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ABSTRACT: A subset M of the edge set of a graph G is an induced
matching of G if given any two edges e, e5 € M, none of the vertices on e;
is adjacent to any of the vertices on es. Suppose that Max(G), a positive
integer, denotes the maximum size of M in G, then, M is the maximum
induced matching of G and Maz(G) is the maximum induced matching
number of G. In this work, we obtain upper bounds for the maximum
induced matching number of grid G = G, ,, n > 9,m =3 mod 4,m > 7,
and nm odd.
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1. Introduction

For a graph G, let V(G), E(G) be vertex and edge sets respectively and let e € E(G).
We define e = uv, where u,v € V(G) and the respective order and size of V(G) and
E(G) are |V(G)| and |E(G)|. For some M C E(G), M is an induced matching of G if
for all e; = w;u; and es = v;v; in M, ugv; ¢ M, where k and [ are from {¢, j}. Induced
matching, a variant of the matching problem, was introduced in 1982 by Stockmeyer
and Vazirani [10] and has also been studied under the names strong matching [7] and
“risk free” marriage problem [8]. It has found theoretical and practical applications in
a lot of areas including network problems and cryptology [3]. For more on induced
matching and its applications, see [2], [3], [4], [5] and [11].

The size | M| of an induced matching M of G is a positive integer and translates
as the maximum induced matching number Max(G) (or strong matching number) of
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G if |M] is maximum. Obtaining Maxz(G) is N P—hard, even for regular bipartite
graphs [4]. However, Max(G) of some graphs have been found in polynomial time
such as the cases in [3], [6].

A grid G, , is the Cartesian product of two paths P,, and P,,, resulting in n-rows
and m-columns. Marinescu-Ghemaci in [9], obtained the Maz(G) for Gy, m, grid
where both n,m are even; either of n and m is even and for quite a number of grids
Gr,m where nm is odd, which is called the odd grid in [1]. Marinescu-Ghemaci [9] also
gave useful lower and upper bounds and conjectured that the Max(G) of grids can be
found in polynomial time and also by combining the maximum induced numbers of
partitions of odd grids, Marinescu-Ghemaci confirmed that for any odd grid G = G,, 1,
Maz(G) < |22+L |, This bound was improved on in [1] for the case where n > 9 and
m=1 mod 4.

In this paper, the Marinescu-Ghemaci’s bound for the case where n > 9 and m = 3
mod 4 is considered and more compact values are obtained. The results in this work,
combined with some of the results in [9], confirm the maximum induced matching
numbers of certain graphs, whose lower bounds were established in [9)].

2. Definitions and Preliminary Results

Grid, G, m, as defined in this work, is the Cartesian product of paths P, and P,, with
V(P,) = {u1,u2, - ,u,} and V(Pp,) = {v1,v2, -+ ,v;n}. We adopt the following
notations which are similar to those in [1]:

Vi = {wvi, ugvs, -+ unv} C V(Ghm), i€ [1,m],

U; = {uv1, w02, -+ 400} CV(Gnm), ©€[l,n]

For edge set E(Gp,m) of Gy m, if (w05 upv;) € E(Gpm) and (w05 wvg) € E(Gnom),
we write u; kv € E(Gnm) and ;v ) € E(Gp,m) respectively.

A saturated vertex v is any vertex on some edge in M, otherwise, v is unsaturated,
cf. [1]. We define v as saturable if it can be saturated relative to the nearest saturated
vertex. Any vertex that is at least distant-2 from the nearest saturated vertex is
saturable. By this definition, therefore, it is clear that a saturated vertex is at first
saturable. However, not every saturable vertex is saturated. The set of all saturable
vertices on a graph G is denoted by Vi, (G) while the set of saturated vertices is Vi (G).
Clearly, |Vs:(G)| is even and Vi (G) C Vi (G). Free saturable vertex set (F\SV) is the
set of saturable vertices which can not be on any members of M. In other words,
v € FSV is a saturable vertex of graph G, which is not adjacent to some saturable
vertex u € G. Note that FISV = Vg, \Vy,. Let G be a Gy, 1, grid. We define G*l as a
G, subgraph of G induced by {Viy1, Viqo, -+, Vitr}. An unsaturated vertex v € G
is unsaturable if v ¢ F.SV and v ¢ Vg (G). Furthermore, for positive integers a and b,
a<b,la,b]:={a,a+1,---,b}.

The following results from [9] on G, a G, ,,, grid, are useful in this work:

Lemma 2.1. Let m,n > 2 be two positive integers and let G be a G, grid. Then,
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(a) If m =2 mod 4 and n odd then |Vy,(G)| = 22 and |V (G)| = 22 otherwise;

(b) form >3, m odd, |Vy(G)| = Z2EL, for n € {3,5}.
Theorem 2.2. Let G be a Gy, grid with 2 <n < m. Then,

(a) if n even and m even or odd, then Max(G) = [Z2];

(b) if n € {3,5} then for

(i) m=1 mod 4, Max(G) = ™m=1 1 1,

(ii) m =3 mod 4, Max(G) = Mm=1+2,
The following theorem is the statement of the bound given by Marinescu-Ghemaci
[9].

Theorem 2.3. Let G be a Gy grid, m,n > 2, mn odd. Then Maz(G) < L%HJ

3. Maximum Induced Matching Number of Odd
Grids

The following lemma and the remark describe the importance of the saturation status
of certain vertices in G, grid, where p =2 mod 4.

Lemma 3.1. Let G be a G, ., grid and let {Viy1,Vigo, -+, Vigp} C G induce GI?l,
a Gsp subgrid of G, where p =2 mod 4. Suppose that M, is an induced matching
of GIPl and that for usviy, € Vipl C V(G‘p|), uzv;y1 ¢ Vst(G‘p‘). Then, V;t(G‘p‘) <
10k + 4, for positive integer k, where p = 4k + 2 and M, is not a mazximum induced
matching of GIP!,

Proof. For a positive integer k, let p = 4k + 2, G2l and G/P—2| be partitions of G1,
induced by {Viy1, Vito} and {Viys, Viga, -+, Vitp}, respectively. Since uzv;11 is not
saturated in G2/, it easy to check that |V (G2 = 5. From [9], [V (GIP—2))| =
Vet (GIP=21)| = 10k. Thus |V (GIPN)| < |V (G| + [V (GIP21)| < 10k + 5 and
therefore, |V (GIP1)] < 10k + 4 since |V.:(G)| is even, for any graph G. This is a
contradiction since by [9], |Vt (GIP))| = 10k + 6. O

Remark 3.2. It should be noted that M; in Lemma 3.1 will still not be a maximum in-
duced matching of GIP! if for the vertex set A = {U1Vi41, UsVit1, U1 Vit p, UVigp, UsVitp
C V(G'?), any member of A is unsaturated.

Lemma 3.3. Suppose u(1,2)vi, usvi—1,) € M or ug 2)vi, usv(iy1) € M, where M
is an induced matching of G, a G5, grid, m =3 mod 4, m > 23 and 1 < i < m,
i ¢ {4,m —3}. Then M is not a mazimum induced matching of G.
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Proof. Let G be partitioned into G/l and GI"™ @I, which are induced respectively
by A ={V1,Va,---,V;}and B = {V; 41, Vita, -, Vin}. Suppose that M is a maximum
induced matching of G.

Case 1: i =1 mod 4.

Let m = 4k + 3 and set ¢ = 4t + 1, where k > 5 and ¢ > 0. Then, |m(1)| =1 mod 4
and |m(2)| =2 mod 4. Since ujv;, ugv;, usv; and usv;—1 are saturated vertices in V;
and V;_1, then the only F'SV member on V;_; is ugv;_1. Suppose that uzv;_1 remains
unsaturated. Let GI"®3) ¢ GImMI be induced by {Vi, Va,- -+, Vi_o}, where |m(3)| = 3
mod 4. By [9], | Vi (GI™®))| = 10t—4. Thus, |V, (G| < 10t. Suppose that uzv;_,
is saturated, then, uzv;_1;_2) € M. Thus, ugv;—3 € Vi3 C GI™@| is unsaturable,
where GI™@WI is GImGI\V;_,. Note that |m(4)] = 2 mod 4. From Lemma 3.1,
therefore, |V (GIm®)| < 10t — 6 and thus, |VyGI™Ml| < 10t — 6 4+ 6 = 10t. Now,
since u1v;, uov; and usv; are saturated vertices in V;, then, usv; 1, uqv;y1 € V(G'm(2)|)
are saturable vertices in GI"™(2)I,

Claim: Edge u(34)v;+1 belongs to M.

Reason: Suppose that both ugv; 1 and uqv; 11 are not saturated, then V;y; contains
no saturable vertices. Let GIm@N\{V; 1} = GImO)I where |m(5)] = 1 mod 4.
Thus, |Vit(G)| < VeG4 |V, (GImOI| = 10k + 2, which is less than the
required saturated vertices by 4 and hence the claim. Now, u34)vi+1 belongs to
M. Clearly for GI™®)| defined above, |Vi(GI™®)| = 10(k — t) + 3 and suppose
U3Vi+1, UgVir1 € Vi (G), then |V (G)| < 10k + 5. In fact, |V (G)| = 10k + 4. Thus
establishing the first part of the case that with wu( 2)vs,usv(i—1,) € M, M # Max(G).

For the second part of the case, suppose that u 2)v;, usv(; 1) € M. Let GI"MI =
GIMMN{V;} and GI"A) = @™y {V;}. Now, |n(1)] = 0 mod 4 and |n(2)| = 3
mod 4. Consequently, |V (GI"2))| = 10(k —t) + 6. Now, on V;_; ¢ GI"MI only
vertices uzv;_1 and u4v;_1 are saturable. Suppose they are both not saturated after
all. Let GGl ¢ GI"MWI be induced by {Vi,Va,- -+, Vi_a}, where |n(3)| =3 mod 4.
|Vor (GI"G)| = 10t — 4. Thus |V (G)| = 10k +2. Therefore, M requires four saturated
vertices to be a maximum induced matching of G. Now, |V, (G| = 10t — 2,
and thus, V(G"®)) contains two extra FSV vertices, say, vi,v; which are not
adjacent. Thus, the maximum number of saturable vertices from the vertex set
{v1, va, uzv;_1,uqv;—1 } is 2. Therefore, |V (G)| < 10k + 4, which is a contradiction.
Case 2: i =2 mod 4.

Let GIP(MI and GIPA)I be partitions of G induced by {Vi,Va, -+, Vi} and {Viy1, Viyo,

oo, Vin}, with m = 4k 4 3 and i = 4t + 2. Let u(y 2)v; and usv_y1 ;) € M. Since
u(1,2)v; belongs in M of G, then uzv; cannot be saturated. Thus, |Vst(G|p(2)‘)| >
10(k — t) + 2 for M to be maximal. It can be seen that [p(2)] = 1 mod 4. Now,
ugv;+1 and ugqv;41 are saturable vertices in V;y;. Suppose both of them are not
saturated, then for G'P®)| induced by {Vi 2, Viys,---,Vin}, where [p(3)| =0 mod 4,
|V (GIPGN]| < 10(k — t). Thus usv;1 and v4v;4; are saturable vertices and in fact,
U(3,4)Vit+1 € M. On V4o, therefore, there exists three saturable vertices ujv;y1, u2vitao
and usv;45. Suppose none of these three vertices are saturated. Then, \Vst(GWS)‘N <
|Vaor (GIPON] + 2, with GIPMI induced by {Viys, -+, V;n} and |p(4)] =3 mod 4 and
thus, [V (GP®N)]| < 10(t — k) — 2. Therefore it requires extra four saturated vertices
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for M to be maximum. There exist two other saturable vertices, vy, vy € V(GP(4I)
(since Vi (GIPW) = 10(k — t) — 4 and Vi, (GIPW) = 10(k — t) — 2). Clearly, vy, vo
are not adjacent, else they would have formed an edge in M. Suppose v1,vs € Vii3.
For v; and vs to be saturated, they have to be usv;y3 and one of ujv; 3 and ugv;43.
Thus, usviy2i+3 € M and one of u1v(1243) UaV(i12,i43) OF U(1,2)Vi+2 belongs to
M. Let G'P®)I be induced by {Viy4,---,Vin}, where [p(5)| =2 mod 4. Now, since
VsV (i42,i+3) € M, then usv;ys € Vii4 is unsaturable and therefore, by Remark 3.2,
|Var (GIPOIN| = 10(k — t — 1) 4+ 4 and thus, |V (GP@))| = 10(k — t), which is less than
required. The case of usv(;11) € M is the same as the case of usv;_y ;) € M for
1 =2 mod 4.

Case 3: i =0 mod 4,4 > 6 or i < m — 5, with u 2)v;, usv—1,) € M. Let GI")]
and GI"@) be partitions of G’ which are induced respectively by {Vi,Va,---,V;} and
{Vit1,Viza, -+, V;u}. Since i = 0 mod 4, then |r(1)] = 0 mod 4, while |r(2)] = 3
mod 4. Also, usv(;_14) € M, implies usv; 1 is unsaturable. Since i —2 =2 mod 4,
then by Lemma 3.1 and Remark 3.2, |V, (GI"M1)| < 10t — 2, implying that for M
to be maximal, |V (GI"®)| > 10(k — ¢) + 8. It can be seen that V;;; has two
only saturable vertices ugv;y1, uqv;4o left. It should also be noted that if any of
u3v;4+1 and uqv;4o is saturated, then usv;+3 can not be saturated in G|T(3)‘, a subgrid
of GI"! induced by {Viyo,Viis, -+, Vin}, with |r(3)] = 2 mod 4. Thus suppose
U3Vi41, U4Vi+42 S Vgt(G), then |V5t(G)| S 10(]{5 — t) + 4. Likewise, if U3Vi41, U4Vi42 ¢
Vit (G), Vet (G)] < 10t =2+ 10(k —t) +6. The case of usv(; ;41) € M follows the same

argument as the case of usv(;_1; € M. O
| e o S o SORes o Senes o Senes o Senes o )
09— 90— 00— 98—

Figure 1: A Grid G = G523 with Max(G) = 28, u 2yv1, ua,2vs € M of G

Remark 3.4.

(a) In the case of i = 0 mod 4 in Lemma 3.3, M remains a maximum induced
matching when ¢ = 4 or when ¢ = m — 3 as seen in Figure 1 of Maz(G) = 28 of
G5 23.
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(b) It should be noted that the case of i =3 mod 4 has been taken care of by the
case of i =1 mod 4 by ‘flipping’ the grid from right to left or vice versa.

(¢) From Lemma 3.3, we note that if for some induced matching M of G5, m =3
mod 4, u(1,2)v; and usv(_14) (Or UsV(;i42)) € M, then M is not a maximal
induced matching of G for any 1 < i < m.

Next we investigate some induced matching M of G5 ,, if it contains u 2yv; and
U(4’5)Ui.

Lemma 3.5. Suppose G = G5, where m > 23 and m = 3 mod 4. Let u( 2)v;,-
u4,5)0i € M, an induced matching of G and 1 <i <m, i #0 mod 4 then M is not
a mazimum induced matching of G.

Proof. Let M be an induced matching of G = Gs,,. Suppose that i = 2
mod 4. Let G| and GI™®@) be partitions of G induced by {Vi,Va,---,V;} and

{Vig1, Vigo, -+, Vin}. Since ug 9)vi, ua5v1 € M, then, uzv; is unsaturated. Let
i = 4t + 2, for some positive integer t, by Lemma 3.3, |V, (G!™M)| = 10t 4 4. Now,
only ugvs 4 is saturable on Viyp. Let GG ¢ GI™A) induced by {Viia, -+, Vin}.

Clearly |m(3)| = |m(2)| — 1 = 4(k —t). Therefore, |V (G Uugv;)| < 10(k —1t) +1,
which, in fact, is 10(k — t). Thus, |Vs(G)| = 10k + 4.

Now, suppose i = 1 mod 4. Let G!"(MI be induced by {V;,Va,---,V;} and let
Gl be induced by {Viy1, Viga, -+, Vin}. Since [n(1)| = 4t + 1, it is easy to see that
[n(2)] =2 mod 4 and hence, |n(2)| = 4(k —t) + 2.

Claim: For M to be maximum, both usv;_1 and usv;4; must be saturated.

Reason: Suppose, say usv;—; is not saturated. Then, no vertex on V;_; is sat-
urable. Now, let {Vi,Va, -, Vi_o} induce grid G with |n(3)] = 3 mod 4.
Then, |V (GI"®))| = 10t — 4, and thus, GI"MI = 10t. Also, let GI"*I be in-
duced by {Vijo,Viys, -+, Vin}. Since |n(4)| = 4(k —t) + 1, then for GI"®| 4 usv;,,
[V [(GI" M) Ungvi ]| = 10(k — t) 4 4. Therefore, |Vi:(G)| < 10k 4 4. Now suppose
u3v(i—2,i—1) € M and let GI"®)l be induced by {1, Va,--,Vi_3}, with |n(5)| = 2
mod 4. By Lemma 3.1, |V (GI"®))| = 10t — 6. Thus, |Va: (G| = 10t and there-
fore, |V (G)| < 10k + 4, which is less than required number by at least 2. Hence,
M # Max(G). O

Remark 3.6. Like in Remark 3.4, for ¢+ = 0 mod 4, it can be seen that
U(1,2)V1, U(1,2)V4 OT U(1,2)Vm—3,U(1,2)Vm can be in M if M is a maximum induced
matching of G. Also given i = 0 mod 4 and 4 < i < m — 3, for at most one i in
[4,m — 3] for which u; 2)v; can be a member of maximal M.

Next we investigate the maximality of the induced matching of G = G5 ,,,, m =3
mod 4.

Lemma 3.7. Let u 2)vi, uavi—1,45) € M or uq2)v;, uav(;i+1) € M, where M is an
induced matching of G, a G5, grid, m =3 mod4, m>23 and1 <i¢<m, 1 %0
mod 4. Then M is not a mazimum induced matching of G.
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Proof. Case 1: : =1 mod 4.

Suppose that m = 4k +3 and i = 4t + 1, t > 1. Let Gl and GI"™®?)I be two
partitions of G, induced by {Vi,Va,---,V;} and {Vi41,Viya, -+, Vin}, respectively.
Since u(1,2)vi, uav(;—1,5) € M, then there is no other saturated vertex on both of V;_
and V. Let GI™®) ¢ GImMWI be a grid induced by {Vi,Va,---,Vi_2}. Now, n(3) =3
mod 4. Therefore, |V (GI™B))| = 10t — 4 and hence, |Vy (G| = 10t. Now,
|m(2)] = 2 mod 4, since u(; 2yv; € M, then uv;11 € Viq1 is unsaturable. From
a previous result, |V (G| = 10(k — t) + 4 and thus, |V (G)| = 10k + 4. For
s ip1) € M, let G and GI"@)! be induced by GMWN\V; and GI™3IUV;. Then,
[n(1)] =0 mod 4 and [n(2)| = 4(k —t) + 3. It can be seen that on V;_1, only usv;_1
and usv;_1 are saturable vertices.

Claim: Vertices usv;_1 and usv;—1 are not saturable for M to be maximal.
Reason: Suppose without loss of generality, that any of uzv;_1 and usv;_; is satu-
rated, say usv;—1. Then usv(;_s,;_1) € M. This implies that vsv;_3 is not saturable
in V;_3. Now {V1,Va,---,V;_3} induces a grid GI"®D and |n(4)| =2 mod 4. Then,
|Var (G| = 10t—6 and thus, |V (G| = 10t—4. Now, since [n(2)| = 4(k—t)+3,
[Vae (G| = 10(k — t) + 6 and therefore, |Vt (G)| = 10k + 2.

Case 2: i =2 mod 4.

Let Gl and GI"?I be two partitions of G, induced by {Vi,Va, --,Vi} and
{Vig1,Viga, -+, Vin} respectively. Since u(; 2)v; and uqvii—14) € M, vertex usv; €
Vo (GI"W1) | and therefore, |V, GI"MI| = 10t + 4, where |n(1)| = 4t + 2. Also, only
uszv;+1 and usv;41 are saturable on V;,;. Suppose without loss of generality, that
both uzv;1+1 and usv;41 are saturated and thus, usv(;q1,iq2), UsV(i+1,i+2) € M. Now,
suppose that GI"®! is induced by {Viis, Viza, -+, Vin}, with [n(4)| = 4(k —t — 1) + 3.
By following the techniques employed earlier, it can be shown that |V (G)| <
[Vae (GO + |V (G| < 10k + 4. The ugv; 44y case, has the same proof as the
U4V (;—1,5) Case. O

L el o oo be o oeo®obe o oo o oot o )

Lo mlnbe o ooty o oeotobe o otote o oot o

PG o nOobe, o ooty oSS b, o 0ot o oo

L Ol o obaSe o abe obe o ooty o 0ot o )

Figure 2: A G = G593 Grid with Maz(G) = 28, u1 2v; € M,i =0 mod 4
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Remark 3.8.

(a) There can be only one edge w1 2yv; € M for which M is the maximum induced
matching of Gs ,,, if M contains u( 2yv; and uav(;—1,5) (Or u4V(;i41)), and in
this case, i =0 mod 4 as shown in Figure 2.

(b) It should be noted that the proof of the case : =1 mod 4 in Lemma 3.7 will
hold for ¢ =3 mod 4 by flipping the grid from right to left.

The previous results and remarks yield the following conclusion.

Corollary 3.9. Suppose that m > 23 and M is the mazimum induced matching of G,
some G grid. Then, if for at most some positive integer i, 1 <i <m, uc 2v; € M,
then, i =0 mod 4.

Lemma 3.10. Let M be a matching of G5 m with m = 3 mod 4 and let u 2yvi,
u,2)v; € M, 1 <i<j<m, such thati=0 mod 4 and j =0 mod 4, then M is
not a mazximum induced matching of G.

The claim in Lemma 3.10 can easily be proved using earlier techniques and Lemma
3.1 and Remark 3.2.

Remark 3.11. It should be noted from the previous results and from Corollary 3.9
that if M is the maximum induced matching of G5 ,,, m =3 mod 4, then at most,
M contains two edges of the form wu(; 2)v;, u(1,2)v; and j can only be 4 when i =1 or
¢ can only be m — 3 when 7 = m.

Theorem 3.12. Let M be the mazimum induced matching of G, a Gs ,, grid, with
m>7,m=4k+3 and k > 1. Let M contain u( 2v1 and ugi 2)vs (07 U1 2)VUm—3
and u(Lg)vm). Then there are at least 2k + 2 saturated vertices on Uy C G.

Proof. For ug2yv1 and wu(; 2)vs to be in M, either ugy 5yva € M or usviz gy € M.
Now, let {Vs,Vz, -+, Vin} induce Gl ¢ G. Clearly, |m(1)] = 2 mod 4 and
|Var (G| = 10k — 4.

Let GImMN {ujvg, ugvr, - -, u1v, } induce G ¢ GI™WI Then, GI"™®@I g
a Gym_s5 subgraph of GI™WI. Now, |V, (G™®@)| < 8k — 4. Thus for V(U;) C
V(GI™WN |V(U)| > 2k. Thus, U; contains at least 2k + 2 (i.e. ™:1) saturated

2
vertices. O

Next we investigate G's ,,,, where m =3 mod 4.

Lemma 3.13. Suppose that G is a Gz, grid withm =3 mod 4 and M is an induced
matching of G, with {U(LQ)’U%U(1’2)’Ui+2,U(1’2)’Uj7’U,(LQ)’UJLFQ} eEMandi+2 > j.
Then M is not a maximum induced matching of G.

Proof. Suppose i +2 > j. Since m = 4k + 3, [V (G)| = 6k +5 and |V (G)| = 6k + 4.
Thus, G contains at most one F'SVvertex. Now from the conditions in the hypothesis,
it is clear that uzv;41 and ugvjy1 are F'SV members in G, which is a contradiction.

Same argument hold if i + 2 = j since both ugv; 1 and ugv;4+3 are FSV vertexes in
G. O
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Remark 3.14. Suppose that G, is G3,, a subgrid of G35, and induced by
{Vig1,Vigo, -+, Viyn} and G’ is a subgraph of G, with G’ = G, + {u3vs, u3viyni1},
then the following are easy to verify. For

(a) n=0 mod 4, [Vu(G")| < [Vap(Gn)| + 2.
(b) n=1 mod 4, [Vsi(G")| < [Var(Gr)| + 2.
(c) n=2 mod 4, |Vst(G')| = [Va(Gr)|-

(d) n=3 mod 4, [Vet(G')] < [Vap(G)| + 1.

Lemma 3.15. Let u(1,2)v5, U(1,2)Vj+3, U(1,2) Uk, U(1,2) Vk+3> U(1,2)Vi> U(1,2)Vi+3 be in M
an induced matching of G a G grid and m =3 mod 4. Then M is not mazimum
induced matching of G.

Proof. Case 1: j+3=kandl=k+ 3.

Suppose m = 4p + 3 and GV is a subgraph of G, induced by {Vic1,Vj, -+, Viga}.
Then |m(1)| = 12 and ugv;_1, uzv;+a € FSV. For one of ugv;j_1 and uzv,;14 to be
relevant for M to be a maximum induced matching of G, say usv;_1, then for GIm@I
induced by {V1, Va, -+, Vi_a}, [V (GI™®!)| must be odd, which can only be if j—2 = 3
mod 4. Suppose j —2 =3 mod 4, then |V (GI™P) +uzv; 1| < [V (GImPN)| +1 =
6q + 6, where |m( )| = 4q + 3, for q > 1, since |m(1)| = 12 and |n(2)] = 3 mod 4.
Now let GIm@) — GlImM)] | Gim) |, where |m(3)| = |m(1)] + |m(2)] = 3 mod 4
and G!™@I C G be defined as a subgrid of G induced by {Viis, Vite, -, Vin}.
Clearly, [m(4)] = 0 mod 4. Since |Vy(GmW)| = |V, (GI™®)|, which is even,
then |Vi (G U ugw; )| = [V (GI™®D| = 6p — 6¢ — 18. Tt can be seen that
|Vst(G|m(1)|)\ {uszvj_1,usvi14}| = 14. Therefore, |Vs(G)| < 6p + 2 instead of 6p + 4,
and hence a contradiction.

Case 2: j+3<kand k+3 <L

As in Case 1 and without loss of generality, let j —2 = 3 mod 4 and let Gl still be
induced by {Vi,Va, -+, Vj_2}. Also, let GI™®! be induced by {Viis, Vits, -+ Vin},
and set |m(4)] =3 mod 4. Thus, ugv;j_1 and uzv;+4 are both relevant for M to be
a maximum induced matching of G, Vit (G UV, 1) = [V (G| + 1 and
Vet (GO U V)| = [Vap (GIMOD| 4 1. Set GImN UV, = GO and g1y
Vipa = GImE also let {V;, Vig1, Viga, Virs}t and {Vi, Viy1, Vita, Vips} induce GImO)l
and GI™O) respectively. Furthermore, let GG = gImGI y Vita and GIm 6™
contain, say, h columns of V; in all, where h = 2 mod 4. Therefore, for GIm(M)| =
G\{GImENI Y GIm@HIy @mGEI Y GImEDN |m(7)|=m —h=b=1 mod 4. Let
b = 4a + 1, for some positive integer a and let GI"®I ¢ G where GI™(MI s
induced by {Vi, Vit1, Vi,, Vits}. Certainly, usve—1, usvkta, usvjta, ugvi—1 € Ve (G).
Now, let GI®! be induced by {Viey Vier1, Vier2, Vs } and G*""1 be induced by GI®Iy
{Vie—1, Vieya}, with |4 ++| = 6. So, b — 6 =3 mod 4, which is odd and thus can only
be the sum of an even and an odd positive integer. Therefore, let GI™®)| and Gl™©)l
be induced by {Vji5,Vjie, -+, Ve—a} and {Vjys5, Vjie, -, Vi—a}, respectively, with
|m(8)] + |m(9)| = b. Suppose thus, that |[m(8)] =0 mod 4, then, |m(9)] =3 mod 4
and suppose |m(8)| =1 mod 4, then |m(9)| =2 mod 4. For |m(8)| =0 mod 4, let
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GImA0)| — GlIm@H)+HmH) he GImENI | GImEOI and GImADI — GImE") +HmEH)] be
GImENDIYGImENI where [m(21)| + |m(51)| = 4¢+9 and [m(41)|+ |m(6+)| = 4r +9,
where |m(4)| = 4r + 3. Therefore, as defined, b = |m(7)| = 4p — 4g — 4r — 15 and thus
b—6 = 4(p—q—r—06)+3. Set p—g—r—6 = f. Now, for |m(8)| and |m(9)], if |m(8)| = 4g¢,
for some positive integer g, then |m(9)| = 4(f — g) + 3. The maximal values of the
subgrid of G is: [Viy(G)| < Ve (G UGN 4+ Vef (GO 4 {014, uzvp_1})]
+ [Vate (GO |+ [Vet (GO + {ugvp s, ugvi1 P+ [Vae(GIMOTUGImEDN | < 6p+2,
which is less than 6p + 4 and hence a contradiction. For |m(8)] = 1 mod 4, and
|m(9)] = 2 mod 4, we have |m(8)] = 4¢g + 1 and hence |m(9)| = 4(f — g) + 2 and
Vet (GO U {ugvp g, ugvi1})] = 6(f — g) + 4 and thus, [V (G)| < 6p + 2.

Case 3: j+3=kork+3=1.

Suppose as in Case 2, j —2 =3 mod 4 and m — (i +4) =3 mod 4. Let GI"MI ¢
G, a G3g subgrid of G be induced by {Vj_1,v;,---,Viji7}. Then for GI"?I =
Gy GI"WI n(2)] = |m(2)| + |n(1)], [n(2)] = 0 mod 4. Likewise, suppose
{Vi_1, Vi, -+, Vi } induces G for which [n(3)| = 1 mod 4. If [n(2)| and |n(3)]
are 4¢ and 4r + 1 respectively, then |n(4)| = 2 mod 4. So far, GI"*¥!  is induced
by {Vits, Vizo, -+, Vi—a} and by Remark 3.14, [V (GI") + {ugvj 7, usvi_1} | =
[Vapo (GI"®)1)]. By a summation similar to the one at the end of Case 2, |V (G)| <
Vet G| 4+ [V (GO 4 [V (G| < 6p +- 2.

OJ

Remark 3.16.

(a) By following the technique employed in Lemma 3.15, it can be established that
given w(y 2)v;, u(12)vit2 € M and u( 2)vj,ue 2)vj+2 € M of G, a G3 pp, grid,
m =3 mod 4, i+ 2 < j, then M is not a maximum induced matching of G.

(b) Let M be an induced matching of G, a G3 ,, grid, and i be some fixed positive
integer. Suppose u(1,)v,i + 8(n) € M, for all non-negative integer n for which
1 <i+48(n) < m. Let M be the maximum induced matching of G. Then,

(i) if ¢ > 1, then i — 1 is either 2,3, 4 or 6;

(i) if 7 + 8(n) < m, for the maximum value of n, then m — (i 4+ 8(n)) is either
2,3,4 or 6.

Based on the results so far, we note that if M is the maximum induced matching
of G, a G, grid, m =3 mod 4, m > 11, the maximum number of edges of the type
u(1,2)vx that is contained in M, k, a positive integer, is k + 2 when m = 8k + 3 and
k+ 3 when m =8k + 7.

It can be easily established that for H that is a G ,, grid, with £ =0 mod 4 and
m = 3 mod 4, which is induced by {U1,Us,--- ,Ux}, if My is a maximum induced

matching of H, then, the least saturated vertices in Uy is mT_l The next result
describes the positions of the members of M; in E(H) if Uy, contains 1 saturated
vertices.

Lemma 3.17. Let H be a Gy grid with k =0 mod 4 and m =3 mod 4 and let
Uy, contain the least possible, mT_l, saturated vertices for which N remains maximum
induced matching of H. Then, for any adjacent vertices v',v" € Uy, edge v'v"" ¢ M.
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Proof. Induced by {Uy,Us, - ,Ux_2} and {Uk_1,Us} respectively, let G'lml and
G™ be partitions of H with k — 2 = 2 mod 4. It can be seen that |V, (G™)| =
[Vap(GI™)| = Em=2m42 Gince |V, (H)| = £ then |V (G™)] < m—1. Now, let G
be a G1 ,,, subgrid (a P, path) of H, induced by Uj. By the hypothesis, Uy contains
maximum of mTfl saturated vertices. Now, let ugv;, urpv;+1 be adjacent and saturated
vertices of Gy"!. Then there are M55 other saturated vertices on G4, Without loss

of generality, suppose that each of the remaining mTfs saturated vertices in Ggml is
adjacent to some saturated vertex in Up_,. Now, suppose uy_1v; is a saturable vertex
in Uy—1 and that v € V(H), such that uy_1v; v € M;. Now, v ¢ Uy, since all the

saturable vertices in U}, is saturated. Likewise, suppose v € Ui_; and then uy_1v; v €
E(GLml), where Gllm‘ is a 1, subgraph of H induced by Ui_;. Then, clearly, at least
one of ui_1v; and v is adjacent to a saturated vertex in Vst(G‘lm‘). Also, suppose that
v € Ug_a, since |[Vap(GY"))] = [Var(GY™)], then [Var(GY™D)] = Vet (GY™ + up— 1))
Hence v € FSV in Gllm‘. Therefore, |V H| < |VStG|1m|| + |VStG|2m|| < ka—47 which is
a contradiction since |V (H)| = &2, by [9]. O

Remark 3.18. The implication of Lemma 3.17 is that for a grid H' C H, which is
induced by {Uy,Us, -+ ,Ug—2} C V(H), k — 2 =2 mod 4, suppose U, contains the

least possible number of saturated vertices, mTfl, then wugvs, upvyg, -+ , Upv;,_1 are

saturated as shown in the example in Figure 3, for which k =4 and m = 7.

O $ Q L 4 O L O
O & @ L O ® O
L O & O 4 () L

L O @ O L

y
Wt

Figure 3: A G4 7 Grid with Maz(G) =7

Lemma 3.19. Let G be a G3,, with an induced matching M and GO induced
by {Vi,Vigo, -+, Vits} be a Gsg subgrid of G. Suppose that M' C M is an induced
matching of GO such that U(1,2)Vs, U(1,2)Vir8 € M'. No other edge U(1,2)Vitt, L <t <
i+7 is contained in M'. Then for G'1O ¢ GIO defined as GIONU,, [V (G| <
8.

Proof. Let G/l = GION {{ujvi 1, uiviya,--- ,u1vi17}, Vi, Vigg}. It can be seen
that GII is a Ga,7 subgrid of GOl Clearly also, GIMI ¢ GOl Since
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U(1,2)Vi, U(1,2)Vits € M’ then, usv;11 and wugv;y7 can not be saturated. Let Gy
be subgraph of GI(M! defined as GI(MI\ {ugvi+1,u2/vi+7}. Now, |V(Gy)| = 12 and
|Vap(Gy)| can be seen to be at most 6. Thus Vi, (G 1| = [V (G,)| + 2 = 8, since
ugv; and usv;4g are saturated in M. O

Remark 3.20. For U; ¢ GO as defined in Lemma 3.19, U; contains at least 6
saturated vertices, implying that M’ contains two edges whose four vertices are from
U;.

Corollary 3.21. Let G be a G3,,, grid with m > 11 and m =3 mod 4. If M’ is a
mazximum induced matching of G. Then M’ contains at least 2k edges from Uy, where
m=8k'+3 orm=28k"+T1.

Figure 4: A G = G393 Grid with Maz(G) = 17

Figure 5: A G = (3,19 Grid with Maz(G) = 14

Theorem 3.22. Let G be a G, grid, with m > 23. Then forn =1 mod 4,
Maz(G) < | 2mogm=3 |,

Proof. For n =1 mod4, n—5 =0 mod 4. Let G; and G5 be partitions of G
induced by {Uy,Us, -+ ,Uy,—5} and {Uy_4,Up—3, Uy —2, U, —1, Uy } respectively. Also,
let M', M" be maximum induced matching of G'; and G5 respectively.

Suppose, U, _5 contains at least mT_l saturated vertices, the least U, _5 can contain
for M’ to remain maximum induced matching of G;. By Theorem 3.12, U; C G2 (the
U,_4 of G) contains at least 2k + 2 saturated vertices with k = =2, Following the

4

proof of Theorem 3.12, it is shown that M” contains 52 edges of U; C G and either
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of w1 2yv4 and w1 2)vm—3. Now, with G = G’ UG" and hence, |M| < |M'| + |M"|, it
is obvious therefore, that for each edge uqug € U, _4 contained in M", either u, or ug
is adjacent to a saturated vertex on U,_5 and also, u,_4v4 (0T Up_40,—3) is adjacent
to saturated u,_svs (or to saturated u,_4v,—3). Hence, |V (G)| < W and
thus, Max(G) < |2mnom=T| O

Theorem 3.23. Let G be a Gy, 1, grid withn =3 mod 4 and m =3 mod 4, m > 11.
Then Max(G) < [22ngmt| and Max(G) < |222g™E5 ] for m = 8K + 3 and
m = 8k’ + 7 respectively.

Proof. The proof follows similar techniques as in Theorem 3.22. O
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