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Abstract: We propose a method of solving the problem with non-
homogeneous integral condition for homogeneous evolution equation with
abstract operator in a linear space H. For right-hand side of the integral
condition which belongs to the special subspace L ⊆ H, in which the vec-
tors are represented using Stieltjes integrals over a certain measure, the
solution of the problem is represented in the form of Stieltjes integral over
the same measure.
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1. Statement of the problem.

The significant place in the research on problems for evolution equations in Banach
spaces is taken by the semigroup theory (see, e.g., [2, 1, 3, 4]).

In the recent years, problems with integral conditions have been intensively studied
while investigating the process of diffusion of particles in a turbulent medium, pro-
cesses of heat conduction, moisture transfer in capillary-porous media, problems of
describing the dynamics of population abundance as well as problems of demography
(see, e. g., works [8, 9, 5, 6, 7, 10]).

Let A be a given linear operator acting in the linear space H and, for this operator,
arbitrary powers An, n = 2, 3, . . ., be also defined in H. We consider the problem[

d

dt
− a(A)

]
U(t) = 0, t ∈ (0; h), (1)

h∫
0

U(t)dt = ϕ, (2)
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where ϕ ∈ H, (0, h) ⊂ R, h > 0, U : (0, h)→ H is an unknown vector-function, a(A)
is an abstract operator with analytical on Λ ⊆ C symbol a(λ) 6= const.

Let η(λ) be the entire function

η(λ) =
exp[a(λ)h]− 1

a(λ)
(3)

and P be the set of zeros of function (3). If a(λ0) = 0, then we assume that η(λ0) = h.
Hence, λ0 /∈ P .

Denote by x(λ) the eigenvector of the operator A, which corresponds to its eigen-
value λ ∈ Λ ⊆ C, i.e. nonzero solutions in H of the equations

Ax(λ) = λx(λ) , λ ∈ Λ.

If λ is not an eigenvalue of the operator A, then we assume x(λ) = 0.
Consider an analytical on Λ function

a(λ) =

∞∑
n=0

anλ
n,

which would be a symbol of the abstract operator

a(A) =

∞∑
n=0

anA
n,

in general, of infinite order, assuming that

a(A)x(λ) = a(λ)x(λ).

2. Constructing the formal solution of the problem.

In this section, we propose a method of solving the problem (1), (2).

Definition 1. We shall say that vector ϕ from H belongs L ⊆ H, if on Λ there exist
depending on ϕ linear operator Rϕ(λ) : H → H, λ ∈ Λ, and measure µϕ(λ) such that

ϕ =

∫
Λ

Rϕ(λ)x(λ)dµϕ(λ). (4)

Lemma 1. On the set Λ∗ × (0, h), Λ∗ = Λ\P , the following identity holds:[
d

dt
− a(A)

]{
exp[a(λ)t]

η(λ)
x(λ)

}
≡ 0. (5)

Proof. As supposed, for the operator A, arbitrary powers An, for n = 2, 3, . . ., are
defined in H. Then for any λ ∈ Λ∗ and t ∈ (0, h) we have
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[
d

dt
− a(A)

]{
exp[a(λ)t]

η(λ)
x(λ)

}
=

d

dt

{
exp[a(λ)t]

η(λ)
x(λ)

}
− a(A)

{
exp[a(λ)t]

η(λ)
x(λ)

}
=
a(λ) exp [a(λ)t]

η(λ)
x(λ)− exp[a(λ)t]

η(λ)
a(λ)x(λ) ≡ 0.

This completes our proof.

Theorem 1. Let in the problem (1), (2), the vector ϕ belong L, i.e. ϕ can be
represented in the form (4). Then the formula

U(t) =

∫
Λ∗

Rϕ(λ)

{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ) (6)

defines a formal solution of the problem (1), (2).

Proof. According to the formulas (6), we have:

[
d

dt
− a(A)

]
U(t) =

[
d

dt
− a(A)

] ∫
Λ∗

Rϕ(λ)

{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ)

=

∫
Λ∗

Rϕ(λ)

[
d

dt
− a(A)

]{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ).

From the identity (5) we obtain[
d

dt
− a(A)

]
U(t) =

∫
Λ∗

Rϕ(λ) {0} dµϕ(λ).

Since the operator Rϕ(λ) is linear, the last integral is equal to zero, i.e. U(t)
formally satisfies the equality (1).

We shall prove the realization of integral condition (2) using fomula (4):

h∫
0

U(t)dt =

h∫
0

∫
Λ∗

Rϕ(λ)

{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ)

 dt

=

∫
Λ∗

Rϕ(λ)


h∫

0

exp[a(λ)t]

η(λ)
x(λ)dt

 dµϕ(λ)

=

∫
Λ∗

Rϕ(λ)

{
η(λ)

η(λ)
x(λ)

}
dµϕ(λ) =

∫
Λ∗

Rϕ(λ)x(λ) dµϕ(λ) = ϕ.

This completes our proof.
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Remark. The formula (6) defines a solutions of the problem (1), (2) just formally,
since the following equalities are not justified:[

d

dt
− a(A)

] ∫
Λ∗

Rϕ(λ)

{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ) =

=

∫
Λ∗

Rϕ(λ)

[
d

dt
− a(A)

]{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ), (7)

h∫
0

∫
Λ∗

Rϕ(λ)

{
exp[a(λ)t]

η(λ)
x(λ)

}
dµϕ(λ)

 dt =

=

∫
Λ∗

Rϕ(λ)

{∫ h

0

exp[a(λ)t]

η(λ)
x(λ)dt

}
dµϕ(λ). (8)

We do not prove the existence of the Stieltjes integrals in the equalities (7) and
(8) as well.

3. Problem with integral condition for partial differ-
ential equation.

In this section, we shall give the example of using an abstract approach to solving the
problem for the partial differential equation[

∂

∂t
− a

(
∂

∂x

)]
U(t, x) = 0, t ∈ (0; h), x ∈ R, (9)

h∫
0

U(t, x)dt = ϕ(x), x ∈ R, (10)

where a( ∂
∂x ) is an operator generally of infinite order with entire symbol a(λ) 6= const.

The problem (9), (10) has been studied in the work [11] by means of the
differential-symbol method [12, 13]. We shall represent this problem as problem (1),
(2), in which A = d

dx , exp[λx] is an eigenfunction of the operator A, H is a class of
entire functions, L = KM is a class of quasipolynomials

ϕ(x) =

m∑
j=1

Qj(x) exp[αjx], (11)

where αj ∈ M ⊆ C, αj 6= αk for j 6= k, x ∈ R, m ∈ N; Qj(x), j = 1,m, are
polynomials with complex coefficients.

As a measure µ(λ), take the Dirac measure. From the representation (4) we obtain

ϕ(x) = Rϕ(λ) exp[λx]
∣∣∣
λ=0

,
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from which it follows that

Rϕ(λ) = ϕ

(
d

dλ

)
.

Each quasipolynomial ϕ(x) of the form (11) defines a differential operation ϕ
(
d
dλ

)
of finite order on the class of entire functions Φ(λ), namely

ϕ

(
d

dλ

)
Φ(λ) =

m∑
j=1

Qj

(
d

dλ

)
Φ(λ+ αj),

in particular,

ϕ

(
d

dλ

)
Φ(λ)

∣∣∣∣
λ=0

=

m∑
j=1

Qj

(
d

dλ

)
Φ(λ)

∣∣∣∣
λ=αj

.

From formula (6), we obtain the representation of the solution of problem (9),
(10) in the form

U(t, x) = ϕ

(
d

dλ

) {
exp[a(λ)t+ λx]

η(λ)

}∣∣∣∣
λ=0

,

moreover, this solution exists and is unique in appropriate class of quasipolynomials
of variables t, x, if at that ϕ ∈ KM , where M = C\P , P is the set of zeros of function
(3).

Conclusions. In this work, we propose a method of solving a problem with non-
homogeneous integral condition for homogeneous evolution equation with abstract
operator in a linear space. The solution of the problem is represented in the form of
Stieltjes integral over a certain measure. We give the example of applying this method
to solving the problem with integral condition for partial differential equation.

In the future research, the subject of interest is the development of analogous
method of solving the problem for nonhomogeneous evolution equation.
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