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ABSTRACT: In this work we define a new operator using the ex-
tended generalized Saldgean operator and extended Ruscheweyh oper-
ator. Denote by DR)"" the Hadamard product of the extended gen-
eralized Salagean operator DY and extended Ruscheweyh operator R",
given by DRY"™ : A7 — A7, DRY""f(2,¢) = (DY * R") f (2,() and

ne ={f e HUXT), f(2,0) = 2+an1 (Q) 2" +..., 2€U, (€U} is
the class of normalized analytic functions with A}, = A%. The purpose of
this paper is to introduce sufficient conditions for strong differential sub-
ordination and strong differential superordination involving the operator
DRY"" and also to obtain sandwich-type results.
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1 Introduction

Denote by U the unit disc of the complex plane U = {z € C: |z| <1}, U={z €
C : |z| < 1} the closed unit disc of the complex plane and H(U x U) the class of
analytic functions in U x U.

Let

A ={f € HU X T), f(2:0) =2+ ani1 ()" +..., z€ U, (€T},

with Aj. = A, where ay (¢) are holomorphic functions in U for k > 2, and

H*[a,n, ¢l = {f € H{U xU), f(2,0) = a+ an () 2" + ani1 ((),f“ +..., z€eU,
¢ €U}, for a € Cand n € N, ag (¢) are holomorphic functions in U for k > n.
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Generalizing the notion of differential subordinations, J.A. Antonino and S. Roma-

guera have introduced in [17] the notion of strong differential subordinations, which
was developed by G.I. Oros and Gh. Oros in [18].

Definition 1.1 [18] Let f (2,(), H (z,¢) analytic in U x U. The function f (z,¢) is
said to be strongly subordinate to H (z,() if there exists a function w analytic in U,
with w (0) = 0 and |w (2)| < 1 such that f (2,¢) = H (w(z),¢) for all ¢ € U. In such
a case we write f (2,() << H(2,¢), z€ U, (€ U.

Remark 1.1 [18] (i) Since f (2,() is analytic in U x U, for all ¢ € U, and univalent
in U, for all ¢ € U, Definition 1.1 is equivalent to f (0,¢) = H (0,¢), for all ¢ € U,
andf(UxU) CH(UXU).

(i) If H (2,¢) = H (2) and f (2,¢) = f (2), the strong subordination becomes the
usual notion of subordination.

As a dual notion of strong differential subordination G.I. Oros has introduced and
developed the notion of strong differential superordinations in [19].

Definition 1.2 [19] Let f (2,¢), H (2,¢) analytic in U x U. The function f (z,¢) is
said to be strongly superordinate to H (z,() if there exists a function w analytic in U,
with w (0) = 0 and |w (2)| < 1, such that H (z,{) = f(w(2),(), for all ( € U. In
such a case we write H (2,() << f(2,(), z€ U, (€ U.

Remark 1.2 [19] (i) Since f (2,() is analytic in U x U, for all ¢ € U, and univalent
in U, for all ¢ € U, Definition 1.2 is equivalent to H (0,() = f(0,¢), for all ¢ € U,
cde(UxU) Cf(UxU).

(i) If H(2,¢) = H(2) and f(z,{) = f(2), the strong superordination becomes
the usual notion of superordination.
Definition 1.3 [1] We denote by Q* the set of functions that are analytic and injec-
tive on U x U\E (f,(), where E(f,() = {y € U : Zhgr?l!f (2,) = oo}, and are such

that f. (y,¢) # 0 for y € OU x U\E (f,(). The subclass of Q* for which f (0,¢() = a
is denoted by Q* (a).

For two functions f(z,() = 2z + 372, a; ()27 and g(2,() = 2+ 3272, b; (¢) 27
analytic in U x U, the Hadamard product (or convolution) of f(z,¢) and g (z,(),
written as (f * g) (2, () is defined by

F(2:0#g(20 = (f9) () =2+ a; (b ()2,

Definition 1.4 (/2]) For f € A7, A > 0 and m € N, the extended generalized
Salagean operator DY' is defined by D' : Af — AZ,

D3f(2¢) = f(x0)

Dif(2,¢) = (1=X) f(20)+A2fl(z,¢) = Daf (2,¢)

DY+ f(2,0) (1=X) DX f (2,0) + Az (DX f (2,0)), =D (DX f (2,0)),
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for z€U,¢eU.

Remark 1.3 If f € A7 and f(2,() = z—|—2512 aj (¢) 27, then
DYf(20) =2+ 1+ —1D)N"a;(¢)27, for € U, ¢ eU.

Definition 1.5 ([3]) For f € A%, m € N, the extended Ruscheweyh derivative R™ is
defined by R™ : A7 — A7,

Rof(Z,C) = f(Z7<)
le(Z,C) = Zf;(zaC)

(m+1)R™f (2,0) Z2(R™f (2,0)). + mR™f (2,(),

zeU, ¢el.

Remark 1.4 If f € A7, f(2,0) = 2z + X 25a; (€) 27, then R™f (2,() = z +
[e%S) m+7—1)! i 7
Yo, =a; (¢) 27, 2 €U, C €T,

In order to prove our strong subordination and strong superordination results, we
make use of the following known results.

Lemma 1.1 Let the function q be univalent in U x U and 0 and ¢ be analytic in a
domain D containing q (U X U) with ¢ (w) # 0 when w € q (U X U). Set Q (2,¢) =
2q, (2,$) ¢ (q(2,€)) and h(z,{) =0 (q(2,C)) + Q (2,¢). Suppose that

1. Q is starlike univalent in U x U and

2. Re (zg;(iz<§)) >0 forzcU,(cU.

If p is analytic with p (0,{) = ¢ (0,¢), p (U X U) CD and

0(p(2,0) + 20, (2,0) 6 (p(2,0) << 0(q(2,0) + 2¢. (2,¢) ¢ (¢ (2,0))

then p (z,¢) << q(z,¢) and q is the best dominant.

Lemma 1.2 Let the function q be convex univalent in U x U and v and ¢ be analytic
in a domain D containing q (U X U). Suppose that

1. Re(%)>0f0rzeU,C€Uand

2. ¥ (2,¢) = 2¢. (2,¢) ¢ (¢ (2,)) is starlike univalent in U x U.
If p(2,¢) € H*[q(0,¢),1,{]NQ*, withp (U x U) € D and
v(p(2,0) + 2p. (2) ¢ (p(2,()) is univalent in U x U and

v(q(2,0) + 2. (2,0 ¢ (q(2,0) == v (p(2,0) + 29 (2,0) ¢ (p (2.0)) ,

then q (z,() << p(z,C) and q is the best subordinant.
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2 Main results

Extending the results from [11] to the class A7 we obtain:

Definition 2.1 ([12]) Let A > 0 and n,m € N. Denote by DRY"™ : Af — Af the
operator given by the Hadamard product of the extended generalized Saldgean operator
DY and the extended Ruscheweyh operator R™,

DRY™f (2,¢) = (DX * R") [ (2,0) ,

for any z € U, ¢ € U, and each nonnegative integers m,n.

Remark 2.1 If f € Af and f(2,0) = 2+ 372, a5 (¢) 27, then

DR f (2,6) = 2+ X325 [L+ (G~ D" S a? (¢) 27, for 2 € U, ¢ € T

Remark 2.2 For m = n we obtain the operator DRY' studied in [13], [14], [15], [16],
[41, [5] [6].

For A\ = 1, m = n, we obtain the Hadamard product SR™ [7] of the Saldgean
operator S™ and Ruscheweyh derivative R™, which was studied in [8], [9], [10].

Using simple computation one obtains the next result.

Proposition 2.1 For m,n € N and A > 0 we have For m,n € N and X\ > 0 we have

DRYFYf(2,¢) = (1= X) DRY™ f (2,¢) + Az (DRY" f (2.0)). (2.1)
and
2(DRY" f(2,)), = (n+ 1) DRY"™ ' f (2,¢) = nDRY"™ f (2,¢) . (2.2)
Proof. We have
DRI f(2,0) = 2+ i 1+ G =pA™" 7(2@]'__5?!&? (€)%
SEED M (EPEDY) [1+(j—1)/\]m%a?(0zj
_ z+(1_x);[1+(j— 1)A]m(zl+__1§?!a§(g)zi
- . m@m+j=1 5 j
+A;[1+ (= DA™ St (jj_ D (©)2

= (L=XN)DRY"™f(2,¢) + Az (DRY""f (2,0)).,
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and
(n+1) DRY"™™f (2,¢) = nDRY™f (2,¢)
. - . m (n+j)! 2 j
= (n+1)z+(n+1)j:2[1+(]—1))\] maj(oz
—nz — nz M+ G —-1N™ 7(2!4(—],].__13!@? (©)#

> mn+'(n+'—1)!2 j

- +(n+1) 322 n—i—i n!(j]—l)! aj(C)z
n; 1+(G—-1) m%ai(()ﬂ
i n+j—1), j
= Z+Z ﬁjaf (2) z
= Z(DRT"f(ZaC))Z~
| ]

We begin with the following

Theorem 2.2 LethC)E’H(UXU) zEU,CEU,fEAZ,m,nEN,)\z

f
TG0 E

0 and let the function q( ,¢) be convex and univalent in U x U such that ¢ (0,¢) = 1.

Assume that

o % ZQZ2 (Z,C)) 77
Re<1+u+ﬂq(z,§)+7q;(zjc) >0, zeU, ¢CeU, (2.3)

for a, B, i, € C,u #0, z€ U, ( €U, and

m,n 1—-AXn+1 DR™TLn 2,

DR f (2,¢)
DRY"f (2,C)

DAY 0 5t <DR;““ e <>>2
DI} (2,0) DR} (2:0)
If q satisfies the following strong differential subordination
DR (B, 3 2,Q) << aq () + B(a (2,Q))" + pzdl (2,0), (2.5)
for,a, B, € C, u # 0 then

DRV f (2,0)
DRI f (2,()

(2.4)

+un+ 1)1 = An+2)

+Ap(n+1)(n+2)

<=<q(2,0), z€U ¢eU, (2.6)
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and q is the best dominant.

. . DRUTUM (2,0
Proof. Let the function p be defined by p (2, () := DRTTIG.O)
N )

[ € AZ. The function p is analytic in U and p 0,¢) =1.
Differentiating with respect to z this function, we get
: _ ADEITAEO),  DRYTV () 2(DET Q).
(20 = —prreg T DATTIGRG - DRTTIGO
By using the identity (2.1) and (2.2), we obtain

2€U,2#0,( €U,

1—An+1) DRy f(2,€)

Zp,/z (Zv C) =

A DR f(2,()
DRm,n—i—l
trt D= e +2) Wf((oo

DR ™2 f (2, 1
A+ 1)(n+ 2)WM -5

m,n—+2 m—+1,n 2
DRY™ 2 (2,0) 1(DRA f(z,o) o

m—+1,n 2
DR)\ ’ f(zvc)
DR{""f (2,0)

A+ ) (n42)==2 ) = —
R T TIPS N W 7 G AP
By setting 6 (w) := aw + Bw? and ¢ (w) := p, o, B, € C, u # 0 it can be easily
verified that 6 is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q (z,¢) = 24, (2,¢) ¢ (q(2,¢)) = pnzq¢. (z,¢) ,we find that Q (z,()
is starlike univalent in U x U.

Let h(2,¢) = 0(q(2.0) + Q(2,¢) = aq(2,¢) + B(q(2,()* + pd, (2,¢), z € U,
CeUl.
If we derive the function @), with respect to z, perform calculations, we have
Re (i) =Re (145 + Fa (0 + Ty’ ) >0
By using (2.7), we obtain ap (,¢) + 6 (p (2, 0))? + zp, (2, ) =
~A(n DRIV f(z, DR} f(z,
(wu + a) WM'F'N(”"‘U [1—X(n+2)] Wm—i—)\u(n—kl)(n—i—
DRI 21 (2,0) DRPH (2,02
2 Sptrsaey + (8= %) (Poarrtie)
By using (25), we have ap(z,¢) + B (p(50))° + pzpl (5,0) << aq(z¢) +
2
B(q(2Q)" + nzd. (2,€) .
Therefore, the conditions of Lemma 1.1 are met, so we have p (z,{) << ¢(z,(),

77 . DRI E(z0) 77 : .
zeU,CeU,ie. DRG0 <=<q(z,(), z€ U, ¢ € U, and q is the best dominant.
[ ]

Corollary 2.3 Let ¢(z,() = gigz, —-1<B<A<1,mneN AX>0 2¢€U,

¢ € U. Assume that (2.3) holds. If f € At and

PV (o By s 2, () <<«

C+ Az C+Az\? ((A-B)z
C+Bz+ﬂ(C+BZ> i ¢+ Bz)*’
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fora,B,peC, pn#0, -1 < B<A<1, where p\"" is defined in (2.4), then

DRy f(2,0) | (+Az
DR"f(=Q)  (+Bz

15 the best dominant.

(+Az
and -

(+Bz

Proof. For q(z,() = gigz, —1 < B < A <1,in Theorem 2.2 we get the corollary.

[~

Corollary 2.4 Let q(z,() = (
holds. If f € A7 and

o . CHz\", o Cr=\T . 2ye (CHz\
s <a (E52) s (£ 2 ()
fora,p,B€C,0<~y <1, u#0, where P\"" is defined in (2.4), then

DRy f (2,¢) (cw)”
DRI (z.0) \(-2) "~

C__,’_z)v,m,n €N, A >0,z € U Assume that (2.3)

~
and (%) is the best dominant.

Proof. Corollary follows by using Theorem 2.2 for ¢ (z,¢) = (gfz)w, 0<y <1
|

Theorem 2.5 Let q be convex and univalent in U x U, such that q (0,0)=1,m,n €
N, A > 0. Assume that

g (2,0
Re T(a+2ﬂQ(za<)) >07 fOT a7u,/8€((:7 N#Ov (28)
zeU,Cel.
« DRUTVTf(2,0) x * m,n , o
If f e Az, DRI © H*[q(0,¢),1,{]NQ* and """ (o, B, 1; 2, () is univalent

in U x U, where Y\"" (v, B, s 2, C) is as defined in (2.4), then
aq (2,0) + 8 (a(2,0))° + pad (2,0) <= 3" (o0, i 2,0) | (29)
ze U, ¢eU, implies

DRIV f(2,€)

W, zeU, (€U, (2.10)

q(z,¢) <<

and q s the best subordinant.
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DRUYV™ f(2,0)

Proof. Let the function p be defined by p(z,() := DRG0
A J )

Cel, fe AL

By setting v (w) := aw + Bw? and ¢ (w) := p it can be easily verified that v is
analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
Since 1;%(((;1((;7,5))) =% (:’C) (o +2Bq (2,()), it follows that

Re(Saigy) ~Re (B e i) >0

for 1,§,8 € C, p#0.
By using (2.9) we obtain

zeU, z#0,

aq(z,0) + B (q(2,0)* + nzd. (2,¢) <=
aq(z,0) + B (q(2,0)* + nzd. (2,0) .

Using Lemma 1.2, we have

DRY™" f (2,0)

T , z€U CeU,
ljfi)\7 f(zvc)

q(2,¢) <=<p(z0) =

and ¢ is the best subordinant. m

Corollary 2.6 Let q(z,() = gigz, —1<B<A<1,m,neN, \>0. Assume that
(2.8) holds.
« DRI (2, " .
If f € AL g € 1Y (g (0,0),1,( N Q" and
A Az\? A-B
St (e LoD
(+ Bz (+ Bz (C+ Bz)

fora,p,B€C, pn#0, =1 < B < A<1, where \"" is defined in (2.4), then

<<V (o, By 152, Q)

C+ Az » DR} f(2,¢)
¢+ Bz DR f (2,¢)

(+Az

Ey:E 15 the best subordinant.

and

Proof. For ¢q(z,() = gigz, —1 < B < A <1in Theorem 2.5 we get the corollary.
|

Corollary 2.7 Let q(z,¢) = (ﬁ)w ,m,n € N, A > 0. Assume that (2.8) holds.

C(—=z
« DRV (2, % %
If f € AL g € 1Y (g (0,0),1,( N Q" and

NSy (<—+z>2" 2z (<+-z)”1
<<—z> TO\T2) TR \e

<<V (o, By 52, Q)
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fora,p,B€C,0<~y<1, u+#0, where p\"" is defined in (2.4), then

(+2\"  DRYTVf(2,0)
<<—z) S DRI (2.0

.
and (gt’z) is the best subordinant.

¥
Proof. Corollary follows by using Theorem 2.5 for ¢ (z,¢) = (gfi) ,0<y <1

]
Combining Theorem 2.2 and Theorem 2.5, we state the following sandwich theo-

rem.

Theorem 2.8 Let q; and g2 be analytic and univalent in U xU such that g, (z,¢) # 0
and g2 (2,() # 0, for all z € U, ¢ € U, with 2(q1), (2,¢) and z(q2)., (2,¢) being
starlike univalent. Suppose that q1 satisfies (2.3) and qz satisfies (2.8). If f € AZ,

m—+1,n
D e 2 € H*[q(0,),1,(] N Q* and Y} (a, B, 4 2,C) s as defined in (2.4)
DRI (=0 < 't A

univalent in U x U, then

aqr (2,0) + B (a1 (2,0))° + pz (@) (2,0) == ¥3"™ (v, B, 113 2, C)
<< Qg2 (27 C) +8 (qQ (27 C))z + pz (q2)/z (27 C) )

for a,u, B € C, u+#0, implies

DRY™" f (2,¢)

DR;n,nf(Z,c) == Q2(27<); 66@;6#07

q1 (27C) <=

and q1 and qo are respectively the best subordinant and the best dominant.

For ¢1 (z,¢) = gigiz, g2 (2,¢) = %, where —1 < By < B; < A1 < Ay <1, we

have the following corollary.

Corollary 2.9 Let m,n € N, X\ > 0. Assume that (2.3) and (2.8) hold for

_ A A - « DRIV f(2.0)
@1 (2,¢) = <+—Bllj and g2 (2,¢) = <+Bz§’ respectively. If [ € AZ, W €

H*[q(0,¢),1,{]NQ* and
CH+ Az ny <C+A1z>2+ (A1 — By) (2

<< P\ (@, B, 15 2, Q)

Bz P\ (+Biz (C+ Bi2)°
<—|— AQZ <—|— AQZ 2 (AQ — BQ) CZ
<<OéC—f—BzZ+ﬁ<<—|—B22’) N (C+ Byz)*

for a,p, B € C, p#0, =1 < By < By < Ay < Ay < 1, where ¥\"" is defined in
(2.4), then

C+Arz | DRI (2,0) (4 A2

¢+ Bz DR f (z,¢) ¢+ Bz’

(+Aiz (+Asz
(+B1z and (+B2z

hence are the best subordinant and the best dominant, respectively.
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DR7n+1,n 2, & _ " —
Theorem 2.10 Let (Wfé(?) E’H(UXU),fEAC, zeU,(eU,6eC,

§#0,m,n €N, \>0 and let the function q(z,() be conver and univalent in U x U
such that ¢ (0,¢) =1, ¢ € U. Assume that

a+p zq;’z(z,<)>
Re( T eeo) " (2.11)

fora,BeC,B#0,2€U,(ecU, and

m—+1,n g
DR)\ ’ f(zvc)
DR{""f (2,0)

YY" (o, B 2,C) = (

DR} f (2,¢)
DRY™" f (2,¢)
DR f(2,¢) 68 DRYT"f(2,)

+0BA(n+1)(n+2) DR;"H’"f 0 - DRIF (2,0 (2.12)

An+1)

Na+582= ) 55+ 1) [ - A+ 2)

If q satisfies the following strong differential subordination

X" (@, 85 2,¢) << aq (2,0) + Bzd. (2, 0) (2.13)

fora,BeC,B#0,zcU, CeU, then

m-+1,n J
<DDR§T—ff((Z<)O> <<q(2(), 2€U, (€T, §€C, 6§40, (2.14)

and q is the best dominant.

. DRI (2,0
Proof. Let the function p be defined by p(z,() := (W) , 2 €U,
A J )

2#0,(eU, fe A?. The function p is analytic in U x U and p(0,¢) = 1.
We have

e = (PR O\ DR (0 (DR (a0
2 (%) DRTvnf (2,¢) DRT'H’"f (2,0) DRT’nf .0 ]

_ (PR 0\ DRY )
DR""f(2,¢) ) DRY™"f(2,)

2 (DR (2.0)) _ DRYFNF (2,0 2 (DRY (,0)),
DR f (,0) DRYf (5,0)  DRYf(2,0)
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By using the identity (2.1) and (2.2), we obtain

DRy (2,0 DR (2,0
’ = 4 A A
22, (2.0) ( DRYF(2:0) ) DRYFF(2,0)

. (1 —\n+ 1)) DRy f(2,¢)
A DR""f (2,()

DR f(2,€)

+n+1)

DR} f (2,¢)

1 —/\(n+2)]W+/\(n+1)( +2)W
1 DRm+1,nf (2,0) 2
_ X (W (2'15)
so, we obtain
m—+1,n B
o= (s [t

(n+1)[1=Xn+2) DRTJZH A C;

DRy f(2,¢

DRY™2f (2,) 1 DRy (2,0)
DRI f (2 ¢) A DRY™f(2,0)

By setting 6 (w) := aw and ¢ (w) := 3, it can be easily verified that 6 is analytic
in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
AlSO by letting @ (z,¢) = 2¢. (2,¢) ¢ (¢ (2, )) Bzq. (z,C), we find that Q (2,()
is starlike univalent in U x U.
Let 1 (2,¢) = 0(q(2,¢) + @ (2,¢) = aq (2,¢) + Bzq. (2,).
atp 2

(2,9) 24”5 (2,0)
WehaveRe( (10) Re( + q(zc))>0'

By using (2.16), we obtain

An+1)(n+2)

(2.16)

DRy f (z,<)>5

ap (2,Q) + fop, (2,0) = ( D )

DR} f (2,€)
DR} f (2,€)

DRY™2f(2,¢) 08 DRYTV"f(2,0)
DRy f(2,() A DRYf(2,0)

By using (2.13), we have ap (=, ) + 825, (2,€) << aq(z,¢) + B2d, (2,C)

_ m+1,n g
From Lemma 1.1, we have p (2,() << ¢(2,(),z € U, € U, i.e. (%{52)@) <=

q(2,0),2€U,(€U,5§ €C,d#0 and qis the best dominant. m

1-An+1)
A

N+ 68 +08(n+1)[1 = An+2)]

+08A(n +1)(n +2)




44 L. Andrei

Corollary 2.11 Let q(z,() = Az e U, (€U, -1<B<A<1 mmnceN,

~ (+Bz’
A > 0. Assume that (2.11) holds. If f € A? and
o, 052,0) =<« + ,

fora,feC, B#0, -1 < B < A<, where Y\"" is defined in (2.12), then

DRy (2,0 A
DRTF (=.0) (+ B2

5€C, 540,

(+Az

B is the best dominant.

and

Proof. For ¢(z,() = gigz, —1 < B < A <1, in Theorem 2.10 we get the
corollary. m

Corollary 2.12 Let q(2,() = (2fz)v ,m,n € N, X\ > 0. Assume that (2.11) holds.
If f € A and

o , C+2\", . ¢ (C+z\T
oo Bn 0 <o (2 05 ()
fora,peC,0<vy <1, B+#0, where p\"" is defined in (2.12), then

DRYr 20\ (cz)
A ) CtT=z
(DRT’”f(z,C)> - (c—z> P 0eh 7l

~
and (gfz) is the best dominant.

Proof. Corollary follows by using Theorem 2.10 for ¢ (z,¢) = (2f§)v, 0<vy <1
|

Theorem 2.13 Let q be convex and univalent in U xU such that q (0,¢) = 1. Assume
that

Re (gq; (Z,C)) >0, fora,f€C, B#0. (2.17)

B
« ( DRT TV f(z, g * N m,n . .
If f e AC,(WW) € H* [q(0,¢),1,{]NQ* and v\"" (o, B; 2,() is univalent

in U x U, where Y\"" (v, B; 2,C) is as defined in (2.12), then

aq(2,6) + Bzq. (2,¢) =< " (a, B; 2, () (2.18)
implies
DRy (2,0
A ) 77
q(2,<)<< (W) , 56@,57&0,26[],(6[], (219)

and q s the best subordinant.
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. DRI (2,0
Proof. Let the function p be defined by p(z,() = (W) , 2 €U,
A J )

240, (ecU,6€Cd#0,fc¢c .AZ. The function p is analytic in U x U and
p(0,0) =1.

By setting v (w) := aw and ¢ (w) := B it can be easily verified that v is analytic
in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since %((;((;g))) = 2. (2,(), it follows that

Re ('j;(gq(gﬁg;) — Re (%q; (2, <)) >0, for a,3€C, B #0.
Now, by using (2.18) we obtain

aq(z,¢) + B2q. (2,¢) <= aq(z,0) + B2¢. (2,(), z€U, (eU.

From Lemma 1.2, we have

DRy (2,¢) ) ’

Q(27<) —<-<p(27C): < DRT’nf(Z C)

2€U,¢eU,§ €C,§+#0, and q is the best subordinant. m

Corollary 2.14 Let q(z,() = gigz, 1< B<A<1,2ze€U (eU, mn¢€N,

DRY .0\ °
A > 0. Assume that (2.17) holds. If f € AZ, (W) e H* [q(0,0),1,NQ%,
e

0€C,d+#0 and

§+Az+ﬁ(A—B)Cz

a<+BZ (C+Bz)2 **1/6\’ (a7ﬁ;27<)7

fora,f€C, §#0, -1 <B<A<1, where \"" is defined in (2.12), then

C+ Az . DRy f(2,¢)
¢+ Bz DR f (2,¢)

)
) 5€C, 540,

and gigi is the best subordinant.

Proof. For ¢(z,¢) = gigz, —1 < B < A <1, in Theorem 2.13 we get the
corollary. m

Corollary 2.15 Let q(z,() = (2fz)v ,m,n € N, X\ > 0. Assume that (2.17) holds.

* DRYHL™ Z5 0 * *
11 f e A (S} €17 1a(0,),1,( N Q" and

A\ I C 2 2\
a(gi—z) +ﬂ(Ci<z)2 (gi—z) <= YN (o, B, 13 2,€),
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fora,f€C,0<~y<1, 3 #0, where Y\"" is defined in (2.12), then

5
¢+ z)” DRy f (2,Q)
<<=, 6€C, §#£0,
(C_Z DR)\1 f(ZaC)
and (g‘:)’y is the best subordinant.

.
Proof. Corollary follows by using Theorem 2.13 for ¢ (z,¢) = (g‘:) ,0<y <1,
[

Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich
theorem.

Theorem 2.16 Let ¢, and gz be convex and univalent in U x U such that g, (z,¢) # 0
and gz (2,() # 0, for all z € U, ¢ € U. Suppose that q; satisfies (2.11) and qo satisfies

mAln g é
(2.17). If f € A, (%) € H*[g(0,¢),1,{]NQ* , 6 €C, 6 #0 and
Y (o, B 2,C) is as defined in (2.12) univalent in U x U, then
aqi (2,¢) + Bz (@)% (2,¢) << 3" (@, B; 2,¢)
=< aqz (Zuc) + ﬁZ (q2)/z (Zvc) )
for a,p € C, B #0, implies

m—+1,n J

2€U, CeU,5€C,d+#0, and qi and q2 are respectively the best subordinant and
the best dominant.

For ¢1 (2,¢) = gigii, a2 (2,¢) = Ei’éjj, where —1 < By < By < A1 < Ay <1, we

have the following corollary.

Corollary 2.17 Let myn € N, A\ > 0. Assume that (2.11) and (2.17) hold for
m—+1,n é
@1 (2,¢) = iz ond g2 (2,¢) = (A2 respectively. If f € AZ? (*DR* f(z’C)) €

¢+Bi1z (+B2z’ DR f(2,0)
H*[q(0,¢),1,¢{]NQ" and
aC"FAlZ (Al—Bl)CZ
(+Biz (C+ By2)?
C+Asz (Ay— Bo)(z
¢+ Baz (C+ Byz2)®

fora,B€C, 8#0, -1 < By < By < A1 < Ay <1, where " is defined in (2.4),
then

<<\ (o, By 13 2,C)

<<« zeU, CeU,

(+ Bz DR"™ f (z,¢) C+ Bez’

z € [ii, CelU,0€eC,$ #ZO, hence gigiz and gigzz are the best subordinant and the
est dominant, respectively.

4
C+A (DRT“’”J“ (z,o) L St
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