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ABSTRACT: A computationally efficient and tractable method is pre-
sented to find the best equilibrium in a finite 2-person game played with
staircase-function strategies. The method is based on stacking equilibria
of smaller-sized bimatrix games, each defined on a time unit where the
pure strategy value is constant. Every pure strategy is a staircase func-
tion defined on a time interval consisting of an integer number of time
units (subintervals). If a time-unit shifting happens, where the initial
time interval is narrowed by an integer number of time units, the respec-
tive equilibrium solution of any “narrower” subgame can be taken from
the “wider” game equilibrium. If the game is uncountably infinite, i.e. a
set of pure strategy possible values is uncountably infinite, and all time-
unit equilibria exist, stacking equilibria of smaller-sized 2-person games
defined on a rectangle works as well.
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1. Staircase-function strategies

A noncooperative 2-person game is a model of process where two sides personified
and referred to as persons or players interact in struggling for optimizing their own
payoffs [24, 25, 7]. The players’ payoffs are taken from some limited resources, so
the distribution of the limited resources is optimized by the game model [25, 1, 13,
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27]. The simplest 2-person game is a bimatrix game [7, 15, 25]. Whereas each of
the players in a bimatrix game possesses a finite set (space) of pure strategies, the
principles and theory of equilibrium, efficiency, profitability, and eventual optimality
of bimatrix game solutions are thoroughly studied [7, 10, 14, 24]. However, the
practice of bimatrix game solutions is not that simple. First, a problem may arise with
multiplicity of the solutions. Second, a problem may arise with selecting a solution
type (regarding equilibrium or profitability, which often are counteractive). Third,
another problem does arise when the solution is in mixed strategies but the number
of game iterations (moves, actions, plays, etc.) is limited and so a mixed strategy
appears to be impracticable (for instance, it is impossible to practically realize a
mixed strategy having probability of 7/19 if there are only 10 game iterations) [17,
18, 3, 7]. Furthermore, if at least two solutions are symmetric, they may be quite
unstable due to cooperation between the players is excluded [7, 24, 25, 10, 23].

A far more complicated case is a 2-person game, in which the player’s (pure)
strategy is a function (usually, it is a function of time). In such a game, the player’s
payoff is a functional mapping every pair of functions (pure strategies of the players
defined on a time interval) into a real value [20, 16]. In the case, when each of the
players possesses a finite set of such function-strategies, the game might be rendered
down to a bimatrix game [19, 13, 15]. The bimatrix game played with function-
strategies, apart from those mentioned problems inherent in ordinary bimatrix games,
is a far subtler model in the sense of its practicability.

The finiteness of a set of function-strategies is constituted by time interval dis-
cretization and discretization of possible values of the strategy. The time interval, on
which the pure strategy is defined, is broken into a set of time subintervals (units), on
which the strategy is (approximately considered) constant. This is so because there
is no natural time continuity — every process is constant on some (usually, short)
time period [2, 5, 8, 11, 12]. The continuity of possible values of the strategy on a
subinterval is removed also by discretization (or sampling) [22, 18, 9] ruled by laws of
the game-modeled system. Then the set of function-strategies becomes finite, where
the strategy itself is a staircase function [22] but sometimes it can be conditionally
interpreted as a point [30, 16, 18]. Compared to the most trivial strategy, which is a
decision corresponding to a one-stage event whose duration through time is (usually,
negligibly) short, a staircase-function strategy itself is a multi-stage process defined
on a time interval [26, 30, 18, 4, 28, 29]. Nevertheless, the length of the time interval
can be varied depending on properties of the process modeled by the game.

2. Multiplicity of equilibria and the time interval
length

A 2-person game played in finite staircase-function spaces can be called the bimatrix
staircase-function game. It is quite clear that the number of pure-strategy situations
in a bimatrix staircase-function game grows immensely as the number of breakpoints
(“stair” subintervals) increases, or the number of possible values of the player’s pure
strategy increases, or they both increase. For instance, if the number of time subin-
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tervals is just 5, and the number of possible values of the player’s pure strategy is 6,
then there is a finite set of

6° = 7776

possible pure strategies (i. e., 5-subinterval staircase functions of time) at this player.
If the other player’s pure strategy has, say, 8 possible values, then there are

8% = 32768

possible 5-subinterval staircase functions of time at this player, and the respective
bimatrix staircase-function game has a size of either

7776 x 32768

or

32768 x 7776

and there are
6° - 8% = 7776 - 32768 = 254803968

pure-strategy situations. If an additional time subinterval is included, there are
6° - 8% = 46656 - 262144 = 12230590464

pure-strategy situations (more than 12.23 billion ones!). This is why a tractable
method of solving 2-person games defined on a product of staircase-function spaces
was presented in [21], where the spaces can be finite and continuous (uncountably
infinite) as well. The method is based on stacking equilibria of “short” 2-person games,
each defined on a subinterval where the pure strategy value is constant. It is proved
in [21] that the bimatrix staircase-function game is solved as a stack of respective
equilibria in the “short” (ordinary) bimatrix games (where the pure strategy is a very
simple decision corresponding to a one-stage event). The stack is always possible,
even when only time is discrete (and the set of pure strategy possible values is infinite
or uncountably infinite). However, the problem of multiplicity of equilibria was not
raised in [21]. The subinterval equilibrium multiplicity has a dramatic impact on the
multiplicity of the equilibrium stack. For instance, if there are two equilibria on each
of 5 subintervals, the game has altogether

2° =32

equilibrium stacks. Then an open question is how to select a single equilibrium stack.
Another open question is how to deal with a 2-person game in which the breakpoints
of a function-strategy do not change but the time interval length can vary [2, 3, 7,
30, 18, 5].
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3. Objective and six tasks to be fulfilled

Due to the above reasons, the objective is to expand and develop the tractable method
of solving 2-person games played within players’ finite sets of staircase functions [21]
for the case when the length of the time interval on which the 2-person game is defined
is varied. The case with an uncountably infinite set (space) of staircase functions is
to be considered as well. To meet the objective, the following tasks are to be fulfilled:

1. To formalize a 2-person game, in which the players’ strategies are staircase
functions. In such a game, the set of the player’s pure strategies is a continuum of
staircase functions of time. Such function-strategies are presumed to be bounded and
Lebesgue-integrable, and the time can be thought of as it is discrete.

2. To discretize the set of possible values of the player’s pure strategy so that the
game be defined on a product of staircase-function finite spaces.

3. To formalize the known method of solving 2-person games (the solution of the
equilibrium type) played in staircase-function finite and uncountably infinite spaces
by considering a possibility of narrowing the time interval on which the 2-person game
is defined.

4. To give an example of how the suggested method is applied. A special attention
must be paid to selecting a single equilibrium situation.

5. To discuss practical applicability and scientific significance of the method for
the game theory and operations research.

6. To conclude on the study and make an outlook for furthering it.

4. 2-person game played with staircase-function
strategies through discrete time

In a 2-person game, in which the player’s pure strategy is a function of time, let
each of the players use time-varying strategies defined almost everywhere on interval
[t1; t2] by ta > t1. Denote a pure strategy of the first player by z (¢) and a pure
strategy of the second player by y (¢). These functions are presumed to be bounded,
i.e.

Amin < X (t) g Amax by Amin < Amax (1)
and

bmin < Yy (t) < bmax by bmin < bmaX7 (2)

defined almost everywhere on [t1; t2]. Besides, the square of the function-strategy is
presumed to be Lebesgue-integrable. Thus, pure strategies of the player belong to a
rectangular functional space of functions of time:

X = {.’IJ (t)a te [tl; t2]7 tl < t2 ¢ QGmin < X (t> < Amax by Qmin < amax} C
C Lo [tl; tz] (3)

and

Y = {y (t)a te [t17 t2]a tl < t2 : bmin < y(t) g bmax by bmin < bmax} -
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C Ly [ta; to] (4)

are the sets (sometimes referred to as action spaces) of the players’ pure strategies.
The first player’s payoff in situation (Figure 1)

{z(t), y@)} (5)
is
K(z(t), y(t)) (6)
presumed to be an integral functional [21, 22]:
K@@, y®)= [ ). 50, )du) ™)
[t1; t2]
where
flz), y@), 1) (8)
is a function of z (t) and y () explicitly including ¢. The second player’s payoff in
situation (5) is
H(z(t), y(t)) (9)
presumed to be an integral functional also:
He@.,y0) = [ ol v, au), (10)
[t1; ta]
where
g(z (1), y(t), t) (11)
x(1) y(1)
s - ] B
Anin bmin

4 f, 4 1,

Figure 1: A situation (5) in 2-person game (12) played in uncountably infinite func-
tional spaces (3) and (4)
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is a function of z (t) and y (¢) explicitly including ¢ also. Therefore, a 2-person game

(06 Y}, {K (@ (0, y0), B (), y(0)}) (12)
is uncountably infinite due to it is defined on product
X XY CLy[t1; to] X Lo [ty; o] (13)

of uncountably infinite rectangular functional spaces (3) and (4) of players’ pure
strategies.

Each of sets (3) and (4) is a continuum of functions. It is worth noting that the
game continuity is defined by the continuity of spaces (3) and (4), whereas payoff
functionals (7) and (10) still can have discontinuities. In general, each of payoff
functionals (6) and (9) may have a terminal component like

K(x(t), y(1) =
- / P ), y(0), O)dp(t) + Ty(x (ta), y(t), t) (14)

[t1; to]

and
Ho (), y(t) =
= [ 9, v Ddu® + Ty (1) (1), 1) (15)

[t1; ta]

by some terminal functions

Ty (z (t2), y(t2), t2) (16)
and

Ty(z (t2), y(t2), t2) (17)

depending on only the final state of the player’s strategy, but this case is not to be
considered here.

Presume that the players’ pure strategies z (t) and y (¢) in game (12) can both
change their values only for a finite number of times. Denote by N the number of
subintervals at which the player’s pure strategy is constant, where N € N\ {1}. In
other words, when time is discrete, N is a number of time units. Then the player’s
pure strategy is a staircase function having at most N different values. Let

0= {t1 =70 <70 70 <7D L 2(N) = t2}7 (18)

Ny N—
where {7(1) }i:11 are time points at which the staircase-function strategy can change
its value. Time-interval breaking (18) is not necessarily to be equidistant. The
staircase-function strategies are right-continuous [6, 21, 22]:

lim x (T(i) + 6) =z (T(i)) (19)

e>0
e—0
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and . ‘
lim y (T(l) + 5) =y (T(’))
s>%

E—

for i =1, N — 1, whereas (if the strategy value changes)

zlizrﬁ)x (T(i) — 5) #x (T(i)>

1%% y (Tu) _ 6) £y (Tu))

and

for i =1, N — 1. As an exception,

%gl%x (T(N) 75) =x (T(N))

and

i (N) _ ): ( <N>>_
tiu (Y —<) = (-
e—0

139

(21)

(22)

(23)

(24)

A 2-person game played with staircase-function strategies through discrete time can

be defined by using (1) —(13), (18) —(24).

Definition 1. 2-person game (12) defined on product (13) of rectangular functional
spaces (3) and (4) is called a discrete-time staircase-function 2-person game by time-

interval breaking (18), if (19) — (24) hold and
2 (t) = @i € [amin} Gmax] and y(t) = Bi € [bmin; bmax]
Vte [T(Fl); T(i)) for i=1, N —1 and
2 (t) = AN € [Gmin; Gmax] and

y(t) = BN S [bmin; bmax] Vit e {T(N_1)§ T(N) 5

where the factual payoff of the first player in situation {«;, 8;} is

K; (s, B) = / Flas, Bo ) dp(t) Vi=T, N1

7'(1'*1); ‘r('i)
[0 7)

and
Ky (an, Bn) = / f(an, By, t)du(t),

[V =15 7]
and the factual payoff of the second player in situation {cy, 5;} is

Hi (aiv 61) = / g(aiv ﬁia t) d/"’ (t) Vi= 1; N-1

FG=1) ()
[rG=1; r @)
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and
Hy (an, By) = t/ g(an, By ) du ). (29)

[r(N=1); 7]
Situation (5) in the discrete-time staircase-function 2-person game is a stack of suc-

cessive situations N
{{aia ﬁi}}izl (30)

in a succession of N (ordinary) 2-person games

<{[amin§ arnax]7 [bmin§ bmax]}v {K (aia 61’), H(ai7 /Bz)}> for Z:L7N (31)

defined on product
[amin; amax] X [bmin; bmax] (32)

by (25)— (29).

Let a discrete-time staircase-function 2-person game by time-interval breaking (18)
be denoted by

({x(©), Yy (@)}, {Ki(z(t), y(®), Hi(=(®), y(1)}) (33)
with the players’ pure strategy sets
X (0) = {a(t) € X (It ta) : 2 (1) = i € [amini G
vee [f;70) fori=T, N1 and (34)
z(t) = ay € [amin; Gmax] V1t € [T(N_l); T(N)H C X ([t1; t2])
and
Y (0) = {y(t) € Y (ftas ta]) : y () = Bi € bwini b
vie |t 20) fori =T N -1 and (35)
Y (8) = By € Iuini b V€ [PV 2| ¥ (s ta]).

Obviously, discrete-time staircase-function 2-person game (33) is uncountably infinite
as each of sets (34) and (35) contains a continuum of function-strategies. An exam-
ple of situation (5) in a discrete-time staircase-function 2-person game played through
seven time units (subintervals) is given in Figure 2. The exemplified pure-strategy sit-
uation of two staircase functions can be also represented as a stack of seven successive
situations {{a;, Bi}}zzl of seven ordinary 2-person games (31), where each ordinary
pure-strategy situation {;, 8;} for i = 1, 6 corresponds to a time unit (subinterval)
[T(iil); T(i)) and ordinary pure-strategy situation {a7, 87} corresponds to a time
unit (subinterval) [7(6); 7(7)] = [7'(6); tg].
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x(1) y()
T T T b E

‘max

a

. ; 1 bt ‘ ‘ ‘ ;
4 @

Figure 2: A situation (5) in discrete-time staircase-function 2-person game (33); the
game is played in uncountably infinite functional spaces (34) and (35); the exemplified

. . . . . . 7
pure-strategy situation is a stack of seven successive situations {{ai, ﬂi}}izl

Time-interval breaking (18) allows considering payoffs (7) and (10) in situation
(5) equivalent to the sum of respective payoffs (26) — (29). The proof can be found
in [22).

Theorem 1. In a pure-strategy situation (5) of discrete-time staircase-function
2-person game (33), payoff functionals (7) and (10) are re-written as subinterval-
wise sums

N
K((t), y(t) =3 Kiloi, B) =
-y / f (s B 1y dp(£) + / flan, By, Ddu(t)  (36)
i=1 [T(i—l); T(i)) [T(N_l); T(N)]
and
N
H(w(t), y () =3 Hiles Bi) =
N-—1 -
- / g (s Biy £)dp (t) + / g(an, By, Ddu(t),  (37)
=1 [T(i—l); -,—(i)) [T(Nfl); T(N)]

where situation (5) is a stack of successive situations (30) in a succession of N
2-person games (31).
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Proof. Time interval [t1; t2] can be re-written as
N-1_ ‘
[t1; to] = { U [T(zﬂ); T@))} U [Tuvfn; T<N>] . (38)
i=1
Therefore, the property of countable additivity of the Lebesgue integral can be used:
K@@, y0) = [ £, (o), du(t) =
[t1; to]
. / P (), (1), 1)du(r) =
N-—1
{ U [r6-; T(i))}u[ﬂzv—l); (W]

i=1

i

/ Fa @),y (), () + / Fa @), y (1), Hdu(t). (39)

(=1 7() T(N=1); 7(N)
[F=D57®) [V =1 7(0)]

i=1

Owing to (25), z (t) = oy and y (t) = B;, so (39) is simplified as

N—-1
/ @),y (1), () + / Fa (), (1), H)du(t) =

[T(l 1), 7—(1)) [T(N*U;T(N)]

N-
= Z / f(c, Bi, t)du(t) + / flan, By, t)du(t) =

i=1

r(i-1), 7—(1) [T(an. T(N)]

O‘z, 51 (40)

HMZ

Consequently, in discrete-time staircase-function 2-person game (33), subinterval-wise
sum (36) holds in any pure-strategy situation (5) consisting of staircase-function
strategies z (t) € X (©) and y(t) € Y (0). Obviously, subinterval-wise sum (37)
is proved similarly to (38) — (40). O

It is noteworthy that Theorem 1 can be proved also by considering function (8)
on a time unit (subinterval) as a function of time ¢, due to z (t) = a; and y (t) = 5;
on this subinterval. Denote this function by ; (t). Then this function appears to be
zero on any other time unit. Subsequently, function (8) is presented as the sum of
those subinterval functions:

N
fl@@), y(t), t) = Zwi (t),

whereupon (40) is deduced.
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Nevertheless, Theorem 1 does not provide a method of solving the discrete-time
staircase-function 2-person game, but it hints about how the game might be solved in
an easier way [21, 22]. Theorem 1 provides a fundamental decomposition of the stair-
case game based on the subinterval-wise summing in (36) and (37). This subinterval
decomposition allows considering and solving each game (31) separately, whereupon
the solutions are stitched (stacked) together, regardless of whether the player’s action
space is finite or not.

5. Finite discrete-time staircase-function
2-person game

In a discrete-time staircase-function 2-person game (33), let the set of possible values
of the first player’s pure strategy be discretized as

A= {amin = ago) < al(l) < %(2) <...< al(-Mfl) < aEM) = amax} (41)
and the set of possible values of the second player’s pure strategy be discretized as
B = {bin =0 <oV <0 <. < {7V <p@ = by} (42)
by M € N and @ € N, where
al(vmfl) =am™ Y Vi=1 N for m=1, M +1 (43)

and . .
bgq_l) — b(q_l) Vl — ]_7 N for q= ]_7 Q + 1. (44)

This means that along with the discrete time units (subintervals), the players are
forced (somehow) to act within finite subsets of possible values of their pure strategies

= a2
and an
B= {b<q 1)},1:1 . (46)

Discretizations (41)— (44) allow defining a finite discrete-time staircase-function
2-person game.

Definition 2. Discrete-time staircase-function 2-person game (33) is called finite if
it is played on a product of finite subsets

X (0, 4) = {x(t) €EX(©): z(t) e {a(m_l)}Mﬂ} C

m=1

C X () C X ([ts; ta]) (47)
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and

Y (©, B) = {y(t) €Y (©): yt) e {b(q_l)}jjll} C
CY(©) CY ([ts; t2]) (48)
of sets (34) and (35).

So, let a finite discrete-time staircase-function 2-person game be denoted by

({X(0, 4), Y (©, B)}, {K(z(t), y(0), Hz®), y(®)})  (49)

with the players’ pure strategy sets (47) and (48). In fact, this finite game is a bimatrix
staircase-function game (see an example in Figure 3, where every pure strategy as a
staircase function of time can be “imagined” as a conditional point pretended to be
a simple decision to constitute an 81 x 256 bimatrix game) that is the succession of
N bimatrix games

<{{a§m—1)}fil, {bgq—l)}f_—?}, {K;, HZ}> for i=1, N (50)

with the first player’s payoff matrices
Ki = [Kimal (vr1)x(@+1)
whose elements are
Kimq = / f (agm-”, b, t) du(t) for i=1, N—1 (52)

[Tu—l); T(i))

and
kNmg = / f (agg“”, bl t) du (t), (53)

[r(N=1); (W)
and with the second player’s payoff matrices
H, = [himq](M+1)><(Q+1) (54)
whose elements are
himq = / g (agm_l), bgq_l), t) du(t) for i=1, N—1 (55)
[T(i—l); T(i))
and

= [ g (a7 ) duo. (56)

[r(N=1; 7]
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X(©.4) by A= {a“” a",a®} , ~ Y(e.B) by B;{b‘v")v,b“)‘,b(z),b‘v”}v -
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Figure 3: An example of finite pure strategy sets (47) and (48) in a bimatrix staircase-
function game; the game is played with 4-subinterval staircase functions of time, where
the first and second players have three and four possible values of their pure strategies,
respectively
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So, according with Definition 1, the first player’s payoff in situation {agm_l), bgq_l)}
is (52), (53), fori =1, N, and the second player’s payof! in situation {agm_l), bgq_l)}

is (55), (56), for i = 1, N. In addition, situation (5) in the bimatrix staircase-function
game is a stack of successive situations

1) -\
{{aZ b }} (57)
1=1

in a succession of N bimatrix games (50). Bimatrix staircase-function game (49)
might be rendered down to the ordinary bimatrix game, wherein a pure strategy is
a conditional point being in reality a staircase function. This rendering, however, is
useless because the much more efficient method exists [21, 22] to consider game (49)
as the succession of N bimatrix games (50) by (51) —(56) and find the solution of
game (49) by stacking solutions of smaller-sized bimatrix games (50).

6. Time-unit shifting in bimatrix staircase-function
games

An equilibrium situation in the bimatrix game always exists, either in pure or mixed
strategies. Denote by

P; = [p{" (58)

} Ix(M+1)
and
R, = [r(q)

K2

59
] 1x(Q+1) (59)

the mixed strategies of the first and second players, respectively, in bimatrix game
(50). The respective sets of mixed strategies of the first and second players are

M+1
P— {Pi eRMHL:pi™ >0, 3 pi™ = 1} (60)
m=1
and
Q+1
R = {Ri R >0, Y ) = 1} : (61)
g=1

so P, € P, R; € R, and {P;, R;} is a situation in this game.

Definition 3. A stack N

{{Pi, Ri}}izl (62)
of successive situations in bimatrix games (50) is called a (mixed-strategy) situation in
bimatrix staircase-function game (49). Stacks {Pi}i]\il and {Ri}ZN:l are the respective
mixed strategies of the first and second players in this game.
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It is clear that an equilibrium situation in a bimatrix staircase-function game is
to be sought among stacks (62). The respective assertions can be found in [21, 22].
However, these papers do not directly show how to select the best equilibrium stack
in the case of multiple equilibrium stacks.

Theorem 2. If

{P;k’ Rf} - {[ Em) }1><(M+1)’ {TEQ)*}lx(QH)} (63)

is an equilibrium situation in bimatriz game (50) for i =1, N, then a stack

N
{{P}, Rf}}f\; = {{ [pgm)*}lx(M-‘rl)’ [TEQ)*LX(Q“)}}Z-_l o

of such successive solutions is an equilibrium situation in bimatriz staircase-function
game (49). If multiple equilibria exist (at one or more time units) and the mazimum
of the players’ payoffs sum

P{ K- (R)" + P} -H; (R)" (65)
is reached at P; =P;* and R} = R}™, i.e.

max {P; K- (R)"+P; - H;-(R)"} =
{P:. R}
P KRR H (R (66)

then the maximum of the players’ payoffs sum in an equilibrium stack of bimatriz
staircase-function game (49) is reached at stack

*k * 3k N
and this mazimum is
N
=3 (P K (R 4P H (R, (68)
=1
Proof. As (63) is an equilibrium situation, then inequalities

P, K- (R)" =
M+1Q+1

=D D kimap{" " =

m=1 g=1

=SS [ (Y ) dute) <

FG=1); 7 (5)
[rG=1; 7 @)
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M+1Q+1
DI B R O
m=1 g=1 [Tuq); T(i))
M+1Q+1
S a0 -
m=1 j=1

=P K, - R) =v; VP, eP for i=1, N—1,

Py-Ky-(Ry)" =

M+1Q+1
=SS ki -
m=1 g=1

M+1Q+1

SIS [ s i <

m=1 g=1 [T(N—l);T(N):I

M+1Q+1
SESA[ (el )ann =
m=1 g=1

[r(N-1); 73]

M+1Q+1

=S g7 =

m=1 g=1
=Py Ky - (Ry) =vy VPyeP
and inequalities

P; H; R} =
M+1Q+1

=20 D himgpl™ (=

m=1 g=1

M+1Q+1
-2 3 [ o (e o <
m=1 g=1

[rG-1; 7))

M+1Q+1
<303 pmor / g (az(m—l)’ b=, t) du () =
m=1 ¢=1 [rG=1); 7))
M+1Q+1
=3 S a0
m=1 q=1

=P H, - R) =z VR;eR for i=1, N1,

Py -Hy R} =

(70)

(71)
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M+1Q+1
=20 D vt =
m=1 gq=1

M+1Q+1

=Y S [ (T e <

m=1 q¢=1 [r(N=D; 7(0)]
M+1Q+1
S / g (a%"*”, Y, t) dp (t) =
m=1¢=1 [r(V=1); 7]
M+1Q+1
Z Z thqp (m)= (Q)*
m=1 q=1

P Hy (Ry) =25 VRyeR

hold. So, inequalities

N-1
Z P K;-(R})" +Py Ky Ry)"
i=1

N—-1M+1Q+1 M+1Q+1

Z Eim p(m)r(q)* + Z Z kNmaPy (m) (q)*
m=1 q

i=1 m=1 q=1
—1 [ M+1Q+1
- A0 [ (T ) dute) |+
i=1 | m=1g=1 [rG=1; 7))
M+1Q+1
YR [ (T ) dute) <
m=1 q=1

[r(N-1); (W)

pgm)*rgq)* / f (agm_l), bgq_l), t) du(t) |+
i=1 m=1 g=1 [T(i—l); T(i))

M+1Q+1
- p / £ (al 0, 680, ) dp (1) =
m=1 g=1 [T(N—l); T(N)]
N—-1M+1Q+1 M+1Q+1
_ Z Eim pgm)* (@)* + Z Z kN mgDy (m)x (q)*
i=1 m=1 ¢=1 m=1 g=1
N-1

P; K; - (R})" +Py Ky - (Ry)"

149
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N
=> v =v" VP, eP for i=1, N (73)
=1
and
N-1
> P -H; R +Py Hy Ry =
=1
N—1M+1Q+1 M+1Q+1
Z Rim p(m)* (‘Z) + Z Z thqp(m)
i=1 m=1 ¢q m=1 g=1

= pgm)*rl(Q) / g (agm_l), bgq_l), t) du (t) |+

[T(ifl); -,—(7?))

+ p%n)*rg\?) / g (a%n b bg\?_l), t) du(t) <

[r(N=1); 7(N)]

N-1 [ M+1Q+1
< pgm)*rgq)* / g (agm_l), bgq_l), t) du(t) |+

=1 | m=1 ¢g=1 [Tufl); T(i))
M+41Q+1
S [ sl -
m=1 g=1 [r@v=1); 7(0)]
N—1M+1Q+1 MA1Q+H
_ Z hir, pgm)* ()% n Z Z thqp(m)* (@)% _
i=1 m=1 ¢g=1 m=1¢=1
N-1
=Y P/ H;-(R)" +Py-Hy (Ry) =
i=1 .
—Y = YRR fori=T N ™
i=1

hold as well. The assertion of Theorem 1 for bimatrix staircase-function game (49)
can be re-written as

N
K(LE (t) ,y Y (t)) - Z kzmq -
=1
- (m=1) (a—1)
f aim_ ) biq_ , ) dp(t)+
=1 / ( )

F=1). ()
[rG=1; )
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[ (a0 ) dute (75)

[r(N=1); (W)

and
N
H('T (t) s y(t)) = thmq =
i=1
N—-1
/ g (a0 bV, 1) dp 1)+

=1 [rG-1; 7))

+ ,/ g (™, 07V, 1) du(t). (76)

[r(N=D; ()]

Therefore, inequalities (73) and (74) along with using the payoff decomposition by
(75) and (76) allow to conclude that the stack of successive equilibria (64) is an
equilibrium situation in game (49).

As (66) holds, then

N
max {P;-Ki- (R)"+P; H;-(R)"} =
o1 {Pi R
N
S (P K (R P H (R
i=1
N
i=1
N N
=Y Y = = ()
i.e. the maximum of the players’ payoffs sum is (68) reached at stack (67). O

Consider now the case when the bimatrix staircase-function game is played through
a lesser number of time units. Thus, instead of time-interval breaking (18), the game
is played by a narrower time-interval breaking

O, = {t1 <=7 <70 £ 70042 LU 2 (U) = ) < tg}, (78)

where
ne{0, N-1}, Ue{l, N}, n<U, (79)

Ny U—1 . . . . .
and {T(l)}i:n ., are time points at which the staircase-function strategy can change
its value. So, ©, C © in terms of the interval breaking.
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Theorem 3. In a bimatrix staircase-function game
({X (0., 4), Y (0., B}, {K(=(t), y0), Hz0), y®)})  (80)
by

X (0, A) = {x(t) €EX(0,): x(t) € {a(ml)}MH} C

m=1

C X (0,) C X ([r1; ™)) (81)

and
Y (©,, B) = {y(t) eY(0,): y(t) e {b(ql)}qull} -

CcY (0, CY ([r; ) (82)

and a time-interval breaking (78) for (79), an equilibrium situation is a stack

U
* s U o (m)* (@)=
{{Pi, Ri}}i:nJrl = {{[pz Lx(MH)’ [ri ]1><(Q+1)}}, (%)

=n+1

of U —n successive equilibria (63) of bimatriz game (50) fori=n+ 1, U. If multiple
equilibria exist (at one or more time units) and the mazimum of the players’ payoffs
sum (65) is reached at P¥ = Pf* and Rf = R}*, i.e. (66) holds, then the mazimum

7 7

of the players’ payoffs sum in an equilibrium stack of bimatriz staircase-function game
(80) is reached at stack

e R (84)
and this maximum is
U
O = 3 (P K (R P H- (R, (85)
i=n-+1

Proof. As inequalities (69) —(72) hold Vi = 1, N, they hold Vi = n+1, U. For
time-interval breaking (78), time interval [71; 73] can be re-written as

[11; 7] = { UL_Jl {T(Fl); T(i))} U [T(Ufl); T(U)i| . (86)

i=n+1

So, owing to Theorem 1,

U
K(x(t), y(t) = Y kimg =
i=n+1
U—-1
- [ (@ ) deor
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b [ (e ) aut (87)
[T<U71>; T(U)]
and
U
H(x (t) Z himq =
i=n+1
U—-1
= Z g (al(-mfl), bgqil), t) du (t)+
i:n+1[T(i71); 7—(’0)
o[ (e ) du (88)
[T<U—1>; T(U)]
So, inequalities
U—1
s\ T *\T
> PR (R + Py Ky (Rp)" =
i=n+1
U—-1 M+41Q+1 M+1Q+1
S5 S a4 3 ki =
i=n+1 m=1 g=1 m=1 g=1
+

U-1 M+1Q+1

>

1=n—+1 m=1 g=1

M+1Q+1

D

m=1 gq=1

U-1 [ M+1Q+1

i=n+1 \ m=1 ¢g=1

M+1Q+1

Y Zp(m)* (a)* /

m=1 g=1

(g)*

> 3

[ (e e an
[rG=1; 7))
[ o dun <
[T<U71); T(U)]
T ) / f (al(-m*l), bgqil), t) du (t) |+
[r(i-1; 7))
7 (a0 0, ) de (1) =

[T(U—1>; T(U)}
M+1Q+1

m=1 g=1

U—-1 M+1Q+1
= 5 Y b ™ £ ST Y gpl 0 =

i=n+1 m=1 g=

U-—1
= Z P K

i=n—+1

i-®R)"+P-Ku- (Ry)" =
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U —
=Y o) =@ yPeP fori=n+1, U (89)
i=n+1
and
U-1
> P;-H;-R] +P}-Hy R} =
1=n+1
U—1 M+1Q+1 M+1Q+1
SO I RIRTLILES sp I
i=n+1 m=1 g=1 m=1 gq=1

U-1 [ M+1Q+1

-S| XA [ e o |+

i=n+1 |\ m=1 g=1 [rG-1; @)

M+1Q+1

* —1 —1
3 > e / g(a(Um LobgY, t) du(t) <

m=1 g=1 [T(U—l);T(U)]

U-1 [ M+1Q+1

< S XA [ (o Y |+

i=n+1 | m=1 ¢g=1 [T(i—l); 7—(i))

M+1Q+1

D ID I BFIC A D LTS

m=1 g=1 [T(U*I); T(U>]

U—-1 M+1Q+1 M+1Q+1
SO DD SN B SU ANt
i=n+1 m=1 g=1 m=1 g=1

U—-1
=Y P;-H-R) +Pj -Hy (R)) =
i=n+1

=Y O =2O) YR eR for i=n+1, U (90)

hold. Therefore, inequalities (89) and (90) along with using the payoff decomposition
by (87) and (88) allow to conclude that the stack of successive equilibria (83) is an
equilibrium situation in bimatrix staircase-function game (80).

As (66) holds, then

U
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U
=Y (P K R P H R =
1=n+1
U
i=n+1 i=n+1
U U
_ Z U:*(@*) + Z Z;k*(@*) _ ’l}**(@*) + Z**(@*) — 8**(9*), (91)
i1=n—+1 i=n—+1
i.e. the maximum of the players’ payoffs sum is (85) reached at stack (84). O

It is quite obvious that

N

(PRI, < (P RO (92)

So, Theorem 3 implies that the time-unit shifting does not change the structure and

number of equilibria in a bimatrix staircase-function game, nor does it change the

structure of the best equilibrium stack determined by the maximum of the players’

payoffs sum. In fact, game (80) is a subgame of bimatrix staircase-function game

(49). An equilibrium solution of the subgame can be easily taken from the respective
equilibrium solution of (“wider”) game (49).

7. Time-unit shifting in discrete-time
staircase-function 2-person games

See whether the inference above is valid for discrete-time staircase-function 2-person
game (33), which, generally speaking, is played within uncountably infinite sets of
players’ staircase-function strategies. Denote by

pi () (93)
and

i (Bi) (94)
the mixed strategies of the first and second players, respectively, in (subinterval)
infinite 2-person game (31), where

P = {pz (az) S LZ [amin; amax] 7 (az) 2 0, / Di (OZZ) dM (Oll) = 1} (95)
[amin? U'mAXJ

and

R= {m (Bi) € La [bmin; bmax] : 73 (8i) =0, / ri (Bi) dp (Bi) = } (96)
[bmin? bmaX]
are the respective sets of mixed strategies of the players. So, p; (o;) € P, 7; (8;) € R,
and

{Pi (i), Ti (52‘)} (97)

is a situation in this game.
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Definition 4. A stack N

{pi (@), ri (B}, (98)
of successive situations in (ordinary) 2-person games (31) is called a (mixed-strategy)

situation in discrete-time staircase-function 2-person game (33). Stacks {p; (ai)}fvzl

and {r; (BZ)}fil are the respective mixed strategies of the first and second players in
this game.

Just like in the case of a finite discrete-time staircase-function 2-person game, it
is clear that an equilibrium situation in a discrete-time staircase-function 2-person
game is to be sought among stacks (98). The respective assertions in [21], however,
concern only the case of equilibrium situations of pure strategies.

Theorem 4. If p! (ay) € P, r} (8;) € R, and

{pi (), ri (Bi)} (99)

is an equilibrium situation in 2-person game (31) fori =1, N, then a stack

{0} (), 77 (B}, (100)

of such successive equilibria is an equilibrium situation in discrete-time staircase-
function 2-person game (33).

Proof. As (99) is an equilibrium situation, and all these subinterval equilibria exist,
then inequalities

/ v (8:) / pi () Ko (s Bs) dp () | d (52) =

[bmin; bmax] Gmin; @max]

= [ we| [ om0 e B 0de®detan | duis) <
[brin; bmax] [@min; Gmax] [rG=1; 7G))

< i (Bi) / p; () / f iy Biy t)dp (t)dp (o) | du(B8i) =
[brin; bmax] [@min; @max] [rG=1; 7G)

- / v (8) / p? () K (o, i) dp () | da (52)

[bmirﬁ bmax] Qmin} umax}

Vpi () €P for i=1, N—1, (101)
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/ v (By) / p () K (s ) du (o) | dye (By) =

[bmin; bmax} Gmin; Gmax)

= ~ (Bn)

bmin; mx]

(an) / f (o, B £ du () (o) | dys (Bw) <

min; anax] [T(N—l); T(N)}

~ (BN)

/ (o) / f (o, B £)du (£)dps (o) | dpe (By) =

[amm amax] [T(N—l); T(N)}

bmin; rmx]

[ o] [ pen) Kx . sx)ditaw) | dn(6y)
min; bmax]

QAmin; @max)
VpN (aN) e P (102)

and inequalities

/ re (8:) / P (o) H (s, B2) dia () | da (B:) =

[bmin; bmax] Gmin; Gmax]

- / ri (Bi) / Py (%) / g (e, Bi, t) dp(t)dp () | dp(Bi) <

i b (- [0 7o)
< v (8:) / P! () / g (s, Bir £) dp () () | dpe (B) =
[brin; bmax] [@min; Gmax] [rG=1); @)

- / vt (8) / P () Hi (o, 52) dp () | dya (52)

[bmin; bmax] Qmin; amax]

Y r; (,81) eRfori=1, N—1, (103)
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—

TN (BN) ( / py (an) Hy (an, Bn)dp (OéN)> dp (Bn) =
ax] @min; Gmax]

[bm
= rn (BNn)
[bmin§bn x]
/ Py (an) / g (an. By, ) dp () (an) | du(By) <
[@min; @max] [T(N—l); T(N)}
< [ iy
[bm'n§bmax]

( / Py (an) / g(an, By, t)dut)du(an) | du(Bn) =
[an

nin; amax] [T(N_l); T(N)}

= / N (BN) ( / P (an) Hy (an, IBN)dM(aN)) dp (Bn)

Vry (ﬁN) €R (104)

N
Z / i (Bi) ( / pi (i) Ki (i, Bi) dp (ai)) dp (Bi) =
b bmax] Qmin;

/ P () / £ (i, Bir £)dp (Bdpe () | dpe (B:) +

[‘lmirﬁ amax] [7—(7‘,—1); T("))

w0 e

[bmin; bmax]

/ P () / f (e, B ) dp (D)dp () | dy(By) <

[@min; @max] [r(N=1); 7]
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-y JEHC)

—1
¢ [bmin; bmax]

/ P} () / £ (sr Bir ) dpe (B)dpe (o) | s (B:) +
[@min; Gmax] [rG-D; 7))
T / " (Bw)

[bmirﬁ bmax]

/ Py () / f (ans B, ) dp (Odp (o) | dy(By) =

[@min; Gmax] [T(N—1); ,,.(N)}

Il
.MZ

/ v (8) / P! () K (o, i) dp (as) | da (Bs) =

=1

[brmin; bmax) Gmin; Gmax)

N
=va =0v* Vpi(oy) € P for i=1, N (105)
i=1

and

N
> / i (5:) / P! () Hi (o, i) dp () | da (Bs) =

[bmin; bmax) Gmin} Gmax)
N—-1
=> ri (Bi)
=1

[bmin; bmax]

/ P () / g (i, Bir £) dp () () | dpu (B:) +

[@min; Gmax] [rG=; 7))

+ / TN (BN)

[bmirﬁ bmax]

/ Py (an) / g(an. By, ) du()du(an) | du(By) <

[@min; amax] [r(N=1; 7]

—

=2

s JEC)

=1
"= [bumin; bmax]
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/ P! () / g (i, Bir £) du () () | dpu (B:) +

[@min; @max] [Tu—n; T(z‘))

T

[bmin; bmax]

/ Pl (aw) / g (e, By £)dp(B)dps (o) | dp(By) =

[amin§amax] T(N 1) 7—(N)

/ 0i) Hi (o, B;) du (o) | dpu(8:) =

[bmin; bmax] Gmin; amax]

I
-

:sz =z"Vr;(fi)€eR for i=1, N (106)
i=1

hold as well. Therefore, inequalities (105) and (106) along with using the payoff
decomposition by (36) and (37) allow to conclude that the stack of successive equilibria
(100) is an equilibrium situation in game (33). O

Theorem 5. In a discrete-time staircase-function 2-person game

({X(0.), Y (0.}, {K(x(®), y®), H=(®), y®)}) (107)

X (©.) = {o () € X ([n; na]) (1) = s € [tmins o]
Vit e [T(Fl); T(i)> fori=n+1,U—1 and (108)

z(t) = ay € [amin; Gmax] VT € [T(U_l); T(U)}} C X ([r1; 7))

Y (©.) = {y(®) €Y (Iri; 7)) : y(t) = Bi € Buwini bunas]
Vte [T(i_l); T(i)) fori=n+1,U—-1 and (109)
Y (8) = Bu € Buini bmax] V2 € [770; 2O L ¥ (s 72])
and a time-interval breaking (78) for (79), an equilibrium situation is a stack
{w (@) 7 (B} o (110)

of U — n successive equilibria (99) in 2-person game (31) fori=n+1, U.
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Proof. As inequalities (101) —(104) hold Vi =1, N, they hold Vi =n+1, U. For
time-interval breaking (78), time interval [r1; 72] can be re-written as (86), so, owing

to Theorem 1,

U
K(JE Z Kz Ay, ﬁz =
i=n+1
U-1
=Y [ fewsmoodo+ [ v bo 0dut)
EH G, o) [rv=0;5 @]
and
U
H(z(t), y®) = > Hi(o, ;)=
i=n-+1

i= ”*1 7G-D); 2() [r0=1); 7]

So, inequalities

U
> / R | [ e Kia 8)duted) | du(5) =
ntl [ min} D] Gamin} Gmasx]
U—
- / vt (8)
S in: bmax]
/ P (o) / F(ans B ) dpt (B () | dpu(B2) +
[@min; Gmax] [rG-D; 7))
T / vt (Bo)

[bmirﬁ bmax]

/ pu (av) / [ lav, Bu, t)du(t)du (ay) | du(Bu) <

[@min; @max] [T<U 1). -,-(U)]

> [

1= n+1

bmin 5 max

Z / Oé“ 51'7 t) d,u (t) + / g(OZU, /BU? t) d‘LL (t)

(111)

(112)
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/ P! () / F (s Bir €) dp (g (o) | dya (Bi) +

[amin§ amax] [T('i—l); ‘r(l))

v [ e

[bmin; bmax]

/ P} (ap) / f (o, By, ) du (B)dp (o) | du (By) =

[@min; Gmax] [r-1; @)

= Z / i (Bi) / p; () Ki (i, Bi) dp (i) | du(B:) =

i=n+

1
[bmin; bmax] Gmin; Gmax]

U
= Z v;(@*) =0*®) ¥y (a) e P for i=n+1, U (113)
1=n—+1

and

S owe| [ se0 Hilas ) dutan) | du(s) =

min; Dmax) Gmin} Gmax)

=Y / ri (Bi)

i:n—i—l[

bmin; bmax]

/ P () / g (i, Bir £)dp () () | dpu (B:) +

[@min; Amax] [rG=D; 7))

+ / ru (Bu)

[bmirﬁ bmax]

/ P (ap) / g, Bu. £)dp (B)dps (o) | da () <

[@min; Amax] [r@-1); @)
U-1
<Y [ nm

i:n—i—l[

bmiu§ bmax]
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/ P! () / g (i, Bir £) du () () | dpu (B:) +

[@min; @max] [Tu—n; T(z‘))

v [ e

[bmin; bmax]

/ P (o) / g(aw, B, t)du (O)du (av) | du(By) =

[amin§ amax] [T(U—l); T(U)]

= Z / i (Bi) / p; (o) Hi (i, Bi) dp (o) | dp(Bi) =

i=n+

1
[bmin; bmax] Gmin; Gmax]

U
= Z z:(g*) =2®) vy (B)eR for i=n+1, U (114)
i=n+1

hold. Therefore, inequalities (113) and (114) along with using the payoff decompo-
sition by (111) and (112) allow to conclude that the stack of successive equilibria
(110) is an equilibrium situation in discrete-time staircase-function 2-person game
(107). O

The assertion about the maximum of the players’ payoffs sum in an equilibrium
stack in game (33) could have been proved in a way similar to that in the proof of
Theorem 2. However, this question has far less practical sense compared to that for
bimatrix staircase-function games (which always have equilibrium solutions). This
is so because discrete-time staircase-function 2-person games are played, generally
speaking, within uncountably infinite sets of players’ staircase-function strategies (93)
and (94), and even the latter may have pretty tricky structure, let alone a subinterval
game may have no equilibrium at all.

Similarly to game (80) being a subgame of bimatrix staircase-function game (49),
and an inclusion by (92), it is quite obvious that game (107) is a subgame of discrete-
time staircase-function 2-person game (33) and

(4P (), 77 (B} ey C© {07 (0a) s 77 (B}, (115)

Theorem 5 being a generalization of Theorem 3 implies that the time-unit shift-
ing does not change the structure of equilibria in a discrete-time staircase-function
2-person game. If an equilibrium solution of (“wider”) game (33) exists, the respective
equilibrium solution of the (“narrower”) subgame can be taken from it.
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8. An example of the bimatrix staircase-function
game

Consider an example of the bimatrix staircase-function game, in which functions (8)
and (11) in integral functionals (7) and (10) are

fla(), y@), t) =
= sin (0.05:1:15 —0.01yt* — %) + cos (0.04zyt) et-3 cos(0-01zyt) (116)

and
g(z(t), y(t), t) =tsin (0.03;vyt - g) 672'44603(0'02””%), (117)

where the players are forced (somehow) to act within finite subsets of possible values
of their pure strategies (45) and (46):

e G MR i WIS LR s
and 0 8 6
B = {b(q—l)}q=1 = {biq }q=1 ={12+ 2q}q:1 ) (119)

The time unit (or the time subinterval length) is 0.1m, i.e. the players may (syn-
chronously, simultaneously) change their pure strategies values only through this time
step. The tasks are to solve such bimatrix staircase-function game (80) for time in-
tervals

[r1; 2] = [0.77; 1.3q], (120)
[r1; 7o) = [1.8m; 2.57], (121)
[r1; 7o) = [2.8m; 3.67], (122)
where
X (0,, A) = {x(t) €X(0.): z(t) e {m+ 1};21} c
C X (0,) C X ([r; ) (123)
and
Y (0., B)={y(t) €Y (0.): y(t) € {12420}, }
CY(0,)CY (jm; 7)) (124)
by
7@ 70D — 017 for i=n+1, U (125)

in time-interval breaking (78).
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According with Theorem 3, it is sufficient to find an equilibrium stack of the
bimatrix staircase-function game with (116) — (119) played during time interval

[t1; to] = [0.77; 3.67] (126)

where the respective payoff functionals

K(x(t), y(t) = (/ Fa @),y (), () (127)
[0.77; 3.67]
and
H(z (1), y(8) = /’ a(w (1), y (1), t)du(t), (128)
[0.77; 3.67]

due to there are 29 time units in (126), are transformed into 29 payoff 7 x 6 matrices
of the first player and 29 payoff 7 x 6 matrices of the second player. So, the “wider”
bimatrix staircase-function game is the succession of 29 bimatrix games

<{{a£ml)};_l7 {bgql)}z_l}, {Ki, HZ}> for i=1, 29 (129)

with the first player’s payoff matrices
K = [Kimgl7yg (130)
whose elements are

g = [ (a0 ) dite) =

['r('ifl); T(L))
= / f(m+1,1242¢q, t)du(t) =
[0.6740.174; 0.77+0.17%)

= / [sin (005 (m+ 1)t —0.01- (124 29) 2 = T) +

[0.6740.17i; 0.77+0.17%)
1 cos(0.04 - (m +1) - (12 + 20) t)eLScos(0.0l‘(m+1).(12+2q)t)}dﬂ ()
for i =T, 28 (131)
and

b= [ £ (a5 ) dte) =

[T(2s>; T<29)]

= / fm+1, 124 2q, t)du(t) =

[3.57; 3.67)
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= / [sin (0.05 S(m41)t—0.01- (12 + 2¢) 2 — Z) +

[3.57; 3.67]

—|—COS(0.04 . (m + 1) i (12 + 2(]) t)61.3cos(O.Ol~(m+1).(12+2q)t)}d'u (t) 7 (132)

and with the second player’s payoff matrices

H; = [Rimglo 6 (133)
whose elements are
himg = / 9 (agm*”, bt Y, t) dp (t) =
[rG-1; 7))
= / g(m+1, 12+ 2q, t)du(t) =
[0.6740.174; 0.77+0.172)
- / tsin (0.03~(m+1)-(12+2q)t—g)

[0.6740.17%; 0.7w40.17%)

o244 cos(O.OZ‘(m+1)~(12+2q)t+§)dM (t) for i = 1,28 (134)

and
haomq = / g (agg%l)v b5y, t) du(t) =
[T<28>; T<29>]
= / g(m+1, 12+ 2q, t)du(t) =
[3.57; 3.67)
- / tsin (0.03 S(m+1)- (124 29)t — g)
[3.57; 3.67)

6—2.44 cos(0.02~(m—§—1)'(12+2q)t+%)d‘u (t) ) (135)

In the “wider” bimatrix staircase-function game, each of the players is allowed to
change its pure strategy value only at time points
28
{T@}i:l = {0.77 + 0.17i}28, .

Payoff matrix (130) on each subinterval of set
{{[0.677 +0.1mi; 077 +0.1m0)} 23 || [3.5m; 3.6w}} (136)

is shown in Figure 4 as a meshed surface, where a close-to-chaotic payoff distribu-
tion can be seen. Payoff matrix (133) on each subinterval of set (136) is shown in
Figure 5 as a meshed surface also, where a close-to-chaotic payoff distribution is seen



Time-Unit Shifting in 2-Person Games Played in Staircase-Function Spaces 167

. [09% )

T [0.7%0.87)

7
24 8
- 2am2sn)

|
|
s

8 4 8
o [2.8%2.97) S Bmsam

7
22 24 8
Tee- oo T Bam3a2n)
| S,

24 8
~ [33m3.4x)

I
|
|
I
~
|

Figure 4: First player’s payoffs in matrix (130) as a meshed surface on the 29 subin-
tervals of set (136)
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Figure 5: Second player’s payoffs in matrix (133) as a meshed surface on the 29
subintervals of set (136)
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as well (although some meshes on neighboring subintervals bear some resemblance).
A distinctive feature here is that the payoff value scale of the second player is much
wider than that of the first player. Whereas the first player’s payoff varies between
approximately —1.1144 and 1.3652, the second player’s payoff varies between approx-
imately —31.3741 and 30.4348, that means a potentially significant imbalance when
the criterion of the payoff sum maximum is applied to select the best equilibrium.

The 7 x 6 bimatrix games (129) with (130) — (135) are solved in pure and mixed
strategies, and there are multiple equilibrium situations on some time units. So, the
best equilibrium situation on such time units is selected by the criterion of maximizing
the players’ payoffs sum. The stack of the 29 first player’s equilibrium strategies in
each of those 29 7 x 6 bimatrix games is shown in Figure 6, where the solid line
corresponds to a pure strategy equilibrium and the dotted lines correspond to nonzero-
probability pure strategies in a mixed strategy equilibrium. Similarly, the stack of the
29 second player’s equilibrium strategies is shown in Figure 7. Thus, the solution to
the “wider” game is the equilibrium situation formed subinterval-wise from the stacks
in Figure 6 and Figure 7. Owing to Theorem 3, the equilibrium solutions for time
intervals (120) — (122) are directly taken from the “wider” game equilibrium stack. In
the solution for time interval (120), pure strategies a(®) = 4 and a(*) = 6 are not used
by the first player, whereas pure strategy b") = 16 is not used by the second player
(Figure 8). In the solution for time interval (121), every player uses all one’s pure
strategies, only in mixed strategies (Figure 9). In the solution for time interval (122),
pure strategy a® = 6 is not used by the first player, whereas the second player uses
all one’s pure strategies (Figure 10) —either in mixed strategies or in pure strategies
during [37; 3.47). It is worth noting that there are no completely mixed strategies in
the 29 time-unit equilibrium situations.

In the “wider” game equilibrium situation formed subinterval-wise from the stacks
in Figure 6 and Figure 7, the players’ payoffs are

29
vt =) vf A 74123 (137)
=1
and
29
2=z ~99.8691, (138)
1=1

provided by the criterion of maximizing the players’ payoffs sum. However, it is worth
noting that the presented game solution strongly depends on the criterion of selecting
a single equilibrium situation (on each time unit). Inasmuch as the payoff ranges of
the players differ severely, the applied above criterion may be unacceptable for the first
player whose contribution to the sum is rather (insignificantly, on some time units)
small. Thus, the same criterion can be used but only with payoff normalizations

*

* .
Uij - 41'1}11’1‘] Uz_]
~ J=1, Ji
max ’Uiv — min Uij

=1, Ji Jj=1, Ji
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strategy in the best equilibrium situation in the “wider” game by (116) — (119) and
(126) —(135)
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and " . *
25— _n}m] 25
~% J=1, Ji
Zij = " - = (140)
max zf; — min_ zj
j=1, J; Jj=1, Ji

where v]; and 2; are the first and second players payoffs in a j-th equilibrium situation
on time unit ¢, on which there are J; equilibria altogether. Then, similarly to (66),
an equilibrium situation {P*, R}*} is selected such in which

055 + 255 141
e {0 + 2} (141)

is reached. By using the criterion with (139) —(141), the equilibrium solution of the
“wider” bimatrix staircase-function game changes (see the first player’s equilibrium
stack in Figure 11 and the second player’s equilibrium stack in Figure 12, where the
subintervals with the changes are segregated): the players’ equilibria on subintervals

[1.47; 1.57), (142)
[2.1m; 2.27), (143)
[2.67; 2.77) (144)

are different from the equilibria on subintervals (142) — (144) in both Figure 6 and
Figure 7. The first player now mixes pure strategies a(®) = 2 and a® =6 (instead
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Figure 11: The best equilibrium situation of the first player in the “wider” game by
(116) — (119) and (126) — (135) solved by selecting a single equilibrium situation on
the time unit with (139)— (141)
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by (116) — (119) and (126) — (135) solved by selecting a single equilibrium situation
on the time unit with (139) — (141)
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of mixing a® = 5 and a(® = 7 in Figure 6) on subinterval (142), and the second
player now mixes pure strategies b(?) = 18 and b(®) = 24 (instead of mixing b(3) =20
and b®) = 22 in Figure 7) on subinterval (142). The equilibrium strategy support
cardinality, which is

|supp P§| = [supp Rg| = 2,

does not change. Nor does it change on subinterval (143):
[supp P15| = [supp Ry;| = 2,

where the first player now mixes pure strategy a(®) = 5 with a® = 7 (instead of
mixing a® = 5 with «® = 4 in Figure 6), and the second player now mixes pure
strategies b(®) = 14 and b®) = 24 (instead of mixing b = 18 and b(*) = 22 in
Figure 7). The most radical change is on subinterval (144), whereon each of the
players now does not mix one’s four pure strategies (a(® = 4, a® = 5, oY = 6,
a® = 7 in Figure 6 and b = 14, b = 16, b® = 18, b®*) = 22 in Figure 7),
but uses instead a single pure strategy: the first player just uses a(® = 7 and the
second player uses b(*) = 22. Now, in the “wider” game equilibrium situation formed
subinterval-wise from the stacks in Figure 11 and Figure 12, the players’ payoffs are

29
vt =) v ~8.0337 (145)
=1
and
29
2= 2 ~96.5492, (146)
=1

provided by the criterion of maximizing the players’ payoffs sum as selecting a single
equilibrium situation on the time unit with (139) — (141). The first player’s payoff
(145) is 8.3839 % greater than that (137), whereas the second player’s payoff (146) is
just 3.3242 % less than that (138). This is an example of that a proper selection of the
single equilibrium criterion, e.g. using payoff normalizations like (139), (140), when
the players’ payoff ranges differ, can balance the player’s eventual payoffs (making
their distribution more fair). Obviously, equilibria on some time units may depend
on the criterion (that is followed by the respective changes in the players’ equilibrium
stacks).

9. Discussion

In the sense of practical applicability, the presented method is a significant contribu-
tion to the 2-person game theory and operations research. It allows solving 2-person
games played with staircase-function strategies in a far simpler manner just by consid-
ering a succession of time-unit subgames. In the case of a bimatrix staircase-function
game, being “wider” one, its equilibrium situation is formed by solving and stacking
equilibria of successive smaller-sized bimatrix games. Then, owing to Theorem 3,
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the respective equilibrium solution of any “narrower” subgame can be taken from
the “wider” game equilibrium. The computational efficiency is only defined by and
limited to the efficiency of finding equilibrium situations in an ordinary (time-unit)
bimatrix game whose size is commonly not that large. Without considering the succes-
sion of time-unit bimatrix games, any straightforward approach to finding equilibrium
situations in a bimatrix staircase-function game is intractable.

A special attention is paid to time variable ¢ explicitly included into functions
(8) and (11) to be integrated. The explicitness means that, as time goes by (and
the players develop their actions), something is going on or changes within the pro-
cess modeled by the staircase-function game. If, in a discrete-time staircase-function
2-person game, time ¢ is not explicitly included into functions (8) and (11), then

K (s, B) = / f (s Bi)du (1) =

[r(=1; r()

= f (o, ) - (T“) 77<H>) Vi=1, N-1 (147)
and

Kn (an, By) = / f (o, By)du (t) =

[r(N=1); 7(N)]
= f(an, Bn)- (T(N) — T(N‘”) (148)

instead of (26) and (27), and

H; (v, Bi) = / g (i, Bi)du(t) =

r(i=1); 7()
[F=057®)

= g(ai, By) - (T(“ - T“‘”) Vi=1, N1 (149)
and

Hy (o, Bu) = / g (o, Bx)du(t) =

[r(¥=1); £(M)]
=g (an, Bn) - (T(N) - T(N71)> (150)

instead of (28) and (29). Equalities (147) — (150) mean that the payoff value depends
only on the length of the time unit. That is, the player’s payoff then is equal to
the subinterval length multiplied by the respective value of the function under the
integral. If the length does not change in the case of bimatrix staircase-function
game (49), then the time-unit bimatrix game does not change. If the length does
not change in the case of discrete-time staircase-function 2-person game (33), the
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time-unit (ordinary) 2-person game defined on rectangle (32) does not change. Then
the solution (of any type) to the initial (finite or uncountably infinite) discrete-time
staircase-function 2-person game is determined just by the solution of a one time-unit
game, and this solution will not change as the time units go by. Such a triviality of the
equal-length-subinterval solution is explained by a standstill of the players’ strategies.
Consequently, the scientific significance of this trivial case is low — this is why it is
not considered.

The scientific significance of the discrete-time staircase-function 2-person game
and the methods of finding an equilibrium in it (provided by Theorems 2 and 3, and,
under the supposition of that all the time-unit equilibria exist, by Theorems 4 and 5)
is high. Owing to Theorems 2 and 3, such games, if finite, are very simple models to
describe struggling for optimizing the distribution of some limited resources between
two sides. Unlike ordinary bimatrix games, which model only static processes of the
struggle, discrete-time staircase-function 2-person games allow considering discrete-
time dynamics of the struggling processes. Such a simplification is similar to that
when, e.g., the fuzzy logic facilitates the control of a complicated system without
knowledge of its exact mathematical description.

10. Conclusion

Because of an intractably gigantic size, it is impracticable to solve 2-person games
played in staircase-function finite spaces by directly rendering them to bimatrix games,
where the solution is of the equilibrium type. Moreover, the time interval on which
the discrete-time 2-person game is defined can vary by the number of time subinter-
vals (time units), so a tractable and efficient method of finding an equilibrium in a
2-person game played in staircase-function finite spaces is to solve a succession of
time-unit bimatrix games, whereupon their equilibria are stacked into pure-mixed-
strategy equilibria. In the case of multiple equilibria on some time units, the criterion
of the players’ payoffs sum maximum is applied to select the best equilibrium. Owing
to Theorems 2 and 3, the equilibrium of the initial finite game can be obtained by
stacking the best equilibria of the smaller-sized bimatrix games, whichever the time
interval is. If the game is uncountably infinite, i. e. a set of pure strategy possible val-
ues is uncountably infinite, and all time-unit equilibria exist, such a stack is possible
as well owing to Theorems 4 and 5. So, the equilibrium of the initial discrete-time
staircase-function 2-person game can be obtained by stacking the equilibria of the
(ordinary) 2-person games defined on a rectangle, whichever the time interval is.
Solving games played in staircase-function finite spaces with possible time-unit
shifting (when the initial time interval is narrowed by an integer number of time units)
should be studied also for the case of three players. Then the presented assertions
and conclusions are to be re-written for trimatrix games. A distinct peculiarity is
that the equilibria multiplicity problem in trimatrix games is even trickier than that
in bimatrix games. Moreover, the criterion of selecting a single equilibrium situation
on each time unit in the case of a trimatrix staircase-function game becomes more
disputable, especially when at least two players’ payoff ranges differ significantly.



Time-Unit Shifting in 2-Person Games Played in Staircase-Function Spaces 177

References

1]

[13]

[14]

[15]

[16]

S. Adlakha, R. Johari, G. Y. Weintraub, Equilibria of dynamic games with many
players: FEzistence, approximation, and market structure, Journal of Economic
Theory 156 (2015) 269-316.

M. Arblaster, Air Traffic Management. Economics, Regulation and Governance,
Elsevier, 2018.

J.P. Benoit, V. Krishna, Finitely repeated games, Econometrica 53 (4) (1985)
905-922.

J. Bergin, B. MacLeod, Continuous time repeated games, International Economic

Review 34 (1993) 21-37.

S.P. Coraluppi, S. I. Marcus, Risk-sensitive and minimax control of discrete-time,
finite-state Markov decision processes, Automatica 35 (2) (1999) 301-309.

R.E. Edwards, Functional Analysis: Theory and Applications, Holt, Rinehart
and Winston, 1965.

D. Fudenberg, J. Tirole, Game Theory, MIT Press, Cambridge, MA, 1991.

M. C. Gelhausen, P. Berster, D. Wilken, Airport Capacity Constraints and Strate-
gies for Mitigation, Academic Press, 2019.

N. A. Gershenfeld, The Nature of Mathematical Modeling, Cambridge University
Press, Cambridge, UK, 1999.

J. C. Harsanyi, R. Selten, A General Theory of Equilibrium Selection in Games,
The MIT Press, 1988.

D. Hirshleifer, D. Jiang, Y. M. DiGiovanni, Mood beta and seasonalities in stock
returns, Journal of Financial Economics 137 (1) (2020) 272-295.

S. Kalaiselvam, R. Parameshwaran, Chapter 7. Seasonal Thermal Energy Stor-
age, in: Thermal Energy Storage Technologies for Sustainability. Systems Design,
Assessment and Applications, Academic Press, 2014, 145-162.

CA. Kamhoua, C.D. Kiekintveld, F. Fang, Q. Zhu, Game Theory and Machine
Learning for Cyber Security, Wiley-IEEE Press, 2021.

C.E. Lemke, J. T. Howson, Equilibrium points of bimatrixz games, STAM Journal
on Applied Mathematics 12 (2) (1964) 413-423.

N. Nisan, T. Roughgarden, E. Tardos, V. V. Vazirani, Algorithmic Game Theory,
Cambridge University Press, Cambridge, UK, 2007.

V. V. Romanuke, Theory of Antagonistic Games, New World — 2000, Lviv, 2010.



178

[17]

[18]

V. Romanuke

V. V. Romanuke, Convergence and estimation of the process of computer imple-
mentation of the optimality principle in matrix games with apparent play horizon,
Journal of Automation and Information Sciences 45 (10) (2013) 49-56.

V.V. Romanuke, Theoretic-game methods of identification of models for multi-
stage technical control and run-in under multivariate uncertainties (a Disserta-
tion for the Doctoral Degree of Technical Sciences in Speciality 01.05.02 Math-
ematical Modeling and Computational Methods), Vinnytsia National Technical
University, Vinnytsia, Ukraine, 2014 (in Ukrainian).

V.V. Romanuke, V.G. Kamburg, Approzimation of isomorphic infinite two-
person noncooperative games via variously sampling the players’ payoff functions
and reshaping payoff matrices into bimatriz game, Applied Computer Systems
20 (2016) 5-14.

V. V. Romanuke, Finite approximation of continuous noncooperative two-person
games on a product of linear strategy functional spaces, Journal of Mathematics
and Applications 43 (2020) 123-138.

V.V. Romanuke, Two-person games on a product of staircase-function contin-
wous and finite spaces, Visnyk of the Lviv University. Series Appl. Math. and
Informatics 29 (2021) 67-90.

V. V. Romanuke, Finite uniform approximation of two-person games defined on
a product of staircase-function infinite spaces, International Journal of Approxi-
mate Reasoning 145 (2022) 139-162.

Y. Teraoka, A two-person game of timing with random arrival time of the object,
Mathematica Japonica 24 (1979) 427-438.

N.N. Vorob’yov, Game Theory Fundamentals. Noncooperative Games, Nauka,
Moscow, 1984 (in Russian).

N.N. Vorob’yov, Game Theory for Economists-Cyberneticists, Nauka, Moscow,
1985 (in Russian).

J. Yang, Y.-S. Chen, Y. Sun, H.-X. Yang, Y. Liu, Group formation in the spatial
public goods game with continuous strategies, Physica A: Statistical Mechanics
and its Applications 505 (2018) 737-743.

P. Young, S. Zamir, Handbook of Game Theory. Volume 4, Elsevier, North Hol-
land, Netherlands, 2015.

J. Zarei, M. Rasti-Barzoki, S. R. Hejazi, A game theoretic approach for integrated
pricing, lot-sizing and advertising decisions in a dual-channel supply chain, In-
ternational Journal of Operational Research 40 (3) (2021) 342-365.



Time-Unit Shifting in 2-Person Games Played in Staircase-Function Spaces 179

[29] R. Zhao, G. Neighbour, J. Han, M. McGuire, P. Deutz, Using game theory to
describe strategy selection for environmental Tisk and carbon emissions reduction
in the green supply chain, Journal of Loss Prevention in the Process Industries
25 (6) (2012) 927-936.

[30] Z. Zhou, Z. Jin, Optimal equilibrium barrier strategies for time-inconsistent divi-
dend problems in discrete time, Insurance: Mathematics and Economics 94 (2020)
100-108.

DOI: 10.7862/rf.2022.7

Vadim Romanuke

email: v.romanuke@amw.gdynia.pl

ORCID: 0000-0003-3543-3087

Faculty of Mechanical and Electrical Engineering
Polish Naval Academy

Gdynia

POLAND

Received 03.04.2022 Accepted 09.08.2022



