—azZ—b|* +|cz+d|?

and
va(z,w) =|w P+ |az+b > +|ez+d|?.

vg is strictly psh on C? because | a |? + | ¢ |?>> 0.

State 2. n = 2.
In this case {(a1,c1), (az,c2)} is a basis of the C— vector space C2. It follows that
{(a1,az), (c1,c2)} is a basis of C? and consequently, {(at1, @), (¢1,¢2)} = {a,c} is a
basis of C2. Then the determinant det(a, c) # 0.
In this case we have

{ g1(z) = E(< z/a > 4b) + As(< z/c > +d)
g2(%) = As(< z/a > +b) — A1 (< z/c > +d)

(for each z € C%, where a,c € C?, b,d € C with the determinant det(a, c) # 0).
Step 3. m > 2.

oz, ) =|< afa >* +m? |[< afc >]P|< z/e > +d P72, z,a € C".

State 1. ¢ = 0.
Then po(z,a) =|< a/a >|*> 0, for every a € C"\{0}.
It follows that n = 1. Consequently, a # 0. In this case we have

91(2) = Ay(@z +b) + Agd™
92(2) = AQ(EZ + b) — Aid™

(for each z € C, where a € C\{0}, b,d € C and m € N, m > 2).

State 2. ¢ # 0.
There exists zp € C" such that |< z9/c > +d |= 0.
Since (2m — 2) > 2, then |< zp/c > +d |*™~2= 0. It follows that p2(29, ) =
|< a/a >|?>> 0, for each o € C™"\{0}.
Then n =1 and a € C\{0}. In this case

{ g1(2) = A1(@z + b) + Az(cz + d)™
92(2) = As(@z +b) — Ay(cz + )™
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(for each z € C, where a € C\{0}, c € C\{0}, b,d € C and m € N, m > 2).
Consequently, for m > 2 and independently of ¢, we have in all this step 3, n = 1 and

{ 91(2) = A1(@z +b) + Ag(cz + d)™
g2(2) = Ax(@z +b) — Ay(cz + )™

(for each z € C, where a € C\{0}, b,¢,d € C and m € N, m > 2).

Case 2. o
gl(z) = A1(< Z/)\ > +N) + A26(<z/y>+5)
g2(2) = Aa(< 2/XA > +u) — A e(<z/7>+9)

for all z € C™.
v(zw) = (| A1 P+ | A2 P)(|w—<z/A> = |* + | el</7>70) 2),

for (z,w) € C™ x C.

Let uy(z,w) =| w— < 2/A > =7 |> + | {<2/7>+9) 2 for (z,w) € C" x C.
v and uy are functions of class C°° on C™ x C. We have v is strictly psh on C* x C if
and only if u; is strictly psh on C™ x C.

Now define

Uz (z,w) =| w 2 + |< 2/A > 4p |? + | <=4 2,

for (z,w) € C™ x C. ugy is a function of class C* on C" x C. By Lemma 4, we have
uy is strictly psh on C™ x C if and only if us is strictly psh on C™ x C.
The Levi hermitian form of ug is

L(uz)(z,w)(e, B) =| B + [< /A > + [< afy >[*| S0 2,
for each (z,w) € C™ x C, for all (o, 8) € C" x C. We have
(L(u2)(z,w)(a, B) > 0, ¥(z,w) € C" x C, ¥(a,B) € C" x C\{(0,0)})
if and only if
(p1(z,0) =|< a/A >|? + |< afy >|?| (<*/7>F) 250, Yz e C?, Va e C"\{0}).

Now observe that (¢1(z, ) > 0, Vz € C", Va € C*"\{0}) if and only if (0(z,a) =
< a/A > + |< a/y >|*> 0,Ya € C*"\{0}). But 6 is independent of z € C".
Therefore, u is strictly psh on C" x C if and only if p(a) =|< a/X >2 + |< a/y >]*>
0, for all o € C™\{0}).

By the same method of the Case 1, we prove that n < 2.
Step 1. n=1. Then (| A |? + |~ |?) > 0.
Step 2. n = 2. Then by the same algebraic method developed in the Case 1, we prove
that the determinant det(\,~) # 0.

The proof is now finished. O
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The complete characterization

Theorem 6. Let g1,g2 : C" — C be two analytic functions, n > 1. Given (A1, Ag) €
CA\{(0,0)}. Put v(z,w) =| Ayw —g1(2) |*> + | A2w —g2(2) |?, for (z,w) € C* x C.

The following conditions are equivalent
(A) v is convexr and strictly psh on C" x C;

(B) n € {1,2} and we have the following three cases.
If Ay, Ay € C\{0}, this situation is studied in the above theorem.
If Ay # 0, Ay = 0, then g1 is affine on C", | g |? is conver on C" and
(| g1 12 + ] g2 |?) is strictly psh on C™.
If Ay =0, Ay # 0, then gy is affine, | g1 |* is conver on C"™ and
(| g1 12 + | g2 |?) is strictly psh on C".
Corollary 2. Let g1,g2 : C* — C be two analytic functions, n > 1. Given (A1, As) €
C2. Put v(z,w) =| Ayw —g1(2) |* + | Asw — g2(2) |?, for (z,w) € C" x C.
The following conditions are equivalent
(A) v is convex strictly psh and not strictly convex on C"™ x C;
(B) n € {1,2}, (A1, A3) € C*\{0} and we have

{ 91(2) = AL(< 2/A > +p) + Ag(< 2/ A1 > +m1)*
92(2) = Aa(< z/A > +p) — A1(< 2/A1 > +1)®
(for each z € C™, where A, \y € C", u, 11 € C, s € N with (s =0,n=1,A=0),
or(s=1,\=0n=1,2#£0),0r (s >2,n=1,\#0)), or
g1(2) = A1(< 2/ A2 > +pp) + Agel 2/ Pa>Hua)
gg(z) = A2(< Z/)\g > +M2) — A16(<Z//\3>+”3)

(for each z € C™, where Ao, A3 € C", po,us € C, with (n = 1,Aa # 0), or
(n=1, A3 #0), or (n =2, the determinant det(\a, A3) # 0)).

Corollary 3. Let g1,g2 : C* — C be two analytic functions, n > 1. Given (A1, As) €
C2. Put v(z,w) =| Ayw — g1(2) |? + | Asw — Ga(2) |?, for (z,w) € C" x C.
The following conditions are equivalent

(A) v is conver strictly psh and not strictly convex at all point of C™ x C;
(B) n € {1,2}, (A1, A3) € C*\{0} and we have

[ 519 =Tl a2 1)+l 5>
g2(2) = Aa(< z/X > +p) — A1(< z/A1 > +p1)®

(for each z € C"™, where A\, \; € C™, u,u1 € C, s € N with (n=1,s =0,\ #0),
or(n=1,seN,A\; =0,\#0)), or

g1(z) = E(< z/Aa > 4u2) + A26(<Z//\3>+M3)
92(2) = A2(< Z/AQ > —|—lu2) _ A1€(<Z/>‘3>+/"3)
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(for each z € C™, where A, A3 € C", o, us € C, with (n = 1, A3 # 0, Ao = 0),
or (n =2 and the determinant det(A2, A3) # 0)).

In fact we have the following.

Theorem 7. Let n > 1 and consider two holomorphic functions g1,g2 : C* — C.
Given (A1, Ag) € (C\{0})?. Let
u(z,w) =| Ayw = gi(2) [ + | Aow — G2(2) [, v(z,w) = u(z, 0)+ | Ayw — gi(2) |
+ | Azw — ga(2) [P v1(z,w0) =| Ayw — g1(2) [ + | Aow — g2(2) |?
+1 Aw —7gi(2) [ + | Azw — 73(2) |,

for (z,w) € C™ x C. The following conditions are equivalent
(A) u is convex on C™ x C and v is strictly psh on C" x C;
(B) u is conver on C™ x C and vy is strictly psh on C"™ x C;

(C) n €{1,2} and we have the following two cases.
@
{ g1(z) = E(< Z/A > 4p) + Ao(< 2/ A1 > 4pu1)®
g2(2) = Ag(< 2/ X > +p) — A1(< 2/ A1 > +1)*

(for each z € C™, where \,\1 € C", pu,u1 € C, s € N, with (n = 1,\ # 0), or
(n=1,A #0,s=1), or (n=2,5 =1 and the determinant det(\, A1) # 0)).
(II)

gl(z) — A71(< Z/)\Q > +M2) + A26(<Z/A3>+M3)

92(2) = As(< 2/Aa > +pg) — Ayel=z/As>Fus)
(for each z € C™, where Ao, A3 € C", po,us € C, with (n = 1, Ao # 0), or
(n=1,X3 #0), or (n =2 and the determinant det(A2, A3) # 0)).

Proof. This proof is similar to the proof of Theorem 4.

Now we can answer to the following question.
Question. Let n > 1 and Ay, As € C\{0}. Find all the functions fi, fo : C* — C
such that f; € C(C™) and

w1 is psh on C* x C
s is convex on C" x C,

or (for example)
1 is psh on C™" x C

2 is convex and strictly psh on C™ x C, but not strictly convex on all
not empty open ball of C" x C,
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where
e1(z,w) = log | Ayw — fi(z) | +log | Asw — f2(2) |,
p2(2,w) = | Avw = fi(2) P + | Asw = fa(2) P,
for (z,w) € C™ x C.
Using algebraic methods, we can prove the following theorem:

Theorem 8. Let n > 1 and (A1, As) € C2. Given g1,g2 : C* — C be two analytic
functions. Put u(z,w) =| Ajw — g1(2) |> + | Asw — g2(2) |2, (2,w) € C" x C.
The following conditions are equivalent

(A) u is convex and strictly psh on C" x C;
(B) n € {1,2}, (A1, As) € C*\{(0,0)} and we have the following three situations.
(1) A1 #0 and Ay = 0. Then n =1, g1 is affine, | go |* is convex and strictly

sh on C.

(2) A1 =0 and Ay # 0. Then n € {1,2}, | 1 |? is convex on C", go is affine
on C" and (| g1 |* + | g2 |?) is strictly psh on C™.

(3) Ay, Ay € C\{0}. Then n € {1,2}, g1 and g2 are affine functions on C"
and (| g1 |? + | g2 |?) is strictly psh on C™.

3. A Classical Complex Analysis Problem

Let n,N > 1 and (Al,Bl,...,AN,BN S (C\{O}) For fhgl,...,fN,gN :C" - C,
define

™R

ui(z,w) = | Ayw = fi(2) I + | Biw — g1(2) %,
vi(z,w) = | Ayw — fi(2) P+ | Biw —gi(2) |,
(z,w) = | Ayw — fn(2) | + | Bnw — gn(2) |7,
(

un(z,w) = [ Ayw = fn(2) [P + | Byw — g8 (2) 1%,

un(z,

u=(u1 +..+uyn) and v = (v1 + ... + vn), for (z,w) € C" x C. Define

v1(z,w) =log | Ayw — f1(2) | +log | Biw — g1(2) |,. .-,

on(z,w) =log | Ayw — fn(2) | +1og | Byw — gn(2) |, (z,w) € C" x C.
Question. Find all the functions f1, g1, ..., fn,gn : C* — C such that fi, ..., fy are
continuous functions on C™ and

u1 is convex on C" x C and
1 is psh on C" x C

uy is convex on C™ x C and
N is psh on C™ x C; and
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the function u is strictly psh on C™ x C?

Question. Find exactly all the functions fi1,91,..., fnv,gn @ C* — C such that
f1, ..., fn are continuous functions on C”, and

v1 is convex on C™ x C and
w1 is psh on C" x C

vy is convex on C™ x C and
N is psh on C™ x C; and

v is strictly psh on C* x C?

Theorem 9. Letn > 1, n+1 = 2¢q, ¢ € N. Let Ay, By,...,Ay, B, € C\{0} and
159155 fq, 94 : C" = C be 2q analytic functions. Define

ui(z,w) = | Ajw — f1(2) |2 + | Biw — ¢1(2) |2,...7
ug(z,w) = | Aqw — f4(2) [* + | Baw — gq(2) |

and v = (u1 + ... + uq), for (z,w) € C* x C.
The following conditions are equivalent

(A) ui,...,uq are convex functions on C™ x C and u is strictly psh on C"™ x C;
(B) For each j € {1,...,q}, we have
{ fi(z) = Aj(< 2/ X5 > i) + Bjej(2)
9i(2) = Bj(< 2/Xj > +15) — A;jpi(2)

for each z € C", with A\; € C", u; € C, ¢, : C* — C be a holomorphic function,
| @, |2 is a convex function on C" and

_ o (9a 9p1 9pq 9¢q
(At = Az, e At = Ags (@) 5 (@) (G2 (@)s s 57 (@)

is a basis of C", for all a € C™.

(We can also study the problem w is strictly psh on C™ x C and not strictly convex on
all not empty open ball of C™ x C, ...).

Proof. (A) implies (B). Let j € {1,...,q}. By Theorem 1, we have

{ fi(z) = Aj(< 2/X; > +p5) + Bjpi(2)
9i(2) = Bj(< 2/X; > +p5) — A;p;(2)
¢j: C" = C, y; is analytic and | ¢; |? is convex on C™.
In fact ¢;(2) = (< z/v; > +9;)%, (for all z € C", where v; € C", §; € C, s; € N), or
©;j(2) = e(<#/a>+b) for all z € C", with a; € C*, b; € C.
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We consider in this proof the case where

{ f](Z) = Aj(< Z/)\] > +,uj) +Bj(< Z/’}/j > +5j)5-7

9;(2) = B (< z/Xj > +p) — Aj (< z/v; > +6;)%

for each z € C™ and all j € {1,...,n} (the proof of the other cases are similar of this
proof). Therefore,

u(z,w) = (| Ay P4 | By P)[| w— < 2/A\1 > —p1 |? + |< 2/71 > 461 2] + -+
+ (] 44 1>+ B, |2)H w— < z/Ag >~y ?+ < z/vq > +0q |28q]»

(z,w) e C" x C.
Define

’U(Z,’LU) = | w— <Z/>\1 > —u |2+ ‘< Z/’Yl > +61 |2$1 + .-
+ | w—<z/Ag > —py ?+ 1< 2/vq > +44 |25,

(z,w) € C™ x C. u and v are functions of class C*° on C" x C.

We have in fact u is strictly psh on C™ x C if and only if v is strictly psh on C"* x C.
Because this situation, we study the function v.

Let T:C"xC - C"xC, T(z,w) = (z,w+ < 2/ >), for (z,w) e C"xC. T isa
C— linear bijective transformation over C" x C. Put v; = voT. Then v, is a function
of class C*° on C™ x C.

We have v is strictly psh on C™ x C if and only if vy is strictly psh on C™ x C.

vi(z,w) = w—p1 P+ < z2/m > 401 P 4 | w— < z/Ae — A > —pp |
+ < 2/y2 > 402 22+ | w— < 2/Ag — A1 > —py |
+ < 2/74 > +44 254,

for (z,w) € C™ x C.
The Levi hermitian form of vy is

L(v1)(z,w)(a, B) = | B * +s7 |< a/m >[P|< z/m > +01 172
+ ‘ ﬁ— < Oé/)\z -\ >|2 +S§ |< O[/’Yz >|2|< Z/’}/Q > +52 |28272 +...
+ | B= < af/rg =M > 452 |< /vy >PI< 2/7g > +04 |52,

for (z,w), (o, B) € C™ x C.
Fix now (zg,wp) € C" x C. Let (a, 8) € C" x C with L(v)(z0,wo)(a, ) = 0. Then
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5=0
st < a/m >Pl<z/m > +6 Pr?=0
< Oz/)\g — A1 >=0

s3|< afye >2|< 2/72 > +0o [25272=0

<afAg—A >=0

s3 1< a/vg >P1< 2/7g > +04 [P %= 0.
Thus
p=0

< Oz/)\g - A1 >=0

< Oz/)\q — A1 >=0
s?|< a/y >P< z/y >+ [2172=0

sz |< afyg >P< 2/vq > 404 [*572=0.

Therefore this above system is equivalent with 8 = 0 and the system

<Ot//\2—>\1 >=10

<a/rg—XM >=0
s2 < a/y1 >P2< 2/ > +01 [2172=0

sz |< afyg >P< z2/vq > 404 [**72= 0.

Consequently, v is strictly psh on C™ x C if and only if (for each (a, ) € C* x C
and every (z,w) € C™ x C, the condition L(v1)(z,w)(a, f) = 0 implies that & = 0
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and § = 0). Then the system

<Oé/>\2—)\1 >=10

< Ck/)\q - A1 >=0
st |< a/y >P< z/m > 4601 [2172=0

s2 1< afvg >PPI< 2/ > 40q [*972=0
implies that a = 0.
Using algebraic methods, we have then (A2 — A1,..., Ay — A1,71, .., Yq) 1S & basis

of C* = C*~! and s; = ... = s, = 1 (C" considered a complex vector space of
dimension n). O

Theorem 10. Letn =2¢,n € N,n>1, g € N. Let fi,g1,..., fg,9 : C* = C be 2¢q
holomorphic functions and A, B, ..., Ay, By € C\{0}.
Define

uj(z,w) =| Ajw = fi(2) P + | Bjw = g5(2) [, u= (w1 + ... +ug),

for (z,w) € C" x C and j € {1, ...,q}. The following conditions are equivalent

(A) ui,...,uq are convex functions on C™ x C and u is strictly psh on C" x C;

(B) For every j € {1,...,q},

{ fi(2) = Aj(< z/Xj > +p5) + Bjgp;(2)
9;(2) = Bj(< z/Aj > +u5) — Ajp;(z)

(for each z € C™, with \j € C", p; € C, ; : C" — C be a holomorphic function
and | p; |? is a convexr function on C™) and

1 91 9¢q 9pq
(Al,...7>\q7(821 (a), ..., D (oz)),...,(az1 (@), ..., 9-, (a)))

is a basis of C™ for all a € C".

(We can also study the problem u is strictly psh on C™ x C and not strictly convex on
all not empty Euclidean open ball of C™ x C, ...).
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4. Real Convexity and Complex Convexity

Question. An original question of complex analysis is now to find exactly the set of
all continuous functions f1, ..., fy : D — C (D is a convex domain of C*,n > 1, N > 1)
such that ¢ is psh on D x C, where ¢(z,w) = log(| w— f1(2) |? +..4 | w — fn(2) [?),
for (z,w) € D x C.

Observe that for V = 1, this is exactly all the holomorphic functions over D. But
for N > 2, the set of solution contains several classes of functions.

Example. N =2 and D = C". Put
ki(z) = (< z/a > 4b) + (< z/c > +d)°,

ko(2) = (< z/a > +b) = (< z/c > +d)°,

z € C" a,c € C"\{0}, b,d € C, s € N\{0}. k1, ko, k; and ky are not holomorphic
functions over C™. The function 1 is psh on C" x C, where 9 (2, w) = log(| w—k1(z) |?
+ | w— ka(2) |?), (z,w) € C" x C.

Theorem 11. Let g1,92,k : C" — C be three analytic functions, n > 1. Let
(A1, A2) € (C\{0})?. Put u(z, w) =| A1(w—k(2))—g1(2) |* + | Az(w—k(2))—g2(2) |,

o(z,w) =| Arw — gi(2) * + | Aw — ga(2) P, for (,w) € € x C.
The following conditions are equivalent

(A) u is convex on C" x C;

(B) k is an affine function and

{ 91(2) = A1(< z/a > +D) —|—§(< z/e > +d)™
92(2) = Aa(< z/a > +b) — A1 (< z/c > +d)™

(for each z € C™, where a,c € C",b,d € C), or

gl(Z) = A1(< Z/)\ > —i—’u,) _|_A72€(<z/'y>+5)
g?(Z) = A2(< Z//\ > +/J’) _A716(<Z/’Y>+5)

(for each z € C™, where A,y € C", u,d§ € C);
(C) v is convex on C™ x C and k is an affine function on C".

Theorem 12. Let Ay, Ay € C\{0}. Consider three holomorphic functions g1, g2, k: C"—C,
n > 1. Put

w —k(2)) = g2(2) I,
|2

v(z,w) = | Ar(w — k(2)) — g1(2) [ + | As(
w(z,w) = | Ayw — g1(2) | + | Asw — ga(2)
uy(z,w) = | Ay (w —k(2)) [* + | Az(w — k(2)) %,

)

for (z,w) € C" x C. The following conditions are equivalent
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(A) v is strictly psh and convex on C" x C;
(B) n € {1,2}, k is an affine function and
{ 91(2) = Ai(< 2/A > +p) + Azp(2)
g2(2) = Aa(< 2/ X > 4pu) — Ar1p(2)

(for each z € C", where A\ € C", u € C and ¢ : C* — C be analytic, | ¢ |* is
convex on C™ and (| k |* + | ¢ |?) is strictly psh on C");

(©)

> is conver on C",

| Aag1 — A1go
(A1g1 + Azgo) is affine on C,
k is affine on C™, and

the function (| k |? —&—W | Aogr — A1 go |?) is strictly psh on C™;

(D) w is convex on C™ x C, uy is convex on C™ x C and the function (u + uy) is
strictly psh on C™ x C.
(If n = 1, we can study the strict plurisubharmonicity of v and u on a neigh-
borhood of 0D(0,1) x D(0,1)).
Remark 2. Let A;, Ay € C\{0} with (4145 # A;As) and g1,92 : C — C be two
analytic functions. Put u(z,w) =| Ayw — g1(2) [* + | Adow — g2(2) %, v(z,w) =
| Ayw —g1(2) |2 + | Agw — Ga(2) |?, for (2, w) € C2. If w is strictly psh on C?, then v
is strictly psh on C? (and the converse is false).

By a simple study of u and v, we prove that this property is not true for the class
of convex functions (respectively strictly psh and convex, strictly convex, strictly psh
convex and not strictly convex on all not empty Euclidean open ball of C?,...). This
is one of the great differences between the above classes of functions.

A good comparison between the subject strictly convex and the concept (convex
and strictly psh) can be follows by the following two theorems.

Theorem 13. Fiz g1,g92 : C" — C be two holomorphic functions, n € N\{0}. Let
(A1, Ag) € C%. Define

v(z,w) =| Ayw —Gi(2) |? + | Adsw — 32(2) |?,  (2,w) € C" x C.
The following conditions are equivalent
(A) v is strictly conver on C" x C;
(B) n=1, (A1, A42) € C*\{(0,0)} and

{ 91(2) = Ai(az +b) + Ag(cz + d)
g92(2) = Aa(az +b) — Ay(cz + d)

(for each z € C, where a,b,c,d € C, ¢ #0).
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Theorem 14. Let g1,g2 : C* — C be two holomorphic functions, n € N\{0}. Let
(A1, As) € C%. Define

u(z,w) =| Ajw —g1(2) |* + | Adgw — g2(2) |, (2,w) € C" x C.
The following conditions are equivalent

(A) w is strictly psh and convex on C™ x C, but u is not strictly convez in all not
empty Fuclidean open ball of C™ x C;

(B) n=1, (A1, As2) € C*\{(0,0)} and
g1(2) = A (az + b) + Agelez+d)
g2(2) = Ag(az +b) — Ajelex+d)
for each z € C, with a,b,d € C and ¢ € C\{0}.

Now one can observe that there exists a great differences between the classes (con-
vex and strictly psh) and strictly convex functions in all of the above two theorems.

The representation theorems for another cases

We begin by

Theorem 15. Let k(w) = (aw + b)™, for all w € C, where a € C\{0} and b € C,
m € N, m > 2. (| k|? is convex on C). Let (A1, A2) € C?\{0} and consider two
holomorphic functions g1,g2 : C* — C, n > 1. Define

u(z,w) =| Aik(w) — g1(2) > + | Agk(w) — g2(2) >, (z,w) € C" x C.
We have
(A) w is convex on C™ x C if and only if

{ 91(2) = Aspp(2)
92(2) = —Aip(2)

for each z € C", where ¢ : C* — C, ¢ is holomorphic and | ¢ |* is convex on
(Cn’.

(B) u is convex on C™ x C and u(.,0) is strictly psh on C™ if and only if n =1 and
| ¢ |? is strictly sh on C.

(The same case for k(w) = e@@t0) for all w € C, with a; € C\{0} and
b, € (C)

Observe that, in all not empty convex domain G subset of C", (n > 2), there
exists K : G — R be a function of class C? such that K is strictly psh on G, but
K is not convex in all not empty Euclidean open ball subset of G. For example
Ki(z,w) =| w—€* |2, (z,w) € C%. K; is strictly psh on C2, but K; is not convex in
all Euclidean open ball of C? (consider K (%, w)).

The converse can be studied and investigated by the following.
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Theorem 16. Let (A;, A2) € C?\{0} and n > 1.
Let o(w) = (aw + b)™, where a € C\{0}, b€ C, m € N, m > 2 (for all w € C) and
g1, 92 : C* — C be two holomorphic functions. Define

u(z,w) =| Arp(w) = g1(2) |* + | Azp(w) — g2(2) |,
for (z,w) € C* x C. The following conditions are equivalent
(A) w is convex and not strictly psh at all point of C™ x C;

(B) We have the following two cases

{ g1(2) = Ag(< 2/X > +p)®

g2(2) = —A1(< 2/A > +p)?

(for every z € C™, where A\ € C*, up € C, s € N such that (s = 0), or
(n=1,A=0), or (n>2)), or

5 (z) — fze(<z/A1>+u1)
92(2) — _Tle(<z/kl>+u1)

(for each z € C™, where \y € C™, uq € C, such that (n =1, \; =0), or (n > 2)).
(The same situation if p(w) = e@+8) for w € C, where a € C\{0}, b € C).

In general observe that if k is an arbitrary holomorphic function on C, there does
not exists (By, Bz) € C*\{0}, there does not exists n > 1 and fi, f2 : C* — C be two
holomorphic functions such that v is convex on C" x C; v(z,w) =| B1k(w) — f1(2) |?
+ | Bok(w) — f2(2) |2, (2,w) € C™ x C. The example is given by the following theorem
which is fundamental in mathematical analysis.

Theorem 17. Let (A1, A3) € (C\{0})? and n € N\{0}. Define pi(w) = w?,
pa(w) = w* + w? and p3(w) = w3 + w, for w € C and p be an analytic polyno-
mial over C, deg(p) < 2. Let ¢ = (p1,¢2), where p1,p2 : C* — C be two analytic
functions. Define

g (z,w) = | Ap1(w) — @1(2) 2 + | Agpi(w) — @2(2) %,
vp(z,w) = | Aipz(w) — 1(2) [ + | Agpa(w) — pa(2) %,
bo(z,w) = | Aips(w) = 1(2) |* + | Aops(w) — pa(2) > and
pe(z,w) = | Aip(w) — @1(2) | + | Agp(w) — pa(2) |,

for (z,w) € C™* x C. We have the following four assertions:

(A) There exists an infinite number of holomorphic functions g1,g92 : C* — C,
g =(g1,92) and ug is convex on C" x C.

(B) There does not exists an holomorphic function f = (f1, f2), where f1, fo : C"—=C
such that vy is convex on C" x C.
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(C) There does not exists an holomorphic function k = (ky, k2), where ki, ke : C"—C

such that Yy, is convex on C™ x C.

(D) For all polynomial p analytic on C, deg(p) < 2, there exists always an infinite

number of holomorphic functions 61,02 : C* — C, 8 = (01,02) and py is convex
on C™ x C.
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