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ABSTRACT: In this paper, certain subordination results on the con-
volution of finite number of analytic functions are derived. Our results
include a sufficiency condition for convexity of the convolution of analytic
functions f; satisfying f/ € P(a) (o <1,i=1,2,...,n).
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1 Introduction

Let H(U) denote a class of all analytic functions defined in the open unit disk U =
{z€eC:|z|<1}.ForaeC,jeN,let

Hla,jl={f € HU): f(2) =a+a;z? + a1z + ..},

We denote the special class of # [0, 1] by A whose members are of the form:
f(z):z—i—Zak 2F 2 eU. (1.1)
k=2

Let IC denote a subclass of A whose members are convex (univalent) in U and satisfying

2 (2)
%<1+ ) ) >0, zeU.

For two functions p, ¢ € H(U), we say p is subordinate to g, or q is superordinate
to p in U and write p(z) < ¢(2), z € U, if there exists a Schwarz function w, analytic in
U with w(0) =0, and |w(z)| < 1,z € U such that p(z) = ¢(w(z)), z € U. Furthermore,
if the function ¢ is univalent in U, then we have following equivalence:

p(2) < q(2) & p(0) = ¢(0) and p(U) C ¢(U). (1.2)
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Let P, denote a class of functions p € H(U) satisfying p(0) = 1 and

1+(1—-2a)z

T ya<lzel. (1.3)

p(z) =< qa('z) =

Convolution (or Hadamard product) # of the functions g;(z) and g2(2) of the form:

Zakz and gs ( Zbkz (1.4)

is defined by
g1 (2) x g2 (2) = (g1 * g2) Zakbkz g2xg1) (2). (1.5)

In 1973, Rusheweyh and Sheil-Small [3] proved the Polya-Schoenberg conjecture which
shows that the convolution of two convex functions is again a convex function. Due
to this convexity preserving property, attempts are made to involve and study convo-
lutions in the Geometric Function Theory.

In this paper, we derive certain subordination results on the convolution of any
finite number of analytic functions. Mainly, by applying the subordination prin-
ciple, a sufficiency condition for convexity of ¢(z) := (f1 * fo* ... fn,) (2) which
is a convolution of analytic functions f; € A (i =1,2,...,n) such that f/ € P(a;)
(a; <1,4=1,2,...,n) is derived.

In order to obtain our results, we use following theorem of Rusheweyh and
Stankiewicz [4]:

Theorem 1 Let F,G € H(U) be any convexr univalent functions in U. If f < F and
g < G, then
fxg=<FxGinU.

Also, we use a result of Stankiewicz and Stankiewicz [6] which is as follows:
Theorem 2 Ifa <1 and B <1, then
P, x Pg = P
where 6 =1—-2(1—a) (1 - 06).

2 Main Results

We may easily generalize Theorem 2 for the classes P(o;) (i = 1,2,...,n) and get the
following lemmas:

Lemma 1 Ifa; <1 (i=1,2,...,n), then
Py, Poy *...x Py, = Fs

where
S=1-2"11—-a)(l-az)..(1-ay,). (2.1)
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Theorem 3 Let for each i = 1,2,..,n, fi € A and o; < 1. If fI € P(a;) for each
i=1,2,...,n, and
¢(z) = (fix fax .. x fn) (2)
then
&'(2) <h(z), z€U
where

z 22
h(z)=1+2"(1—0a1) (1 —ag)...(1 —ay) {W + e + ] (2.2)

is convex univalent in U.
Proof. Let f/ € P(ay) for each i = 1,2,...,n. Then, in view of (1.3), we have for

a;<1,i=1,2,...,.n, z€ U,

fi(2) < qai(2) = % =14+2(1—a;) ) 2 (2.3)
k=1

where the superordinate functions ¢, (z) for each i = 1,2, ...,n map the disk U onto
convex univalent regions in the positive half plane. By Theorem 1, we get that

F1(2) % f3(2) % oo % f(2) = day (2) * Qay (2) * o % Qa, (2), 2 €U (2.4)
where
qal(z)*qaz(z)*"'*QQn(z) = 1+2n (1—041) (1—042 1_an sz
k=1
. 1+(1-20)=2 v el
' 1—=2 ’

is convex univalent in U and in view of Lemma 1, ¢ is given by (2.1).
We know that the function

2
hl(z):——[z—l—lnl—z Zk—|—1 el

belongs to the class K and for f € A

z

(Fem) @) =2 [ e

0

Therefore, the function
ho(z) =14 hi(z), z€U

being a translation of hi(z), is convex univalent in U and for p € H [1,1]

z

(pxha)(z)=—-14 % /p(t)dt. (2.5)

0
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On applying, Theorem 1, to the subordination (2.4) sequentially, n — 1 times with the
usual subordination: hs(z) < ha(2), z € U, we get

J1x ok ox floxhgxho* ...k Ry < Goy * Qay * - % Qa,, * ho % ho % ... % o
— —

n—1 times n—1 times

in U, which can also be written as

(f1 % ha)* (f5 * ho)s ... (fr_q % ha)* [, < (qay * h2)* (qay * h2)*...% (qa,_y * h2) *qa,,.

(2.6)

On suitably choosing series expansions of f! ’s and ¢q4,’s, in view of (2.5), we
observe that the subordination (2.6) reduces to

f1(2) f2(2) R 1))

!
. 2.
! 1) g1 (2.7
1] 1]
< Z/qa1 t)dt * —/qa2(t)dt*...* ;/qanfl(t)dt*qan(z)
0 0
= h(z), z€eU

where h(z) is convex univalent in U and is of the form (2.2). The left hand side (2.7)
of above subordination is

(fis fax s fu) (2) = &'(2),
This proves Theorem 3. W

As the function h(z) given by (2.2) is convex univalent with real coefficients, we
may easily get following result from Theorem 3:

Corollary 1 Let for each i =1,2,...n, f; € A and o; < 1. If fl € P(«;) for each
i=1,2,...,n, and
B(z) = (fi* fax .o x fo) (2)
then
h(=1) <Re{¢'(2)} <h(1), €U
where h(z) is given by (2.2).

In terms of Zeta function [[7], Ex.5, p.201], we may also find following result from
Theorem 3:

Corollary 2 Let for each i =1,2,...n, fi € A and o; < 1. If f] € P(«;) for each
i=1,2,...,n, and

@(2) = (fr# faxox fn) (2)

then forn > 2,

Re{¢'(z)} > 142" (1 —a1) (1 —a2) ... (I —ay) [(1=2*"")((n—1) — 1]
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and
Re{¢'(z)} <1+2"1-m)(l1—az)...(l—an)[((n—1)—1], z€ U
where ¢ 1s well known Zeta Function.

Taking n = 3 and writing ¢ (2) = %2, Corollary 2 provides following result of Sokét

[5]:

Corollary 3 Let for each i = 1,2,3, f; € A and o; < 1. If f! € P(«a;) for each
i=1,2,3, and
d(2) = (f1 fa* f3) (2)

then
2

Re{¢'(2)} 21481 —a1) (1 —az) (1l —as) [ﬁ—l}, z€U

and
2

Re{¢l(z)}Sl+8(1—0&1)(1—0&2)(1—0&3) |:€—1:|, zelU

To prove our next result, we prove first a lemma which is as follows:

Lemma 2 Let for each i = 1,2,..,n, fi € A and o; < 1. If f! € P(oy) for each
i=1,2,...,n, and

¢(2) = (fr# farox fn) (2)

then there exist some positive integers A1, As, ..., An—a depending upon n such that

¢ (2) + Mz (2) + X222 (2) + oo + Ane22" 20"V (2) 4+ 2719 (2)
= (fi*fhx.x fl)(2).

Proof. Let f; € A be of the form

filz) =2+ Za}; 2F 2 eU. (2.8)
k=2
Then -
(f1x fox o o) (2) =14 Y kdy 247 (2.9)
k=2
where
dy, := ajai...ay, k> 2. (2.10)

We note that for the functions f;(z),7 = 1,2, ...,n, of the form (2.8), the r-th (r € N)
derivative of ¢(z) is given by

o (2) = ik(k —1)ee(k — 7+ 1)dy 2577,
k=1
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where d; =1 and for k > 2, dj is given by (2.10).
For some positive integers A1, Ao, ..., A\p_2 depending only upon n, we have for
k,n € N, an identity :

' = k+ Mk(k— 1)+ dok(k—1)(k—2) + ...
A ok(k—=1)(k—n+2)+k(k—1)..(k—n+1). (2.11)

For the positive integers A1, Az, ..., \,—_2, appear in the identity (2.11) and with the
use of this identity, we get

¢ (2) + Mzd” (2) + X222 (2) + oo + Ane22" 20"V (2) 4+ 2719 (2)

= Zk"dk 2*=1 where dy = 1.
k=1

This is the right hand side of (2.9). This proves Lemma 2. W

Theorem 4 Let for each i = 1,2,..,n, fi € A and o; < 1. If fI € P(a;) for each
i=1,2,...,n, and
O(2) = (fr* fax..* fn) (2)

then ¢ € K whenever for n > 2,

3

— — el —ap) < .
I-—a1)(1—a2)...(1—ay) T = (=2 C(n = T)] (2.12)
where ¢ 1s well known Zeta Function.
Proof. Let p(z) = ¢(z), then by Lemma 2 and by (2.4), we get
W (p(z), 2p'(2), ..., z”flp("fl)(z)) (2.13)

= p(2) +Mzp'(2) + )\Qz2p”(z) + ...+ /\n,zz"_2p("_2) (z) + z"_lp("_l)(z)

(Fix foon ) (1) < LEALZ2D2

,2€U
1—=2 i

where § is given by (2.1). From Theorem 3, we have a possible solution of the above
n-th order Euler-type differential subordination (2.13), as follows

' (2) =p(z) < h(z), z€U (2.14)

where h(z) is given by (2.2).
The r-th (r € N) derivative of h(z) is given by

iy — ol s S FE=D (k= +1) o,
K0 =201 -0 Y Mt |
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For the positive integers A1, Ag, ..., \p—2, appearing in the identity (2.11), we observe
that

0 (h(z), 2h (2), ...y z"_lh("_l)(z))
h(z) 4+ Azh (2) + X220 (2) 4 o 4+ An22" 2072 (2) + 2" IR ()
g 1+(1-20)z

k=1

where § is given by (2.1). This verifies the admissiblity condition for p(z) in (2.14) to
be a solution of the subordination (2.13).
Now, the function ¢ € K if

24 (2) - 14z

1+ — —, 2€U
¢(z) 1=z
or )1
Zp' (2 +z
1 =< U. 2.15
o (1oa 2€ (2.15)
By [[1], Theorem 2.6b, p.60] the condition (2.15) implies
1
p(z) < ——, z€U. (2.16)
(1-2)
Thus, in view of (2.14), the function ¢ € K if
1
h(z) < ——=, z€U
(1-2)
that is if

min® {(2)} = h(-1) >

B~ =

which is the given condition (2.12) if we write the expression of h(—1) (as it is written
in Corollary 2) in terms of Zeta Function [[7], Ex.5, p.201]. This proves the result of
Theorem 4. W

Taking n = 3 in Theorem 4 and on writing ¢ (2) = %2, we get following result.

Corollary 4 Let for each i = 1,2,3, fi € A and «; < 1. If f] € P(oy) for each
i=1,2,3, then (f1* f2 * f3) (2) € K whenever
9
1-— 1-— 1-— < —— =~ 0.53. 2.17
Remark 1 We remark that Corollary 4 improves the result of Sokdt obtained in [[5],
Theorem 2, 124].
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