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1. Introduction

The concept of cone metric space was introduced by Huang and Zhang [9]. They
supplanted the set of real numbers in metric space by a complete normed space and
proved some fixed point results for different contractive conditions in such a space.
Later on, Liu and Xu [13] introduced the notion of cone metric space over Banach
algebras by supplanting the complete normed space in cone metric space with Banach
algebras and proved that cone metric space over Banach algebras are not equivalent
to metric space in terms of existence of the fixed points of mappings. Subsequently,
many authors established interesting and significant results in a cone metric space over
Banach algebras (see [20], [7], [8]). In 2017, George et al. [6] introduced the notion of
dislocated cone metric space over Banach algebras as a generalization of cone metric
space over Banach algebras and proved some fixed point results for Banach, Kannan
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and Perov type contractive conditions in such a space. Very recently, Jiang et al.
[11] introduced the concept of expansive mapping defined on cone metric space over
Banach algebras and proved some fixed point results for such mapping. In this work,
we use the concept of expansive mapping defined on dislocated cone metric space over
Banach algebras and prove some fixed point theorems. Our results unify, complement
and/or generalized the recent results of [11, 2, 10, 1, 3, 19], and many others, that will
be useful in dynamic programming and integral equation, (see; [4] - [15] and references
therein).

2. Preliminaries

In this section, we recall some definitions and results needed in the sequel.

Definition 2.1. ([18]) A Banach algebra A is a real Banach space in which an ope-
ration of multiplication is defined subject to the following properties for all p, q, r ∈ A,
λ ∈ R

1. (pq)r = p(qr),

2. p(q + r) = pq + pr and (p+ q)r = pr + qr,

3. λ(pq) = (λp)q = p(λq),

4. ‖pq‖ ≤ ‖p‖ ‖q‖.

A subset K of a Banach algebra A is called a cone (see [13]) if

1. K is nonempty closed and {θ, e} ⊂ K;

2. αK + βK ⊂ K for all nonnegative real numbers α, β;

3. K2 = KK ⊂ K;

4. K ∩ (−K) = {θ},

where θ and e denote the zero and unit elements of the Banach algebra A, respectively.
For a given cone K ⊂ A, we write z 4 y if and only if y− z ∈ K, where 4 is a partial
order relation defined on K. Also, x � y will stand for y − x ∈ intK, where intK
denotes the interior of K. If intK 6= ∅ then K is called a solid cone.

Definition 2.2. ([6]) Let Z be a nonempty set. Suppose that ρ : Z × Z → A be a
mapping satisfying the following conditions:
(D1) θ 4 ρ(z, y) for all z, y ∈ Z and ρ(z, y) = θ =⇒ z = y;
(D2) ρ(z, y) = ρ(y, z) for all z, y ∈ Z;
(D3) ρ(z, y) 4 ρ(z, x) + ρ(x, y) for all z, y, x ∈ Z.
Then ρ is called a dislocated cone metric on Z, and (Z, ρ) is called a dislocated cone
metric space over Banach algebra A.
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Remark 2.3. In a dislocated cone metric space (Z, ρ), ρ(z, z) need not be zero for
z ∈ Z. Hence every cone metric space over Banach algebras is a dislocated cone
metric space over Banach algebras, but the converse is not necessarily true. (see [6]).

Example 2.4. ([6]) Let A = {b = (bi,j)3×3 : bi,j ∈ R, 1 ≤ i, j ≤ 3}, ‖b‖ =∑
1≤i,j≤3 |bi,j |, K = {b ∈ A : bi,j ≥ 0, 1 ≤ i, j ≤ 3} be a cone in A. Let Z = R+∪{0}.

Let a mapping ρ : Z × Z → A be define by

ρ(z, y) =

 z + y z + y z + y
2z + 2y 2z + 2y 2z + 2y
3z + 3y 3z + 3y 3z + 3y

 , for all z, y ∈ Z.

Then (Z, ρ) is a dislocated cone metric space over a Banach algebra A but not a cone
metric space over a Banach algebra A since

ρ

(
1

2
,

1

2

)
=

1 1 1
2 2 2
3 3 3

 6= θ.

Definition 2.5. ([6]) Let (Z, ρ) be a dislocated cone metric space over Banach
algebra A, z ∈ Z and {zi} be a sequence in (Z, ρ). Then

1. {zi} converges to z whenever for each c ∈ A with θ � c, there is a natural
number N such that ρ(zi, z)� c for all i ≥ N . We denote this by zi → z (i→
∞).

2. {zi} is a Cauchy sequence whenever for each c ∈ A with θ � c, there is a natural
number N such that ρ(zi, zj)� c for all i, j ≥ N .

3. (Z, ρ) is said to be complete if every Cauchy sequence in Z is convergent.

Definition 2.6. ([12]) Let K be a solid cone in a Banach algebra A. A sequence
{zi} ⊂ K is said to be a c-sequence if for each θ � c, there exists N ∈ N such that
zi � c for all i > N .

Lemma 2.7. ([18]) Let A be a Banach algebra with a unit e and τ ∈ A, then

limn→∞ ‖τn‖
1
n exists and the spectral radius δ(τ) satisfies

δ(τ) = lim
n→∞

‖τn‖
1
n = inf ‖τn‖

1
n .

If δ(τ) < 1, then (e− τ) is invertible in A. Moreover,

(e− τ)−1 =

∞∑
k=0

τk,

and

δ
[
(e− τ)−1

]
≤ 1

1− δ(τ)
.
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Remark 2.8. ([20]). If δ(τ) < 1 then
∥∥τ i∥∥→ 0 (i→∞).

Lemma 2.9. ([7]) If E is a real Banach space with a solid cone K and {zi} ⊂ K be
a sequence with ‖zi‖ → 0 (i→∞), then for each θ � c, there exists N ∈ N such that
for any i > N , we have zi � c.

Lemma 2.10. ([6]) Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A and K be the underlying solid cone. Let {zi} be a sequence in (Z, ρ). If
{zi} converges to z ∈ Z, then

1. {ρ(zi, z)} is a c-sequence.

2. For any j ∈ N, {ρ(zi, zi+j)} is a c-sequence.

Lemma 2.11. ([12]) Let A be a real Banach algebra with a solid cone K and let
{αn} and {βn} be sequences in K. If {αn} and {βn} are c-sequences and k1, k2 ∈ K
then {k1αn + k2βn} is also a c-sequence.

Lemma 2.12. ([12]) If E is a real Banach space with a solid cone K

1. If a, b, c ∈ E and a 4 b� c, then a� c.

2. If a ∈ K and θ 4 a� c for each θ � c, then a = θ.

3. If a 4 τa, where a, τ ∈ K and δ(τ) < 1, then a = θ.

3. Main results

First, we introduce the notion of expansive mapping in the setting of dislocated cone
metric space over Banach algebra A.

Definition 3.1. Let (Z, ρ) be a dislocated cone metric space over Banach algebra
A, K be the underlying solid cone. Then F : Z → Z is called an expansive mapping
if there exist ϑ, ϑ−1 ∈ K such that δ(ϑ−1) < 1 and

ρ(Fz,Fy) < ϑρ(z, y), for all z, y ∈ Z. (3.1)

Example 3.2. Let A = C1
R[0, 1] and define a norm on A by ‖z‖ = ‖z‖∞+ ‖z′‖∞ for

z ∈ A, where multiplication in A is defined in the usual way. Then A is a Banach
algebra with unit element e = 1 and the set K = {z ∈ A : z(t) ≥ 0, t ∈ [0, 1]} is a
cone in A. Let Z = [0,∞). Consider a mapping ρ : Z × Z → A define by

ρ(z, y)(t) = (z + y)et, for all z, y ∈ Z.

Then (Z, ρ) is a dislocated cone metric space over Banach algebra A. Define a map-
ping F : Z → Z by Fz = 2z, for all z ∈ Z. Take ϑ = 2. Hence, F is expansive
mapping.
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Next, we prove the existence of fixed point for generalized expansive mapping in dislo-
cated cone metric space over Banach algebra A without the assumption of normality
of cone.

Theorem 3.3. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a surjection and satisfy the generalized expansive condition:

ρ(Fz,Fy) + ϑ1[ρ(z,Fy) + ρ(y,Fz)] < ϑ2ρ(z, y) + ϑ3ρ(z,Fz) + ϑ4ρ(y,Fy), (3.2)

for all z, y ∈ Z, where ϑj ∈ K (j = 1, 2, 3, 4) such that (ϑ2 + ϑ3 − 3ϑ1)−1, (ϑ2 − ϑ1 +
ϑ4)−1 ∈ K and spectral radius δ[(ϑ2 + ϑ3 − 3ϑ1)−1(e + ϑ1 − ϑ4)] < 1. Then F has a
fixed point z∗ in Z.

Proof. Let z0 ∈ Z. Since F is surjective, there exists z1 ∈ Z such that Fz1 = z0.
Again, we can choose z2 ∈ Z such that Fz2 = z1. Continuing this process, we can
construct a sequence {zi} in (Z, ρ) by

zi = Fzi+1, for i = 0, 1, 2, . . . . (3.3)

Suppose zk = zk+1 for some k ∈ N, then z∗ = zk is a fixed point of F and the result
is proved. Hence, we assume that zi+1 6= zi, ∀i ∈ N. Using (3.2) and (3.3), we get

ρ(Fzi+1,Fzi) + ϑ1[ρ(zi+1,Fzi) + ρ(zi,Fzi+1)] < ϑ2ρ(zi+1, zi)

+ ϑ3ρ(zi+1,Fzi+1) + ϑ4ρ(zi,Fzi)

ρ(zi, zi−1) + ϑ1[ρ(zi+1, zi−1)+ρ(zi, zi)] < ϑ2ρ(zi+1, zi)+ϑ3ρ(zi+1, zi)+ϑ4ρ(zi, zi−1)

ρ(zi, zi−1) + ϑ1[3ρ(zi+1, zi) + ρ(zi, zi−1)] < (ϑ2 + ϑ3)ρ(zi+1, zi) + ϑ4ρ(zi, zi−1)

(e+ ϑ1 − ϑ4)ρ(zi, zi−1) < (ϑ2 + ϑ3 − 3ϑ1)ρ(zi+1, zi)

(ϑ2 + ϑ3 − 3ϑ1)ρ(zi+1, zi) 4 (e+ ϑ1 − ϑ4)ρ(zi, zi−1)

ρ(zi, zi+1) 4 τρ(zi−1, zi), (3.4)

where τ = (ϑ2 + ϑ3 − 3ϑ1)−1(e+ ϑ1 − ϑ4).
Hence, from (3.4), we get

ρ(zi, zi+1) 4 τρ(zi−1, zi)

4 τ2ρ(zi−2, zi−1)

...

ρ(zi, zi+1) 4 τ iρ(z0, z1), for all i ∈ N. (3.5)

Since δ(τ) < 1, it follows, by Lemma 2.7, that (e− τ) is invertible in A. Moreover,

(e− τ)−1 =

∞∑
k=0

τk. (3.6)
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Also, by Remark 2.8, we get

‖τ i‖ → 0 (i→∞). (3.7)

Hence, for i, j ∈ N with i < j, using (3.5) and (3.6), we have

ρ(zi, zj) 4 ρ(zi, zi+1) + ρ(zi+1, zj)

4 ρ(zi, zi+1) + ρ(zi+1, zi+2) + ρ(zi+2, zj)

4 ρ(zi, zi+1) + ρ(zi+1, zi+2) + ρ(zi+2, zi+3)

+ · · ·+ ρ(zj−2, zj−1) + ρ(zj−1, zj)

4 τ iρ(z0, z1) + τ i+1ρ(z0, z1) + τ i+2ρ(z0, z1)

+ · · ·+ τ j−2ρ(z0, z1) + τ j−1ρ(z0, z1)

= τ i(e+ τ + τ2 + · · ·+ τ j−i−2 + τ j−i−1)ρ(z0, z1)

4 τ i
( ∞∑

k=0

τk
)
ρ(z0, z1)

= τ i(e− τ)−1ρ(z0, z1).

Therefore, using (3.7), we have that
∥∥τ i(e− τ)−1ρ(z0, z1)

∥∥ → 0 (i → ∞), and it
follows, by Lemma 2.9, that for any c ∈ A with θ � c, there exists N ∈ N such that

ρ(zi, zj) 4 τ i(e− τ)−1ρ(z0, z1)� c, for all j > i > N,

which implies, by Lemma 2.12 and Definition 2.5, that {zi} is a Cauchy sequence.
Since (Z, ρ) is complete, there exists z∗ ∈ Z such that zi → z∗ (i→∞). Since F is a
surjection mapping, there exists a point y∗ in Z such that Fy∗ = z∗. Next, we show
that y∗ = z∗. Using (3.2) and (3.3), we have that

ρ(zi, z∗) = ρ(Fzi+1,Fy∗)

< −ϑ1[ρ(zi+1,Fy∗) + ρ(y∗,Fzi+1)] + ϑ2ρ(zi+1, y∗)

+ ϑ3ρ(zi+1,Fzi+1) + ϑ4ρ(y∗,Fy∗)

< −ϑ1[ρ(zi+1, z∗) + ρ(y∗, zi)] + ϑ2ρ(zi+1, y∗)

+ ϑ3ρ(zi+1, zi) + ϑ4ρ(y∗, z∗)

ρ(zi, zi+1) + ρ(zi+1, z∗) < −ϑ1ρ(zi+1, z∗)− ϑ1[ρ(y∗, zi+1)− ρ(zi, zi+1)]

+ ϑ2ρ(zi+1, y∗) + ϑ3ρ(zi+1, zi)

+ ϑ4[ρ(y∗, zi+1)− ρ(z∗, zi+1)]

(ϑ2 − ϑ1 + ϑ4)ρ(zi+1, y∗) 4 (e+ ϑ1 + ϑ4)ρ(zi+1, z∗) + (e− ϑ1 − ϑ3)ρ(zi, zi+1)

ρ(zi+1, y∗) 4 (ϑ2 − ϑ1 + ϑ4)−1[(e+ ϑ1 + ϑ4)ρ(zi+1, z∗)

+ (e− ϑ1 − ϑ3)ρ(zi, zi+1)].

This implies that

ρ(zi+1, y∗) 4 α1ρ(zi+1, z∗) + α2ρ(zi, zi+1),



On Some Fixed Point Theorems for Expansive Mappings 27

where α1 = (ϑ2 − ϑ1 + ϑ4)−1(e+ ϑ1 + ϑ4), α2 = (ϑ2 − ϑ1 + ϑ4)−1(e− ϑ1 − ϑ3) ∈ K.
Now, by Lemma 2.10, Lemma 2.11; {ρ(zi+1, z∗)}, {ρ(zi, zi+1)} and {α1ρ(zi+1, z∗) +
α2ρ(zi, zi+1)} are c-sequences. Hence, for any c ∈ A with θ � c, there exists N ∈ N
such that

ρ(zi+1, y∗) 4 α1ρ(zi+1, z∗) + α2ρ(zi, zi+1)� c, for all i > N,

which implies that zi+1 → y∗. Since the limit of a convergent sequence in cone metric
space is unique, we have that y∗ = z∗. Hence, z∗ is a fixed point of F.

Remark 3.4. Note that F may have more than one fixed point (e.g. see [11, 1]).

Theorem 3.5. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a surjection and satisfy the following condition:

ρ(Fz,Fy) < ϑ1ρ(z, y) + ϑ2ρ(z,Fy), for all z, y ∈ Z, (3.8)

where ϑ1, ϑ2∈K such that (ϑ1+ϑ2)−1∈K and spectral radius δ[(ϑ1+ϑ2)−1(e+ϑ2)]<1.
Then F has a fixed point z∗ in Z.

Proof. Let z0 be an arbitrary point in Z. Since F is surjective, there exists z1 ∈ Z
such that Fz1 = z0. Again, we can choose z2 ∈ Z such that Fz2 = z1. Continuing this
process, we can construct a sequence {zi} in (Z, ρ) by

zi = Fzi+1, for i = 0, 1, 2, . . . . (3.9)

Suppose zj−1 = zj for some j ∈ N, then z∗ = zj is a fixed point of F and the result
is proved. Hence, we assume that zi 6= zi−1 for all i ∈ N. Now, using (3.8) and (3.9),
we have

ρ(zi, zi−1) = ρ(Fzi+1,Fzi)

< ϑ1ρ(zi+1, zi) + ϑ2ρ(zi+1, zi−1)

< ϑ1ρ(zi+1, zi) + ϑ2[ρ(zi+1, zi)− ρ(zi−1, zi)]

(e+ ϑ2)ρ(zi, zi−1) < (ϑ1 + ϑ2)ρ(zi+1, zi)

ρ(zi, zi+1) 4 (ϑ1 + ϑ2)−1(e+ ϑ2)ρ(zi−1, zi)

ρ(zi, zi+1) 4 τρ(zi−1, zi), (3.10)

where τ = (ϑ1 + ϑ2)−1(e+ ϑ2).
Hence, from (3.10), we have

ρ(zi, zi+1) 4 τρ(zi−1, zi)

4 τ2ρ(zi−2, zi−1)

...

ρ(zi, zi+1) 4 τ iρ(z0, z1), for all i ∈ N. (3.11)



28 A. Auwalu, E. Hinçal and L.N. Mishra

Using the same argument to the proof in Theorem 3.3, we get that {zi} is a Cauchy
sequence. Since (Z, ρ) is complete, there exists z∗ ∈ Z such that zi → z∗ (i → ∞).
Since F is a surjection mapping, there exists a point z∗∗ in Z such that Fz∗∗ = z∗.
Now, we show that z∗∗ = z∗. Using (3.8) and (3.9), we have that

ρ(z∗, zi) = ρ(Fz∗∗,Fzi+1)

< ϑ1ρ(z∗∗, zi+1) + ϑ2ρ(z∗∗,Fzi+1)

= ϑ1ρ(z∗∗, zi+1) + ϑ2ρ(z∗∗, zi)

ρ(z∗, zi+1) + ρ(zi+1, zi) < ϑ1ρ(z∗∗, zi+1) + ϑ2[ρ(z∗∗, zi+1)− ρ(zi, zi+1)]

(ϑ1 + ϑ2)ρ(zi+1, z∗∗) 4 ρ(zi+1, z∗) + (e+ ϑ2)ρ(zi, zi+1)

ρ(zi+1, z∗∗) 4 (ϑ1 + ϑ2)−1[ρ(zi+1, z∗) + (e+ ϑ2)ρ(zi, zi+1)].

This implies that

ρ(zi+1, z∗∗) 4 β1ρ(zi+1, z∗) + β2ρ(zi, zi+1),

where β1 = (ϑ1 +ϑ2)−1, β2 = (ϑ1 +ϑ2)−1(e+ϑ2) ∈ K. Now, by Lemma 2.10, Lemma
2.11; {ρ(zi+1, z∗)}, {ρ(zi, zi+1)} and {β1ρ(zi+1, z∗) + β2ρ(zi, zi+1)} are c-sequences.
Hence, for any c ∈ A with θ � c, there exists N ∈ N such that

ρ(zi+1, z∗∗) 4 β1ρ(zi+1, z∗) + β2ρ(zi, zi+1)� c, for all i > N,

which implies that zi+1 → z∗∗. Since the limit of a convergent sequence in a cone
metric space is unique, we have that z∗∗ = z∗. Hence, z∗ is a fixed point of F.

Corollary 3.6. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a surjection and satisfy the following condition:

ρ(Fz,Fy) < ϑ1ρ(z, y) + ϑ2ρ(z,Fz) + ϑ3ρ(y,Fy), (3.12)

for all z, y ∈ Z. where ϑk ∈ K (k = 1, 2, 3) such that (ϑ1 + ϑ2)−1, (ϑ1 + ϑ3)−1 ∈ K
and spectral radius δ[(ϑ1 + ϑ2)−1(e− ϑ3)] < 1. Then F has a fixed point z∗ in Z.

Proof. Putting ϑ1 = θ in Theorem 3.3, the result follows.

Corollary 3.7. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a surjection and satisfy the following condition:

ρ(Fz,Fy) < ϑ1ρ(z,Fz) + ϑ2ρ(y,Fy), (3.13)

for all z, y ∈ Z. where ϑk ∈ K (k = 1, 2) such that ϑ1
−1, ϑ2

−1 ∈ K and spectral radius
δ[ϑ1

−1(e− ϑ2)] < 1. Then F has a fixed point z∗ in Z.

Proof. Putting ϑ1 = ϑ2 = θ in Theorem 3.3, the result follows.
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Theorem 3.8. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a surjection and satisfy the following condition:

ρ(Fz,Fy) < ϑρ(z, y), (3.14)

for all z, y ∈ Z. where ϑ, ϑ−1 ∈ K such that spectral radius δ(ϑ−1) < 1. Then F has
a unique fixed point z∗ in Z.

Proof. Using Theorem 3.3, Theorem 3.5, we only need to show that the fixed point
is unique. Suppose that y∗ is another fixed point of F, then using (3.14), we have that

ρ(z∗, y∗) = ρ(Fz∗,Fy∗)

< ϑρ(z∗, y∗)

ρ(z∗, y∗) 4 ϑ−1ρ(z∗, y∗) = τρ(z∗, y∗),

where τ = ϑ−1.
Hence, we have

ρ(z∗, y∗) 4 τρ(z∗, y∗)

4 τ2ρ(z∗, y∗)

...

ρ(z∗, y∗) 4 τ iρ(z∗, y∗), for all i ∈ N.

Since δ(τ) < 1, then, by Remark 2.8, it follows that

‖τ i‖ → 0 (i→∞).

Hence, we have that
∥∥τ iρ(z∗, y∗)

∥∥ → 0 (i → ∞) and by Lemma 2.9, it follows that
for any c ∈ A with θ � c, there exists N ∈ N such that

ρ(z∗, y∗) 4 τ iρ(z∗, y∗)� c, for all i > N,

which implies that ρ(z∗, y∗) = θ. Therefore z∗ = y∗. This completes the proof.

Corollary 3.9. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a surjection and satisfy the following condition:

ρ(Fmz,Fmy) < ϑρ(z, y), m ∈ Z+ (3.15)

for all z, y ∈ Z. where ϑ, ϑ−1 ∈ K such that δ(ϑ−1) < 1. Then F has a unique fixed
point z∗ in Z.

Proof. Using Theorem 3.8, we get that Fm a has a fixed point z in Z. Since Fm(Fz) =
F(Fmz) = Fz, then Fz is also a fixed point of Fm. Thus Fz = z, z is a fixed of F.
Since the fixed in Theorem 3.8 is unique, the result follows.
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Theorem 3.10. Let (Z, ρ) be a complete dislocated cone metric space over Banach
algebra A with a unit e, K be the underlying solid cone. Let the mapping F : Z → Z
be a continuous, surjection and satisfy the following condition:

ρ(Fz,Fy) < ϑ
{
ρ(z, y), ρ(z,Fz), ρ(y,Fy)

}
, (3.16)

for all z, y ∈ Z, where ϑj ∈ K (j = 1, 2, 3, 4) such that ϑ, ϑ−1 ∈ K and spectral radius
δ(ϑ−1) < 1. Then F has a fixed point z∗ in Z.

Proof. Let z0 be an arbitrary point in Z. Since F is surjective, there exists z1 ∈ Z
such that Fz1 = z0. Again, we can choose z2 ∈ Z such that Fz2 = z1. Continuing this
process, we can construct a sequence {zi} in Z by

zi = Fzi+1, for i = 0, 1, 2, . . . . (3.17)

Suppose zj−1 = zj for some j ∈ N, then z∗ = zj−1 is a fixed point of F and the result
is proved. Hence, we assume that zi−1 6= zi for all i ∈ N. Now, using (3.16) and
(3.17), we have

ρ(zi−1, zi) = ρ(Fzi,Fzi+1)

< ϑ
{
ρ(zi, zi+1), ρ(zi,Fzi), ρ(zi+1,Fzi+1)

}
= ϑ

{
ρ(zi, zi+1), ρ(zi, zi−1)

}
. (3.18)

We consider the following two cases:

1. If ρ(zi−1, zi) < ϑρ(zi, zi−1) then ρ(zi−1, zi) 4 ϑ−1ρ(zi−1, zi). Hence, by Lemma
2.12, ρ(zi−1, zi) = θ, that is zi−1 = zi. This is a contradiction.

2. If ρ(zi−1, zi) < ϑρ(zi, zi+1) then ρ(zi, zi+1) 4 ϑ−1ρ(zi−1, zi) = τρ(zi−1, zi).

Hence, we have

ρ(zi, zi+1) 4 τρ(zi−1, zi)

4 τ2ρ(zi−2, zi−1)

...

ρ(zi, zi+1) 4 τ iρ(z0, z1), for all i ∈ N. (3.19)

Using the same argument to the proof in Theorem 3.3, we get that {zi} is a Cauchy
sequence. Since (Z, ρ) is complete, there exists z∗ ∈ Z such that zi → z∗ (i→∞). To
show that z∗ is a fixed point of F, since F is continuous, so Fzi → Fz∗ (i→∞), which
implies that zi−1 → Fz∗ (i→∞). Hence, Fz∗ = z∗. This completes the proof.

Example 3.11. Let A = C1
R[0, 1/5] and define a norm on A by ‖z‖ = ‖z‖∞+ ‖z′‖∞

for z ∈ A, where multiplication in A is defined in the usual way. Then A is a Banach
algebra with unit element e = 1 and the set K = {z ∈ A : z(t) ≥ 0, t ∈ [0, 1/5]} is a
non normal cone in A. Let Z = [0,∞). Consider a mapping ρ : Z ×Z → A define by

ρ(z, y)(t) = (z + y)et, for all z, y ∈ Z.
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Then (Z, ρ) is a dislocated cone metric space over Banach algebra A. Define a map-
ping F : Z → Z by Fz = 2z, for all z ∈ Z. Let ϑ ∈ K be defined by ϑ(t) = 5

3t+4 .
Simple calculations show that all the conditions of Theorem 3.8 are satisfied and
z∗ = θ is the unique fixed point of F.

4. Conclusion

The aim of this paper is to introduce the notion of generalized expansive mappings
on dislocated cone metric space over Banach algebras and prove some fixed point
theorems for such mappings. Our results are actual generalization of the recent results
in [11, 2, 10, 1, 3, 19] and others in the literature. We hope the results will be useful in
fixed point theory and may be generalized in further spaces with efficient conditions.
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