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On the Maximum Modulus of a Polynomial
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Abstract: For a polynomial p(z) of degree n, having no zeros in
|z| < 1 Ankeny and Rivlin had shown that for R ≥ 1

max
|z|=R

|p(z)| ≤ Rn + 1

2
max
|z|=1

|p(z)|.

Using Govil, Rahman and Schmeisser’s refinement of the generalization of
Schwarz’s lemma we have obtained a refinement of Ankeny and Rivlin’s
result. Our refinement is also a refinement of Dewan and Pukhta’s refine-
ment of Ankeny and Rivlin’s result.
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1. Introduction and statement of results

For an arbitrary polynomial f(z) let M(f, r) = max|z|=r |f(z)|. Further let p(z) =∑n
j=0 ajz

j be a polynomial of degree n. Concerning the estimate of |p(z)| on |z| ≤ r
we have the following well known result (see [7, Problem III 269, p. 158]).

Theorem 1.1. If p(z) is a polynomial of degree n then

M(p,R) ≤ RnM(p, 1), R ≥ 1,

with equality only for p(z) = λzn.

For polynomial not vanishing in |z| < 1 Ankeny and Rivlin [1] proved
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Theorem 1.2. Let p(z) be a polynomial of degree n, having no zeros in |z| < 1. Then

M(p,R) ≤ Rn + 1

2
M(p, 1), R ≥ 1.

The result is the best possible with equality only for the polynomial p(z) = λ+µzn, |λ| =
|µ|.

Dewan and Pukhta [2] used the generalization of Schwarz’s lemma [8, p. 212] to
obtain the following refinement of Theorem 1.2.

Theorem 1.3. Let p(z) = an
∏n
t=1(z− zt) be a polynomial of degree n and let |zt| ≥

Kt ≥ 1, 1 ≤ t ≤ n. Then for R ≥ 1

M(p,R) ≤ Rn + 1

2
M(p, 1)− Rn − 1

2
BM(p, 1)

− n

2

{
(1−B)2(M(p, 1))2 − 4|an|2

(1−B)M(p, 1)

}
×
[ (R− 1)(1−B)M(p, 1)

(1−B)M(p, 1) + 2|an|

− ln

{
1 +

(R− 1)(1−B)M(p, 1)

(1−B)M(p, 1) + 2|an|

}]
,

where
B =

1

1 + 2
n

∑n
t=1

1
Kt−1

.

In this paper we have used Govil, Rahman and Schmeisser’s refinement of the
generalization of Schwarz’s lemma [4, Lemma] to obtain a new refinement of Theorem
1.2. Our refinement is a refinement of Theorem 1.3 also. More precisely we prove

Theorem 1.4. Let

p(z) =
∑n

j=0
ajz

j = an
∏n

t=1
(z − zt)

be a polynomial of degree n such that

|zt| ≥ Kt ≥ 1, 1 ≤ t ≤ n.

Further let

M =


n

2

1− 1

1 + 2
n

n∑
t=1

1
Kt−1

M(p, 1), Kt 6= 1 for all t

n

2
M(p, 1), Kt = 1 for certain t (1 ≤ t ≤ n)

(1.1)

(1.2)

a = nan, (1.3)
b = (n− 1)an−1 (1.4)
R ≥ 1 (1.5)



On the Maximum Modulus of a Polynomial 111

and

D =



1√
|a|
M −

|b|2
4(M−|a|)2

tan−1
R+ |b|

2(M−|a|)√
|a|
M −

|b|2
4(M−|a|)2

− tan−1
1 + |b|

2(M−|a|)√
|a|
M −

|b|2
4(M−|a|)2

 ,
|a|
M
− |b|2

4(M − |a|)2
> 0,

1

2
√

|b|2
4(M−|a|)2 −

|a|
M

ln

∣∣∣∣∣∣
R+ |b|

2(M−|a|) −
√

|b|2
4(M−|a|)2 −

|a|
M

R+ |b|
2(M−|a|) +

√
|b|2

4(M−|a|)2 −
|a|
M

∣∣∣∣∣∣−
ln

∣∣∣∣∣∣
1 + |b|

2(M−|a|) −
√

|b|2
4(M−|a|)2 −

|a|
M

1 + |b|
2(M−|a|) +

√
|b|2

4(M−|a|)2 −
|a|
M

∣∣∣∣∣∣
 ,
|a|
M
− |b|2

4(M − |a|)2
< 0,

−
(
R+

|b|
2(M − |a|)

)−1
+

(
1 +

|b|
2(M − |a|)

)−1
,

|a|
M
− |b|2

4(M − |a|)2
= 0.

(1.6)

(1.7)

(1.8)

Then
M(p,R) ≤

Rn + 1

2
M(p, 1)− Rn − 1

2

( 1

1 + 2
n

∑n
t=1

1
Kt−1

)
M(p, 1)

− (M − |a|)(R− 1) +
|b|
2

ln
(M − |a|)MR2 +M |b|R+ |a|(M − |a|)

(M2 − |a|2) +M |b|

+
2(M − |a|)(M2 − |a|2)−M |b|2

2M(M − |a|)
D,M > |a| and Kt 6= 1 for all t,

Rn + 1

2
M(p, 1)− (M − |a|)(R− 1)

+
|b|
2

ln
(M − |a|)MR2 +M |b|R+ |a|(M − |a|)

M2 − |a|2 +M |b|

+
2(M − |a|)(M2 − |a|2)−M |b|2

2M(M − |a|)
D,

M > |a| and Kt = 1 for certain t (1 ≤ t ≤ n),
Rn + 1

2
M(p, 1)− Rn − 1

2

( 1

1 + 2
n

∑n
t=1

1
Kt−1

)
M(p, 1),

M = |a| and Kt 6= 1∀t,
Rn + 1

2
M(p, 1),M = |a| and Kt = 1 for certain t, (1 ≤ t ≤ n).

(1.9)

(1.10)

(1.11)

(1.12)
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The result is the best possible if Kt = 1 for certain t, (1 ≤ t ≤ n) and the equality
holds for the polynomial p(z) = λ+ µzn, |λ| = |µ|.

Remark 1.5. That Theorem 1.4 is a refinement of Theorem 1.3 can be seen from
the fact that a refinement of the generalization of Schwarz’s lemma is used to obtain
Theorem 1.4.

Further by taking Kt = K, (K ≥ 1), ∀t, in Theorem 1.4 we get

Corollary 1.6. Let p(z) =
∑n
j=0 ajz

j be a polynomial of degree n, having no zeros
in |z| < K, (K ≥ 1). Further let

M =
n

1 +K
M(p, 1),

a = nan,

b = (n− 1)an−1,

R ≥ 1

and

D =



1√
|a|
M −

|b|2
4(M−|a|)2

(
tan−1

R+ |b|
2(M−|a|)√

|a|
M −

|b|2
4(M−|a|)2

− tan−1
1 + |b|

2(M−|a|)√
|a|
M −

|b|2
4(M−|a|)2

)
,

|a|
M
− |b|2

4(M − |a|)2
> 0,

1

2
√

|b|2
4(M−|a|)2 −

|a|
M

(
ln

∣∣∣∣∣∣
R+ |b|

2(M−|a|) −
√

|b|2
4(M−|a|)2 −

|a|
M

R+ |b|
2(M−|a|) +

√
|b|2

4(M−|a|)2 −
|a|
M

∣∣∣∣∣∣−
ln

∣∣∣∣∣∣
1 + |b|

2(M−|a|) −
√

|b|2
4(M−|a|)2 −

|a|
M

1 + |b|
2(M−|a|) +

√
|b|2

4(M−|a|)2 −
|a|
M

∣∣∣∣∣∣
)
,
|a|
M
− |b|2

4(M − |a|)2
< 0,

−
(
R+

|b|
2(M − |a|)

)−1
+
(
1 +

|b|
2(M − |a|)

)−1
,
|a|
M
− |b|2

4(M − |a|)2
= 0.

Then

M(p,R) ≤



Rn +K

1 +K
M(p, 1)− (M − |a|)(R− 1)

+
|b|
2

ln
(M − |a|)MR2 +M |b|R+ |a|(M − |a|)

(M2 − |a|2) +M |b|

+
2(M − |a|)(M2 − |a|2)−M |b|2

2M(M − |a|)
D, M > |a|,

Rn +K

1 +K
M(p, 1), M = |a|.
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The result is the best possible if K = 1 and the equality holds for the polynomial
p(z) = λ+ µzn, |λ| = |µ|.

Remark 1.7. Corollary 1.6 is a refinement of Dewan and Pukhta’s result [2, Corol-
lary].

2. Lemmas

For the proof of Theorem 1.4 we require the following lemmas.

Lemma 2.1. If p(z) is a polynomial of degree n, having no zeros in |z| < 1 then

M(p′, 1) ≤ n

2
M(p, 1).

This lemma is due to Lax [5].

Lemma 2.2. Let p(z) = an
∏n
t=1(z− zt), be a polynomial of degree n. If |zt| ≥ Kt ≥

1, 1 ≤ t ≤ n, then

M(p′, 1) ≤ n
((∑n

t=1

1

Kt − 1

)
/
(∑n

t=1

Kt + 1

Kt − 1

))
M(p, 1).

The result is the best possible with the equality for the polynomial p(z) = (z + k)n,
k ≥ 1.

This lemma is due to Govil and Labelle [3].

Lemma 2.3. If f(z) is analytic and |f(z)| ≤ 1 in |z| < 1 then

|f(z)| ≤ (1− |a′|)|z|2 + |b′||z|+ |a′|(1− |a′|)
|a′|(1− |a′|)|z|2 + |b′||z|+ (1− |a′|)

, (|z| < 1),

where a′ = f(0), b′ = f ′(0). The example

f(z) =
(
a′ +

b′

1 + a′
z − z2

)
/
(
1− b′

1 + a′
z − a′z2

)
shows that the estimate is sharp.

This lemma is due to Govil et al. [4].

Remark 2.4. By using the result [6, p. 172, exercise # 9] one can show that Lemma
2.3 is a refinement of the generalization of Schwarz’s lemma.

Lemma 2.5. If g(z) is analytic in |z| ≤ 1, with

|g(z)| ≤ M1, |z| ≤ 1,

g(0) = a1,

g′(0) = b1
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then

|g(z)| ≤

M1
M1(M1 − |a1|)|z|2 +M1|b1||z|+ |a1|(M1 − |a1|)
|a1|(M1 − |a1|)|z|2 +M1|b||z|+M1(M1 − |a1|)

,M1 > |a1| and |z| ≤ 1,

M1, M1 = |a1| and |z| ≤ 1.

Proof. It follows easily by applying Lemma 2.3 to the function g(z)/M1.

3. Proof of Theorem 1.4

For the polynomial

T (z) = zn−1p′(1/z) (3.1)

we have
|T (z)| = |p′(z)|, |z| = 1,

which by Lemma 2.1, Lemma 2.2, (1.1) and (1.2) implies that

|T (z)| ≤M, |z| ≤ 1.

Therefore on applying Lemma 2.5 to T (z) we get for |z| ≤ 1

|T (z)| ≤

M
M(M − |a|)|z|2 +M |b||z|+ |a|(M − |a|)
|a|(M − |a|)|z|2 +M |b||z|+M(M − |a|)

, M > |a|, (by (1.3) and (1.4)),

M, M = |a|, (by (1.3)),

which on using (3.1) and

z =
1

R
eiθ, 0 ≤ θ ≤ 2π,

implies for 0 ≤ θ ≤ 2π

|p′(Reiθ)| ≤


MRn−1

{
1− (M − |a|)2(R2 − 1)

|a|(M − |a|) +M |b|R+M(M − |a|)R2

}
,

M > |a|, (by (1.5))

MRn−1, M = |a|, (by (1.5)).

(3.2)

(3.3)

Now we consider the case M > |a|. For 0 ≤ θ ≤ 2π we have
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|p(Reiθ)− p(eiθ)| = |
∫ R

1

p′(reiθ)eiθdr| (by (1.5))

≤
∫ R

1

|p′(reiθ)|dr ≤M
∫ R

1

rn−1dr

− M(M − |a|)2
∫ R

1

rn−1(r2 − 1)

|a|(M − |a|) +M |b|r +M(M − |a|)r2
dr (by (3.2)))

≤ M
Rn − 1

n
−M(M − |a|)2

∫ R

1

r2 − 1

|a|(M − |a|) +M |b|r +M(M − |a|)r2
dr

= M
Rn − 1

n
− (M − |a|)

∫ R

1

dr

+ (M − |a|)
∫ R

1

M |b|r +M2 − |a|2

M(M − |a|)r2 +M |b|r + |a|(M − |a|)
dr

= M
Rn − 1

n
− (M − |a|)(R− 1)

+
|b|
2

∫ R

1

2M(M − |a|)r +M |b|
M(M − |a|)r2 +M |b|r + |a|(M − |a|)

dr

+
1

2
×
∫ R

1

2(M2 − |a|2)(M − |a|)−M |b|2

M(M − |a|)r2 +M |b|r + |a|(M − |a|)
dr

= M
Rn − 1

n
− (M − |a|)(R− 1)

+
|b|
2

ln
M(M − |a|)R2 +M |b|R+ |a|(M − |a|)

(M2 − |a|2) +M |b|

+
2(M − |a|)(M2 − |a|2)−M |b|2

2M(M − |a|)

∫ R

1

1{
r + |b|

2(M−|a|)

}2

+ |a|M −
|b|2

4(M−|a|)2

dr

= M
Rn − 1

n
− (M − |a|)(R− 1) +

|b|
2

ln
(M − |a|)MR2 +M |b|R+ |a|(M − |a|)

(M2 − |a|2) +M |b|
+

2(M − |a|)(M2 − |a|2)−M |b|2

2M(M − |a|)
D (by (1.6), (1.7) and (1.8)),

which implies

M(p,R) ≤ M(p, 1) +M
Rn − 1

n
− (M − |a|)(R− 1) +

|b|
2

ln
(M − |a|)MR2 +M |b|R+ |a|(M − |a|)

(M2 − |a|2) +M |b|
+

2(M − |a|)(M2 − |a|2)−M |b|2

2M(M − |a|)
D
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and inequalities (1.9) and (1.10) follow respectively by using relations (1.1) and (1.2).
Further we consider the possibility M = |a|. The proof of inequalities (1.11) and

(1.12) is similar to the proof of inequalities (1.9) and (1.10), with one change:

inequality (3.3) instead of inequality (3.2)

and so we omit the details. This completes the proof of Theorem 1.4.
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