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ABSTRACT: In this paper we intoduce a new integral operator as the
convolution of the Noor and Silagean integral operators. With this inte-
gral operator we define the class Cvs(c), where o € [0,1) and we study
some properties of this class.
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1. Introduction

Let U = {z € C: |z| < 1} be the unit disk in the complex plane C and H(U) denote
the set of holomorphic (analytic) functions in U. We denote by

A={feH{U): f(0)=f(0)-1=0}

and
S ={fe€A: fis univalent in U}.

We say that f is starlike in U if f : U — C is univalent and f(U) is a starlike
domain in C with respect to origin. It is well-known that f € A is starlike in U if and
only if

Re (Z}Cég)) >0, for all z € U.

The class of starlike functions with respect to origin is denoted by S*.
Let T denote a subclass of A consisting of functions f of the form

fe)=2=2 a#, (1.1)
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where a; > 0, j = 2,3,... and z € U. A function f € T is called a function with
negative coefficients. For the class T, the followings are equivalent [6]:

(i) > ja; <1
j=2
(i) feTns,
(iii) f € T*, where T* = T N S*.

Let .
fR)=2-Y a;27, a; >0, j =2,3,..

=2

and .
= b2, b >0, j=2,3,...

j=2

then the convolution or the Hadamard product is defined by
(f*9)(= —Z—Z%b &= (g% f)(2), z€U.
Jj=2

The study of operators plays an important role in geometric function theory. For
f e HU), f(0) = 0 and n € Ny = NU {0}, the IZ Salagean integral operator is
defined as follows [7]:

(i) 13£(2) = f(2),

(i) Isf(z) =1f(z) = [ f(t)t~"dt,

O —un

(i) 127(=) = Ls(13~"£(2)).
We remark that if f has the form (1.1), then

IS f(z Z TJL (1.2)

where n € Nj.
In [5] Noor defined an integral operator I3 : A — A as follows

Rt =" [ o) (13)

0

where n € Nj.

Let fn(2) = and let f,(fl)(z) be defined such that

-
(1 —z)ntl
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z
1—2"

fr(p_l)(z) * fu(z) =
We note that

z

L) = 5700+ £6) =[] 1)

We remark that if f has the form (1.1), then

IV f(z Z

2 7

(1.4)

where C(n, j) = W

2. Preliminaries

The following definitions and lemmas will be required in the sequel.

Definition 2.1. [2, 3] Let f and g be analytic functions in U. We say that the
function f is subordinate to the function g, if there exist a function w, which is
analytic in U and for which w(0) = 0, |w(z)| < 1 for z € U, such that f(z) = g(w(z)),
for all z € U. We denote by < the subordination relation.

Definition 2.2. [3] Let @ be the class of analytic functions ¢ in U which has the
property that are analytic and injective on U\ E(q), where

E(q)={¢edU: Zhglgq(Z) = oo},

and are such that ¢/(¢) # 0 for ¢ € QU\E(q).

Lemma 2.1. [2, 3] Let ¢ € Q, with ¢(0) = a, and let p(z) = a+a,2™ +. .. be analytic
in U with p(z) # a and n > 1. If p 4 q, then there are two points zy = roe'® € U,
and (o € OU\E(q) and a number m > n > 1 for which p(Uy,) C q(U),

(1) p(z0) = (o)

(i) zop'(z ) mCoq’ (Co)

z0p”' (20) oq”’ ($o)
(iii)) Re ‘;( 5 +1>mRe< I —|—1).

The following result is a particular case of Lemma 2.1.

Lemma 2.2. [2, 3] Let p(z) = 1+ anz™ + ... be analytic in U with p(z) £ 1 and
n > 1. If Rep(z) # 0, z € U, then there is a point zo € U, and there are two real
numbers x,y € R such that

(i)  p(20) =
(Z’L) Zop (20) =y<— n(m2+1)
(i) Rez5p"(z0) + 200/ (20) < 0.
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o0 .

If f(z) =2— a;z7, using the Noor and Salagean integral operators we define a
i=2

new operator as follows:

o0 2

as 4
INef(2) =1 f(2)*x [3f(z) =2z — — 2.1
sl = IR 1816 === 3 ot (2.1)
j—1)!
where C'(n,j) = (nn'—é—jjl)‘) and n € Ny.
Remark 2.1. Differentiate the relation (2.1), we get
n ! __ J j—
Unsf(2)] =1 ; ]’7"—10(n,j)zj : (2.2)
Multiplicating the equality (2.2) with % we obtain
f[_rn F2)] = z_ i aiizj
nt NS n = njn=1C(n,j)" ’
which is equivalent to
z z = a?
=y "+ Zn—-1)=2z— — L. 2.3
SR + 2= == Y s (2.3

=2

z —

118

Now let g € T and g(z) (n+3j —1)27. Then from (2.3), we obtain the

j=2
following relation between I'ng' f(z) and I%¢f(2) operators:

n— 2 n
INg' F(2) = ~ s f ()] 9(2) + 2% g(2). (2.4)
Using the Noor-Salagean integral operator, we define the following class of analytic
functions:
Definition 2.3. A function f € T belongs to the class Cygs(a) if
2[5 s f(2)]
I sf(2)

Re > a, (2.5)

where a € [0,1) and z € U.

3. Main Results

Theorem 3.1. Let f(2) =z — > a;jz?. Then f € Cys(a) if and only if
j=2

oo a2

;W[l—‘;]<1—a. (3.1)
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Proof. Let f € Cns(a), then we have

2[Iysf(2)]

fe I sf(2)

>a, z€ U

If z € [0,1), we obtain

o 2

z — I R—
jgz g tC(n, )

= p > a. (3.2)
2= Y —L 4
];2 an(n, .7)
Since the denominator of (3.2) is positive, the relation (3.2) is equivalent with
> aa? , a? ,
O[—]. < {%Z‘]_l _%Z‘]_l},
2 J"C(n, j) jr=1C(n, j)

=2

and finally we get

oo a2 . o
a—1< %23—1{7‘_1].
;J”*C(nd) J

Considering z — 17 along to the real axis, we get:

%) a? o
a-1< %[f—q.
;J"*C(H,J) j

To prove the reciproc implication we consider f with the form (1.1) and for which
the (3.1) inequality holds.

z[Ing f(2)]

The condition Re > « is equivalent to

I}\Lrsf(z)
I% !
a—Re(M—l) < 1.
Ist(Z)
We have . , . ,
o — Re (Z[Irjysf(z)] _ 1) <a+ ‘Z[Irjys (2)] _ 1‘
Ist(Z) Ist(Z)
< 2 X 2 : < g2 i
2, 7ot~ 2 Fcmn P e Tk -1
=a+ 00 a2 =a+ 00 2
Z_Jgg FCtnn ¥ 1= RO
= a? 1)1 o~ a? 1
35:32 =t 2 ‘3 - 1‘ ;::2 e L~ 5]
S o+ o2 <o+ %) a2
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2

o0
a* 1
o+ X e L~ 5~ 5
pe

o0 a2

1= 3 5t
j=2

To finish our proof, we need to show

o) 2
4 _l_a
SR e I Kt b
— <1 (3.3)
1= 2 5etep
j=2
The (3.3) inequality is equivalent to
0o a2 o
%[1—{ <1-a, (3.4)
j; j*=1C(n, j) j
which is the (3.1) condition. O

Let Ens(a) be a subclass of Cyg(a). The class is defined as follows:

ENS(a):{feT:‘M—l <1-2andae (0%)} (3.5)

I%sf(2)
Th INsf(z)
eorem 3.2. Let f € T of the form (1.1). If f € Ens(a), then Re 22—~ > 0.
z
Proof. Suppose f € Eng(a). Then
n !
AMRsIEN ) oy g, (3.6)
I sf(2)
Let
INsf(2) = zp(z2). (3.7)
Differentiate (3.7), we obtain
[IRsf(2)]" = 2p'(2) + p(2). (3-8)
Then (3.6) is equivalent to
/
EUCTIEPN
p(2)
INsf(2)

If the condition Rep(z) = Ref > 0 does not hold, then according to

Lemma 2.2, there is a point zg € U, and there are two real numbers z,y € R such
that

p(z0) =iz
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and )
1+z
20p'(20) =y < — 5
These inequalities imply
(1
| = ]2 [ = [ ) 1

The above inequality contradicts (3.6) and consequently
I’I’L
Rep(z) = Re %(2) > 0,
where z € U. 0
Theorem 3.3. Let

F(z) = Lf(z) = <2 /f(t)tc—ldt,c EN.

2C
0

If f € Cns(@), then F = I.(f) € Cns(B), where

(1 a)(c+1)?

= 2)=1- 3.9
f=52) (c+2°2—a)—(c+1)?(1—a) (3.9)
and B> a, a € [0,1).
Proof. Suppose f € Cns(@). Then by Theorem 3.1 we have
S 20
Z . aj; (J. a) <1
2 5C(n. )1 —a)
We know that if f has the form (1.1), then
el [ < et
F(z) = pos /f(t)t dt =z — Z c—i—jajzj’
0 j=2
and to prove that F' € Cng(f) is sufficient to have
oo .
_ 15 2
Z, ],/B (C+,)a?<1.
0, )1 = B) Net
This last inequality is implied by
j=f _(4Va) _j-a a4 (3.10)
1=8 j"C(n,j)c+j)? ~ 1—a j"C(n,j)’
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for all j € N and j > 2.
From (3.10) we deduce that

1-a)(c+1)%(G 1)

R e e (R
j €N, 5 > 2. We will prove that
fla,j) = B, 2), jEN, j =2
Let consider the function ¢ : [2,00) = R,
R v ey e ey L)
Then
o(x) = o)

@402z —a) = (c+1)2(1 —a))?’

where g(x) = —223 + (3 — 2¢ — a)z? + (4¢ — 20)x — 2¢ — (1 — @).
We have
g (x) = =622 +2(3 — 2¢ — @)z + 4c — 2a,

g’ () = =122 4+ 6 — 4¢c — 2a. < 0,
€ [2,00). Then
d(x)<g(2)=-12—4c—6a <0, z € [2,00)

and
g(x) <g(2)=—4—-8a—2c—(1—a) <0, z €[2,00).

We obtain ¢'(z) < 0, z € [2,00) and from this
Bla,j) =1 =)l - a)lc+1)* 21— ¢2)(1 - a)(c+1)* = (e, 2,)
where 8(a, 2) is given by (3.9). Finally 8 > « is equivalent to

(1—a)(c+1)?

T Ty e - e P —a)
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