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On the zeros of an analytic function
V.K. Jain

ABSTRACT: Kuniyeda, Montel and Toya had shown that the polyno-
mial p(z) = Y1 _, arz"; a0 # 0, of degree n, does not vanish in

2 < {14 (D lag/ao?)?/P} =1,
j=1

where p > 1, ¢ > 1, (1/p) + (1/¢) = 1 and we had proved that p(z) does
not vanish in |z| < a'/9, where

a = unique root in (0,1) of D,2®— D,S2*+ (1+ D,S)x —1=0,
Dy = (3 laj/ao”)"'?,
j=1

S = (Jar| + |az])?(|a1 [P + |az|?) @7V,
a refinement of Kuniyeda et al.’s result under the assumption
D,<(2-9/(5S-1).

Now we have obtained a generalization of our old result and proved that
the function

f(z) = Z arz®, (# aconstant); ag # 0,
k=0
1/q

analytic in |z| < 1, does not vanish in |z| < ay,?, where

@ = unique root in (0,1) of Daz™ — DM,,2* + (1 + DM,,)z — 1 =0,

D= (Y |ax/ao?)"'?,
k=1

My = (Y lax 7Y laxlP) =977,
k=1 k=1

m = any positive integer with the characteristic that there

exists a positive integer k(< m) with ay # 0.
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1 Introduction and statement of results
Let
P(z)=byg+biz+...+b,2"

be a polynomial of degree n. Then according to a classical result of Kuniyeda, Montel
and Toya [3, p. 124] on the location of zeros of a polynomial we have

Theorem A. All the zeros of the polynomial P(z) lie in

n—1
2] < {14+ (D 1bi /balP) /7Y,

Jj=0

where
p>1, ¢>1, (1/p)+(1/g) =1 (1.1)

On applying Theorem A to the polynomial 2"p(1/z), we have the following equiv-
alent formulation of Theorem A.

Theorem B. The polynomial
p(2) =ag+ a1z +az® + ... 4 apz™; a9 # 0, (1.2)

of degree n does not vanish in
2| < (14 Dy,) "9, (1.3)

where p, q are given in (1.1) and
Dy = (> laj/aol?)"". (1.4)
j=1

We [2] had obtained
Theorem C. All the zeros of P(z) lie in
|2 < x4,
where x is the unique Toot of the equation
2* — (1+ LM)z* + LMz — L =0,
in (1,00),

n—1

L o= (Y [b/ba)7,

=0

M = (lba-t| + b2 ([ba-1]? + [bn—af”) "~V
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Theorem C is a refinement of Theorem A, under the assumption
L<(2-M)/(M-1).

The equivalent formulation of Theorem C, (similar to the formulation of Theorem B
from Theorem A) is

Theorem D. The polynomial
p(z)=ap+arz+...+anz";a0 #0,

of degree n does not vanish in
2| < al/a,

where « is the unique root of the equation
Dp2® — D,Sz* + (1+ D, S)x —1 =0,

in (0,1),
S = (las| + laz))?(Jar|? + |ag[P) ==V,

and D,, is as in Theorem B.

Theorem D is a refinememnt of Theorem B, under the assumption
D,<(2-9/(5S-1).

In this paper we have obtained a generalization of Theorem D for the functions,
analytic in |z| < 1. More precisely we have proved
Theorem 1. Let

fz)= Z arz", (# aconstant); ag # 0, (1.5)

k=0
be analytic in |z| < 1. Then f(z) does not vanish in
2] < al/e, (1.6)
where
¢ > 1, p>1 (/p)+1/e) = 1,
m = any positive integer with the characteristic that (1.7)

there exists a positive integer k(< m) with ag # 0,

amy; = unique root in (0,1), of
{g(x) =}, Dz™" — DM, 2* + (1 + DM,,)z — 1 =0, (1.8)
D = (3 lax/aof)¥?, (> 0,by(15)), (1.9)

m

k=1
My = O lax)? lax?)~"7, (> 0,by(1.7)). (1.10)
k=1

k=1
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From Theorem 1 we easily get

Corollary 1. Under the same hypothesis as in Theorem 1, f(z) does not vanish
mn
2| < sup e
m>M,qg>1

)

where
M = least positive integer k such that ay, # 0.

2 Lemmas
For the proof of the theorem, we require the following lemmas.
Lemma 1. Let

o; >0, B;>0, forj=1,2,...,n,
a>1, p>1 (1/p)+(1/q) =1,

1<m<n.
Then
1/q
n n m m m n
DB < (QoBNYPQo BT S (D) (o BDTH Y af)
j=1 j=1 j=1 j=1 j=1 j=m+1
(2.1)
This lemma is due to Beckenbach [1].
From Lemma 1 we easily obtain
Lemma 2. Inequality (2.1) is true even if
Qi > 07 = L2 y 1y
ﬁj 2 Oa = 1; ’ , 1,
with
B; # 0, foratleastonej, 1 < j < m.
Lemma 3. The equation
D™ — DM, 2* + (1+ DM,,)x —1=0 (2.2)

has a unique oot ay, in (0,1) where m, D and M, are as in Theorem 1.

Proof of Lemma 3. We firstly assume that

m > 1.



On the zeros of an analytic function 55

Now we consider the transformation
x=1/t
in equation (2.2), thereby giving the transformed equation
t™ T — (1 4+ DM,,)t™ + DM,t™ ' — D =0, (2.3)

and then the transformation
t=1+y

n (2.3), thereby giving the transformed equation
(1+y)™ -~ (1+ DM,,)(1+y)™ + DM,,(1+y)™ ' - D=0, (2.4)

i.e.

y" Ty ((m/1) = DMy,) + ((m — 1)/11)((m/2) — DM )y™

+((m —1)(m —2)/2)((m/3) — DMy )y™ % + ...
+((m=1)(m—2)...(m—j+1)/(j = )Y((m/j) = DMp)y™ 77 + ...
+ ((m=1)(m=2)...(m —=m+1)/(m —1))((m/m) — DMy)y — D

=0. (2.5)

By using Déscarte’s rule of signs we can say that equation (2.5) (i.e. equation (2.4))
will have a unique positive root and accordingly the equation (2.3) will have a unique
root in (1,00). Hence the equation (2.2) will have a unique root ay,, (say), in (0, 1),
thereby proving Lemma 3 for the possibility under consideration.
For the possibility
m=1,

the transformed equation, similar to equation (2.5), (i.e. equation (2.4)), is
v*> +y(1 — DM,,) — D = 0.

Now Lemma 3 follows for this possibility, by using arguments similar to those used
for proving Lemma 3 for the possibility

m > 1.

This completes the proof of Lemma 3.

3 Proof of Theorem 1

Let

n
= E akzk,nz 1,2,3,...
k=0
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Then for 2| <1 and n >m

fa(2)] > aol = > [21*al,
k=1
> aol — {(Z jarlP)P( |ak|p)1/p} [(Z 2[¥|ax])?
k=1 k=1 k=1
m n 1/q
+{<Z|ak|p>q1}< 3 z|’€q>] ,(by Lemma 2),
k=1 k=m-+1
> aol = (D lanl?)'/” l(Zlaklzlk)q(Zlaklp)_q/p
k=1 k=1 k=1
n 1/q
+ Y |qu)1 , (by 1.1)),
k=m+1
n n 1/q
> aol — (Y lan[P)"/” [Mmzlq+( > |Z|kq)] , (by 1.10)),
k=1

k=m+1

which, by making
n — 0o,

implies that

e’} oS} 1/q %)
FG = laol = (O laxl?)V? [MmIZI‘“r( > IZ’“’)] ;) lax|” will converge

>
k=1 k=m+1 k=1
as Z lag| converges and (Z lag|P)/P < Z lag|,n =1,2,...),
k=1 k=1 k=1
= ol [1— (D2l + (|21 ™01/ (1~ [2[7))}/7] , (by 1.9)),
> 0, (3.1)
if
D|z|m*V9 — DM, |2/* + (1 + DM,,)|2|9 —1 < 0. (3.2)
Now as

9(0) = —1, (by(1.8)),
we can say by Lemma 3, (3.1) and (3.2) that
[£(2)] >0,
if
2|7 < o,

thereby proving Theorem 1.
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Remark 1. Theorem 1 gives better bound than that given by the result, that f(z)
does not vanish in
2] < {1/(1+ D)}'/4,

obtained by using Hélder’s inequality instead of Lemma 2 and following the method of
proof of Theorem 1, provided

m=1 & M, <m,
m>2 & M, <1, (3.3)
m>2,1< M, <m and D < Dy,

where Dy is the unique positive root of the equation

(M,, — 1)D™ ' 4+ (m —1)(M,, — (m/(m —1)))D™ 2

+ ((m—=1)(m—2)/2)(My, — (m/(m —2)))D™?
+ ..+ (m—=1)(My, — (m/2))D + (M, —m)

0, (m>2&1< M, <m),

as for m = 1&M,, < m
9(1/(1+ D)) <0,

and for m > 2
9(1/(1+ D)) <0,

s equivalent to

(M,, —1)D™ '+ (m —1)(M,, — (m/(m —1)))D™ 2
+  ((m—=1)(m —2)/2)(My, — (m/(m —2)))D™ >
+ ...+ (m—=1)(M,, — (m/2))D + (M,, —m)
< 0.

The function
f(2) =142+ (2/(20)% + (2/(20)* + (2/(20))° + ...

satisfies (3.3) with

and the corresponding a,lyfq 1s .752.
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