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ABSTRACT: In this paper, we concern by a very general cubic integral
equation and we prove that this equation has a solution in C[0,1]. We
apply the measure of noncompactness introduced by Banas and Olszowy
and Darbo’s fixed point theorem to establish the proof of our main result.
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1. Introduction

Cubic integral equations have several useful applications in modeling numerous prob-
lems and events of the real world (cf. [3, 8, 9, 12, 13, 18, 19]).

In this paper we consider the cubic Urysohn integral equation with linear pertur-
bation of second kind

(1) = o(1) + p(r, (1)) + xQ(T)/O u(r, s, (Az)(s)) ds, 7 € I =[0,1]. (1.1)

In the above equation, we consider ¢ : I = R, ¢ : I X R =R, u:I xI xR —= R are
given functions and A : C(I) — C(I) is an operator verifies special assumption which
will state in Section 3.

Eq.(1.1) is of interest since it contains many includes several integral equations
studied earlier as special cases, see [1, 2, 6, 7, 10, 11, 14, 15, 16, 20, 21, 22| and
references therein. By using the measure of noncompactness related to monotonicity
associated with fixed point theorem due to Darbo, we show that Eq.(1.1) has at least
one solution in C(I) which is nondecreasing on the interval I.
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2. Auxiliary Facts and Results

In this section, we present some definitions and results which we will use further on.

Let (E,||-]|) be a real Banach space with zero element 0. Let B(x,r) be the closed
ball centered at x with radius r. We denote by B, the closed ball B(0,r). Next, let
X be a subset of E, we denote by X and ConvX the closure and convex closure of X,
respectively. We use the symbols AX and X + Y for the usual algebraic operations
on the sets. Moreover, the symbol Mg stands for the family of all nonempty and
bounded subsets of E and the symbol 9Ng stands for its subfamily consisting of all
relatively compact subsets.

Now, we state the definition of a measure of noncompactness [4]:

Definition 2.1. A function p: Mg — R is called a measure of noncompactness in
FE if it verifies the following assumptions:

1) The family kerp # () and kerp C Mg, where kerp = {X € Mg : u(X) = 0}.
2

(1)
(2) X)) <p(Y),if X CY.
3)
(4)
()

o
#(X) = p(X) and p(ConvX) = p(X).
4) p

AX + (1= ANY) < Ma(X) + (1= \pu(Y), 0< A< 1.

5 If X, € Mp, X,y = Xy, Xpp1 C X, forn=1, 2,3, ... and lim u(X,) =0,

n—oo
then N2, X, # (Z).

Notice that kerp is said to be the kernel of the measure of noncompactness .

In the following, we will work in the Banach space C'(I) of all real functions defined
and continuous on I = [0, 1] equipped with the standard norm ||z|| = max{|z(7)| :
7 € I'}. We recall the measure of noncompactness in C'(I) which we will need in the
next section (see [5]).

Let 0 # X € C(I). For z € X and £ > 0 we denote by w(z,e) the modulus of
continuity of the function x as follows

w(z,e) =sup{lz(t) —z@t)| : 1t € I, |7 —t| < e}

Next, we put w(X,e) = sup{w(z,¢) : z € X} and wo(X) = lim w(X,e). Moreover,

e—0
we define

d(z) = sup{|z(r) — z(t)| — [x(7) —z()] : 7, t € I, T >t}

and
d(X) =sup{d(x) : z € X}.

Notice that d(X) = 0 if and only if all functions belonging to X are nondecreasing
on [.
Finally, we define the function p on the family 9Mc(;y as follows

H(X) = wo(X) + d(X).
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Notice that the function y is a measure of noncompactness in C(I) [5].
We present a fixed point theorem due to Darbo [17] which we will need in the
proof of our main result. First, we make use of the following definition.

Definition 2.2. Let ) # M be a subset of a Banach space E and let p : M — E
be a continuous mapping which maps bounded sets onto bounded sets. The operator
B satisfies the Darbo condition (with a constant x > 0) with respect to a measure of
noncompactness  if for any bounded subset X of M we have

p(PX) < wp(X).

If P verifies the Darbo condition with x < 1 then it is a contraction operator with
respect to p.

Theorem 2.3. Let () # Q be a closed, bounded and convex subset of the space E and
let B : Q — Q be a contraction mapping with respect to the measure of noncompactness

[
Then B has a fized point in the set §2.

Notice that the assumptions of the above theorem gives us that the set Fix’P of
all fixed points of P belongs to 2 is an element of kerp [4].

3. The Main Result

We consider Eq.(1.1) and assume that the following assumptions are verified:
(a1) The function ¢ : I — R is continuous, nonnegative and nondecreasing on I.

(a2) The function ¢ : I x R — R is continuous, ¢ : I x R; — R and

Fe>0: |p(r,21) — o(1,22)| < c|lwy — 2] ¥V (21,20) ER*P & T € 1.

(as) The superposition operator ® generated by the function ¢ satisfies for any
nonnegative function x the condition d(®z) < cd(x), where ¢ is the same ¢
appears in assumption (as).

(a4) The function u: I x I x R — R is a continuous, v : I X I x Ry — Ry and for
arbitrary fixed t € I and « € R the function 7 — u(7, ¢, x) is nondecreasing on I.
Moreover,

3V : R, — Ry (nondecreasing) : |u(r,t,z)| < ¥(|z]) V (r,t) € *& z € R.
(as) The operator A : C(I) — C(I) is continuous and
J ¢ : Ry — Ry (nondecreasing) : [(Az)(7)| < ¥(||z|) for any 7 € I, x € C(I).

Moreover, for every nonnegative function « € C'(I), the function Az is nonneg-
ative and nondecreasing on I.
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(ag) The inequality
o]l + er +¢™ + 2T (R (r)) <r (3.1)

has a positive solution rg such that c+2ro¥ (¢ (rg)) < 1, where p* = max (7,0).
_T_

Under the above assumptions, we state our main result as follows.

Theorem 3.1. Let the assumptions (a1) — (ag) be verified, then the cubic Urysohn
integral equation (1.1) has at least one solution x € C(I) which is nondecreasing on I.

Proof. Let § be an operator defined on C(I) by
(F)(1) = 6(7) + (7, (7)) + 2 (1) Uz)(2), (3.2)
where U is the Urysohn integral operator
1
(Uzx)(7) :/ u(r, t, (Az)(t)) dt. (3.3)
0
For better readability, we will write the proof in seven steps.
Step 1: § maps the space C(I) into itself.

Notice that for a given x € C(I), according to assumptions (a;) — (as), we have
Fx € C(I). Therefore, the operator § maps C(I) into itself.

Step 2: § maps the ball B, into itself.

For all 7 € I, we have

G| < ’¢(T)+s0(7»x(T))+x2(T) / U(T,t,m)@))dt‘
< 1607 + lp(ra(r)) — o(r.0)] + o 0)
1
() / fu(r, £, (Az)(1))] dt
< ol +elll + ¢ + el el [ s

Il + cllzl| + " + 2> T @ (2]))).
From the above estimate, we get

I8l < llgll + cllzll + ¢ + [zl (@ ([l])).
Therefore, if we have ||z|| < ro, we obtain

IS2]| < [|¢ll + ero + ¢* +rg¥((r0)) < o,

in view of the assumption (ag). Consequently, the operator § maps the ball B,, into
itself.
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Further, let B;g be the subset of B, given by
Bl ={z € By, :x(r) >0, for 7 € I}.
Notice that, the set () # B;t) is closed, bounded and convex.

Step 3: § maps continuously the ball Bﬁo into itself.

In view of the above facts about B, and assumptions (a1) — (as), we infer that §
maps the set B;\ into itself.

Step 4: The operator § is continuous on B;‘;.

To establish this, let us fix arbitrarily ¢ > 0 and y € B;f. By assumption (a4),
we can find § > 0 such that for arbitrary = € B;f with ||z — y|| < § we have that
IAz — Ay|| < e. Indeed, for each 7 € I we have

|(F2) (1) — (Sy) (1)
< lp(r,2(7)) — (1, y(7))]

2 | Culrt, (A2)(0) di — 4(7) /

1
+

u(r,t, (Ay)(t)) dt’

< cla(r) — y(r)| + |22(7) /0 (b, (Az)(8)) dt — y2(7) /0 u(T,t,(Am)(t))dt’

) [ utrn o) - 26 [t () dt]

< da(r) = ()| + %) = 20| [ futr. . ()0
1
) [ (et (Aa)(e) = utrt (A e)] .

Therefore, we have
1§z = Fyll < cllz = yll + 2ro ¥ ((ro)) [l — yll + rdw™ (u,e), (3.4)
where we denoted
w*(u,e) = sup{|u(r, t,z) —u(r, t,y)| : 7, t € I, 2,y € [0,4(ro)], | —y| < e}.

From assumption (a4) we infer that w*(u,e) — 0 as € — 0 and therefore, the operator
§ is continuous in B} .

Step 5: An estimate of § with respect to the term related to continuity wq.

Let § # X C B, fix an arbitrarily number ¢ > 0 and choose z € X and 71,7 € I
such that |72 — 71| < e. Without restriction of the generality, we may assume that

71 < 1. In the view of our assumptions, we have
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|(§)(12) — (§)(11)]

< (7)) = (11)| + |72, (12)) — (11, 2(71))]

+ 2% (12) (Uz)(12) — 2*(12) (Uz)(11)]

+ |2?(r2) (Uz) (1) — 2% (1) Uz) (1)

<w(g.e) + lp(r2, 2(m2)) — (T, @ (Tz))|+|<P(71a (12)) — <P(Tl> (1))|
+‘:U2(7'2)’ |(Uz)(12) — (Uz) (1) |+|x To) — 22 7'1)| |[(Uz)(T

< w(,€) + Yo (9, 6) + cw(®,€) + [2(m)|? |Uz)(r2) — Uz)(r )|
+[2(12) — 2(m)| |z(r2) + 2(m1)| [Uz)(71)]
< w(,€) + Yoo (9, €) + c w(zy€)

< w(9,€) + Yo (s €) + cw(@,€) + 2wy ap) (u, €) + 2|lzflw(z, )T (W (||z])),
where we denoted
Tro (0, ) = sup {|p(12, ) — o(11,2)| : 71,72 € I, x € [0,79], |72 — 71| < &}
and
wp(u,e) = sup {|u(re, t,y) —u(r, t,y)| : t, 71,2 €1, y € [0,b], |12 — 11| < e}
Hence,
w(Fz,8) < w(g,€) + o (0, 8) + ¢ w(w, ) + 15wy (rg) (1, €) + 2row(x, €)W (1h(ro)).
Consequently,
W(FX,e) Sw(p,e) + 7 (0, 8) + (¢ + 2rg T (P(ro))) w(X,e) + Tgww(m)(u,e).

Since the function ¢ is continuous on I, the function ¢ is uniformly continuous on
I x [0,79] and the function u is uniformly continuous the set I x I x [0, (r)], then
we obtain

wo(FX) < (¢ + 2rg¥(¥(ro))) wo(X). (3.5)
Step 6: An estimate of § with respect to the term related to monotonicity d.

Fix an arbitrary € X and 71,7 € I with 75 > 7. Then, taking into account
our assumption, we get

|(§z)(72) = (S2)(11)| = (F)(72) — (S2)(71))
= |p(12) + @(12, 2(12)) + m2(72)/0 u(Te,t, (Az)(t)) dt
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—¢(m) — ¢(m, 2(1)) — 332(71)/ u(ry, t, (Az)(t)) dt‘
0
- (aﬁ(h) + (72, 2(72)) + 332(72)/0 u(ra, t, (Ax)(t)) dt

—¢(m) — ¢(m, 2(1)) — 332(71)/0 u(ry, t, (Az)(t)) dt)

< {lo(r2) = d(1)| = (8(72) = ¢(71))]
+ (72, 2(12)) — (71, 2(10))| = (p(72, 2(72)) — @ (71, 2(71)))]

— <x2(ﬁ) ; u(7a,t, (Az)(t)) dt — xQ(Tl)/O u(7,t, (Az)(t)) dt)

- ( /O w(ra, t, (Az) (1)) df — /0 u(r, t, (Az)(D)) dtﬂ
< d(®z) + 2|z ¥ ((||z]))d(x).
The above estimate gives us that
d(§z) < cd(x) 4+ 2ro¥(¢(ro))d(x),

and consequently,
d(FX) < (c+ 2r0¥(¥(ro)))d(X). (3.6)

Step 7: § is a contraction with respect to the measure of noncompactness .
By adding (3.5) and (3.6), we get
wo(FX) + d(FX) < (¢ + 20 W (7o) wo(X) + (¢ + 2r W (1(r0)))d(X)
or

n(@X) < (e+2r¥(y(ro)))u(X).
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Since ¢ + 2ro¥(¢(r9)) < 1, then the operator § is contraction with respect to the
measure of noncompactness p.

Finally, Theorem 2.3 guarantees that Eq.(1.1) has at least one solution z € C(I)
which is nondecreasing on I. This completes the proof. O

4. Example

Let us consider the cubic Urysohn integral equation

a(r) = VT + 7(7) + :EQ(T)/ arctan (fosx> dt. (4.1)
0

8 1+72 4 1+1¢2

Here, ¢(7) = g and this function verifies assumption (a;) and ||¢| = 1/8. Also,
¢(7,7) = 177 and this function verifies assumption (az) with

1
lp(r2) —p(ry)l < Sle—yl Viel& (z,y) R

Moreover, the function ¢ verifies assumption (a3). Indeed, for arbitrary nonnegative
function x € C(I) and 71,72 € I with 71 < 75, we have

d(®z) = |(Pz)(72) — (Pz)(r )I*(( z)(12) — ( )(11))

= Il =l ()~ 50 7))
< et - <n>|+\1+72 ()
g (a(r) —a(n) - (1553~ 1 ) a()
= s llolm) — ()] — (o) — o)
= ) < Sda)

The function u(7,t,r) = arctan 1777 satisfies assumption (a4), we have [u(7,t, )| < |z|
which means W(r) = r. Moreover, the operator (Az)(r) = [ ta®(t) dt verifies as-
sumption (as) with ¥(r) = r2.

Therefore, the inequality (3.1) has the form § + 45 +r* <7 or § +r+2rt < 2r.
This inequality admits 7o = 1/2 as a positive solution. Moreover,

1 1 3
2roW =—+-=-<1
C+ 20 U(U(ro) = 5+ 7 = <
Consequently, Theorem 3.1 guarantees that equation (4.1) has a continuous nonde-

creasing solution.
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