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TENSILE PROPERTIES OF ADDITIVELY 
MANUFACTURED POLYETHERIMIDE PARTS  

This paper presents the  results of a study of evaluating the influence of path 
generation strategy on tensile properties of samples made by additive manufac-
turing technology FDM (Fused Deposition Modeling). Several scientific studies 
were focused on the influence of path generation strategy on mechanical proper-
ties of deposited material. ABS and PLA are the most investigated materials 
used in FDM. This paper is aimed to determine the influence of selected path 
generation strategies on tensile strength of parts fabricated with ULTEM 9085 
thermoplastic. The results obtained in experiments confirmed that proposed path 
generation strategy allowed to increase tensile strength by 25% compared to 
a situation when the samples were fabricated with default path generation set-
ting. 

Keywords: fused deposition modeling, tensile test, polyetherimide 

1. Introduction 

Nowadays, fused deposition modelling (FDM) and fused filament fabrica-
tion (FFF) are one of the most used additive manufacturing (AM) techniques 
due to its ability to manufacture parts with very complex geometries at rela-
tively low prices. The main reasons for the growing popularity of AM tech-
niques are their reliability, safe and simple fabrication process, low cost of ma-
terial, and the availability to processing a variety of thermoplastics. The major 
research problem is to balance the ability to produce both tough and aestheti-
cally pleasing products with their functionality. 
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In the FDM process, the material is initially in the raw form of a flexible 
filament. The filament is then partially heated above the melting (glass transi-
tion) temperature and extruded through a heated nozzle. The extrusion process 
is mostly conducted in environment with a controlled temperature. In lw cost 
systems instead of temperature controlled environment a heated platform is 
used. The material is extruded in a thin layer onto the building platform (first 
layer) or onto the previously built model layer on the building platform in the 
form of a prescribed two-dimensional (�-�) layer pattern (fig. 1). The deposit-
ed material cools, solidifies, and bonds with adjoining material. After an entire 
layer is deposited, the build platform moves downward along the �-axis by an 
increment equal to the filament height (layer thickness) and the next layer is 
deposited on the top of it. The platen or table on which the build sheet is 
placed lies in the x-y plane. 

 

 

Fig. 1. Scheme of fused deposition modelling (FDM) process 

Low cost or budget FFF systems are equipped only with one nozzle, and 
the supporting structure is fabricated with  the same material as a model itself. 
This makes the support removal difficult for the operator. Mid-range and high 
level FDM systems generally come with two nozzles, one for model material 
and one for support material. Different properties of support material, cause 
lower interbond strength between model/support interface and thus easier to 
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remove support structures after the model is built. Nowadays a wide variety of 
thermoplastics materials in a form of virgin materials, blends and composites 
are available for the FFF applications. Although AM is an efficient technolo-
gy, full scale application has not gained much attention because of compatibil-
ity of presently available materials with AM technologies [1]. AM offers de-
sign and environmental advantages over classical manufacturing processes, the 
adoption of AM as a means for fabricating end-use components has been de-
layed by the technologies’ narrow selection of available materials. The biggest 
part of materials used by modern AM technologies are polymers. There are 
also possibilities to use some metals (such as steel alloys and titanium) and 
ceramics. While there are presently available different types of polymeric ma-
terials that can be used in AM, the material properties are typically not as 
strong as their conventionally manufactured counterparts due to the anisotropy 
resulting from the layer-by-layer nature of the AM process [2]. 

AM is generally able to help to design and speed up the whole process of 
product development especially in the case when producing very complicated 
parts which production using traditional manufacturing methods would be 
challenging or even impossible. Designers use the possibility of design free-
dom to integrate function of several parts into one product. Pre-processing 
phase in interaction between CAD and AM system is mostly relatively seam-
less and there is less or no concern about interpretation of the design intent. 
AM system reduces lot of steps or stages necessary in the case of traditional 
manufacturing processes[3].  

Manufacturing of complex shaped AM products with good aesthetically 
appealing with actually available AM technologies is not challenging. The 
problem is to produce AM parts that are functionally reliable, especially when 
building parts with geometry details on the edge of AM system resolution.  
Another issue is the inhomogeneity of mechanical properties caused by the 
nature of the layered manufacturing. This phenomenon had to be taken into 
account, when designing AM product, and is well known also in FDM tech-
nology. Lots of research studies results present the relationship between pro-
cess setting conditions (raster angle, raster gap, deposition strategy, tempera-
ture, etc.) and the resulting mechanical properties[4-6]. These results show that 
the FDM produced parts are the most vulnerable when they are loaded in the 
z-building direction.  

Although FDM is a very widespread technology, the manufacturer’s poli-
cy often causes material incompatibly between individual FDM machines. Re-
search studies mentioned above, solved the issue of mechanical properties for 
parts made of ABS, PLA or polycarbonate, which are the most commonly 
used materials in FDM technology. The presented study focuses on relatively 
rare used material in FDM technology ULTEM9085® supplied by Stratasys® 
(general polymer classification is polyetherimide - PEI). The goal of investiga-
tions was to determine one of the mechanical properties, namely tensile 
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strength of FDM fabricated part. The part was produced under system`s de-
fault path generation strategy (PGS) and under proposed alternative strategy 
with an intention to minimize air gaps in the volume of the part. Alternative 
path generation strategy was adapted to specific conditions applicable for 
ULTEM 9085 in Insight® 9.1 software. PGS is based on findings of Gajdoš et 
al. [7] who investigated samples made of polycarbonate, where the distribution 
of air gaps in the sample structure was not random. The structure of prepared 
samples was modified by locating air gaps in one part of the samples volume, 
thus significantly affecting tensile strength of the sample. The location of the 
air gaps in the volume is associated with the start point of layer raster forming 
(fig. 2). 

 

 

Fig. 2. Metrotomography 3D scanned FDM sample (left) and loca-
tion of air gaps in the sample (right)  

2. Experimental procedure 

In this study, the samples made of ULTEM 9085 were prepared using 
Fortus 400mc® production system. Path generation strategy in pre-processing 
stage of the fabrication process was determined in Insight® 9.1 software. The 
dimensions of the samples were in accordance with STN ISO 527-2 (fig. 3). 
All the samples were fabricated with orientation as presented in figure 4.  

This direction is recognized as the weakest for strength of FDM parts. 
The samples were prepared directly from prepared 3D STL model (dimensions 
are shown in figure 3) under the default setting of parameters values and slic-
ing layer height of 0.254 mm. Three types of path generation strategy were 
used with a raster angle of 45º, 90º raster angle between the following layers 
with a raster air gap of 0 mm and a raster width of 0.508 mm. The samples 
differed only in the number of outlines (fig. 4). 
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Fig. 3. Tensile test specimen dimensions, building orientation 

 

Fig. 4. Tensile test specimens default path generation strategy with one (left), two (middle) and 
three (right) outlines 

Preparing samples with alternative path generation strategy required to 
modify designing and pre-processing procedures. There were some knowledge 
and software limitations which have been discussed in previous study [7]. As 
mentioned above, the cross-section area of the tensile test sample is relatively 
small, and consequently  appearing fiber deposition leads to inhomogeneous 
air gap distribution (fig. 2). To avoid this phenomenon a plate was designed 
with the following dimensions: a thickness of 4 mm, a height of 160 mm, and 
a width of 100mm. Final shape of the test samples was machined on the mill-
ing machine. 
 Actual raster width setting and path generation strategy in Insight® 9.1 for 
ULTEM 9085 and layer height of 0.254 mm do not allow to prepare desired 
alternative deposition strategy as shown in figure 5. Available raster widths 
cannot create combination of outline raster with 50% width of internal raster. 
Thus, the raster deposition strategy without outline was adopted and the de-
sired offset between layers was obtained by modeling of layer offset directly in 
CAD model. Final path generation strategy setup was as follows: no outline, 
a raster width of 0.5 mm, a raster angle of 0° and a raster angle between layers 
of 180°. Five specimens were prepared for all types of samples used in the 
experiment which are listed in table 1.  
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Fig. 5. CAD model of plate cross-section (green) and alternative filament deposition strategy 

Table 1. Path generation strategies used in experiments 

Sample 
type 

Raster width  
[mm] 

Raster angle  
[°] 

Raster angle between  
following layers  

[°] 

Number of  
outline  

contours 

Width of outline 
contours [mm] 

A 0.508 45 90 1 0.508 
B 0.508 45 90 2 0.508 
C 0.508 45 90 3 0.508 
D 0.500 0 180 0 - 

3. Results and discussion 

The average values of ultimate tensile strength for all types of samples are 
presented in figure 6. The tensile strength value for the sample “A” prepared 
with default settings was 36.64 MPa. Increasing of the number of outlines, 
decreases the resulting tensile strength to 34.71 MPa in the case of the sample 
“ B” and to 30.95 MPa in the case of the sample “C”. Increasing of the number 
of outlines has negative influence on resulting tensile strength. The highest 
tensile strength was measured for “D” samples, made with alternative path 
generation strategy. Average value of 46.04 MPa means improvement of ten-
sile strength by 25.56%, when compared with tensile strength of the sample 
“A”.  

In the figure 7 stress-elongation curves of selected samples determined 
through tensile tests are presented. Observed elongation at break for sample 
“D”is 3.14 mm. Compared to other samples (2.12-2.23 mm) the elongation 
value is higher of about 40.08-48.11%. It is assumed that the high layer to lay-
er bond strength, allows utilizing bigger portion of filament elastic defor-
mation capacity.  
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Fig. 6. Average tensile strength for all sample types 

 
Fig. 7. Stress-elongation curves of tested samples determined through tensile tests 

4. Conclusions 

AM is able to help to design and speed up the whole process of product 
development, especially in the case when producing very complicated parts. 
Designers use the possibility of design freedom to integrate function of several 
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parts into one product. The inhomogeneity of mechanical properties caused by 
the nature of the layered manufacturing is a main problem in AM products. 
This phenomenon had to be taken into account, when designing AM product, 
and is also well known in FDM technology. Generating a path deposition 
strategy for FDM parts with default settings causes fabrication of parts with 
relatively high amount of voids in the structure. The proposed alternative path 
generation strategy, had led to increasing of tensile strength by 26.56% and 
also increasing of elongation at break by 40.08%. However, at this moment 
there are several challenges that have to be solved to apply this strategy when 
manufacturing FDM parts. Among others, actual slicing and path generating 
software do not incorporate into the developed alternative part generation 
strategy. In this study, the path generation is adopted in manually designed 
CAD model. For complex shaped parts this strategy would be nearly impossi-
ble, or very time consuming. The second problem is the inhomogeneity of air-
gaps distribution, which was solved in this study by printing the plate followed 
by machining of the samples. For practical purposes this is not applicable. De-
creasing the surface quality of FDM parts is another drawback of proposed 
path generation strategy. 
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WŁA ŚCIWOŚCI MECHANICZNE PRZY ROZCI ĄGANIU CZĘŚCI  
Z POLIETEROIMIDU WYTWARZANYCH W TECHNOLOGII 
PRZYROSTOWEJ 

S t r e s z c z e n i e 

W artykule przedstawiono wyniki  badań oceniających, w próbie rozciągania,  wpływ stra-
tegii generowania ścieżki na właściwości mechaniczne próbek wytworzonych w technologii 
osadzania topionego materiału (ang. FDM - Fused Deposition Modeling). Liczne badania nau-
kowe były skupione na wpływie strategii generowania ścieżki na właściwości mechaniczne 
materiału osadzanego. Najczęściej badanymi materiałami stosowanymi w technologii FDM są 
ABS oraz PLA. Celem niniejszego artykułu określenie wpływu wybranych strategii generowa-
nia ścieżki na wytrzymałość na rozciąganie elementów wytworzonych z termoplastu 
ULTEM9085. Wyniki badań eksperymentalnych potwierdziły, że proponowana strategia wy-
twarzania ścieżki pozwoliła zwiększyć wytrzymałość na rozciąganie o 25% w porównaniu 
z sytuacją, gdy próbki były wytwarzane przy użyciu domyślnych ustawień generacji ścieżki. 
 
Słowa kluczowe: osadzanie topionego materiału, próba rozciągania, polieteroimid 
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Piotr GIERLAK 1 

ANALIZA WI ĘZÓW MANIPULATORA  
W ZADANIU ZROBOTYZOWANEJ OBRÓBKI 
MECHANICZNEJ DYFUZORA  

Artykuł dotyczy analizy więzów geometrycznych narzuconych na końcówkę ro-
boczą robota manipulacyjnego, którego zadaniem jest realizacja obróbki mecha-
nicznej dyfuzora. Z punktu widzenia teorii sterowania, realizacja omawianego 
zadania jest traktowana jako sterowanie obiektem z ograniczeniami ruchu. Wy-
maga to określenia zadanej trajektorii układu sterowania robota rozumianej jako 
trajektoria pozycyjna oraz siłowa. W pracy zaprezentowano geometrię dyfuzora 
wraz z opisem matematycznym krawędzi, która ma zostać zatępiona. Podano ze-
staw więzów naturalnych i sztucznych, pozycyjnych i siłowych dla tego zadania 
oraz dla zadania wiercenia otworów. Podano sposób wyznaczania trajektorii po-
zycyjnej i siłowej, która będzie stanowić trajektorię zadaną układu sterowania 
robota. Zaprezentowano wyniki symulacji generowania trajektorii ruchu koń-
cówki roboczej. 

Słowa kluczowe: więzy geometryczne, robot manipulacyjny, planowanie trajek-
torii, zrobotyzowana obróbka 

1. Wprowadzenie 

Poprawna realizacja obróbki mechanicznej elementów części maszyn 
i urządzeń wymaga zastosowania precyzyjnych stanowisk obróbczych, najczę-
ściej maszyn CNC. Specyfika niektórych zadań obróbki, związana z niepew-
nością położenia oraz kształtu obrabianej powierzchni czy krawędzi powoduje, 
że niektóre operacje są często wykonywane ręcznie na stanowiskach ślusar-
skich czy wiertarskich. Automatyzacja takich operacji jest możliwa, wymaga 
jednak zastosowania złożonych systemów, których istotną cechą jest progra-
mowalność i elastyczność [2]. W skład takich systemów wchodzą przede 
wszystkim roboty z odpowiednimi narzędziami do obróbki mechanicznej oraz 
inne urządzenia pomocnicze takie jak pozycjonery, transportery i systemy wi-
zyjne [3]. 

Takie systemy umożliwiają zaprogramowanie i realizację procesów ob-
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róbki mechanicznej elementów, których kształt i położenie są zmienne w okre-
ślonych granicach. Przykładem jest zadanie obróbki mechanicznej dyfuzora 
silnika (rys. 1). Losowa zmienność kształtu i położenia dyfuzora, który jest 
elementem odlewu, wynika m.in. ze zjawiska skurczu występującego podczas 
krzepnięcia oraz niedokładności wykonania formy odlewniczej. 

 

 

Rys. 1. Kształt dyfuzora 

Fig. 1. The shape of the diffuser 

Płaszczyzna a dyfuzora jest obrobiona przez frezowanie, natomiast kra-
wędź k należy zatępić. Ponadto należy wykonać otwory przelotowe o osiach 
prostopadłych do płaszczyzny a. 

Ważnym aspektem praktycznym jest wybór sposobu realizacji omówio-
nych zadań. Do realizacji procesu obróbki krawędzi dyfuzora w praktyce 
można stosować co najmniej dwie strategie sterowania. Pierwsza z nich polega 
na zastosowaniu tzw. hybrydowego sterowania pozycyjno-siłowego. Hybry-
dowy sterownik pozycyjno-siłowy [4, 12] powinien umożliwiać: 

– sterowanie pozycją końcówki manipulatora wzdłuż kierunków, na któ-
rych istnieją naturalne więzy siłowe, 

– sterowanie siłami wywieranymi przez końcówkę manipulatora wzdłuż 
kierunków, na których istnieją naturalne więzy pozycyjne, 

– realizację dowolnej kombinacji powyższych zadań wzdłuż ortogonalnych 
kierunków układu więzów {c}. 
Zastosowanie takiej strategii wymaga wyposażenia robota w pakiet sprzę-

towo-programowy, w skład którego musi wchodzić układ umożliwiający wy-
znaczenie sił i momentów w końcówce roboczej manipulatora. Można zasto-
sować np. czujnik sił i momentów umieszczony w końcówce robota [2] lub 
układ pomiaru obciążenia napędów robota [18]. Dodatkowo rozbudowany mu-
si zostać układ sterowania robota w celu realizacji pętli sterowania siłami. 
Schemat układu sterowania pozycyjno-siłowego umożliwiającego realizację 
omawianego zadania przedstawiono na rys. 2. 
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Rys. 2. Schemat układu sterowania pozycyjno-siłowego: ztp - zadana trajekto-
ria pozycyjna, tp - trajektoria pozycyjna, e - błąd realizacji trajektorii pozy-
cyjnej, zts - zadana trajektoria siłowa, ts - trajektoria siłowa, λ - błąd realizacji 
trajektorii siłowej, u - sterowanie 

Fig. 2. The scheme of the position/force control system: ztp - desired position-
al trajectory, tp - positional trajectory, e - error of position, zts - desired force 
trajectory, ts - force trajectory, λ - error of force, u - control input 

Struktura sterowania pozycyjnego jest typowa dla układów sterowania 
współczesnych robotów, w których problem nadążania za zadaną trajektorią 
ruchu jest definiowany jako zadanie stabilizacji błędu nadążania. Rolą kom-
pensatora jest kompensowanie nieliniowości sterowanego obiektu, natomiast 
rolą stabilizatora jest eliminowanie błędu nadążania wynikającego z niedo-
kładnej kompensacji nieliniowości. Dodatkowo wprowadza się człon zapew-
niający odporność na zakłócenia nazywany sterowaniem odpornym, a jego 
struktura zależy m.in. od struktury kompensatora i sposobu analizy stabilności 
układu. Typowym rozwiązaniem stosowanym w pętli sterowania siłowego jest 
zastosowanie stabilizatora siły, którego celem jest eliminowanie błędu trajek-
torii siłowej. Szczegółowe opracowania dotyczące rozwiązań stosowanych 
w układach sterowania pozycyjno-siłowego zostały przedstawione w pracach 
autora. Analizowano w nich m.in. zastosowanie metod klasycznych, układów 
neuronowych i neuronowo-rozmytych w sterowaniu pozycyjnym [6, 7, 9, 10] 
oraz regulatorów konwencjonalnych (PID) i rozmytych w sterowaniu siłowym 
[11]. Inne rozwiązania sterowania siłowego przedstawione są w pracach [15, 
16]. 

Alternatywnym i tańszym rozwiązaniem, nie wymagającym stosowania 
układu sterowania siłowego, jest wyposażenie robota manipulacyjnego w tzw. 
podatne narzędzie [2]. Jest ono tak skonstruowane, że wrzeciono, w którym 
zamocowane jest narzędzie skrawające, ma możliwość odchylania się od poło-
żenia neutralnego. Dostępne na rynku tego typu rozwiązania to np. narzędzia: 
FDB firmy Schunk [20] oraz DT-A390 firmy RAD [19]. Istota tych rozwiązań 
polega na sterowaniu podatnością wrzeciona poprzez zmianę ciśnienia powie-
trza doprowadzanego do narzędzia. Przy większym ciśnieniu powietrza siła 
wymagana do wychylenia wrzeciona jest większa. Układ taki nie umożliwia 
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sterowania siłami interakcji w torze zamkniętym - stosowane jest tu jedynie 
sterowanie typu pozycyjnego - a siła interakcji jest dobierana w sposób przy-
bliżony i zależy od aktualnej wartości ciśnienia doprowadzanego do układu 
sterowania podatnością. Dodatkową korzyścią z zastosowania podatnego na-
rzędzia jest zabezpieczenie robota i obrabianego przedmiotu przed uszkodze-
niem w wyniku wygenerowania zbyt dużych sił lub momentów sił. 

Obydwie przedstawione strategie sterowania zapewniają kontakt narzę-
dzia z obrabianym przedmiotem nawet wówczas, gdy jego kształt i położenie 
odbiegają od nominalnych wartości. Jest to efektem uwzględniania w procesie 
sterowania siły interakcji robota z otoczeniem. 

Do wykonania przedstawionych zadań zastosowany zostanie manipulator 
kartezjański własnej konstrukcji posiadający trzy stopnie swobody [8]. Jest to 
manipulator przeznaczony do realizacji badań dotyczących m.in. robotyzacji 
procesów obróbki mechanicznej. Umożliwia on realizowanie dwóch niezależ-
nych translacji końcówki w płaszczyźnie poziomej i jednej w kierunku piono-
wym. Wyposażony jest w moduły liniowe, w skład których wchodzą prowad-
nice z wózkami napędzanymi przez silniki prądu stałego za pośrednictwem 
przekładni zębatych oraz śrub kulowych. W celu umożliwienia realizacji pętli 
sterowania pozycyjnego manipulator wyposażono w enkodery zamocowane na 
wałach silników napędowych. Aby umożliwi ć realizację pętli sterowania siło-
wego, koniecznej do sterowania siłami interakcji robota z otoczeniem, w koń-
cówce roboczej umieszczono czujnik siły FTD-Gamma SI-130-10 firmy ATI 
[17]. Jest to czujnik umożliwiający pomiar trzech składowych siły i trzech 
składowych momentu siły w końcówce roboczej. Do czujnika siły mocowana 
jest głowica, w której znajduje się narzędzie skrawające, np. pilnik, frez itp. 

Z punktu widzenia teorii sterowania robotami, realizacja omawianego za-
dania jest traktowana jako sterowanie obiektem z częściowymi ograniczeniami 
ruchu, co prowadzi do sterowania typu pozycyjno-siłowego [16]. Wymaga to 
określenia zadanej trajektorii układu sterowania robota rozumianej jako trajek-
toria pozycyjna oraz trajektoria siłowa. Problem ten zostanie wyjaśniony  
w kolejnych rozdziałach artykułu 

W rozdziale 2 przedstawiono więzy manipulatora wynikające z zadania 
obróbki krawędzi dyfuzora. W rozdziale 3 wyznaczono trajektorię pozycyjno-
siłową zgodną z więzami manipulatora. Rozdział 4 dotyczy analizy więzów 
manipulatora wynikających z zadania wiercenia otworów w dyfuzorze.  
W ostatnim rozdziale dokonano podsumowania pracy. 

2. Więzy manipulatora w zadaniu obróbki krawędzi dyfuzora 

Dla każdego zadania można określić tzw. uogólnioną powierzchnię 
z więzami pozycyjnymi na kierunkach normalnych do tej powierzchni i wię-
zami siłowymi na kierunkach do niej stycznych [5, 13]. Pojęcie więzów pozy-
cyjnych odnosi się do więzów narzuconych na pozycję i orientację końcówki 



Analiza więzów manipulatora w zadaniu zrobotyzowanej obróbki… 203 

 

roboczej manipulatora, natomiast pojęcie więzów siłowych odnosi się do wię-
zów narzuconych na siły i momenty interakcji końcówki z obrabianym przed-
miotem. Więzy te rozdzielają dopuszczalne ruchy końcówki manipulatora na 
dwa ortogonalne zbiory, a ruchy te muszą być sterowane wg odmiennych kry-
teriów. 

Na rys. 3 określono zestaw więzów naturalnych i sztucznych, pozycyj-
nych oraz siłowych dla przypadku obróbki krawędzi dyfuzora za pomocą pil-
nika zamocowanego w końcówce manipulatora w przypadku dokładnie znanej 
geometrii krawędzi k. 
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Rys. 3. Więzy naturalne i sztuczne w zadaniu obróbki 
krawędzi dyfuzora silnika 

Fig. 3. Natural and artificial constraints in the task of ma-
chining of the engine diffuser edge 

Zadanie określono względem układu więzów {c}, który jest związany 
z uchwytem narzędzia i porusza się wraz z nim. Obok rysunku podano więzy 
naturalne dla rozważanego zadania. Zostanie teraz wyjaśniony sens tych wię-
zów. Ruch narzędzia przez powierzchnię nie jest możliwy czyli ograniczona 
jest translacja wzdłuż osi cY oraz rotacja względem osi cX, dlatego vCy=0 
i ωCx=0. Więzy pozycyjne określono tu przez podanie wartości prędkości. 
W przypadku pominięcia oporów ruchu występujących pomiędzy pilnikiem 
i powierzchnią dyfuzora okazuje się, że nie jest możliwe wywarcie siły na kie-
runkach osi cX i cZ oraz momentu względem osi cY i cZ, dlatego FCx=0, FCz=0, 
MCy=0 i MCz=0. Jest to uproszczenie przyjęte w celu uczynienia opisu procesu 
obróbki bardziej przejrzystym. 

Uzupełnieniem więzów naturalnych są więzy sztuczne, które powstają 
przez podanie żądanego ruchu końcówki lub żądanej siły wywieranej przez 
nią. Tak jak więzy naturalne, również więzy sztuczne określa się na kierun-
kach normalnych i stycznych do uogólnionej powierzchni z tą różnicą, że na 
kierunkach normalnych do uogólnionej powierzchni są określane sztuczne 
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więzy siłowe, zaś na kierunkach stycznych są określane sztuczne więzy pozy-
cyjne. Nie ma więc sprzeczności pomiędzy więzami naturalnymi i sztucznymi. 

W czasie obróbki krawędzi końcówka musi wykonywać ruch postępowy  
z prędkością α1 względem osi cX, dlatego vCx=α1, natomiast ruch postępowy 
względem osi cZ jest niedopuszczalny, gdyż narzędzie nie powinno tracić kon-
taktu z obrabianą powierzchnią, dlatego vCz=0. Obrót narzędzia względem osi 
cY nie jest konieczny, dlatego ωCy=0. Aby obróbka była możliwa narzędzie 
musi wykonywać obrót względem osi cZ z prędkością kątową α2 i być doci-
skane do powierzchni z odpowiednią siłą α3 na kierunku cY, stąd ωCz=α2 oraz 
FCy=α3. Wywieranie momentu względem osi cX nie jest korzystne w rozpatry-
wanym procesie, dlatego MCx=0. 

W celu zaplanowania ruchu końcówki roboczej manipulatora (przyjęto, 
że będzie to arbitralnie wybrany punkt D) należy podać matematyczny opis 
kształtu obrabianej krawędzi. Będzie to równanie więzów narzuconych na 
ruch końcówki manipulatora. Ze względu na kształt krawędzi podzielono ją na 
sześć części (rys. 4), z których każda będzie opisana odrębnymi równaniami. 
 

 

Rys. 4. Geometria dyfuzora 

Fig. 4. Geometry of the diffuser 
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gdzie: f1,…, f6 – równania więzów (krawędzi dyfuzora), 
d, h, r – wielkości geometryczne charakteryzujące dyfuzor (rys. 3), 
xD, yD – współrzędne punktu D – końcówki manipulatora. 

Równania (1) – (6) to równania więzów geometrycznych skleronomicz-
nych dwustronnych [1, 14] narzuconych na ruch końcówki roboczej manipula-
tora. Zależności (1), (3) i (5) to równania prostych, natomiast zależności (2), 
(4) i (6) to równania okręgów. Z powyższych wzorów wynika, że równania 
więzów będą się zmieniać przedziałami podczas ruchu końcówki manipulato-
ra. 

3. Trajektoria pozycyjna i siłowa 

Do określenia trajektorii pozycyjnej końcówki roboczej (punktu D) zasto-
sowane zostaną równania (1) – (6) interpretowane jako równania toru koń-
cówki. Wektor prędkości punktu D w płaszczyźnie xy to 

D
D

D
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y

 
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 

v
ɺ
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 (7) 

gdzie: vD – wektor prędkości punktu D, 
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Dxɺ , Dyɺ  – składowe prędkości punktu D. 

Wartość prędkości określa wzór 

2 2
D D Dv x y= +ɺ ɺ  (8) 

gdzie: vD – wartość prędkości punktu D. 

Wektor prędkości musi być styczny do toru aby prędkość punktu D była 
możliwa do zrealizowania, muszą więc być spełnione następujące równania 
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które po rozwinięciu będą miały postać 
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Rozwiązując równania (8) i (10) dla każdego z sześciu fragmentów toru 
otrzymano równania określające składowe prędkości punktu D w  następującej 
formie 
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W analizowanym przypadku będzie 
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Układ (11) to układ równań różniczkowych, które po rozwiązaniu z wa-
runkami początkowymi wynikającymi z przyjętego toru ruchu punktu D (rys. 
5a), posłużą do wygenerowania przebiegów czasowych przemieszczeń i skła-
dowych prędkości końcówki manipulatora w płaszczyźnie xy. Podczas rozwią-
zywania układu równań (11) należy uwzględnić sześć przedziałów. Wartość 
prędkości punktu D wynika z przyjętych sztucznych więzów pozycyjnych 
określonych w rozdziale 2, czyli vD=vCx=α1. Prędkość ruchu końcówki mani-
pulatora wynika z założeń dotyczących realizacji procesu technologicznego. 
Przyjmuje się profil prędkości zawierający fazę rozpędzania, ruchu ze stałą 
prędkością oraz fazę hamowania, który często jest profilem trapezowym. 
W celu zapewnienia istnienia ciągłych pochodnych funkcji prędkości, profil 
trapezowy aproksymowano funkcją uwzględniającą okresy przejściowe po-
między poszczególnymi fazami ruchu (rys. 5b), czyli 

( ) ( )
max max

1 21 exp 1 exp
D D

D
P P

v v
v

c t t c t t
= −

+ − −  + − −    
 (13) 

gdzie: vDmax=0.01 m/s - wartość maksymalna prędkości, 
cP=10 1/s - współczynnik wpływający na długość fazy rozpędzania 
i hamowania (zwiększenie jego wartości powoduje skrócenie tych faz), 
t1=5 s - czas, w którym vD=vDmax/2 podczas fazy rozpędzania, 
t2=33 s - czas, w którym vD=vDmax/2 podczas hamowania, 

0,40 st ∈ . 

W wyniku numerycznego rozwiązania równań (11) uzyskano trajektorię 
pozycyjną przedstawioną na rys. 6. 
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Rys. 5. a) tor ruchu, b) profil prędkości koń-
cówki roboczej manipulatora 

Fig. 5. a) path of motion, b) the velocity profile 
of the end effector of manipulator 

 

 
Rys. 6. Trajektoria pozycyjna: a) przemiesz-
czenia końcówki roboczej, b) składowe pręd-
kości końcówki 

Fig. 6. Positional trajectory: a) displacements 
of the end effector, b) components of velocity 

Wartość prędkości kątowej narzędzia ω=ωCz=α2 przyjęto następująco (rys. 7): 

( ) ( )
max max

1 21 exp 1 expP Pc t t c t t

ω ωω = −
+ − −  + − −    

 (14) 

gdzie: ωmax=1500 rad/s - wartość prędkości kątowej narzędzia, 
cP=10 1/s - współczynnik wpływający na długość fazy rozpędzania 
i hamowania, 
t1=3 s - czas, w którym ω = ωmax/2 podczas fazy rozpędzania narzędzia, 
t2=35 s - czas, w którym ω = ωmax/2 podczas hamowania narzędzia, 

0,40 st ∈ . 

Wartość siły docisku narzędzia do obrabianej powierzchni wynika z przy-
jętych sztucznych więzów siłowych, czyli 

3CyF F α= =  (15) 

Stanowi to trajektorię siłową przyjętą w postaci następującego równania 
(rys. 8) 
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gdzie: Fmax=10 N – wartość siły docisku, 
t1=5 s - czas, w którym F=Fmax/2 podczas fazy zwiększania docisku, 
t2=33 s - czas, w którym F=Fmax/2 podczas zmniejszania docisku, 
cF=10 1/s. 
 

 

 

 

   Rys. 7. Prędkość kątowa narzędzia 

   Fig. 7. The angular velocity of the tool 

 
    Rys. 8. Trajektoria siłowa 

    Fig. 8. Force trajectory 

4. Więzy manipulatora w zadaniu wiercenia otworu 

W przypadku zadania wiercenia otworu zestaw więzów będzie taki jak na 
rys. 9. Zadanie określono względem układu więzów {c} związanego z narzę-
dziem i poruszającego się wraz z nim. W przypadku operacji wiertarskiej 
można zadać prędkość obrotową wiertła ωCz=α4 i prędkość jego posuwu 
vCz=α3. Ruchom tym towarzyszą na tyle duże siły interakcji, że trudno przyjąć 
uproszczenie polegające na ich pominięciu. Dlatego na rys. 8 podano również 
naturalne więzy siłowe występujące podczas procesu i są to: siła interakcji 
FCz=α1 i moment interakcji MCz=α2 na kierunku osi cZ. Prędkości oraz siły 
i momenty względem pozostałych osi powinny być zerowe, aby nie nastąpiło 
złamanie wiertła. Można również przyjąć inny, być może bardziej intuicyjny 
wariant więzów sztucznych, zadając siłę FCz=α1 i rozumiejąc ją jako sztuczny 
więz siłowy. Wówczas prędkość vCz=α3 będzie zaliczona do naturalnych wię-
zów pozycyjnych i będzie funkcją siły FCz i właściwości materiału, w którym 
wykonywana jest operacja wiercenia. Podobnie można uczynić z parą więzów 
MCz=α2 i ωCz=α4. Reasumując, można narzucić więzy pozycyjne, a siły inte-
rakcji nie będą sterowane, lub sterować siłami interakcji, a kinematyczne pa-
rametry procesu wiercenia będą ich funkcją. 
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Rys. 9. Więzy naturalne i sztuczne w zadaniu wiercenia otworu 

Fig. 9. Natural and artificial constraints in the task of hole drilling 

 Przyjmując pierwszy wariant więzów, podany na rys. 9, zadano przebiegi 
prędkości liniowej i kątowej wiertła. Wartość prędkości posuwu wiertła wyni-
ka z przyjętych sztucznych więzów pozycyjnych, czyli vD=vCz=α3. Wartość 
prędkości vD przyjęto wg wzoru (13), gdzie założono vDmax=0.001 m/s (rys. 
10a). Wartość prędkości kątowej wiertła ω=ωCz=α4 przyjęto wg wzoru (14), 
gdzie założono ωmax=50 rad/s (rys. 10b). 
 

 

Rys. 10. Trajektoria pozycyjna końcówki roboczej w procesie wiercenia: a) prędkość 
posuwu wiertła, b) prędkość kątowa wiertła 

Fig. 10. The positional trajectory of the end effector in the drilling process: a) the feed 
rate of the drill, b) the angular velocity of the drill 

5. Podsumowanie 

W wyniku analizy więzów końcówki roboczej manipulatora wynikają-
cych z założonego do realizacji zadania uzyskano trajektorię jej ruchu w prze-
strzeni roboczej. Tak zaplanowana trajektoria stanowi trajektorię zadaną ukła-
du sterowania i musi zostać zrealizowana w celu wykonania zadania. Realiza-
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cja wymienionych strategii obróbki krawędzi dyfuzora i wpływ wybranej stra-
tegii na jakość obróbki będą przedmiotem dalszych prac badawczych. 
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THE MANIPULATOR CONSTRAINTS ANALYSIS IN THE TASK OF  
ROBOTISED MACHINING OF DIFFUSER 

S u m m a r y  

This paper presents the analysis of the geometrical constraints of the robotic manipulator 
end effector, the task of which is the realisation of the diffuser machining. In terms of control 
theory, the realisation of this task is considered as a control of an object with partial movement 
restrictions. It requires determination of the desired trajectory of the robot’s control system un-
derstood as so-called position and force trajectory. In this paper the geometry of the diffuser and 
the mathematical description of edges that will  be deburred, are presented. The sets of natural 
and artificial, position and force constraints for this task and for task of hole drilling are given. 
The procedure of determining  position and force trajectory which will be the reference trajecto-
ry of robot’s control system is provided. The simulation results of generating  robot’s tip trajec-
tory are presented. 
 
Keywords: geometrical constraints, robotic manipulator, trajectory planning, robotized machin-
ing 
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DEEP DRAWING OF TAILOR-WELDED BLANKS 
MADE OF HIGH-STRENGTH STEEL 

A comparison study was conducted to evaluate the deep drawing of a rectangu-
lar box from tailor-welded blank, composed of two parts of different thickness-
es. The blank material is high strength steel with transformation induced plastici-
ty, and the weld line is located in the blank centre at the beginning of the deep 
drawing. The study is focused on the weld line movement during the deep draw-
ing with quasi uniform or controlled non-uniform distribution of the blankholder 
pressure, which is applied on the flange of the blank. The goal is to minimise the 
weld line movement and to improve the formability of the tailor-welded blank. 

Keywords: deep drawing, tailor-welded blank, simulation, weld line 

1. Introduction 

Tailored blanks for deep-drawing, consisting of parts of the same type of 
material but of a different thickness or of different grades of material are now 
widely used in the automotive industry for car body and other structures. The 
main advantages of their use are  a reduction of the tools number, decreasing  
assembly costs, material savings, avoiding spot welding, weight reduction, 
improved accuracy and structural integrity, etc. On the other hand, as disad-
vantages can be mentioned additional costs for technology design, often re-
duced formability of parts material, uneven plastic flow during drawing and 
instability of weld line position [1-3]. 

There are several types of tailored blanks. The major part includes tailor-
welded blanks (TWB) prepared by laser welding of particular parts. Special-
ised manufacturers offer tailor-rolled blanks (TRB) with non-constant thick-
ness for large purchasers. A comparison of both types of preparation sounds 
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generally in favor of the rolling. Such a production is cheaper only for a high-
volume production. The thickness change can be oriented only in the direction 
perpendicular to the rolling direction and it is not possible to achieve a signifi-
canlty different stress-strain properties of the blank [1]. 

High-strength transformation induced plasticity (TRIP) steels, often used 
for TWBs belong to the steel grades, whose application  is possible to obtain 
desired properties of the drawn parts for car body structure. It has also a posi-
tive impact on the weight reduction of components, in some cases up to 20% 
with subsequent reduction of fuel consumption. Increased rigidity, strength of 
the support structure and the ability to absorb energy during a car accident pos-
itively influence the safety of cars. The usage of these high-strength steels in-
creases deformation ability in a wide range of temperatures and strain rates. 
These properties make them suitable for the use in deformation zones, respec-
tively as reinforcements in various parts of cars [4, 5]. 

One of the basic objectives of the research that is being done at the Facul-
ty of Mechanical Engineering of Slovak University of Technology in Bratisla-
va, is to determine the ductile properties of selected high-strength steels and 
TWBs, composed of these steels, and to determine the conditions for success-
ful drawing using a tool with relatively simple customised blankholder. The 
paper presents some results obtained experimentally as well as using a com-
puter simulation when drawing of rectangular boxes from the TRIP 780 TWBs 
[6].  

2. Experimental procedure 

A forming tool with blankholder for simple drawing of rectangular box 
was designed and manufactured. The punch was anchored to a bottom bolster 
connected to the lower base of the PYE 160 press operated with a nominal 
force 160 kN. Transmission pillars, which pass through the bottom bolster, 
transmit the power to the blankholder created by lower base of the press. The 
die is located on the upper arm . The drawn part is formed when moving die in 
relation to static punch. The arm of the press creates the tensile force and com-
bined with the base it creates the blankholder force. The blankholder plate is 
quasi-elastic and able to transmit uneven pressure on the flange of blank. The 
pressure is created by transmission pillars with different, adjustable height. 
The tool has been equipped with the force sensors. There are sensors of local 
forces transmitted by each pillar at four points of blankholder and sensor of 
total forming force transmitted by the punch. Figure 1 shows the example of 
the forming force variation of both the punch and the blankholder forces of 
particular pillars in the case of non-uniform distribution of the blankholder 
pressure. The forces variation is based on the height of the product [7, 8]. Fig-
ure 2 shows rectangular box created by deep drawing with dimensions of 120 
mm x 80 mm and a height of approximately 40 mm. TWBs were welded from 
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two sheets with thicknesses of 1 mm and 1.2 mm. The weld line was oriented 
lengthwise, crosswise or diagonally with respect to the larger dimension of the 
blank. Figure 3 shows the case of the crosswise position. 

 

 

Fig.1 Variation of the forming and blankholder forces during deep drawing with non-uniform 
distribution of blankholder pressure, mode B: purple line– force on the pillar no. 1, blue line– 
force on the pillar no. 2, green line – force on the pillar no. 3, red line – force on the pillar no. 4, 
azure line  – punch force 

 

Fig. 2. Drawn part with deformation grid 
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Fig. 3. Bottom of the rectangular box with crosswise oriented weld line 

Strain distribution on the surface of the drawn part was evaluated by an 
optical system based on the deformed grid. All experiments were simultane-
ously simulated in Dynaform software, using the experimentally determined 
stress-strain properties. Figure 4 shows the examples of the strain distribution 
when applying non-uniform pressure on the blank of constant thickness (Fig. 
4a) as well as when applying uniform pressure on the TRIP 780 steel blank  of 
non-constant thickness (Fig. 4b). The strain is determined based on the defor-
mation of the grid, that consists of 35 elements with a diameter of 4.75 mm 
located along a line through the centre of the blank, upright on the weld line. 

Experimentally determined behaviour of strains φ1 and φ2 at a blank  of 
constant thickness and when there is non-uniform blankholder pressure with a 
maximum difference of 10% (Fig. 4) clearly shows differences in the bottom 
of created boxes in their symmetrical parts. The material flow in the right part 
of the bottom with higher blankholder pressure is held back against the left 
side. The left side of the bottom had a relatively large strain before the transi-
tion into the wall of the product. The nature of the strain distribution in the 
bottom is confirmed by the simulation. Asymmetry of the deformation caused 
by non-uniform acting of blankholder pressure is more significant when com-
pared to the deformation φ1 in the walls. Strain on the right side is more inten-
sive and braking zones have also a different character. A difference of behav-
iour of the deformation φ2 in right and left wall was confirmed by the simula-
tion. When drawing TWBs with different thicknesses and quasi-uniform pres-
sure distribution, the weld line on the bottom generally moves towards thicker 
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material – to the left. The result is an increased plastic flow from the flange of 
thinner blank part into the die (right side of the figure 4b) [9]. 

Figure 5 shows experimentally observed and simulated distribution of 
major and minor strains on the rectangular boxes from TWBs. Two examples 
of strain distribution for two different blankholder pressure values are men-
tioned. 

a) 

 
b) 

 

Fig. 4. The strain distribution on the part drawn from TRIP 780 steel vs. number of the elements 
along the middle line of the deformation grid from left to the right: a – blank with uniform 
thickness of 1 mm after deep drawing with non-uniform distribution of blankholder pressure, b – 
TWB with 1 and 1.2 mm thicknesses with uniform distribution of blankholder pressure; red line 
- simulation, blue line– experiment, continuous line - major strain φ1 along the line in the middle 
of the box length, dashed line – minor strain φ2 along the line in the middle of the box length 
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The maximum non-uniform pressure difference is 10% for A regime, and 
20% for B regime. Redistribution of blankholder pressure when drawing TWB 
with a maximum increase of 10% on the side of the thinner blank part means a 
creation of conditions for a relatively uniform plastic flow with virtually no 
strain of the bottom of the drawn part (Fig. 5a). The strain values in the lower 
parts of the walls are comparable on the left and right side. An intensive in-
crease in the wall thinning is observed on the upper  part of the wall on the 
right side. The distribution of strain φ2, determined experimentally and numer-
ically, is almost symmetrical on both sides. An  increase in the difference be-
tween maximum and minimum blankholder pressure to 20% (Fig. 5b) im-
proves the drawn part symmetry. It is confirmed mainly by the simulation of 
strain distribution. The increase of differences of blankholder pressure causes a 
greater braking of material flow in the flange and increase of the strain on the 
part bottom. 

Movement and deformation of the weld line were also a subject of the 
presented research. The clear result of increasing blankholder pressure on the 
side of the thinner material is braking the movement of the weld interface. The 
best result was achieved in the case of 20% difference in the pressure size. The 
weld line movement is also a function of its length and the initial placement on 
the blank [9]. 

3. Conclusions 

TWBs made of TRIP 780 steel can be successfully drawn while produc-
ing geometrically complex products, despite their reduced formability when 
compared to simple blanks made of mild steel. Controlled non-uniform distri-
bution of the blankholder pressure with quasi-elastic blankholder plate is an 
effective way to improve the strain distribution on the bottom and walls of the 
rectangular box and for braking the weld line movement. Correct adjustment 
of the height of the pillars transmitted the pressure on a blankholder plate al-
lows to create the conditions for the uniform height of the box walls and small 
strain variations in corresponding parts of the symmetrical product. 

Explicit finite element software Dynaform allows reliable simulation of 
drawing a blank of high-strength steel in the particular circumstances, includ-
ing the strain distribution in an non-uniform and changing contact conditions 
in the area of blankholder. The appropriate choice of loaded system model also 
enables the simulation of the weld line movement, including its deformation 
and rotation. 
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a) 

 
b) 

 

Fig. 5. The strain distribution on the part drawn from TRIP 780 steel vs. number of the elements 
along the middle line of the deformation grid from left to the right: a – TWB with 1 and 1.2 mm 
thicknesses with non-uniform distribution of blankholder pressure ( mode A), b – TWB with 
1 and 1.2 mm thicknesses with non-uniform distribution of blankholder pressure (mode B); red 
line - simulation, blue line – experiment, continuous line – major strain φ1 along the line in the 
middle of the box length, dashed line – minor strain φ2 along the line in the middle of the box 
length,  
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GŁĘBOKIE TŁOCZENIE SPAWANYCH BLACH WYKONANYCH ZE 
STALI WYSOKOWYTRZYMAŁEJ 

S t r e s z c z e n i e 

W artykule przedstawiono badania porównawcze oceny głębokiego tłoczenia prostokątnej 
wytłoczki, składającej się z dwóch części o różnej grubości, wykonanej z blachy przeznaczonej 
do spawania. Wsad jest wykonany z blachy wysokowytrzymałej umacnianej przez przemianę 
fazową, a linia spawania znajduje się w środku wsadu, w momencie rozpoczęcia procesu głębo-
kiego tłoczenia. Badania koncentrują się na analizie przemieszczenia linii spawania w warun-
kach quasi- równomiernego i nierównomiernego rozkładu ciśnienia dociskacza, które jest przy-
łożone do kołnierza półwyrobu. Celem badań jest minimalizacja przemieszczenia linia spawania 
oraz poprawa odkształcalności blachy przeznaczonej do spawania. 
 
Słowa kluczowe: głębokie tłoczenie, blacha przeznaczona do spawania, symulacja, linia spawa-
nia 
 

 

DOI: 10.7862/rm.2016.17 
 
Otrzymano/received: 31.05.2016 r. 
Zaakceptowano/accepted: 14.09.2016 r. 



ZESZYTY NAUKOWE POLITECHNIKI RZESZOWSKIEJ 293, Mech anika 88 
RUTMech, t. XXXIII, z. 88 (3/16), lipiec-wrzesień 2016, s. 221-232 

Gennady SHUSHKEVICH1 

PROPAGATION OF THE SOUND WAVE BY AN 
UNCLOSED SPHERICAL SHELL AND  
A PENETRABLE ELLIPSOID  

In this paper the result of solution of axisymmetric problem of propagation of 
sound wave by an unclosed spherical shell and a penetrable ellipsoid of rotation 
is presented. A spherical radiator is located in a thin unclosed spherical shell as 
a source of acoustic field. The equation of the spheroidal boundary is given in 
spherical coordinates. A scattered pressure field is expressed in terms of spheri-
cal wave functions. Using corresponding additional theorems the solution of 
boundary value problem is reduced to solving of dual equations in Legendre's 
polynomials, which are converted to infinite system of linear algebraic equations 
of the second kind. The formula for calculation of the far field and numerical re-
sults for different values of parameters are obtained. 

Keywords: sound field, spherical shell, ellipsoid of rotation, dual equations, 
spherical radiator 

1. Introduction 

The study of sound waves propagation in different media has a number of 
practical applications in electroacoustics, hydroacoustics, medical diagnostics, 
bioacoustics, creation of multi-layer sound-absorbing panels against noise and 
vibration [1-4]. Numerous publications describe the problems of propagation 
of sound field by different objects and they use different analytical and numer-
ical techniques. We will consider just a few publications related to the research 
topic. The propagation of the sound field by hard or soft, prolate or oblate 
spheroids using different techniques is considered in [5-12]. The results of the 
sound field propagation on permeable and elastic spheroids are studied in [13-
17]. The analytical description of the acoustic field scattered by a inhomoge-
neous elastic spheroid is obtained in [18]. The analytical solution to the dif-
fraction problem of the plane sound wave on an elastic spheroid with arbitrary 
located spherical cavity is constructed in [19].  

                                                      
1 Autor do korespondencji/corresponding author: Gennady Shushkevich, Yanka Kupala State 

Universy of Grodno, 22 Ozheshko St., 230023 Grodno, Belarus, e-mail: g_shu@tut.by 



222  G. Shushkevich 

In this paper analytical solution to axisymmetric problem of propagation 
of the sound wave by an unclosed thin spherical shell and a penetrable ellip-
soid of rotation is presented. A spherical radiator is located in a thin unclosed 
spherical shell as a source of acoustic field. The equation of the spheroidal 
boundary is given in spherical coordinates. The solution of boundary value 
problem is reduced to solving of dual equations in Legendre's polynomials 
which are converted to infinite system of linear algebraic equations of the sec-
ond kind. Numerical results are given for various values of parameters of the 
problem. 

2. Problem formulation 

Let a homogeneous space 3R  contain a thin unclosed spherical shell 1Γ  

located on a sphere Γ  of radius d  with the center at point O  and an ellipsoid 
shell S (fig. 1). We denote by 1D  the area of space bounded by the sphere Γ  

and by 3D  the area of space bounded by the ellipsoid shell S  then 
3

2 1 3D R \ (D D S)= Γ∪ ∪ ∪  holds. The distance between points O  and 1O  is 

equal to 1h . 

  
Fig. 1. Geometry of the problem 

A point radiator of sound wave oscillating with an angular frequency ω  
is located at the point O . Areas jD , j 1, 2,3= , are filled with material in 

which shear waves are not being spread. Let denote the density of medium by 
ρj and the speed of sound by cj  in jD , j 1, 2,3= ,  ρ1 = ρ2 . 

To solve this problem we introduce spherical coordinates with the point 
O  and the point 1O . The spherical shell 1Γ  and the ellipsoid shell S are de-
scribed as follows: 
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1 0{r d,  0 ,  0 2 }Γ = = ≤ θ ≤ θ < π ≤ ϕ ≤ π ,                                                  (1) 

1 1 1S {r r( ),  0 ,  0 2 }= = θ ≤ θ ≤ π ≤ ϕ ≤ π ,                                                   (2) 

where ( ) 2
1 1r a / 1 vsinθ = − θ , 2 2v e / (e 1)= −  stands for a prolate ellipsoid 

of  rotation, 2v e=  is used for an oblate ellipsoid of rotation, e  is the eccen-
tricity of the ellipse. 

Let cp  be a pressure of primary point radiator of sound field, jp  be 

a pressure of secondary sound field in the area jD , j 1,2,3= , then the real 

sound pressure is calculated by the formula ( )i t
j jP Re p e− ω= .  

Solution of the diffraction problem is reduced to finding pressuresjp , 

j 1, 2,3= , which satisfy: 
1) the Helmholtz equation [20] 

2
j j jp k p 0∆ + =  (3)

where 
2 2 2

2 2 2x y z

∂ ∂ ∂∆ = + +
∂ ∂ ∂

 is the Laplace operator, j jk / c=ω  is a wave 

number,  
2) boundary condition on the surface of the spherical shell 1Γ  (acoustical-

ly hard shell): 

( )
1

с 1p p 0
n Γ

∂ + =
∂�

,    (4)

where n
�

 is the normal to the surface 1Γ , 
3) boundary conditions on the surface of the ellipsoidal shell S : 

2 3S S
p p= ,        2 3

S S2 3

1 1
p p

n n

∂ ∂=
ρ ∂ ρ ∂� � ,   (5)

where n
�

 is the normal to the surface Sand the condition at infinity [20-23]: 

( ) ( )2
2

M

p M
lim r i kp M 0

r→∞

 ∂ 
− = ∂ 

, (6)

where M is an arbitrary point at the space. 
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The condition of the continuity of pressure on the open part of the spheri-
cal shell 1\Γ Γ  and the normal derivative on the surface of the sphere Γ  are 
given by [22, 23]: 

( )
11

c 1 2 \\
p p p Γ ΓΓ Γ

+ = ,       ( )c 1 2p p p
r rΓ

Γ

∂ ∂+ =
∂ ∂

.        (7)

3. Presentation of problem solution 

The initial pressure of sound field can be presented in the form [21]: 

( )(1)
c 1 n n 1 n n 0n

n 0

p (r, ) Pexp(ik r) / r P f h k r P (cos ), f ik
∞

=
θ = = θ = δ∑  (8) 

where ( )(1)
nh x  are the spherical Hankel functions, nP (cos )θ  are the Legendre 

polynomials, 0nδ  is the Kronecker delta, P  is constant.  

The pressure of the scattered sound field presented as a superposition of 
the basic solutions of the Helmholtz equation in spherical coordinates taking 
into account the condition at infinity (6): 

       
( ) ( )1 n n 1 n

n 0

p (r, ) P a j k r P cos , r d,
∞

=
θ = θ <∑  (9)

       
( ) ( ) ( )(1) (1)

2 n n 1 n
n 0

p r, P x h k r P cos , r d,
∞

=
θ = θ >∑  (10)

       
( ) ( ) ( ) ( )(2) (1)

2 1 1 n n 1 1 n 1 1 1
n 0

p r , P y h k r P cos , r r ,
∞

=
θ = θ > θ∑  (11)

       
( ) ( )3 1 1 n n 3 1 n 1 1 1

n 0

p (r , ) P b j k r P cos , r r( )
∞

=
θ = θ < θ∑  (12)

where (1) (2)
2 2 2 1 1p p (r, ) p (r , )= θ + θ , ( )nj x  are the spherical Bessel functions of 

the first kind.  
Unknown coefficients n n n na , b ,x , y  must be determined from the 

boundary conditions. 



Propagation of the sound wave by an unclosed spherical shell... 225 

4. Fulfilment of boundary conditions 

First, we will express function ( )(2)
2 1 1p r , θ  through the spherical wave 

functions in the coordinate system with the origin at the point O using the for-
mulae [22, 23]: 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

(1)
n 1 n 1 nk 1 k k 1

k 0

k n
k n (n0k0) (1)

nk 1 1
k n

(n0q0) 2

h kr P cos A h j kr P cos , r h ,

A h 2k 1 i b h kh ,

b (nq00 | 0) , (nq00 | 0)  are theClebsch – Gordan coefficients,

∞

=
+

σ+ −
σ σ

σ= −

σ


θ = θ < 


= + 

= σ σ 


∑

∑  (13)

then 

      ( ) ( ) ( )(2)
2 n n 1 n

n 0

p r, P p j k r P cos ,
∞

=
θ = θ∑ ( )n k kn 1

k 0

p y A h
∞

=
=∑  (14)

Considering (8)-(10), (14) and taking into account the condition of or-
thogonality of the Legendre polynomials on the interval

 [ ]0; π  the boundary 

conditions (4), (7)  will become: 

      
( ) ( ) ( ) ( )

( )

(1)
n n 0 n n n 0 n 0

n 0 n o0 0

n n
n 0 0 1

n 0
n 0

0

d d
x h P cos p j P cos , 0 ,

d d

x f
P (cos ) 0, , k d.

d
j

d

∞ ∞

= =
∞

=


ξ θ = − ξ θ ≤ θ < θ ξ ξ 

− θ = θ < θ ≤ π ξ = 
ξ

ξ 

∑ ∑

∑
 

(15)

We introduce new coefficients Xn  by the formula 

       ( )n n n 0 n
0

d
x X j f , n 0, 1,...

d
= ξ + =

ξ
 (16)

and the small parameter 

      ( ) ( )
3

(1)0
n n 0 n 0

0 0

4i d d
g 1 j h

2n 1 d d

ξ= + ξ ξ
+ ξ ξ

 .                                                 (17)

From the asymptotic representations for functions (1)
n nj (x), h (x) , where 

n x>>  [21]: 
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n n

n

2 n!(x)
j (x)

(2n 1)!
≈

+
,  (1)

n n n

i(2n)!
h (x)

2 n!(x)
≈ − ,   (18)

follows that ( )2
ng O n−= . 

The dual series equations (15) take the form 

  
( )( ) ( ) ( )

( )

n n n n n n 0
n 0 n o

n n 0
n 0

2n 1 1 g X P cos (2n 1)(f p )P cos , 0 ,

X P cos 0, ,

∞ ∞

= =
∞

=


+ − θ = + + θ ≤ θ < θ 



θ = θ < θ ≤ π


∑ ∑

∑

ɶ ɶ

 (19)

where 

  ( )3 (1)
n 0 n n 0

0

d
f 4i f h / (2n 1)

d
= ξ ξ +

ξ
ɶ ,  ( )3

n 0 n n 0
0

d
p 4i a j / (2n 1)

d
= ξ ξ +

ξ
ɶ .      (20)

The dual series equations are transformed to the infinite system of linear 
algebraic equations of the second kind with the completely continuous opera-
tor using the integral representation for the Legendre polynomials [22]: 

     
( )n k nk 0 k k k nk 0

k 0 k 0

X g R ( )X p f R ( ), n 0, 1,...
∞ ∞

= =
− θ = + θ =∑ ∑ ɶɶ , (21)

where 

    

( ) ( ) ( )0 0 0
nk 0 0

n k

sin n k sin n k 1 sin n k1
R ( ) ,

n k n k 1 n k
=

 − θ + + θ  − θ
θ = − = θ π − + + − 

. (22)

Now we present the function ( )(1)
2p r, θ  through the spherical wave func-

tions in the coordinate system with origin at the point O1 using formula [22, 
23]: 

    (1)
n n nk 1 k 1 k 1 1 1

k 0

h (kr)P (cos ) B (h ) j (kr )P (cos ), r h
∞

=
θ = θ <∑ , (23)

then 
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( ) ( )(1)

2 1 1 n n 1 1 n 1
n 0

p r , P z j (k r )P cos
∞

=
θ = θ∑ , ( )n p pn 1

p 0

z x B h
∞

=
=∑ ,                (24)

where 

     

( ) ( )
k n

n0k0k n (1)
nk 1 1 1

k n

B (h ) 2k 1 ( 1) i b h (k h )
+

σ σ+ −
σ σ

σ= −
= + −∑ .   (25)

In view of the fact that 

     1 1

1
j 1 1 j 1 1 j 1 12

S 1 11 r r( )

1
n 1 n 1

1

r ( )
p (r , ) p (r , ) p (r , ) , j 2,3,

n r r( )

d
P (cos ) P (cos ),

d

= θ

′ θ∂ ∂ ∂θ = θ − θ = 
∂ ∂ ∂θθ 


θ = θ θ 

�

 (26)

boundary conditions (5) together with (11), (12), (24) take the form 

      

( ) ( ) ( )

( ) ( )

(1)
n n 1 1 n 1 n n 1 1 n 1

n 0 n 0

n n 3 1 n 1
n 0

z j (k r( ))P cos y h k r( ) P cos

b j k r( ) P cos ,

∞ ∞

= =
∞

=


θ θ + θ θ =



= θ θ


∑ ∑

∑
 (27)

11
n 1 n 1 n 1 n 1 n 12

n 0 1

(1) (1) 11
n 1 n 1 n 1 n 1 n 12

n 0 1

11 1
n 3 n 3 n 1 n 3 n 1 j j 12

n 03 1

r ( )
z k j ( )P (cos ) j ( )P (cos )

r( )

r ( )
y k h ( )P (cos ) h ( )P (cos )

r( )

r ( )
b k j ( )P (cos ) j ( )P (cos ), k r( ), j 1,3.

r( )

∞

=

∞

=

∞

=

′ θ′ ξ θ − ξ θ + θ 
′ θ ′+ ξ θ − ξ θ = θ

′ρ θ′= ξ θ − ξ θ ξ = θ =
ρ θ

∑

∑

∑






 (28)

Let eliminate coefficients nz  in (27), (28) using (24), (16). We multiply 

the resulting equations by ( )sP cos sin dθ θ θ , s 0, 1, 2,...= , and integrate from 

0 to π , and link with (21) then we have 
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( ) ( )

( ) ( )

( ) ( )

3 (1)
n sn 0 ns n ns 1 n 0 1 0 0 s0 0

n 0 n 0 0

n ns 1 n ns 1 n ns 3 1 0n 1 ns 1
n 0 n 0 n 0 n 0

3
n ns 1 n ns 1 n ns 3 1 0n 1

n 0 n 0 n 0 n 01

d
g R ( ) X b (k )y 4 k h R ( ),s 0,1,2,...,

d

X a k y b (k ) b a (k ) ik B h a (k ),

X A k y B (k ) b A (k ) ik B h

∞ ∞

= =
∞ ∞ ∞ ∞

= = = =
∞ ∞ ∞

= = = =

θ − δ + = ξ ξ θ =
ξ

+ − = −

ρ
+ − =−

ρ

∑ ∑

∑ ∑ ∑ ∑

∑ ∑ ∑

ɶ

ɶ

ɶ
ns 1A (k ),

∞











∑

 (29)

where 

     

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

n,s j n j n 1 s 1 1 1
0

(1)
n,s 1 n j n 1 s 1 1 1

0

ns j n 0 ms j nm 1
m 00

3
ns 1 0 p 0 sp 0 np 1

p 0 0

n,s j n j n 1 s 1
j

a (k ) j ( )P cos P cos sin d .

b (k ) h P cos P cos sin d ,

d
a k j a k B h , j 1,3,

d

d
b (k ) 4i j R ( )A h / (2p 1),

d

d
(k ) j ( )P cos P cos

d

π

π

∞

=
∞

=

= ξ θ θ θ θ

= ξ θ θ θ θ

= ξ =
ξ

= ξ ξ θ +
ξ

α = ξ θ θ
ξ

∫

∫

∑

∑

ɶ

ɶ

( ) ( )

( ) ( )

( ) ( )

1 1
0

(1)
n,s 1 n 1 n 1 s 1 1 1

10

11
n,s j n j n 1 s 1 1 12

10

(1) 11
n,s 1 n 1 n 1 s 1 1 12

10

n,s j j n,s j n,s

sin d ,

d
(k ) h ( )P cos P cos sin d ,

d

r ( )
(k ) j ( )P cos P cos sin d ,

r( )

r ( )
(k ) h ( )P cos P cos sin d ,

r( )

(k ) k (k ) (k

π

π

π

π

θ θ

β = ξ θ θ θ θ
ξ

′ θα = ξ θ θ θ θ
θ

′ θβ = ξ θ θ θ θ
θ

Α = α − α

∫

∫

∫

∫

ɶ

ɶ

ɶ

( ) ( ) ( )

j n,s 1 1 n,s 1 n,s 1

n,s 1 n 0 ms 1 nm 1
m 00

), B (k ) k (k ) (k ),

d
(k ) j A k B h .

d

∞

=






























= β − β 

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ξ 

∑

ɶ

ɶ

 

(30)

The infinite system (28) can be solved by the method of truncation [21]. 
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5. Numerical experiments 

Based on [23]: 

    

  

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

(1) (1)
n 1 n 1 np 1 p p 1

p 0

p n
p n (n0 0)

np 1 p 1
p n

h kr P cos A h h kr P cos , r h ,

A h 2 1 i b j kh

∞

=

+
σ+ − σ

σ
σ= −


θ = θ > 



= σ +



∑

∑

ɶ

ɶ

 (31)

we present the function (2)
2 1 1p (r , )θ  in the coordinate system at the point O: 

      
( ) ( ) ( ) ( )(2) (1)

2 n n n n pn 1 p
n 0 p 0

p r, P N h kr P cos , N A h y
∞ ∞

= =
θ = θ =∑ ∑ ɶ  (32)

Using the asymptotic expression for the function (1)
nh (kr) [21]: 

    
 

(1) n 1 ikr
nh (kr)  (-i) e / kr, kr+≈ → ∞  (33)

we obtain the pressure in the far zone: 

    
 

ikr

2
e

p (r, ) P G( )
kr

θ = θ , (34)

where 

    
 ( )n 1

n n 0 n pn 1 p n
n 0 p 00

d
G( ) ( i) X j f A (h )y P (cos )

d

∞ ∞
+

= =

 
θ = − ξ + + θ  ξ 
∑ ∑ ɶ . (35)

The unknown coefficients Xn, yp are found from the system (29). Using 
Mathcad [24] the function G(θ) has been calculated for some parameters of the 
problem. The spherical functions have been calculated by means of built-in 
functions Mathcad. The infinite system (36) has been solved by the method of 
truncation [21]. The computational experiment showed that the truncation or-
der for the considered parameters of the problem can be equal to 25. With this 
truncation the solution of the system (29) has accuracy 10-4. 

Figure 2 shows plots of function G(θ) for some values of the frequency 
f of the sound field. The remaining parameters are equal to: h1 = 1.0 m, a = 0.3 
m, b = 2a, d = 0.2 m, 0 / 4θ = π . The areas D1, D2 are filled with water (c1 = c2 

= 1483 m/s, ρ1 = ρ2 = 1000 kg/m3). The area D3 is filled with organic glass (c3 

= 2565 m/s, ρ3 = 1200 kg/m3). 
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Figure 3 shows plots of function G(θ) for some values of the angle 0θ  of 
the thin unclosed spherical shell Г1. The remaining parameters are equal to: h1 
= 0.8 m, a = 0.3 m, b = 0.4 m, d = 0,1 m, f 1000= Hz. The areas D1, D2 are 
filled with water (c1 = c2 = 1483 m/s, ρ1 = ρ2 = 1000 kg/m3). The area D3 is 
filled with ice (c3 = 3980 m/s, ρ3 = 900 kg/m3). 

 

 
Fig. 2. Graphs of function G(θ) for some values of the frequency f of the 
sound field  

  
Fig. 3. Graphs of function G(θ) for some values of the angle 0θ  

6. Conclusions 

It has been shown that the solution of the problem of propagation of 
sound field by an unclosed spherical shell and a penetrable ellipsoid of rotation 
is reduced to the infinite system of linear algebraic equations of the second 
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kind. The equation of spheroidal boundary is considered in the spherical coor-
dinates. The spherical radiator is considered as the source of the sound field 
located within the thin unclosed spherical shell. The addition theorems for 
spherical wave functions and the method of solution of the dual series equa-
tions in Legendre’s polynomials have been used. The developed methodology 
can be practically used in sound screen production. 
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ROZCHODZENIE SI Ę FALI AKUSTYCZNEJ PRZEZ OTWART Ą 
SFERYCZNĄ POWŁOKĘ ORAZ PRZENIKALN Ą ELIPSOIDĘ 

S t r e s z c z e n i e 

W artykule przedstawiono wynik rozwiązania problemu osiowosymetrycznego rozcho-
dzenia się fali akustycznej przez otwartą sferyczną powłokę oraz przenikalną elipsoidę ruchu 
obrotowego. Sferyczny radiator, jako źródło pola akustycznego umieszczono w cienkiej sfe-
rycznej powłoce. Równanie granicy sferoidalnej podano we współrzędnych sferycznych. Pole 
rozproszonego ciśnienia wyrażono w funkcjach fal sferycznych. Wykorzystując odpowiednie 
dodatkowe twierdzenia rozwiązanie problemu wartości granicznej zredukowano do rozwiązania 
podwójnych równań w wielomianach Legendre'a, które przetworzono do systemu nieskończo-
nego liniowych równań algebraicznych drugiego rodzaju. Otrzymano wzór do obliczenia pola 
przestrzennego oraz wyniki numeryczne dla różnych wartości parametrów. 
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EVALUATION OF TRIBOLOGICAL PROPERTIES 
OF LASER TEXTURED HARDENED TOOL 
STEELS 

In this paper the laser surface texturing (LST) technology as one of the methods 
of tribological properties modifying of mating steel surfaces is analysed. The ar-
ea density of dimple-like depression along with the dimple diameter are the only 
main factors which significantly influence the friction coefficient value, there-
fore the effect of different values of area density of dimples: 6 %, 11 % and 16 
% on the contact coefficient of friction was analysed. Surface textures were 
manufactured on the planar areas of compression platens (90MnCrV8 tool steel) 
using a pulsed-beam laser. The values of coefficients of friction were obtained 
via a ring compression test. Test sample compression was realized in lubrica-
tion-free and hydrodynamic regime. A significant improvement of tribological 
properties in contact steel areas was experimentally observed in both friction re-
gimes. The results of experiments showed that by applying of surface texturing 
with defined shape and dimensions of dimples and lubricating oil at the same 
time, the coefficient of friction value can be reduced to about of 75%. 

Keywords: laser surface texturing (LST), tribological properties modification, 
coefficient of friction, ring compression test 

1. Introduction 

Laser surface texturing (LST) technology is a surface engineering process 
applied to improve surface tribological properties by production of regularly 
arranged microstructures on the contact surfaces of materials [1, 2]. Various 
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types of surface patterns have been analyzed, but the dimples and grooves are 
the most widely used for laser textured tribo-surfaces [3, 4]. Surface texture 
can acts as lubricant reservoirs that can deliver the lubricant directly into the 
contact zone in starved oil lubrication [5, 8]. Another critical function of the 
textured surfaces is trapping of wear particles, because the elimination of wear 
particles from the contact interface reduces friction and wear in both lubricated 
and dry sliding regime [6, 9]. Furthermore, the textured surfaces can also in-
crease load-carrying capacity [6, 7]. Laser surface texturing technology has 
been used in many technological fields to improve the tribological perfor-
mances of contact surfaces, such as mechanical seals [10, 11], cutting tools 
[12-14], piston rings [15] and thrust bearing [16]. 

Dimple diameter, depth, and area density of dimples are the three major 
parameters of evenly distributed dimple patterns [17-19]. By considering all 
the geometric parameters, texture shapes are optimized to achieve the optimum 
shapes which will provide the best tribological performance in terms of mini-
mum friction and maximum load carrying capacity [3]. Many researchers have 
contributed to the investigation on the influences of the above parameters on 
friction and load-carrying capacity of sliding surfaces [19, 20]. 

The area density of micro-dimples is another important parameter. In the 
works of Saeidi et al. [9] the effect of five chosen dimple parameters (depth, 
diameter, length, area density of dimples and sliding direction) has been ana-
lyzed. Authors found that the dimple diameter and the area density of dimples 
are the main factors which significantly influence the average coefficient of 
friction. For the tribo-pairs of metals lubricated by oil, several studies under 
controlled laboratory conditions have been performed in order to analyze the 
effect of area density of dimples on the coefficient of friction. Several experi-
mental works show that the area density of dimples in the range of 5–13% is 
preferable for friction reduction, and the area density of dimples of above 20 
% usually causes increasing the friction coefficient value [17, 21-23]. 

Many papers have examined the effect of dimple size, shape, and depth 
on friction reduction. No clear conclusions can be specified because there are 
additional factors influencing friction beside what were reported above (dim-
ple size, shape, area density of dimples). Factors such as roughness of the non-
textured surface area, pitch between dimples, uniformity of dimples, edge 
smoothness, dimple arrangement (pattern of dimple inside the contact), and the 
lack of control of dimple depths may all influence the friction phenomenon 
[24]. 

2. Experimental setup 

This paper deals with the effect of different values of area density of 
dimples on the coefficient of friction value, which was measured at the tool–
workpiece interface via a ring compression test. Each studied surface textures 
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consist of dimple-like depressions with a diameter of 100±5 µm and a depth of 
11 µm. Depressions are situated at the corners of the regular hexagon with 
a given side length in order to achieve the appropriate area density of dimples. 
One depression is placed into the centre of this pattern, as shown in figure 1. 
Three area densities of dimples have been experimentally studied:  

− 6 %, depicted in figure 1a, with the hexagon side length of 0.389 mm, 
− 11 %, depicted in figure 1b, with the hexagon side length of 0.287 mm,  
− 16 %, depicted in figure 1c, with the hexagon side length of 0.238 mm.  

Compression platens were made of 90MnCrV8 (according to EN ISO 
4957) tool steel using turning technology. Chemical composition of used tool 
steel is specified in table 1. During the hardening process, which was carried 
out in the oil medium at the temperature of 770°C, the compression platens 
gained the required hardness of 58±1 HRC. Subsequently, the frontal surfaces 
of each platen were grinded to obtain a desired surface roughness Ra of 0.8 
µm. 

 

 

Fig. 1. Analysed surface textures with area density of dimples of 6 % (a), 11% (b) and 16% (c) 

Table 1. Chemical composition of 90MnCrV8 tool steel (wt. %) 

C Si Mn P max S max Cr V 
  0.91 0.10–0.40 1.90–2.10 0.030 0.030 0.20–0.50 0.05–0.15 

Since there are strict dimensional and shape requirements for the texture 
dimples, it was necessary to experimentally define the optimal process pa-
rameters of laser beam, which will be subsequently used for production of var-
ious studied surface textures. For this purpose, a 3-level full factorial experi-
ment has been carried out. Three laser texturing parameters as input factors 
were selected: laser beam repetition rate fo, scanning speed vs and laser track 
displacement ∆. The experimental factors and its levels are summarized in ta-
ble 2. 

During this experiment, testing cavities of square shape with dimensions 
of 5x5 mm were produced using specific combinations of input process pa-
rameters listed in table 2. Optimal process parameters (fo, vs and ∆) are that 
ones, which contributes to the finest machined surface roughness Ra. In this 
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factorial design, a 5-axis high precision laser machining centre LASERTEC 80 
SHAPE has been used for testing cavities production. This machine is 
equipped with a pulsed fiber Nd:YAG laser with a wavelength of 1064 nm. 
Laser beam power in each input parameter combination has been optimized in 
order to achieve the depth of cut of 1 µm per one layer. Surface roughness 
measurement of each testing cavity was realized using a Carl Zeiss Surfcom 
5000 machine in two perpendicular directions (0° and 90°). Obtained surface 
roughness values from this experiment are listed in table 3.  

Table 2. Factors and its levels 

Factors 
Factor levels 

-1 0 +1 
Repetition rate f (kHz) 50 75 100 
Scanning speed vs  (mm·s-1) 1000 1300 1600 
Tracks displacement ∆ (µm) 5 10 15 
Pulse duration time t (ns) 120 

Table 3. Parameters of laser beam utilized to production of micro-dimples and surface 
roughness of cavities 

No. 
P  

fo  (kHz) vs (mm/s) 
∆  

(µm) 
Ra0° (µm) 

Ra90° 

(µm) 
Raav 

(µm) (%) (W) 
1. 15.30 7.96 50 1000 5 1.008 1.149 1.079 
2. 19.50 10.14 50 1000 10 1.107 1.141 1.124 
3. 23.0 11.96 50 1000 15 1.122 1.138 1.130 
4. 17.50 9.10 50 1300 5 1.322 1.343 1.333 
5. 21.0 10.92 50 1300 10 1.269 1.377 1.323 
6. 25.50 13.26 50 1300 15 1.21 1.232 1.221 
7. 18.0 9.36 50 1600 5 1.316 1.283 1.300 
8. 23.0 11.96 50 1600 10 1.237 1.279 1.258 
9. 27.80 14.46 50 1600 15 1.481 1.476 1.479 
10. 17.30 13.84 75 1000 5 0.907 1.013 0.960 
11. 23.50 18.80 75 1000 10 0.999 1.108 1.054 
12. 27.20 21.76 75 1000 15 1.124 1.166 1.145 
13. 20.50 16.40 75 1300 5 0.956 0.962 0.959 
14. 26.50 21.20 75 1300 10 1.021 1.189 1.105 
15. 30.80 24.64 75 1300 15 1.105 1.187 1.146 
16. 21.80 17.44 75 1600 5 0.996 1.131 1.064 
17. 28.0 22.40 75 1600 10 1.16 1.179 1.170 
18. 33.50 26.80 75 1600 15 1.194 1.154 1.174 
19. 17.0 17.0 100 1000 5 0.90 1.033 0.967 
20. 23.50 23.50 100 1000 10 0.971 1.05 1.011 
21. 27.50 27.50 100 1000 15 1.194 1.245 1.220 
22. 20.0 20.0 100 1300 5 0.993 1.108 1.051 
23. 26.0 26.0 100 1300 10 1.034 1.069 1.052 
24. 30.0 30.0 100 1300 15 1.223 1.229 1.226 
25. 22.0 22.0 100 1600 5 0.985 1.12 1.053 
26. 28.50 28.50 100 1600 10 1.108 1.201 1.155 
27. 33.80 33.80 100 1600 15 1.107 1.173 1.140 
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Table 3 summarizes a design of the experiment including three input 
factors and  three levels (33 full factorial experiment, 27 runs). An optimised 
laser beam power (P) for all runs is also stated in this table. Average machined 
surface roughness represents the desired response, which was measured in all 
combination of input parameters. It can be seen, that in run no. 13 the average 
machined surface roughness reached the lowest value from the all test runs. 
This is the reason why this combination of laser beam process parameters was 
chosen as the optimal for following production of surface textures on the 
planar surfaces of the compression platens.  
 

      

Fig. 2. Testing cavities manufactured in 33 full factorial experiment 

Figure 2 demonstrates the produced testing cavities. The surface colour 
variation is a result of various laser pulse energies. Figure 3 shows the real 
surface of the testing cavity produced under laser beam parameters: power = 
16.4 W, repetition rate = 75 kHz, laser scanning speed = 1300 mm·s-1 and laser 
tracks distance = 5 µm (run no. 13). 
 

 

Fig. 3. Testing cavity with the finest machined sur-
face roughness (Ra = 0.959 µm) 
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Surface textures production on the planar surfaces of compression platens 
has been carried out using the same laser machine, and optimal process param-
eters (run no. 13). Each surface texture was manufactured on the area of circle 
with a diameter of 16 mm (area of 201 mm2). Figure 4 shows the textures pro-
duced on the planar surfaces of the compression platens using a material abla-
tion process. Production times for three different sample textures are listed in 
table 4. 

 

 

Fig. 4. Textures on the planar surfaces of compression platens produced using LST technology 

Table 4. Production time of surface textures 

Area density of dimples Number of depressions Production time for one platen 

6 % 1522 15 min 41 s 
11 % 2772 22 min 45 s 
16 % 4070 30 min 47 s 

Shape and dimensional characteristics of produced surface texture dim-
ples have been carried out using laser confocal microscope Zeiss LSM 700 
(with the resolution of 10 nm). Overall shape and dimensions (diameter and 
depth) of chosen dimple of each studied texture were analyzed. Based on this 
analysis it can be concluded, that all chosen dimples meet the desired charac-
teristics. Figure 5 represents the real 3D dimple shape of surface texture with 
area density of dimples of 6 %. Dimensional characteristics are: a dimple di-
ameter of 98 µm and a depth of 11 µm, dimple volume of about 39 122 µm3. 
This figure also shows that around the edge of depression a rim of solidified 
melt was created (average rim height is 6.1 µm and a width of about 20 µm, 
rim volume is equal to 74 553 µm3). This rim is a typical element of the de-
pressions manufactured by laser beam in material ablation processes. It has 
been experimentally demonstrated that these solidified melted rims around the 
edges of depressions have a negative effect on the tribological performance of 
contacting surfaces [21]. Therefore, to remove the rims formed in material ab-
lation process all textured surfaces of all compression platens were polished 
with the polycrystalline diamond suspension (grain size of 1 µm, polishing 
time of 35 s) using a Jeanwirtz TF250 polishing machine. The platens were 
subsequently cleaned in an ultrasonic bath in acetone medium in order to any 
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polishing suspension or polishing debris were removed from the depressions 
(bath time of 30 s). 
 

 

Fig. 5. Real 3D shape of selected depression of texture with area 
density of dimples of 6 % 

A ring compression test was performed in order to determine the coeffi-
cient of friction values of the contact pairs. During this test, a ring-shaped test 
sample is axially compressed between the pair of textured compression plat-
ens. Test samples were manufactured of low carbon steel by turning technolo-
gy. Frontal surfaces of test samples were non-textured. These surfaces have 
been grinded to obtain a required surface roughness (Ra) of 0.4 µm. Table 
5 shows the chemical composition of test samples material. The ring compres-
sion test is based on the assumption that the coefficient of friction is constant 
at the whole contact surface and the deformation of the test ring is homogene-
ous. During the compression, the hole diameter of the test sample can be re-
duced, remain constant or even increased (depending on the value of the coef-
ficient of friction). When the test sample is compressed in frictionless condi-
tions, the hole diameter increases proportionally with the increase of the outer 
diameter. With the friction coefficient increasing the increase of the hole di-
ameter is hampered and at a certain value of radial pressure this diameter can 
be reduced [25]. The ratio of outer diameter to the hole diameter to the height 
of test sample D : d : h is equal to 6 : 3 : 2. The dimensions of test samples are 
typically 12 mm : 6 mm : 4 mm according to this ratio. It is important to pre-
serve approximately an equal compression of the test sample ∆H during the 
test. This value should be within the range of 0.2 to 0.5 mm. Ring compression 
test has been performed using an universal forming machine EU40; the strain 
rate was set up to the 10-4 s-1 value.  
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Table 5. Chemical composition of test samples material (wt. %) 

C max P max S max N max 
0.17 0.045 0.045 0.007 

Table 6. Selected physical and chemical properties of applied Renep 
CGLP 220 high performance slideway oil [26] 

   Property Value 

   Viscosity at 40 °C  (mm2/s) 220   (DIN EN ISO 3104) 

   Density at 15 °C  (kg/m3) 895   (DIN 51 757) 

   Flash point  (°C) 240   (ISO 2592) 

   Friction coefficient (-) 0.145 

 
Based on the deformation of the sample hole and the sample strain, co-

efficient of friction values can be simply defined for each compression. Coef-
ficient of friction evaluation was performed in lubrication-free (dry contact) 
and hydrodynamic regimes at the room temperature of 21°C. Both non-
textured and textured compression platens were tested in these lubrication re-
gimes for comparison. Three test samples were gradually compressed in each 
combination of surface texture and friction regime, subsequently the average 
value of coefficient of friction was calculated for each compression situation. 
To ensure the hydrodynamic regime (“full lubrication” configuration) the oil-
based liquid lubricant Renep CGLP 220 was used. Physical and chemical 
properties of applied lubricant are depicted in table 6.  

3. Results and discussion 

The average values of coefficient of friction evaluated based on the ring 
compression are summarized in table 7. Graphical comparison of these values 
is depicted in figure 6. According to the ring compression test, the reference 
value of the friction coefficient for non-textured compression platens (in lubri-
cation-free regime) achieves the value of 0.258. The coefficient of friction val-
ue for steel – steel contact pair should be within the range of 0.25 to 0.8 [27]. 
It was experimentally confirmed, that the coefficient of friction value for non-
textured steel surfaces tested with the oil lubricant is 0.157. This value is 
slightly higher than the value specified by the oil producer. This means that by 
using only the oil lubricant for modification of the tribological conditions of 
the mating surfaces, the coefficient of friction value can be reduced by 
39.14%.  
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    Table 7. Values of friction coefficient obtained via ring compression test 

Compression platen surface 
Friction coefficient (-) 

lubrication-free  
regime 

hydrodynamic  
regime 

Non-textured 0.258±0.013 0.157±0.0080 

Textured (6 %) 0.137±0,007 0.069±0.0010 

Textured (11 %) 0.198±0.016 0.116±0.0035 

Textured (16 %) 0.254±0.005 0.128±0.0065 

A blue line in the figure 6 represents the coefficient of friction value eval-
uated using only the surface texturing for modification of tribological proper-
ties. The lowest value of the coefficient of friction was achieved using the sur-
face texture with the area density of dimples of 6%.  The coefficient of friction 
reaches the value of 0.137, which means that its value was reduced nearly to 
the half of its original value (46.90% reduction). The reason for this fact is that 
the contact area between the compression tools and test sample was sufficient-
ly reduced which resulted in lower forming pressures and forces. Higher val-
ues of area density of dimples contribute to an increase in value of the coeffi-
cient of friction. This relation has strong linear character. Surface texture with 
area density of dimples of 16% reaches the coefficient of friction value of 
0.254, which is almost the same value as the reference (1.55% friction reduc-
tion). In this case, the surface texture does not contribute to friction reduction, 
because the space between the each dimple start acting like a peak of material, 
which makes the flow of test sample material more difficult during the defor-
mation process. The friction coefficient value in lubrication-free regime can be 
evaluated from the following equation: 

� = 0.0117	�	 + 0.0676 (1)

where, f is the coefficient of friction (-) and Sp is the area density of dimples 
(%). The value of a coefficient of determination is 0.99. So, 99% of the varia-
bility in the response can be explained by the linear regression model. 

A yellow line in the figure 6 represents the coefficient of friction value 
evaluated for the surface textures with the various densities and with the appli-
cation of oil lubricant. The coefficient of friction value increases from the val-
ue of 0.069 to 0.128 with the increasing the value of the area density of dim-
ples and similarly to the previous case, the relationship is linear. Combination 
of area density of 6% together with the oil lubricant contribute to the lowest 
value of coefficient of friction (0.069). In this case, compared to the non-
textured surfaces with no lubricant and the non-textured surfaces with oil lub-
ricant it was found that the reduction in the coefficient of friction value is 
equal to 73.26 and 56.05%, respectively. There are two reasons why the coef-
ficient of friction reaches a low value in these cases: (a) surface texture re-
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duced the contact area between the test sample and compression platens and, 
(b) micro-dimples act as a micro-reservoir for liquid lubricant. 

 

 

Fig. 6. Coefficient of friction value vs. the surface texture density 

According to the [28] the most important surface texture parameter is the 
ratio of the dimple height to the dimple diameter. According to the Ronen et 
al. [29] this ratio value should be within the range of 0.1 to 0.2 in order to en-
sure the friction reduction in hydrodynamic lubrication regime. In this paper, 
the value of this ratio is 0.112. Therefore, the coefficient of friction value re-
duction is so significant. The coefficient of friction value in hydrodynamic 
lubrication regime can be evaluated from the following equation: 

� = 0.0059	�	 + 0.0394 (2)

where, the f is the coefficient of friction (-) and Sp is the area density of dim-
ples (%). The value of a coefficient of determination is 0.90. So, 90% of the 
variability in the response can be explained by the linear regression model. 

4. Conclusion 

Laser surface texturing technology is a widely used method to improve 
the load capacity, the wear resistance, and the friction coefficient of tribologi-
cal components. To analyse the influence of laser texturing on the coefficient 
of friction measured at the tool – workpiece interface a dimple-like depres-
sions with a depth of 11 µm, a diameter of 98 µm and a texture densities of 
6%, 11% and 16% has been formed in the planar areas of compression platens 
made of 90MnCrV8 steel. Laser texturing has been carried out using a pulsed 
fiber Nd:YAG laser with power of 16.4 W, repetition rate of 75 KHz and laser 
track displacement of 5 µm. The morphological characterization of manufac-
tured dimples has been performed using a laser confocal microscope. Tribo-
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logical tests have been carried out in two different lubrication regimes, i.e. lub-
ricant-free and hydrodynamic, where oil lubricant with viscosity of 220 mm2.s-

1 was used at room temperature.  
Experimental results showed a significant improvement of friction behav-

iour under hydrodynamic conditions. Textured contact surface with the area 
density of dimples of 6% modified by oil lubricant showed the best friction 
behaviour compared to the reference value. Reference value of the coefficient 
of friction, corresponding to a non-textured surface, was established at a value 
of 0.258. In this case, the coefficient of friction value was reduced to a value 
of 0.069 (73.26% reduction in value), which means, that surface texturing with 
defined and suitable shape and dimensions of dimples, and using an appropri-
ate liquid lubricant at the same time, the value of coefficient of friction can be 
reduced to about of 75%. A similar improvement of friction behaviour using 
a surface texture was observed in lubrication-free regime too. Surface texture 
with dimple density of 6% contributed to friction reduction to about of 46.9%. 
Increasing of coefficient of friction with the increase of dimple density was 
observed in both friction regimes; these functionalities have strong linear char-
acter.  

The surface texturing is an important process in reducing friction and 
wear. The reduction of contact area, the function of micro-trap for wear debris, 
and the micro-reservoirs for lubricant retention are the main mechanisms re-
sponsible for reducing the friction and wear in laser surface texturing. 
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OCENA  WŁA ŚCIWOŚCI  TRIBOLOGICZNYCH  HARTOWANYCH 
STALI  NARZ ĘDZIOWYCH  TEKSTUROWANYCH  LASEROWO 

S t r e s z c z e n i e 

W artykule przedstawiono analizę technologii laserowego teksturowania powierzchni (LTP) 
jako jedną z metod modyfikacji właściwości tribologicznych współpracujących powierzchni 
stalowych. Podstawowy szyk tekstury powierzchni składa się z wgłębień o zakrzywionym dnie, 
które są umieszczone w narożach sześciokąta foremnego. Dodatkowo jedno zagłębienie jest 
umieszczone w środku szyku. Parametry zagłębień są następujące: średnica 100±5 µm, głębo-
kość 11 µm, stosunek głębokości do średnicy 0,11. Gęstość powierzchniowa wgłębień oraz 
średnica wgłębienia są głównymi czynnikami, które w sposób istotny wpływają na wyjściową 
wartość współczynnik tarcia, dlatego analizowano wpływ różnych wartości gęstości powierzch-
niowej wgłębień, tj. 6%, 11% i 16% na wartość kontaktowego współczynnika tarcia. Tekstury 
powierzchni zostały utworzone na płaskich powierzchniach płyt dociskowych (stal narzędziowa 
90MnCrV8) za pomocą wiązki pulsacyjnej lasera. Wartości współczynników tarcia otrzymano 
za pomocą testu ściskania pierścienia. Próbki do badań ze stali węglowej S235JRG1 były ści-
skane osiowo pomiędzy parą teksturowanych płyt dociskowych. Ściskanie badanej próbki zosta-
ło zrealizowane w warunkach braku smarowania oraz smarowania hydrodynamicznego. Wyniki 
doświadczalne wykazały, że przez zastosowanie teksturowania powierzchni o określonym 
kształcie i wymiarach wgłębień oraz ciekłego smaru, wartość współczynnika tarcia może być 
zmniejszona prawie o 75%. 
 
Słowa kluczowe: teksturowanie laserowe powierzchni (TLP), modyfikacja właściwości tribolo-
gicznych, współczynnik tarcia, test ściskania pierścienia 
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EVALUATION OF FRICTION COEFFICIENT  
OF AN AUTO-BODY STEEL SHEET 

In this paper the results of strip drawing tests aimed to determine the friction co-
efficient in sheet metal forming operations are presented. The tests were con-
ducted using a specially designed tribological simulator. The deep drawing qual-
ity steel sheet used in the automotive industry was tested. The relationship that 
shows the effect of sheet normal load, tool surface roughness, lubrication condi-
tions and sample orientation according the rolling direction of the sheet on the 
value of friction coefficient are presented and discussed. The Scanning Electron 
Microscope (SEM) micrographs of sheet surfaces after the friction test allowed 
us to identify the mechanisms that occur at the contact of two bodies with rough 
surfaces. The results of the tests indicate that the relationship between friction 
force and normal force is nonlinear. Thus, the value of the friction coefficient is 
changed with the change of the load value. 

Keywords: coefficient of friction, friction, strip-drawing test, surface roughness 

1. Introduction 

Sheet metal forming is one of the most popular methods of preparing fin-
ished products in the automotive industry. The protective coating is sometimes 
applied as the last stage of the operation and requires an appropriate surface 
roughness of a drawpiece. Friction forces have a significant influence on the 
distribution and the value of strains and thus the quality of the product. The 
most important factors that determine obtaining a high quality product is the 
size of the thinning walls. Non-heterogeneity of the drawpiece deformation is 
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mainly conditioned by the presence of friction forces at the interface of the 
deformed material and tools. 

The processes taking place in the contact zone are affected by many fac-
tors, including by the size of normal pressure, material and surface topogra-
phy, sheets, tools and lubricant, among others. The factors that depend on the 
forming process include the value of normal pressure and speed of defor-
mation. The correct selection of the values of process parameters determines 
obtaining a product of desired dimensional and shape quality. The role and 
effects of the occurrence of frictional resistance are difficult to define. The un-
favourable effects of the presence of frictional resistance include, among oth-
ers [1-3]: non-heterogeneity of drawpiece deformation, an increase of the pres-
sure exerted by the punch causing a danger of crack occurrence, as well as the 
worsening of the surface quality of a drawpiece. Beneficial effects of the fric-
tional resistance on the forming process may include friction existing between 
the sheet metal and the punch because it increases the permissible value for the 
maximum force in deep-drawing. Disadvantageous phenomenon of friction 
can be counteracted through the use of appropriate lubricants and an increase 
in the hardness of tools. 

The main factors influencing the tribological phenomena in plastic work-
ing processes include macro- and microgeometry of contacts, the kinematics of 
the tool, physical and chemical phenomena at the contact surface and the tem-
perature [1, 4, 5]. Physical and chemical phenomena occurring in the contact 
zone depend, among others things, on the materials of the frictional pair and 
the chemical affinity of the materials in contact. During the sheet metal for-
mation frictional connections are created using metallic dyes that are destroyed 
during the friction process [6, 7]. The value of the frictional resistance essen-
tially depends on the shear strength of frictional connections. The effects of 
contact pressure and sliding velocity under mixed lubrication based on a fric-
tion testing of steel sheet was investigated by Tamai et al. [8]. A proposed new 
nonlinear friction coefficient model allows us to evaluate the change in the 
friction coefficient during continuous sliding and predictions of the friction 
coefficient were extremely accurate in comparison with the conventional 
methods. 

In the processes of sheet metal forming using rigid tools, macro- and mi-
crogeometry contact friction pairs have a significant impact on the amount of 
frictional resistance. Generally, the friction is due to the ploughing effect be-
tween asperities [9] and adhesion between contacting asperities [10]. The three 
dominating fattening mechanisms during sheet forming are: flattening due to 
sliding, flattening due to normal load and flattening due to normal loading. 
Flattening increases the real area of contact, resulting in a higher value of fric-
tion coefficient [10]. Asperity flattening due to combined normal loading and 
deformation of the underlying bulk material is described in a flattening model 
proposed by Wasteneng [11]. Surface changes due to asperity deformations 
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influence the load-carrying capacity of the lubricant [12]. Ma et al. [13] calcu-
lated the asperity flattening in metal forming and showed that the area of con-
tact ratio increased as a function of normal pressure. Furthermore the relative 
sliding between a tool and a sheet can increase the area of the contact ratio. As 
the lubricant viscosity becomes lower, the friction coefficient is higher [14]. 

Methods such as strip drawing testing [15], draw bead testing [16], bend-
ing under tension testing [17], strip reduction testing [18] and testing using 
slider-on-sheet tribometer [19] are widely used to estimate the frictional re-
sistance and wear behaviour between rough surfaces. Tisza and Fülöp [20] 
classified friction tests for sheet metal forming as a function of the main per-
formed operations: stretch drawing, stretch forming and deep drawing. The 
stretch-drawing type tests are widely used to investigate the effect of several 
material and technological parameters on frictional resistances [21, 22]. Signif-
icant advances regarding friction behaviours in plastic forming were summa-
rised by Wang et al. [23, 24] from four aspects, namely, friction testing, char-
acterising, modelling and controlling. 

The strip drawing test is one of the simplest tribological tests to determine 
the friction coefficient in sheet metal forming. This paper presents the results 
of the strip drawing test aim to determine the friction coefficient of deep draw-
ing quality steel sheet used in the automotive industry. Several relationships 
that illustrate the effect of sheet metal surface roughness, lubrication condi-
tions and sheet orientation on the value of the friction coefficient are presented 
and discussed. 

2. Material and method 

The friction tests were conducted by strip drawing tests in which the flat 
sample was placed between two fixed cylindrical rolls with equal radii (Fig. 
1). The test was carried out in such a way that a strip of the sheet was clamped 
with specified force between two cylindrical rolls of equal radii of 20 mm. The 
values of both forces, the normal force FN and the pulling force FP, were con-
stantly recorded using electric resistance strain gauge technique, 8-channel 
universal amplifier of HBM's QuantumX data acquisition system and comput-
er PC. The specimens for the friction tests were made of deep-drawing quality 
1 mm thick 09J steel sheet used in the automotive industry. According to the 
standard PN-EN 10130+A1:1999 the tested steel sheet with drawing category 
SB is intended for hard to form drawpieces with complex shapes. The samples 
were prepared as a strip with a width of 20 mm and a length of about 200 mm, 
cut along the rolling direction of the sheet. The rolls were made of cold work-
ing tool steel. The tests were performed under the following conditions:  

− surface roughness of rolls was measured along the generating line of rolls: 
0.63 and 1.25 µm,  

− clamping force: 0.6, 1.05, 1.45 and 1.85 kN, 
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− lubrication conditions: dry friction and lubrication using  machine oil LAN-
46. 

 

 
Fig. 1. Scheme of measuring device: 1 – frame; 2 – working rolls; 3 – load 
cells; 4 – specimen; 5 – blocked pin; 6 – grip of testing machine; 7, 8 – ten-
sion members; 9 – set bolt. 
 

During the recording of the pulling and clamping forces, the sheet was 
drawn for a distance of about 10 mm. Next, the clamping force value was in-
creased simultaneously during the tests.  

The mean value of the friction coefficient, µ, was determined according 
to the equation (1) for the stabilised range of values of FP and FN. The coeffi-
cient of friction is evaluated separately for all levels of variation of clamping 
force (f in figure 2). For these ranges we received about 120-160 values of the 
coefficient of friction (range µi in figure 2). So it was assumed that such num-
ber of the values of the coefficient of friction is sufficient  to  evaluate the av-
erage coefficient of friction representative for analysed lubrication conditions. 

N
F

P
F

⋅
=

2
µ  (1) 

where: FP – pulling force, FN – clamping force. 

To realise dry conditions both rolls and sheet specimens were degreased 
using acetone.  
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Fig. 2. Exemplary plot of variation of values of clamping force FN and pulling 
force FT versus specimen displacement 

To study the effect of sample strain on the change of the surface topogra-
phy and friction coefficient the samples were straightened using the uniaxial 
tensile test to receive different strain values logarithmic strain εl: 0.095, 0.14 
and 0.182. 

To determine the mechanical properties (Table 1), the tensile test was car-
ried out in the universal testing machine. Surface roughness 3D parameters of 
the sheets (Table 2) were measured by using Taylor Hobson Surtronic 3+ in-
strument. It was assumed that one measurement is representative to character-
ize the sheet surface roughness. Table 1 presents the mechanical properties and 
selected spatial parameters of the sheets.  

Table 1. Basic mechanical parameters of tested sheet 

Sample 
orientation 

Yield stress 
Rp0,2 
MPa 

Ultimate strength 
Rm 

MPa 

Elongation 
A50 

Strain hardening 
coefficient 

C 
MPa 

Strain  
hardening  
exponent 

n 
0° 162 310 0.42 554 0.21 
90° 163 312 0.41 530 0.21 

Table 2. Selected roughness parameters of tested sheet 

Measurement orientation 
according to sheet rolling 

direction 

Surface roughness parameters 

Ra, µm Rq, µm Rt, µm Rp, µm Rsk Rz, µm 
0º 1.4 1.68 9.6 5.8 0.36 9.4 
90º 1.74 1.92 10.1 6.2 0.14 8.7 
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3. Results and discussion 

The change of the contact surface is accompanied by a continuous change 
in the geometry of the contact. The values of arithmetical mean deviation of 
the surface roughness profile Ra (Fig. 3a) and maximum height of the rough-
ness profile Rz (Fig. 3b) increase with the sample pre-strain value. For both 
measurement orientations, according to the sheet rolling direction, this tenden-
cy is similar. The sample pre-strain causes not only the change of the surface 
topography but also, by strain hardening phenomena, changes the mechanical 
parameters of the surface asperities. An increase of maximum height of the 
roughness profile does not increase the frictional resistances. The strain-
hardened asperities are less susceptible to the flattening process, which causes 
the intensification of surface mechanical wear. 

 
 a)  b) 

  

Fig. 3. Effect of sample pre-strain value on variation of the roughness parameters Ra (a) 
and Rz (b) 

The width of the sample changes with an increase of the sample pre-strain 
value. However, according to the Coulomb model of friction the value of the 
friction coefficient does not depend on the contact area. It allows one to com-
pare the values of the friction coefficients determined for different sample pre-
strains. The value of the friction coefficient decreases as the clamping force 
increases for both dry (Fig. 4) and lubricated conditions (Fig. 5). It can be con-
cluded that the relationship between the normal force and friction force is non-
linear. In consequence the coefficient of friction value changes with the 
change of load. This relationship is also observed in other recent studies [2].  

In general, at low values of load the coefficient of the friction value in-
creases with the load and after reaching a certain value of load the value of 
friction coefficient rapidly decreases in the case of metals with a small capaci-
ty for strain-hardening. In the case of metals with a high capacity for strain 
hardening, the friction coefficient value is almost constant [3]. 
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Fig. 4. Relation of friction coefficient value versus normal force 
FN determined by using rolls with surface roughness Ra = 0.63 
µm in dry friction condition 

 

Fig. 5. Relation of friction coefficient value versus normal force 
FN determined by using rolls with surface roughness Ra = 0.63 
µm in lubricated condition 

The increasing of a samples’ pre-strain value causes an increase in the co-
efficient of the friction value. However, character of this relationship depends 
on the friction conditions. In both friction conditions the fast decrease of the 
friction coefficient is observed in the case of normal loads less than about 
1 kN. After exceeding this value of normal load the intensity of decreasing 
friction coefficient is smaller. Roughening of asperities, observed during test-
ing the sheets at normal load value exceeding 1 kN, tends to decrease the real 
area of contact resulting in a lower coefficient of friction. The samples pre-
strained to 15 and 20% exhibit the highest and similar coefficient of friction 
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values but only in the case of dry friction. The small difference in the value of 
the coefficient of friction determined for both dry and lubricated conditions, 
especially in the case of small values of normal force can be a result of 
a dominant influence both of flattening and ploughing mechanisms on the val-
ue of the coefficient of friction. The surface roughness valleys are too small to 
supply effectively lubricant to asperity contact area. 

The evaluation of the average normal force ��
(��) for all tests performed 

at similar value of normal load allows us to make a generalised qualitative as-
sessment of the effect of normal load on the coefficient of the friction value. 
An increase of normal load value causes a decrease of the coefficient of fric-
tion value (Fig. 6). For all used levels of normal load, the sample pre-strain at 
10% increases the friction coefficient value in comparison to the test of origi-
nal sheet surface. Further increase of sample pre-strain causes a decrease of the 
friction coefficient value. This relation depends on the ratio of frictional re-
sistances at boundary lubrication regime and flattening mechanism. 

 

Fig. 6. Relation of friction coefficient value versus sample pre-strain 
determined by using rolls with surface roughness Ra = 1.25 µm in 
lubricated condition 

In the case of the highest pre-strain value (20%) the lubrication of the 
contact surface causes the coefficient of friction to be smaller than in the case 
of pre-strains 10 and 15%. This can be explained by the fact that roughness 
valleys act as oil reservoirs (Fig. 7b). The profile height of samples pre-
strained at 10 and 15% is not able to supply the suitable oil volume and the 
mechanism of surface roughness flattening (Fig. 7c) dominates. The phenome-
non of flattening causes an increase in the real contact area. The increase in the 
real contact area occurs gradually from the initial peak surface roughness con-
tact to full contact after balancing normal force and the force required to de-
form roughness [2]. 
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In the boundary lubrication regime, friction is mainly described by adhe-
sion and ploughing between contacting asperities. The intensification of the 
ploughing mechanism is observed mainly in the case of dry friction conditions 
(Fig. 7c) rather than in lubricated conditions (Fig. 7d).  

 
Fig. 7. View of original surface of tested steel sheet (a) and Scanning Electron Microscope mi-
crographs of tested sheets: oil reservoirs (b), flattened asperities (c), ploughed surface observed 
in dry (d) and lubricated surfaces (e), and plastic deformation of the asperities edge  
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4. Summary and conclusions 

Initially during sheet metal forming there is little real contact area. The 
surfaces adhere to each other only at the asperities, which are then deformed 
plastically until the contact surface becomes sufficient to transfer the load un-
der the action of pressure. One of the main mechanisms during sheet forming 
is flattening and elastic-plastic deformation of surface asperities. It causes an 
increase of the real area of contact, which leads to an increase of the shear 
stress during the movement of the contacted surfaces. Conducted investigations 
of frictional resistance of auto-body steel sheets allow us to conclude that: 

- the values of arithmetical mean deviation of the surface roughness profile 
and maximum height of the roughness profile increase with the sample 
pre-strain value, 

- the dominant contact mechanism in the case of dry friction is asperity flat-
tening, 

- the value of the friction coefficient decreases as the clamping force in-
creases for both dry and lubricated conditions, 

- the relation between the normal force and friction force is nonlinear. 
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WYZNACZANIE WSPÓŁCZYNNNIKA TARCIA STALOWEJ BLACHY 
KAROSERYJNEJ 

S t r e s z c z e n i e 

W artykule przedstawiono wyniki testów przeciągania pasa blachy mających na celu okre-
ślenie wartości współczynnika tarcia w procesach kształtowania blach. Badania przeprowadzo-
no za pomocą specjalnie zaprojektowanego symulatora tribologicznego. Badaniom poddano 
blachę stalową głębokotłoczną wykorzystywaną w przemyśle motoryzacyjnym. Przedstawiono 
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i omówiono zależności pomiędzy siłą nacisku, chropowatością powierzchni narzędzia, warun-
kami tarcia oraz orientacją próbki względem kierunku walcowania a wartością współczynnika 
tarcia. Zdjęcia SEM (Scanning Electron Microscopy) powierzchni blach po procesie tarcia po-
zwoliły na rozpoznanie mechanizmów tarcia występujących podczas kontaktu dwóch ciał 
o powierzchni chropowatej. Wyniki badań wskazały, że zależność pomiędzy siłą tarcia i siłą 
normalną jest nieliniowa, dlatego wartość współczynnika tarcia zmienia się wraz ze zmianą 
wartości obciążenia. 
 
Słowa kluczowe: współczynnik tarcia, tarcie, test przeciągania pasa blachy, chropowatość po-
wierzchni 
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ANALYSIS OF WELDABILITY OF DUAL-PHASE 
STEEL USED IN AUTOMOTIVE INDUSTRY 

This paper deals with the problems of weldability of high strength dual-phase 
steel sheets used in the car body production. The properties of the joints made by 
resistance spot welding (RSW) and laser welding were analysed. The two grades 
of dual-phase steels such as DP 600 and DP 800 were used. The joints were 
made by overlapping of two sheets in the method 21 according to EN ISO 4063 
(RSW), and as butt weld without a gap by laser welding (method 52 in EN ISO 
4063). The parameters of RSW and laser welding were chosen according to the 
recommendations of IIW. The quality of welded joints was evaluated by visual 
control, static tension test, and a microstructural analysis of the joints on the 
light microscopy. 

Keywords: spot welding, laser welding, dual-phase steel 

1. Introduction 

The production of automobiles in the EU significantly increases in recent 
years. Increasing the production leads to the application of new advanced ma-
terials in order to minimize the costs of production, as well as to produce fuel-
efficient and ecological products, enhancing comfort and  security of  car pas-
sengers. The car producers also utilize the various combinations of materials, 
such as most used steel sheets of drawing grade quality as well as advanced 
high-strength steel sheets (AHSS) or high-strength low alloy (HSLA) steels 
[1, 2]. It is necessary not only to produce car body parts but to join them into 
a complex structure as well. Mainly resistance spot welding and laser welding 
are the joining method used to join thin-walled assemblies in automotive in-
dustry. Therefore, the research into weldability of these materials is important, 
especially optimization of welding properties. The galvanized steel sheets with 
corrosion resistance have been used in automobile industry, replacing cold 
rolled steel sheets as auto body materials to improve the corrosion resistance 
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and overall service life of vehicles [3, 4]. Advanced high-strength steels for 
automotive applications have been the aim of research and the development in 
the recent years. Their introduction in car bodies allows to reduce their weight 
and improve the car safety. Nevertheless, the weldability of AHSS is an im-
portant issue since cars typically contain thousands of spot welds [5, 6]. Fer-
rite-martensite dual-phase (DP) steels are some of the most common AHSSs, 
which are currently used in automotive industry. Their microstructure offers 
a suitable combination of strength and formability. The term dual-phase steel 
refers to the predominance of two lattices, the body-centered-cubic (bcc) fer-
rite and the relatively harder body-centered-tetragonal (bct) martensite. These 
two lattices are produced by some annealing in the range of the upper (A3) and 
lower (A1) transformation temperatures, where austenite and ferrite are 
formed, and a subsequent rapid cooling where the austenite is eventually trans-
formed into martensite  [7, 8].  

The paper deals with the analysis of possibility of welding of high-
strength dual-phase steels sheets DP600 and DP 800 by resistance spot weld-
ing and laser welding. 

2. Experimental procedure 

Within the experimental work, the welded samples were prepared in the 
laboratory using the two most commonly used method of welding in automo-
tive industry. The first method of joining was resistance spot welding, carried 
out on  the programmable pneumatic welding machine BPK 20 with welding 
electrode tips of ø5 mm. An influence of welding current as the main parame-
ter of resistance spot welding on the quality of spot welds was observed. The 
spot weld was made by overlapping of the steel sheets in position PA accord-
ing to EN ISO 6947 standard. The second method of joining was laser welding 
using CO2 AF8P laser with maximum output of 8 kW. The samples were 
welded along the sheet width (800 mm) in position PA according to EN ISO 
6947 standard without a gap between the sheets.   

Two types of high-strength dual-phase steel sheets DP600 and DP800. 
These steel sheets with the thickness of 0.8 mm were hot-dip galvanized. The 
chemical composition and basic mechanical properties of the welded material 
are shown in table 1 and table 2, respectively. For each type of welding, five 
samples were prepared for static tensile test and two samples for metallograph-
ic analysis. Labelling of samples was as follows: 

− samples A and B: steel sheet DP600 made by resistance spot welding,  
− samples C and D: steel sheet DP800 made by resistance spot welding, 
− sample E: steel sheet DP600 made by laser welding, 
− sample F: steel sheet DP800 made by laser welding. 
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Table 1. Chemical composition of welded steel sheets (wt-%) 

 DP 600 

C Mn Si P S Al Cu Cr 
0.111 1.963 0.279 0.026 < 0.002 0.031 0.019 0.206 

Mo Ni V Ti Nb Co W Fe 
< 0.002 < 0.002 0.012 < 0.002 0.020 0.017 0.005 Bal 

 DP 800 

C Mn Si P S Al Cu Cr 
0.062 1.623 0.036 0.022 < 0.002 0.086 0.119 0.247 

Mo Ni V Ti Nb Co W Fe 
0.293 0.107 0.056 < 0.002 0.077 0.1 < 0.002 Bal 

Table 2. Basic mechanical properties of welded materials given by producer   

 
Material 

Yield stress 
Re 

MPa 

Ultimate strength 
Rm 

MPa 

Total elongation 
A5 
% 

 DP 600 300 - 470 580 - 670 26 
 DP 800 450 - 560 780 - 900 17 
 

The following parameters of resistance spot welding were used: 
− pressing force of welding electrodes: Fz = 4 kN, 
− welding time: T = 20 periods (1 period = 0.02 s), 
− welding current: I = 4.5 kA for samples A and C,  

                  I = 7kA for samples B and D.  
The following parameters were used for laser welding: 

− output: P = 1700 W, 
− laser mode: TEM 10 - Gauss, 
− gas: Ar 12 l/min, 
− welding speed: vz = 2000 mm/min, 
− beam focusing: on the top sheet surface f = 0÷0.5 mm, 
− wave-length: λ = 10.6 µm. 

The quality of the welds was evaluated by the visual observation according 
to EN ISO 17637 recommendations. Furthermore, two different destructive 
tests of the welds were carried out. The spot welded joints were tested in static 
tensile test according to STN EN 05 1122 standard. The welded joints were 
tested in a tensile test in transverse direction according to STN EN ISO 4136 
standard. The influence of parameters on the microstructure changes in the 
welded metal and heat-affected zone (HAZ) was evaluated with the light mi-
croscopy using metallographic samples prepared according to EN ISO 17639 
standard.    

3. Results and discussion 

The analysis of the quality of welded joints by visual test has not proved 
the presence of external surface defects on the spot welds. Similarly, the ab-
sence of pores, cracks and other defects was observed in laser welds. The 
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welds can be classified on the basis of a visual test. The maximum load-
bearing capacity of the welded joints and the place of destruction were evalu-
ated by a tensile test. When using the welding current I = 4.5 kA in joining 
DP600 steels, the average load-bearing capacity of the spot welds was 8300 N. 
Increasing the welding current to the value of I = 7 kA led to increasing the 
average load-bearing capacity of the joints to the value of 9150 N. The average 
value of load-bearing capacity of the spot welded  DP800 steels using welding 
current I = 4.5 kA was 8670 N. Even in these steels the higher average value 
of load-bearing capacity of 9430 N was measured when welding current was 
increased to I = 7 kA, as shown in table 3. 

Table 3. The average values of load-bearing capacity Fmax, Re 
and Rm of welded joints (BM - Base Metal, HAZ – Heat-Affected 
Zone, WM - Weld Metal, FW - Fusion Weld) 

 
 
 
 
 
 

 

The measured values of Re and Rm in laser welds of both dual-phase steel 
sheets (Table 3) exceeded the minimum values of the base material declared 
by the sheet producer (Table 2). In the tensile test, the destruction of the joints 
occurred outside the laser weld, in the base material. The minimum measured 
average value of Rm in the case of the sample E made of DP600 steel sheets 
was 620 MPa and in the case of the sample F made of DP800 steel sheets was 
788 MPa. The results of the macroscopic analysis are presented in figures 1-4. 
No presence of cavities and pores in the weld nugget was observed in the sam-
ples A and C (Figs. 1 and 3) made by resistance spot welding. Increasing the 
welding current led to the changes in  dimensions of the weld nugget, heat af-
fected zone as well as the occurrence of cavities in the middle of the weld 
nugget (Figs. 2 and 4). The typical dendritic growth of weld metal was ob-
served on weld structures. In the weld metal of laser welded samples in both 
DP600 and DP800 steel sheets no internal defects were observed (Fig. 5).  The 
microstructure of the sample A with the transition of base metal via heat-
affected zone to the weld nugget is shown in Fig. 6. The changes in grain size , 
the orientation of grains and phase were observed. It was found that a multi-
phase structure is composed of fine-grained martensite, bainite and ferrite. 
Figure 7 shows a cavity in the middle of the weld nugget of the sample D, 
which occurred due to shrinkage of weld metal during the solidification pro-
cess.  

Sample Fmax, N Type of joint Destruction 
A 8300 FW HAZ 
B 9150 FW HAZ 
C 8670 FW HAZ 
D 9430 FW HAZ 

 

Sample Re, MPa Rm, MPa Destruction 
E 372 620 BM 
F 467 788 BM 
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Fig. 1 Macrostructure of sample A (DP 
600) 

 Fig. 2 Macrostructure of sample B (DP 
600) 

 

 

 

Fig. 3 Macrostructure of sample C (DP 
800) 

 Fig. 4 Macrostructure of sample D (DP 
800) 

 

Fig. 5. Laser weld of DP 600 

  

Fig. 6 Weld microstructure of sample A (DP 
600) 

Fig. 7 Weld microstructure of sample D (DP 
800) 
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The microstructure of the base material of both DP600 (Fig. 8) and 
DP800 steels is composed by ferritic matrix with dispersed fine-grained mar-
tensite. The microstructure of HAZ of lase welds of DP800 steel (Fig. 9) is 
composed of multiphase microstructure of fine-grained martensite and bainite 
in the ferritic matrix. Concerning the used welding parameters and the thick-
ness of the sheets the width of the HAZ in both materials was the same. The 
microstructure of weld metal of laser welds (Fig. 10) is composed primarily of 
the coarse-grained lamellar martensite and bainite due to rapid cooling. 

 

Fig. 8. Base material of DP 600 

  

Fig. 9. Microstructure of HAZ of sample F Fig. 10. Microstructure of laser weld metal of 
sample F 

4. Conclusions 

The application of high-strength steels in car body production is still in-
creasing because of weight reduction of cars. Development of the construction 
of laser welders and the reducing economic demands of the welding process is 
increasingly attractive to the producers. On the other hand, these progressive 
high-speed welding methods require optimization of welding parameters, es-
pecially in welding of difficult to weld materials. The methods also require the 
application of accurate fixtures ensuring the correct position of the narrow 
welds, which is common problem in the industry.  
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The resistance spot welding of dual-phase steel sheets requires consistent 
optimization of welding parameters. When using 20 periods of welding time, it 
is suitable to use low values of welding current (4.5 kA), since no internal de-
fects occur in welding nugget and load-bearing capacity of the joints is suffi-
cient.   

The laser welding is a suitable method for joining the dual-phase high-
strength steel sheets. Since the weld and heat-affected zone are narrow, no in-
ternal defects occur in the weld metal and the load-bearing capacity of the 
joints is high considering the predominant martensitic microstructure. The 
load-capacity of laser weld joint is higher than the ultimate tensile strength of 
welded materials.  
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ANALIZA ZGRZEWALNO ŚCI STALI DWUFAZOWEJ STOSOWANEJ 
W PRZEMY ŚLE MOTORYZACYJNYM 

S t r e s z c z e n i e 

Artykuł jest poświęcony problemom zgrzewalności wysokowytrzymałych dwufazowych 
blach stalowych stosowanych do produkcji karoserii samochodowych. Analizowano właściwo-
ści połączeń wykonanych metodami punktowego zgrzewania oporowego (PZO) oraz spawania 
laserowego. Badania przeprowadzono dla dwóch gatunków blach dwufazowych tj. DP600 oraz 
DP800. Połączenia zakładkowe blach wykonano zgodnie z metodą 21 ujętą w normie EN ISO 
4063. Podczas spawania laserowego blachy łączono metodą na styk bez szczeliny (metoda 52 
zgodnie z normą EN ISO 4063). Parametry zgrzewania punktowego oraz spawania laserowego 
były zgodne z wytycznymi IIW. Ocenę jakości wykonanych połączeń przeprowadzono na pod-
stawie kontroli wzrokowej, statycznego testu rozciągania oraz analizy mikrostrukturalnej połą-
czeń z wykorzystaniem mikroskopii świetlnej. 
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