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Properties of differences in B-rings

Aneta Dadej and Katarzyna Halik

Submitted by: Andrzej Kamiriski

ABSTRACT: Motivated by Pettis’ extensions of Sierpinski theorems
on generated families of sets, we consider B-rings, a generalization of the
notion of Boolean algebras, and present their various properties. In par-
ticular, we discuss properties of differences which will be used in the proofs
of results given in our forthcoming papers.

AMS Subject Classification: 06E05, 06E75
Key Words and Phrases: partially ordered set, distributive lattice, Boolean algebra,
B-ring

1 Introduction

The notion of a ring of subsets of a given set used in measure theory is a gener-
alization of an algebra of subsets of the set. It is natural to consider its counterpart
in terms of a partially ordered set as a generalization of a Boolean algebra defined
in terms of a partially ordered set as a distributive 0-1-lattice with complements.
We consider such a generalization in this note under the name B-ring (see Definition
4) to avoid a possible misunderstanding connected with the common use of the term
Boolean ring in the sense of an algebraic ring with a unit and commutative idempotent
multiplication.

As well known (see e.g. [1]) there is a one-to-one correspondence between Boolean
algebras (being a generalization of algebras of sets) and Boolean rings just mentioned.
One may ask whether a similar correspondence takes place in case of B-rings and
respective algebraic rings. Such a more general situation is not discussed in the
classical monographs [1], [9], [10] and [11]. We study in this article various properties
of B-rings that will be used in the proofs of results, presented in [2] and [3], which
give an answer to the above question.

The consideration of B-rings was inspired by the results of B. J. Pettis who ex-
tended in [6] theorems of W. Sierpinski on generated families of subsets of a given set
(see [8] and [7]) to Boolean o-rings (for generalizations of Sierpinski’s theorems in an-
other direction see [5]). The main theorems from [6] were reformulated and extended

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland



6 A. Dadej, K. Halik

by the authors in their master theses, the results of which were partially published in
[4]. It is clear that Pettis’ term ”Boolean o-ring”, though used in [6] without giving
its strict definition, corresponds to a o-ring of subsets of a given set. However we are
forced to use the name ”B-ring” instead of "Boolean ring” to avoid a collision with
the traditional meaning of this term.

The notation used in the paper is mostly standard.

2 Boolean algebras and B-rings

Let us recall that by a partially ordered set we mean a non-empty set X with a
binary relation which is reflexive (z < z for € X), antisymmetric (z <y, y <
implies = y for z,y € X) and transitive (z <y, y < z implies z < z for z,y, z € X).

We will say that sup A exists in X if there is an € X (x =: sup A ) such that 1°
y<azforallye Aand 2° y <z € X for all y € A implies x < z7. Clearly, if sup A
exists, it is unique. An analogous definition and comment concern inf A.

Definition 1 A partially ordered set (X, <) is called a lattice if
Vewex sup{z,y} and inf{z,y} exist in X. (L)

Instead of the symbols sup{«, y} and inf{x, y} we will use in this note the standard
notation: xUy := sup {z,y}, xNy := inf {z, y} and call U and N the lattice operations.

The assertions in the below statement are simple consequences of properties of the
relation of partial order and Definition 1 (see [1], section I).

Statement 1 In an arbitrary lattice (X, <) the following are true:

ly) inf{z1,...,2n} € X,sup{z1,..., 20} € X, z1,...,2, € X, n€N;
lo) zNx =2, zUx =2, x¢€X;
I3) ;1N =a2Nxy, 17Uz =22Ux1, 21,22 €X;
ly) (x1Nxg)Nas =x1N(z2Nax3), x1,22,23 € X;

l5 (1‘1 U$2)U3§3=$1U([E2U1‘3), $1,$2,$3€X;

I)ye<lysrnNy=x<szUy=y, x,y€ X;
lg) yi <y =xNyr <xNyo, Uy SxUY2, T,91,Y2 € X;

lg) (x1Uzo)Ny > (z1Ny)U(z2Ny), x1,22,y € X;

(

(I2)

(I3)

(l4)

(Is)

(lg) zNy<z<zUy, zNy<y<zUy, =z,ye€X;
(I7)

(Is)

(lo)

(lio) (x1Nazg)Uy <(x1Uy)N(x2Uy), 1,22,y € X.
Definition 2 A lattice (X, <) is called distributive if the following condition holds:

Vo zayex (T1Uz2) Ny = (z1Ny)U(z2Ny). (D)
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Remark 1 It is easy to show (see [1], section 1.6) that in any lattice (X, <) condition
(D) can be equivalently replaced by

Varanyex  (T1Nz2) Uy = (21 Uy) N (22 UY). (D)

Definition 3 A lattice (X, <) will be called, respectively: (0) 0-lattice; (1) 1-lattice;
(2) 0-1-lattice, whenever

inf X exists in X; (LO)
sup X exists in X; (L1)
inf X and sup X exist in X, (L2)

respectively, and the elements 0 :=inf X, 1 :=sup X are called the zero and the unit
n X.

Definition 4 A distributive 0-lattice (X, <) is called a B-ring if
Vayex, a<y Jzex 2Nz =0 and zUz =y, (R)
i.e. if (X, <) satisfies conditions (L), (L0), (D) and (R).
A B-ring (X,<) is called a Boolean algebra if sup X =: 1 emists in X, i.e. if
(X, <) satisfies conditions (L), (L2), (D) and (R).

Below we formulate various properties of the notions already introduced and those
which will be defined later. Some of the assertions follow easily from the above and
next definitions or properties formulated subsequently, so we omit their proofs.

Statement 2 If (X, <) is a 0-lattice, then

0<z, 2U0=0Uz=2, zN0=0Nxz=0, x e X. (10)
If (X, <) is a 1-lattice, then

r<1l,zUl=1Uz=1, zNnl=1Nz=ux, r e X. (1)
If (X, <) is a distributive 0-lattice, then

(xNe=yNe, xUc=yUc) =z =y, z,y,c € X. (12)

Statement 3 If (X, <) is a B-ring, then the element z in condition (R) is unique,
i.e. for arbitrary x,y € X and x <y there is a unique z such that:

zNz=0 and zUzxz=y. (r)

Definition 5 If (X, <) is a B-ring and x,y are elements of X satisfying x <y, then
by the proper difference y © x of y and x we mean an element z satisfying (R). By
Statement 3, we see that y © x is defined uniquely.
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Statement 4 If (X, <) is a B-ring, then
Vayex, ey YOT <y, (yor)Ne=0, (yozr)Uz=y. (r1)
Statement 5 If (X, <) is a B-ring then
Vayex, o<y YO (YO T) =12 (r2)

Remark 2 If (X, <) is a Boolean algebra, then the following particular case of con-
dition (R) holds:

Veex Jeex zNxz =0 and zUzxz=1. (Ac)

It can be proved (cf. Statement 6) that in Boolean algebras condition (R) can be
equivalently replaced by a seemingly weaker condition (Ac).

Definition 6 If (X, <) is a Boolean algebra and x is an element of X, then by the
complement ' of x we mean the unique (see Statement 3 and Remark 2) element z
satisfying (Ac), i.e. ' :=16 .

Statement 6 If a distributive 0-1-lattice (X, <) satisfies (Ac), then condition (R) is
satisfied, i.e. (X,<) is a Boolean algebra.

Proof. For arbitrary x,y € X such that = < y, define z := yNa’'. By (I3), (1), (I7),
(10), (11) and (D’), we have

zNz=(ynNnad)Nz=yn(@ Nz)=yN0=0

and

zUz=(yNna)Uz=(yUz)Nn(@'Uz)=(yUzr)Nl=yUx =y,
which means that condition (R) is satisfied. o
Definition 7 If (X, <) is a B-ring, then by the difference y \~ x we mean
yNz:=yo (zNy)

for arbitrary x,y € X. The definition makes sense since xNy < y, in view of Statement
3 and Definition 5.

Notice that Definitions 5 and 7 are consistent, due to the following obvious asser-
tion:

Statement 7 Let (X, <) be a B-ring. If v,y € X and x <y, thenx Ny =10 y.
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3 Differences in B-rings

In this section we will assume that (X, <) is a B-ring and we will collect several
properties of differences in X. The first four properties are obvious.

Property 1 For arbitrary z,y € X we have
y~z <y. (d1)

Property 2 For arbitrary x,y € X, we have
r=(xNy)U(z~y), (@ny)n(@~\y)=0. (d2)

Property 3 For arbitrary x,y € X, we have
(z~y)N(y~z)=0. (d3)

Property 4 For arbitrary x,y € X, we have
(z~y)ny=0. (ds)

Now we will prove the assertion which together with Property 2 yields Property 6.
The next three assertions, Poperties 7, 8 and 9, are given without proofs.

Property 5 For arbitrary z,y € X, we have
(z~y)Uy=zUy. (ds)
Proof. By (dy) and (lg), we have
(zNy)Uy<zUy.
On the other hand, by (d2), (I3), (ls) and (Ig), we get
z=(@~y)U(@ny) <(z~y)Uy,
so, by (Is), (I5), (I2), we have
zUy <[(x~y)UylUy=(z~Ny)Uy
and the assertion follows, due to symmetry of the partial order <.
Property 6 For arbitrary z,y € X, we have
(ENy)Uy~z)U(@ny) =zUy. (ds)

Property 7 For arbitrary x,y € X there exists a unique z, namely z := x \ y, such
that zNy =0 and zUy =z Uy. Consequently,

(x~y)Ny=0, (z~Ny)Uy=xUy. (dr)
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Property 8 For arbitrary x,y1,y2 € X, we have
y1 <y2 = (x~y2) Ny =0. (ds)

Property 9 For arbitrary z,y1,y2 € X, we have
Y1 <y2 = (TN y2) N Y1 =T\ Y2 (dg)

We will prove the following assertion and the next two properties follow from
Definition 7 and (r3).

Property 10 For arbitrary x,y1,ys € X, we have
Y1 SYy2=>TNY2 TN\ Y1. (d1o)

Proof. We begin with a particular case, assuming that y; < yo < x. Then z\y; < z,
by Definition 5 and (r1), so

ey = (N y2) Nz = (2N y2) N[z ©y1) Unl, (1)
in view of (I7) and Statement 4. By (1), (D), (dg) and Statement 7, we have
rNy2 = (z~Ny2)N(z~\y1)

and the assertion in the considered case follows from (lg).
In the general case, we deduce from the particular case that

eNya=zN (zNy) <z~ (zNy) =2\,
because, by (I7) and (lg), we have
y<ye=zNy1 <zNy2<z.Q
Property 11 For arbitrary a,z,y € X, we have
a~(zUy)=(a~z)N(a~\y). (d11)
Property 12 For arbitrary a,x,y € X, we have
a~(zNy)=(a~z)U(a\y). (di12)

Our list of properties is concluded by the three assertions presented below with
complete proofs.

Property 13 For arbitrary a,x,y € X, we have

a~(zUy)=(a~x)\y. (d13)
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Proof. Denote z :=a \ (zUy). We have
zNy =0, (2)

because
zNy=lax(@Uuylny=I[a~z)N(a~y)ny

=(a~z)Njla~y)Ny]=(a~x2)N0=0,

by (d11), (d4) and (0).
On the other hand, we will show that

zUy=(a~x)Uy. (3)
To this aim notice first that
zUy=[la~z)N(a~y)Uy=(a~z)Uy (4)

in view of (dy1), (D) and (d4). Due to (dy), we have (a \y) Uy =a Uy, so (4) and
(D) yield
zUy=[la~z)Uy]N

(
(

aUy) =[(a~z)N(aUy)Uy,
(

since y N (a Uy) = y. Hence, by (D), (I2), (I7) and (dy), we have
zUy=[la~z)NalU[(a~z)NylUy=(a~z)Uy

This proves identity (3).
In view of (d7), equalities (2) and (3) imply z = (a \ ) \ y, i.e. the assertion is
true. o

Property 14 For arbitrary x,y, z € X, we have
(x~N2)Uy~z)=(zUy)\ 2 (d14)
Proof. To prove the assertion, in view of (d7), it suffices to show that
zNx~Nz)U(y~2)]=0 (5)

and
zU[(zN2)U(y~2)]=(zUy) Uz (6)

The property (5) is obvious, due to (D) and (d4), we have
zN[(z~2)Uy~2))=zNn(z~2)]U[zN(y~z)]=0.
We apply (d7), we have
zU(@Nz)=2Uz and zU(y~z)=yUz
and thus

zU[(zN2)U(y~N2)]=[zU(xz\2)]U[zU(y \ 2)]
=(zUz)U(yUz)=(zUy) Uz,

which proves (6). o
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Property 15 For arbitrary x,y,z € X, we have
(x~Ny)Nz=(zNz)~(yNz). (d1s)
Proof. In view of (dy), to prove (di5) it is enough to show that
(nz)nflz~y)nz =0 (7)

and
(yNz2)Ullz~y)nz=(znz)U(ynz). (8)

To show (7) notice that
(z~y)Nz<z~y<z~(ynz),
by (I5) and (dip), so
(ynz)Nz~y)nz<(ynz)nfz~(ynz)]=0 (9)

in view of (lg) and (d4). Since 0 = inf X, equality (7) follows from (9).
By (D), the left side of (8) is equal to

[yu(z~y)]nz=(xUy)Nz=(zNz)U(yNz)

due to (d7) and (D). g

We would like to express our thanks to Professor Andrzej Kaminski for his constant
scientific attention and help during preparing this article.
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emphasizing the stability regions.
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ABSTRACT: In this paper, we obtain sufficient condition involving
coefficient inequalities for f(z) to in the class

an(alaa27 v 7al7617ﬂ2a R 76771777)
of analytic functions defined in the open unit disk and satisfying the ana-
lytic criterion
l 1
Ro (BTN,
Wh[ea] f(2)

Our main result contain some interesting corollaries as special cases.
AMS Subject Classification: 30C45
Key Words and Phrases: Analytic functions, Coefficient inequalities, Hadamard prod-
uct, Wright generalized hypergeometric functions

1 Introduction and definitions

Let A denote the class of functions of the form
f) =2+ anz" (1.1)
n=2

which are analytic and univalent in the open disk & = {z : |z| < 1}. For functions
o) o0

® € Agiven by ®(z) = z+ Y ¢,2" and ¥ € A given by ¥U(z) =z + > 9,27, we
n=2 n=2

define the Hadamard product (or convolution ) of ® and ¥ by

(@ W)(2) =24 d,0,2", z€U.
n=2

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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For positive real parameters ay, Ay ..., q;, 4y and 81,B1...,08,,,Bm (I,m e N =
1,2,3,...) such that

m l
1+ZBn—ZAn20, z €U,
n=1 n=1

the Wright generalized hypergeometric function [12]

lq]m[(alvAl)7 EERX} (alfAl); (ﬁlvBl): ey (ﬁmvBm);Z] =l \Ilm[(anv )1 l(/BTL7B )1 m; 2 ]
is defined by

Wonl(ee, A)1,0(Byy Be)1,m; 2] = Z{Hr ar + nAy) }{Hr B, +nB)} 'z eU.

n=0 t=1
If A, =1(t=1,2,...,1) and By = 1(t = 1,2, ...,m) we have the relationship:

Q0o D1t(Bor Vi 2] = 1P, ooy e Biz) = 3 oot 20
S

k=0 (57}1)" n'

o~ (1) Jn 2"

I<m+1;l,me Ny =NU{0};2z € U) where Fy,,(a1,...,a;81,.-.,08,,;2) is the
generalized hypergeometric function(see for details [12]) where (A),, is the Pochham-

mer symbol and
l 1 m
~(Mre) (TTren). 12)
t=1 t=1

By using the generalized hypergeometric function, Dziok and Srivastava [3] in-
troduced a linear operator which was subsequently extended by Dziok and Raina [4]
using the Wright’s generalized hypergeometric function.

Let W [(c, At)1.; (Byy Bt)1.m) : A — A be a linear operator defined by

Winl(e, Ae)1a; (By, Be)1ml (f)(2) = {Qz 16 [(ae, At) 105 (By, Be)rmi 21} * f(2).

We observe that , for f(z) of the form(1.1),we have
W [(atht)ll;(ﬁtaBt)lm *Z‘i’zgn al anz

where 2 is given by (1.2) and o, (a;)is defined by

Q' (a1 + Ar(n — 1)) oD+ A(n — 1))
(n=DIT(By + Bi(n—1))...T(B, + Bu(n—1))

onlar) = (1.3)

For convenience sake, we use contracted notation W, [a;] to represent the following:

an[al]f(z) = W[(alaAl)’ ) (O‘laAl); (ﬁlvBl)’ ) (BmvBm)]f(z)a

which is used in the sequel throughout.
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The linear operator W', [a1] includes the Dziok-Srivastava operator (see [3]), so
that it includes (as its special cases) various other linear operators introduced and
studied by Bernardi [1], Carlson and Shaffer [2], Libera [8], Livingston [9], Ruscheweyh
[10] and Srivastava-Owa [11].

For 0 < n < 1, we let W! (a1, a,...,01, 81, B, ---,Bm,n) be the subclass of A
consisting of functions of the form (1.1) and satisfying the analytic criterion

AN .
Re { WL [l f(2) } >, eu. (1.4)

By suitably specializing the values of Ay, By, I, m, oy, e, ..., 01, B, Bay s By M
and ~ the classW,ln(al, o, ...,a0, 01,89, ., Bm,n), leads to various new subclasses
of analytic functions.

As illustrations, we present some examples for the case when A, = 1(t = 1,2,...,1)
and B, = 1(t =1,2,...,m).

Example 1.1 Ifl=2 andm=1 witha; =1, ag =1, B; =1 then

Wi(1,1,1,n) = S*(n)

_{feAJk{?é?}>mz€u}

where §*(n) is the well-known starlike function of order (0 < n < 1).

Example 1.2 Ifl=2 and m =1 witha; =(+1(( > —-1), aa =1, f; =1, then

Wi +1,1,1,m) = Reln)

:{fG.A:Re {%}>n, zeu},

where DS is called Ruscheweyh derivative of order ¢ ({ > —1) defined by

z

DS f(z) = A= * f(2).

Example 1.3 Ifl =2 and m =1 with oy = p+ 1(p > 1), as =1, f; = p+ 2,
then
Wi+ 1L1Lu+2,n) = Bun)
:{fEA:Re (M)>n, zel/l},
"

where J,, is a Bernardi operator [1] defined by

_ptl
-

Juf(z): /OZ tH=Lf(t)dt.

Note that the operator Jy was studied earlier by Libera [8] and Livingston [9].
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Example 1.4 Ifl =2 and m =1 with oy = a(a > 0), ag =1, §; = c(c > 0), then
Wi(a,1,¢,m) = L2(n)

;:{fGAZRe(%M)>m zeu},

where L(a,c) is a well-known Carlson-Shaffer linear operator [2] defined by

L(a,c)f(z) == (Z (a)kzk“> * f(2).
h ;

— (C)k

Following the earlier works of [7] (see also[5],[6]), we obtain sufficient condition in-
volving coefficient inequalities for f(z) to in the class Wi, (a1, az, ..., a1, By, Bay -+ -5 B ) I
Several special cases and consequences of these coefficient inequalities are also pointed
out.

In order to derive our main results, we have to recall here the following lemmas:

Lemma 1.1 ([7]) A function p(z) € P satisfies Rep(z) > 0 (z € U) if and only if

z—1
WAL ew
for all |x| = 1.
Lemma 1.2 A function f(z) € A is in W, (1,0, .., a1, 81, Bay- - Bmsn) if and
only if
14> A" #£0 (1.5)
n=2
where - Dl
A, = [7’7/ +1-2n+ (n — )l‘] Un(al)an (16)
2(1=n)
and Q, o,(aq) are given by (1.2) and (1.3).
Proof. Applying Lemma 1.1, we have
Z(Wlfn,[m]f(Z))' e
W[l f(2) £ (zeU;z€C; |z|=1). (1.7)

1—n z+1
where f(2) € WL (a1, 2, ..., 01,81, B2, - - Bm,> 1) Then, we not need consider Lemmal]
1.1 for z = 0, because it follows that
x—1
z+1

p(0) =1#
for all |z| = 1.From (1.7), it follows that

(& + 1)zWp [l f(2)) + (1 = 20 — 2)W,, [aa] £ (2) # 0.
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Thus, we have
21 —n)z + i[n +1-2n+ (n—1)z]Qo,(a1)anz" #0
n=2
(zelU;z € Cslz| =1),
or, equivalently,
21 <1+Z i e m""“”w"*) 40 )

(zeU;zeC; |x|=1).
Now, dividing both sides of (1.8) by 2(1 —n)z (z # 0), we obtain

> n+1—-2n+(n—1)z]Qo,(a1) e
> 201 —7) A

(zelU;z e Cylx|=1),
which completes the proof of Lemma 1.2. W

2 Coefficient conditions

With the help of Lemma 1.2, we have
Theorem 2.1 If f(z) € A satisfies the following condition:

> {Z; (k41— 20)Q0 (o) (—1) (z _”k> ak} <n > z)

zn: ll 1) l’“on(al)<ljk)ak}(nil>

=1
< 2(1-mn), (0<n<1;7,0 €R),
WE(

+

then f(z) € a1, 9, ..., 81, Bay ooy By M)-

o0
Proof. To prove that 1+ > A,2""1 # 0, it is sufficient that
n=2

<1+ZA2 >1—z) (1+42)°
[ acr ()|

n=2 k=1
# 0,
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where Ag =0,4; =1 and 7,0 € R,z € U.Thus, if f(z) satisfies

>

n l
=k d
n=2 ;{kzlAk( Y (lk>}<nl) =h
that is, if
1 00 n l
2(1_77); ;{2[(k+12n)

+a(k — 1]Qo(01)(-1)'" <z jk) a’“} (ni l> ’

ST i(i{i(ml—znmak(al)(—nlk(l ”k)k}( ")

n=2 =1 \k=1

Xn: {le(k — 1)Qop(ar)(—1)"F (z Wk)ak} ( 5 )

+ |z _ i
=1 k=1
<1 (0<n<LizeClz|=17,0€R),

then f(z) € W, (a1, aq,...,a1,B1,Bas -+, Bmsn) and so the proof is complete. M
Letting A, = 1(t = 1,2,...,1), B; = 1(t = 1,2,....m), l = 2, m = 1 with oy = 1,
as =1 and B; =1 in Theorem 2.1, we have the following result obtained by Hayami

et al. [7].

Corollary 2.1 ([7))If f(z) € A satisfies the following condition:

n l ~ 5
I—k

;{};wﬂ—m(—u (Zk)ak}(nl)

S e (1) ()
)

for somen (0<n<1) and~,§ € R, then f(z) € S*(n).In particular, for v =06 =0,
if f(2) € A satisfies the following condition:

o0

Y (n=n)lan| <17 (0<n<1)

n=2

then f(z) € S*(n).

Letting A, = 1(t =1,2,...,0), B, =1(t =1,2,...,m),l = 2, m = 1 with oy = {+1({ >
—1), aa =1 and B, =1 in Theorem 2.1, we have
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Corollary 2.2 If f(z) € A satisfies the following condition:

SN T(¢+ k) v 5
(S (7 ()

S v (1)) (1)

< 2(1-n), (0<n<1;7,0 €R),

then f(z) € Re(n).

Letting A, = 1(t = 1,2,...,0), By = 1(t = 1,2,...,m), | = 2, m = lwith a; =
w4+ 1(p>—=1), ag =1, f; = p+ 2, in Theorem 2.1, we have

Corollary 2.3 If f(z) € A satisfies the following condition:

then f(z) € Bu(n).

Letting A; = 1(¢t = 1,2,...,1), B: = 1(t = 1,2,...,m), l = 2, m = 1 with oy =
a(a>0), az =1and B, =c(c>0)in Theorem 2.1, we have

Corollary 2.4 If f(z) € A satisfies the following condition:

PIROMCE 1)(_1)1_%?)):_1 <z ! k)“’“} (niz)

then f(z) € L2(n).
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1 Introduction
Let T*(p) be the class of functions f(z) of the form
fE =27+ a2, peN={1,2,--} (1)
n=1
which are analytic and multivalent in the punctured unit disk &4* = {z : z € C and
0< |zl <1}

The Hadamard product of f and g where f defined by (1) and g(z) = 27P +
o0
> b,2" P denote by f * g define as
n=1

(f * g)(z) =z P+ Z anbpz" P, (2)
n=1

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland



36 On meromorphic multivalent functions defined with the use of linear operator

Now let

e (@
S} — =P n—p 3
opla,c;z) =2"P + Z (c)nz (3)
(zeUyaeR, ceR, c#0,-1,-2,---) (a)p =1 and (a), =ala+1)---(a+n—
1),n € N which is called shifted factorial.

Consider the class Ky o(p; 4, B, §), a function f € T*(p) belongs to Ky .(p; A, B, J)
if it satisfies the following condition

2(Lp(a,0)f(2))" +pLyp(a, o) f(2)
Bz(Lp(a,c)f(2)) +p[B + (A= B)(1 = 0)|Ly(a,c) f(2)

where - 1< B<A<1,0<i<l,peNzelf,aeRceR,c#0,—-1,—-2,--- and
Ly(a,c)f(2) = ppla,c;2) * f(2), f€T(p). (5)

The definition of L£,(a,c)f(z) is motivated by Carlson - Shaffer [2] and the class
Kac(p; A, B, d) is generalized to the class studied by Liu and Srivastava [5].
The function f(z) € Kq.(p; A, B, ) is in the class ICIC(p, A, B, 6) such that

n=1

<1 (4)

fz)=2"4> lanlz", (p€N). (6)

Special cases of the classes K;C(p; A, B,§) and K, .(p; A, B, 9)
(1) Ifa=c=1,0 =0 we get the class ICil(p; A, B) was investigated by Mogra [6].
(2) If 6 = 0 we get the class Ky o(p; A, B) was studied by Liu and Srivastava [5].

2 Inclusion Properties of the Class K, .(p; A, B, 0)

In order to prove our results we need the following Lemma.

Lemma (Jack [4]) Let w(z) be analytic non constant function in U with w(0) = 0.
If w(z) attains its mazimum value on the circle |z| =r <1 at a point zg € U, then

zow'(20) = pw(z9), where w€R and p>1. (7)

Theorem 2.1 Let a > %E_B). Then Kot1,.0(p; A, B, ) C K c(p; A, B, d) where
—-1<B<A<1,0<d<1,peN.

Proof. Assume that f € ICoy1(p; A, B,J) and suppose that

2(Lpla,0)f(2)) - (1 +[B+(A-B)(1- 5)]w(2)>
Ly(a,c)f(2) 1+ Bw(z)

for w(z) is analytic or meromorphic in U, with w(0) = 0. From (3) and (5) we have

2(Lp(a, o) f(2)) =aly(a+1,¢)f(2) — (a+p)Lyla,c)f(2). (9)

(8)
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Now from (9) and (8), we get
alp(a+1,0)f(2) _ a+[aB—p(A— B)(1—d)w(z)

Lo(a,0)f(z) 1+ Bu(z) ’ (10)
then
(Lpla+1,0f(2)  _ 2(Lpla,0)f(2)) (1)
Ly(a+1,¢)f(2) Ly(a,c)f(2)

[aB —p(A—B)(1 —9)]zw'(z) = Beuw'(z)
a+[aB—p(A—B)(1-9)w(z) 1+ Bw(z)

The last expression obtained by differentiating logarithmically with respect to z
of (10), so

2(Lyla+1,c)f(2)) 1+ [B+(A—B)(1—-0)]w(z)
La+1,0f(z) 7 1+ Buw(z) (12)
p(1—98)(A — B)zw'(2)

B (1+ Bw(2))[a+ (aB —p(A—B)(1—46))w(z)]’

Now suppose that there exists zo € U such that \I\IEILXI lw(2)| = |w(z0)| = 1, then
z z0

by Jack’s lemma we have zow’(z0) = pw(zg), (> 1).
Let w(zp) = € (0 < 0 < 2m) in (12), we get after setting z = 2o

’ 20(£Lp(a, ¢) f(20)) + PLy(a, ) f(20)
Bzo(Ly(a,c)f(z0))" + [Bp+ (A = B)(1 = 6)plLy(a, c) f(20)

)
’ —pla+p) + [(aB — p(A = B)(1 = §)]e” |”

2
-1

h a+ [aB — uB —p(A — B)(1 - §)]e® -1
a+u+[aB—p(A—B)(1_5)]em2_1

> e B A= B 0))e?

_ 2/1(1 4 cosB)[a(B + 1) — p(A — B)(1 - 9)] >0

la+[aB —p—p(A=B)(L =0’ —

since g > PA=B(1-9)
- +B .
This is a contradiction with our hypothesis that f € Kqt1,.0(p; 4, B,d), then

|lw(z)| < 1,(z € U) and we have f € Iy (p; A, B, 9).
Theorem 2.2 Let f(z) € Ky.c(p; A, B,d). Then g(z) defined by

2k

Lyfadale) = (50 Zt’“-l[ﬂp<a,c>f<t>]adt)1/a (13)

where

a >0, R(k)Zpa<1+[B+(AB)(15)]> >0; peN

1+ B
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is also in the class IC, o(p; A4, B, 9).

Proof. Consider f(z) € Kq.c(p; A, B,d) and by using (13), we have

(£ (a,c)g(2)] = B PO

/ L (0, 0) (D] (14)

Zk 0

After differentiating logarithmically both sides of (14), we get

2(Lpla,0)g(2) _ k| k—pa [Lpla,c)f(2) @
S =t Zeaa] 15)
Let
z(Ly(a, c)g(2)) 1+[B+(A-B)(1 - 9)w(z)
-r ( 1+ Bw(z) ) ’ (16)

Ly(a,c)g(2)
then from (15) and (16), we

get
k(Lp(a, ) f(2))* + (ap = k) (Lp(a, ) f(2))* _ ap+ap[B + (A = B)(1 = §)Juw(z)
)

(Lp(a; c)g(2))* 1+ Bw(z) '
(17)
Differentiating both sides of (17), we have
2Lp(a,0)f(z)" _ p(1+[B+ (A= B)(1 = §)jw(z)) (18)
Ly(a,c)f(z)  ap(l+[B+ (A= B)(1—=0d)w(z)) — k(1 + Bw(z))

1+ [B+ (A— B)(1—90)]w(z) + Bzw'(2)
<[ I+ Bu(z) |
[B+ (A — B)(1—¥8)]2w'(2) ]
1+[B+(A-B)(1-0)w(z)]"

By making necessary changes in previous theorem and suppose that

max |w(z)| = |w(z)| =1,
R

we find zow'(z9) = pw(zp) by applying Jack’s Lemma, where 2o € U,u > 1 and
p € R. Let w(zg) = e?(0 # 7), in (18), we have

2

20(Lyp(a, ) f(20))" + Lp(a, ) f(20) _q
Bzo(Ly(a,c)f(20)) + p[B+ (A= B)(1 = 98)|Ly(a,c)f (zO)
_ | k+p—op+[Bk—ap(B+(A- B)(l )
k—ap+ [Bk — Bu —ap(B + (A — B)(1 - §))]e®
_ h(0)
 |(k—pa) + [Bk — Bu— ap(B + (A — B)(1 - §))]e|?
where
) = p*(1—B%) +2u[(1+ B*)k—ap(1+ B(B+ (A— B)(1-9)))]

+2u[2BRe(k) — pa(2B + (A — B)(1 —0))] cos 6
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where 0 < 0 <2m,—1<B<A<1,u>1,0<i<1.
By hypothesis we have Re(k) > pa <1+[B+(f:é3)(1_6)]) thus h(0) > 0 and h(m) >

0 which shows that h(6) > 0(0 < 6 < 27). So we get contradiction with our hypoth-
esis. Therefore, |w(z)| < 1,z € U, then g(z) € Ky (p; A, B,0).

3 Coeflicient Bounds

To investigate the coefficient bounds and some other results we assume that a > 0,
¢c>0and A+ B<0,(-1<B<A<1).

Theorem 3.1 If f(z) € T*(p) defined by (1), then f € K} .(p; A, B,9) if and only if

S (0= B)(n+p) —p(A—B)(1 - 6)187:;|an| <p1-8(A-B). (19

The result is sharp for f(z) given by

- p(1—-96)(A—B) (¢)ntp P
) ==+ <n(1 —B)+p(1-B—-(A-B)(1- 5))) (@nip 2

n=pp+1,---
Proof. Let f € ICa .(p; A, B,§) given by (6). Then

’ 2(Lp(a, ) f(2)" +pLy(a, ) f(2)
Bz(Ly(a,c)f(2)) +p(B+ (A= B)(1=6))Ly(a,c)f(2)

S (a)
> (n+ p)lanl (222t
- P <1,

o0

PA=B)(1=8)+ 3 (Bn+p)+p(A4 = B)(1=8))lan| g2zm+7

n+p

choose z to be real and z — 17, we obtain

> Dot (1, 1 p)lan| < p(A - B)(1— )

n=p (c) n+p
+ 3Bt 1)+ p(A = B)(1L =)l | (22

then

S 10— B)nt 5) = plA — B)(1 = 0)) 32 0| < plA ~ B)(1 ~0).

nep (Sntp
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Conversely, assume that the inequality (19 ) holds true then

2(Lp(a,0)f(2))" +pLy(a, o) f(2)
Bz(Lyp(a,c)f(2)) +p(B + (A — B)(1 = 6))Ly(a,c)f(2)

> (n+ p)lan| {5742,

< —> <1
p(A=B)(1=0)+ 3 (B(n+p)+p(A - B)(1-0){322]a,|
n=p

(zeU,zeC,|z| =1).

Here, by Maximum Modulus Theorem we get f(z) € KF .(p; A, B,d). Finally, we
observe that the function given by (20) is an extremal function.

Next we investigate the extreme points of the class K] .(p; A, B, d).

a,c

Theorem 3.2 f(z) € K .(p; A, B,d) of the form (6) if and only if it can be expressed
of the form

F) = ) Afal2), A= 0n=p—1,p,- (21)
n=p—1

_ _ 1-8)(A—B n
where fp—1(2) = 27, fu(2) = 27P + n(l—B)+p15(171)3(7(A—)B)(176)) §Z)>iflz”’” =ppt

1. and > A, =1

n=p—1

Proof. Let f(z) of the form (21). Then

. o . p(1—0)(A— B)(C)nip n
Aom12 T 3 A [ MRy R ey ey ]

—p — p(1 —0)(A— B)(¢)n+p o
’ *,;,[n(l—B)+p<1—B—(A—B)(l—é))](am“ ]

f(2)

then by Theorem 3.1 we have f € K .(p; A, B, 4).

a,c

Conversely, let f(z) € K .(p; A, B,d) where f(z) given by (6) then

X [n(1=B)+p(1—B—(A—B)(1—-0))(a)nip )
2 p(1 = 6)(A— B)(©)n4p lanl <1,

n=p

so we obtain A,_; =1 — ioj A, Where
n(l—B)+p(1-B—(A-DB)(1-9))(a)

N
An = (L= 0)(A—B)(Onry

“Plag|,n=pp+1,--

then

oo

f(Z) = Ap—lzip + Z /\nfn(z) = Z /\nfn(z)

n=p n=p—1
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Theorem 3.3 Let fi(z) = 2P+ Y |ani|2" fori=1,--- L belongs to K} .(p; A, B, 9).

n=p

¢ ¢
Then G(z) = Y gifi(z) € KF .(p; A, B,0) where . g; = 1.
i=1

i=1

Proof. By Theorem 3.1 and for every i = 1,--- , £, we have

S (1= BYn+p) - p(A— B)1— 8Dt o | < (a4~ B)(1—3)

n=p (C)nﬂo

then

Zgz z p+Z|am|z =z p+z Zgllam\

n=p i=1

Since

¢
((1 — B)(n +p) —p(A — B)(l — 6)) (Zgi|an,i|) (a)nJr;D

HZ:; P(A—B)(1-0) 2 (©nsp
¢ 00
(1= B)(n+p) —p(A=B)(1=6)\ (@)n+p
20 (Z ( P(A=B)(1-9) ) s "“W') =1

then G(z) € K .(p; A, B,9).

4 Neighbourhoods

Definition 4.1 Let a > 0,¢ > 0,—1 < B < A < 1 and v > 0, we define 7y -
neighbourhood of a function f € T*(p) and denote by N,(f) contains all functions

g(z) = 27P + 3 bp2"7P € T*(p) satisfying
n=1

Theorem 4.1 Let f € Ky c(p; A, B,6). Then Ny(f) C Ka,c(p; A, B,d) for every

p e C with |u| < v,y >0, LD € K, (p; A, B, 0).

Proof. Let g € KCy.c(p; A, B,d). Then by (4) we have

z2(Lp(a,c)g(2)) + pLy(a,c)g(z)
Bz(Ly(a,c)g(z)) +p(B + (A — B)(1—90))Ly(a,c)g(z)

7 (23)
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(¢ € C,|¢] = 1), equivalently we must have % # 0,z € U*, where

o0

Y d

n=1

—p > ’17,(1 - <B) _pC(A - B)(l B 6) (a)n Lnp
_z+z( pC(A—B)(1—9) ) ‘

¢(2)

I
w

So that
n(1+ [B[) +p(A - B)(1-96) (a)n

p(A—B)(1-9) (©)n

Hence we have <zp <% * ap(z))) # 0, then

|dn| <

un:p7p+17""

1 (f*cp)Z)+ W

0 24
p—— kel (24)

then

1L (fxo)z) | n
1+up 277 14+u |1+u|
el 1 F )|
1+p = 147 z7P 1+

‘ >

‘fw()

_1 | (F*e)(2)
14~ z=P

(9% 9)(2) ‘((f g*so

z~P

to hold (24) we must have > ~. Now

(r0))
~ 15 2 0 then |22}

Z |an = bn||dn[2]"

= n(1+|B|) +p(A — B)(1 = 5) (a),
<2 p(A—B)(1-9) (O

i

lan — bu| <7,

n=1

thus % #0and g € Ky.c(p; A, B, 9).
-1

Theorem 4.2. Let f € T*(p) and let s1(2) = 27?7 and s¢(z) = 2P+ > ap2" P, 0 =
n=1

2,3, , suppose that > d,|a,| < 1 where
n=1
n(l+|B|) +p(A—B)(1—6) (a)n
p(A—B)(1-9) ()n

(i) if a > 0,¢> 0, then f € Kqc(p; A, B,6), and
(ii) if @ > ¢ > 0, then

f(2) 1 se(z) dy
Re<s,3(z)) >1—d—€ Ref(z) > —d, zeU,l eN.

dn =
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Proof. It is clear that Ny(27?) C Ky c(p; A4, B, ), since

(z_p + 2Py

— P A
T = e KA BD)

then we have f € Ko c(p; A, B, 6), also dy41 > dy, > 1 thus Z |an| + de Z lan| < 1.

n=1

Consider G(z) = dg[L2 — (1 - 7)) and use the last expression we get

s0(2)

de Z |an]

< <1

2— Z an| — de Z |an|

n=1

then (i) is complete, to prove (ii).
Let F(z) = (1+dy) [ 2) 1%2] so we have

7(2)
1-d n
O P
F(z)+1|~ -

l—1 =)
2-23 lap| + (L =de) > |an|
n=1 n=>~¢

then the proof is complete.
Definition 4.2. Let f(z) € T*(p) given by (6). Then ~-neighbourhood of f and is

denoted by N (f) contains all functions g(2) = 277 + > b,2" satisfying

= (1= B)(ntp)—p(A = B)(1=8) @nsy,
Z p(A-B)(1-0) @iy~ 0=

where a > 0,¢>0,-1<B<A<1,0<d<1,yv>0.

Theorem 4.3. If f € K1 .(p; A, B,d), then NI (f) € K .(p; A, B, ) where A+
B<0and vy = a+2p The result is sharp.

Proof. By using the same procedure as in the proof of Theorem 4.1, with

— P = oo S — 4P CB n+p) pC(A B)(1—5) (a)nﬂ)zn
D=4 e *Z[ Cp(A—B)(1—9) (Dnip

2p

where A+ B < 0 and f € KF 2 Ziop

sharpness, let

(p; A, B,0), we have ‘% = ~. For

a+1,c

- (A-B)(1-9) (©20 ,
fz)== +<2_2B_(A_B)(1_5)> Gt i €Kl 1 .(p;A B,05)
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P

(A-B)(1-9) (@2 V(A-B)A-0) ()
2-9B— (A—B)(1-0) (a+1)  2—2B—(A—B)(1—0) (a)s

where 7/ > v = af_gp, we get g(z) € N.F(f) but not in K .(p; A, B, 9).
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ABSTRACT: The idea of quasi almost P-convergent sequences defined
m+p—1n+qg—1
as |[P— hm L SUDp, >0 plq Z Z z; — L||x = 0 was introduced by

V.A. Khan and Q.M.D. Loham [Mathematlckl Vesnik, (60), 95-100 (2008)].
In this paper we introduce a new concept for quasi almost A™-lacunary
strongly P-convergent double sequences defined by Orlicz function and
give inclusion relations.
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1 Introduction

The difference sequence space X(A) was introduced by Kizmaz[4] as follows:
X(A) ={z = (x) : (Axy) € X} for X =l ¢, co, where Az = (Azy) = () — Tpt1)-
After Et. and Colak [1] generalized the difference sequence spaces to the sequence
spaces X (A™) = {z = (x1) : (A™zg) € X} for X = I, ¢, co, where m € N, APz =
(1), Az = (g — Tppy1), A™z = (A™xy,) = (A™ Loy — A™ Lz, 1), and so that

A"y = i(_m (’;’j) .

v=0

A double sequence x = (x,) is a double infinite array of elements z;. for k,l € N.
By the convergence of a double sequence we mean the convergence on the Pringsheim
sence that is, a double sequence x = (zy;) is said to be Pringsheim convergent (or

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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P-convergent) if for € > 0 there exists an integer N such that |zj; — L| < € whenever
k,l > N [9]. We shall write this as

P— kllim xr,; = L, where j, k tends to infinity independent of each other.
J—=00

By alacunary sequence 6 = (k;.), r=0,1,2,... where k, = 0, we mean an increasing
sequence of non negative integers h, = (k. — k,_1) — oo(r — o0). The intervals
determined by 6 are denoted by I = (k,_1, k-] and ratio k]:il will be denoted by g,..
The space of lacunary strongly convergent sequence Ny was defined by Freedman et

al.[2] as follows

. 1
Ny = {x = (xg) : Tgrgoh—r kzj: |z — L] =0, for some L}.
el

The double lacunary sequence was defined by E.Savas and R.F.Patterson[13] as fol-
lows: The double sequence 6, s = {(k, 1)} is called double lacunary if there exist two
increasing sequence of integers such that

ko=0,h, =k, —k,._1 —00asr — oo

and
lO:O,h_S:ZSfZS_l%ooass%oo.

Notations : k., = k.ls, hys = h,hs.

The following intervals are determined by 6.

In={(k) i kroy <k <k}, Ls={): 51 <l<ls}
Io ={(k,1) : kpon <k <kyand l;_1 <1<},

ar = %a gs = lljl and g, s = ¢-¢s. We will denote the set of all lacunary sequences

by Ng, .. The space of double lacunary strongly convergent sequence is defined as
follows:

1
Ny, , = {z = (zg,) : im " Z |z — L| = 0 for some L} [see (13)].
® frys (k€I s

An Orlicz Function is a function M : [0,00) — [0,00) which is continuous,
nondecreasing and convex with M(0) = 0, M(z) > 0 for > 0 and M(z) — oo, as
x — oo. If convexity of M is replaced by M (z +y) < M(x) + M (y) then it is called
Modulus function which is defined and characterized by Ruckle[12].

An Orlicz function M satisfies the Ag — condition (M € Ay for short ) if there
exist constant k > 2 and ug > 0 such that

M(2u) < KM (u)
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whenever |u] < ug.

An Orlicz function M can always be represented in the integral form

= fmq(t)dt, where g known as the kernel of M, is right differentiable for
t>0, q(t(; > 0 for ¢t > 0, ¢ is non-decreasing and ¢(t) — oo as t — 0.
Note that an Orlicz function satisfies the inequality
M(Az) < AM(z) forall Awith0< <1,
since M is convex and M (0) = 0.

W. Orlicz used the idea of Orlicz function to construct the space (L™). Lin-
desstrauss and Tzafriri [7] used the idea of Orlicz sequence space;

Iy = {xew ZM(Q;H) < 00, for some p>0}

k=1

which is Banach space with the norm

]l ar = 1nf{p>0 ZM(k;k')gl}.

k=1

The space [j7 is closely related to the space [,,, which is an Orlicz sequence space with
M(z) = 2P for 1 <p < 0.

Recently Moricz and Rhoads[9] defined almost P-convergent sequences as follows:
A double sequence = = (xy;) of real numbers is called almost P-convergent to a limit
L if

m+p—1n+qg—1
F plqlgloo,fligopq ,;n Z ora = H =0

Later on V.A.Khan and Q.M.D.Lohani[3 ], deﬁned quasi almost P-convergent
sequences as folows: A double sequence z = () of elements of real normed space
X is said to be quasi almost P-convergent to a limit L if

m+p—1n+qg—1

|P— lim sup — Z Z gy — Ll x =0.

P40 m n>0 Pq b
m

and denoted the above set of sequence as 2.
Let M be an Orlicz function and @ = (gx,;) be any factorable double sequence
of strictly positive real numbers, we define the following sequence spaces:

[L9 Avav Q}
Z |:M(Amxk+m,l+n _L||>:|’Ik.,l -0
p

(k,D)elr s

s

r,s—o0 R

= {J) = (l‘;%l) :P— lim

T8

uniformly in m and n for some L and p > 0}.
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[LG Am7Ma Q]O

rys )

1
=qx=(xp;): P— lim — Z [M(
(kD)€L s

r,5—00 hr,s

HAmkarm,lJrn” >} et -0
p

uniformly in m and n and p > 0} .

We shall denote [Lyg, ., A™, M, Q] and [Lg, ,,A™, M,Qlo as [Lyg, ,,A™, M] and
(Lo, ., A™, My respectively when g, = 1 for all k,I. If z is in [Le, ,, A™, M], we
say that = is quasi almost lacunary strongly P-convergent with respect to the Orlicz

s

function M. Also if M (z) = x, qx,; = 1 for all k,[, then [Lg, ,,A™, M, Q] = [Lg, ,, A™]
and [Ly, ,,A™, M,Qo = [Lgr _»A™] which are defined as follows:
[LQT,S,A ] = {x = (ijJ) . P — rélglcm . Z HA xk—i—m,l—&-n — LH = 0
7 (kDET
uniformly in m and n for some L }
and
0 m] __ _ . _ : m —
[LGT,S’A ] = {x = (zry) : P rélinoo . Z A" Tt inll =0
S (kD)EL s
uniformly in m and n }
Again note that if g, ; = 1 for all £ and ! then
(Lo, ., A", M,Q] = [Lg, ,,A™, M]and[Ly, ,,A™, M, Qlo = [Ls, ., A™, M]o
We define
[L(’r,stm, M]
1 ATt ien — L
= {x(xk,l):P lim — Z [M(” Thtm it ”)] =0
7,800 Ny o P
7 (kDET
uniformly in m and n for some L and p > 0}.
and
[Ler,saAm7M]0
- - ||Amxk+m7l+n — L -
- {x_(xk’l) P 2 [M( p -0
' (k)ET

uniformly in m and n and p > O}.
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Let us consider another extension of quasi almost P-convergence of double sequences
to Orlicz function ; Let M be an Orlicz function and @ = (gx,;) be any factorable
sequence of strictly positive real numbers, we define the following sequence space:

Lkl m _ k.1
[T, Am7M7 Q] = {1‘ = (gij) - P— lim Z |:]\4<A Tk+m,l+n L||>:| —0

P,q—00
k,l=1,1 P

uniformly in m and n for some L and p > 0}.

T,A™ M = = : P li S M |‘Amxk+m,l+n|| ot —0
[ ’ P 7Q}0 =T = (xk’l) : _p,qlinoo Z f —

k,=1,1
uniformly in m and n and for some p > 0}.
If we take M(z) = x,qx,; = 1 for all k and [, then [T, A™, M, Q] = [T, A™]
With these new concepts we can consider the following theorem: The proof of

first theorem is standard thus ommited

Theorem 1.1. For any Orlicz function M and a bounded factorable positive dou-
ble number sequence (qx,;1) [Le, ., A™, M,Q] and [Lg, ., A™, M,Qlo are linear spaces.

Theorem 1.2. Let 0, = {k,,l;} be a double lacunary sequence with liminf g, > 1
K
and liminf g, > 1. Then for any Orlicz function M, [T, A™, M, Q] C [Ly, ,,A™, M, Q).

Proof. It is sufficient to show that [T, A™, M,Q]o C [Le, ,,A™, M,Qlo. The general
inclusion follows by linearity. Suppose liminf g, > 1 and liminfgs > 1; then there

exists § > 0 such that ¢, > 1+46 and gs; > 1+ 4. This implies Z—; > ﬁ and };L— > %.

Then for z € [T, A™, M, Q]o, we can write for each m and n,

1 |A™ Tk 4,140 | et

Br s = M —=T
’ hy,s Z [ < p

T (kDETs

kr s .
1 ~ |A™ Tk g 14| et
= M| —=T T
oy (e

W k=11

kr—11,—1
_ 1 {M(HAmxkﬁ-m,l-&-nH)]qk’l
hrs k=1 1=1 P
ke lo—1
! {M(HA%Hm,Hnn)]W
5 = Fktm,i4nll
"8 k=ky_14+1 I=1 P
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1 ls kr—1 ||Am$k+m,l+n|| qk,l
o2, o ()

T8 =le 141 k=1
kr
k Ls A" Tppmagnll Y]
ol (LSS (187
k=11=1
kr—11s—1
kr—lls—l 1 < < ||Amxk+m l+nH kot
_ M= kAmin il
hr,s <krllsl ]; ; |: < P
R T AT
hT hs ls—l P
k=ky,_1+1 =1
s o m .
R T o (Ce S
hs 1=l 1+1 hr kr—l =1 P

Since x € [T, A™, M, Q]o the last two terms tends to zero uniformly in m,n in Pring-
sheim senses, thus for each m and n

ol (1525 3y (187 ksminl )|
krls p

B’r,s =
k=11=1
kp—11s—1
kr—lls—l ( |: (”Amxk+m l+n||):|qkwl>
— _— + 0(1).
h'r,s r lls 1 ; ; 1Y ( )
Since h, s = kyls — kr_1l5_1 we are granted for each m and n the following:
krlq 1+ o kr—lle—l 1
- < - < -.
T T SO
The terms l
1 ~ HAmxk-i-m l+n|| et
M 1= ZkAmylanill
kyls 2 [ ( p
k=11=1
and

r—1ls—1
||Am$k+m,l+n” ):| qk,l
(i

k=1 l=1

are both Pringsheim null sequences for all m and n. Thus B, ; is Pringsheim.

71l31

Theorem 1.3 Let 6, , = {k,l} be a double lacunary sequence with limsup g, < oo
T

and limsup ¢s < co. Then for any Orlicz function M
S

(Lo, ., A™ M,Q] C [T,A™, M,Q).

T8

Proof. Since limsupgq, < oo and limsup g, < oo, there exists H > 0 such that
ks S
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¢r < H and ¢s < H for all r and s. Let = € [Lg, ,,A™, M, Q] and € > 0. There exists
ro > 0 and sy > 0 such that for every ¢ > rg and j > sg and m and n,

1 Am m n dk,1
Co=t ¥ [M(ka+z+H>] “.
Y (ke ; P

Let D =max{C;;:1<i<rgand 1 <j <so} and p and ¢ be such that k,_; <p <
k. and l;_1 < q¢ <. Thus we obtain the following

) m s krls m
Ls MHA xk+m,l+nn)r“< Ly [M(m xk+m,z+n||)]%l
Pq P = kroals— p

k,l=1,1 k,1=1,1
=P ( [ (S
- M—= T
o krfllsfl t, Z_; 1 Z P
u= (k1)L o
70,50 70,50
= 77 Z ht u Z ht uCt u-
rlls 1t u=1,1 TllS 1tu11
70,50
- T Z Pt + 11 : > Bt wCi -
ker § hr—1lo— (ro<t<r)U(so<u<s)
Dk, s 1
—  ZlrolsoT0%0 < sup Ct,u> N Z Rt .
kr—lls—l t>roUu>sg kr—lls—l (ro<t<r)U(so<u<s)
DkTolS()rOSO 1
= By
kr—lls—l - kr—lls—l ‘ Z b
(ro<t<r)U(so<u<s)
DkrolsOToso 2
= — H
krfllsfl e

Since k, and 5 both approach infinity as both p and ¢ approach infinity, it fol-
lows that

1 p,q Am qdk,1
— Z [M(kaw)] — 0, uniformly in m and n for some p > 0.
Pay = P

Therefore x € [T, A™, M, Q].

Theorem .1.4. Let 0, s = {k,,ls} be a double lacunary sequence with liminf g, s <

limsup g,,s < oo. Then for any Orlicz function M, [Le, ,, A™, M,Q] = [T,A™, M, Q).

-]
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1 Introduction

Denote by X the class of functions of the form

@) =1+ Y e 1)
n=0

which are analytic and univalent in the punctured disk
Ur={z€C:0< |z <1}.
A function f € ¥ is said to be meromorphic starlike if

21'(2)
LTe)

We denote by ¥* the class of all meromorphic starlike functions.
A function f € ¥ is said to be meromorphic convex if

R (1 + Z]{,I;g)) <0, zeU". 3)

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
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<0, zeU" (2)
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The class of all meromorphic convex functions will be denoted by X°.

Let f € ¥ be of the form (1) and let «, 8 be real numbers with a > 5 > 0. We
define the analogue of the differential operator given in [13] as follows

DQpf(2) = f(2)

Dqf(2) = Dasf(z) =

2,2 P /
= ap(2(2)" + (0 - BT 0wy gy (1)
D3 f(2) = Das (Dnglf(z)) ,zeU, meN={1,2,...}. (5)

If f € ¥ is given by (1), then from (4) and (5) we get

Dgpf(2) = é + A, ) anz" , 2 € U* (6)
n=0
where
Ala,B,n) =[(n+2)af+a—pl(n+1)+1. (7)

Note that for & = 1 and 8 = 0 we obtain the differential operator defined in [1].
Making use of the operator D;'sf(z) we introduce the following subclasses of
meromorphic functions.

Definition 1.1 Let X7, (a, 8) be the class of functions f € ¥ for which D5 f(2) €
>*, that is
Z(Dglﬂf(z))/

" Dng(z)

<0, ze€U".

Note that X§(a, 8) = T*.

Definition 1.2 Let v be a complex number. We say that a function f € X belongs
to the class HXY (o, B,7) if the function F defined by

1 1-—
= RN 7 z e U* (8)

F(z)  Dggf(z)  2(Dysf(2)”

is a meromorphic starlike function.

By specializing parameters v and m we obtain the following subclasses:
1. HY! (o, 5,0) = 3F (o, B).
2. HY§(a, 8,0) = X*.

3. H(a, 8,1) = ¥°.
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Also, if we consider m = 0 in Definition 1.2, we obtain another subclass of %
consisting of functions f for which the function F' given by

1 71777 ¥
F(z)  f(z)  2f'(2)

is in the class ¥*. We denote this class of functions by HX*(y).

In this paper we find the relationship between the classes HY («, 8,v) and
¥* (o, 8). Sharp upper bounds for the Fekete-Szego like functional |a; — pad| are
also obtained.

2 Relationship property

In order to prove the relationship between the classes HX (o, 3,7v) and X7, («, 5)
we need the following lemma.

Lemma 2.1 ([7]) Let p(z) be an analytic function in the open unit disk U ={z € C:
|z| < 1} with p(0) =1 and p(2) # 1. If 0 < |z0| < 1 and

Rp(z0) = min Rp(z)

ERNEN
then | (z0)]2
1 —p(zo
/
<= 2
P 0) = 7o RpCeo)
1 1
Theorem 2.1 Let vy be a complex number such that |y — 2’ < 3 Then

HYY (o, B,7) C X5, (a, B).

Proof. Assume that f belongs to the class HXY («, §,7). Elementary calculations
show that if f € HX! (o, 8,7), then

2Dysf(2)  2(D3sf(2)"

R (1
T D) D)
(1 —27)2(Dysf(2)) + (1 —7)22(D 5 f(2))" .
- ’ : U,
T NOm,f@) —Dgsfe) | =€ ¥
Consider the analytic function p(z) € U, given by
2Dy g f(2))
= D Zapl P 10
P =~ p (10)
Then, the inequality (9) becomes
R |p(z) — 2 (2) + (1 = 7)ap(z) 0,2¢el. (11)

p(z)  (I—=7)p(z) +v
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Suppose that there exists a point zg (0 < |2| < 1) such that
Rp(z) >0 (|2 < |20]) and p(z0) = ip, (12)
where p is real and p # 0. Then, making use of Lemma 2.1, we get

14 p?
R

20 (20) < — (13)

By virtue of (11), (12) and (13) it follows that

ol apo) | (=)
o "%[p( )~ ) +<1v>p<zO>+v}

- [Z.p _zop'(z0) | (1 V)ZQP/(ZO)} _
ip (L=7)ip+~
Hence

_ =zl () g e
Ry = 1@ _Wﬁﬂzﬂ?h vl (14)

Since

1 1
v - 2‘ < 5 it follows that R[5 — |y|?] > 0. From (13) and (14) we get

1 2
Ry < — —&-'p 5
2|/(1 = y)ip + 1

which contradicts the assumption f € HX* (a, 8,7). Therefore, we must have

2(Dg'pf(2))
Dy s f(2)

Re[y— [y’ <0,

Rp(z) = —N >0

. (D7 f(2))

DZ‘,gf (2)
which shows that f € 3 («, 8). Thus, the proof of our theorem is completed.

m
If we consider m = 0 in Theorem 2.1, we obtain the following result.

R <0, zeU"

1
—. Then
2

1
Corollary 2.1 Let v be a complex number such that |y — 2‘ <

HY*(7) C B,

3 Fekete-Szego like functional

Let S denotes the class of functions of the form

fz)=z+ Zanz"

n=2
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which are analytic and univalent in U.

In 1933, M. Fekete and G. Szegé [3] obtained sharp upper bounds for |as — pa3|
for f € S and p real. For different subclasses of S, Fekete-Szegd problem has been
investigated by many authors including [2], [8], [9], [11], [15].

Recently, H.Silverman et al. [14] has obtained sharp upper bounds for Fekete-
Szegd like functional |a; — pa3| for certain subclasses of . In this section we will find
sharp upper bounds for |a; — pa3| for the class HY? (o, 3,7).

The following lemma will be used in order to obtain our result.

Lemma 3.1 ([4]) If p1(z) =1+ c12 + c22? + ... is a function with positive real part
in U, then
lcog — vel| < 2max {1;]2v — 1]} . (15)

1+2 1+ 22

The result is sharp for the functions p1(z) = 15" pi(z) = Tz

Theorem 3.1 Let f(z) given by (1) be in the class HXY, (o, B8,7). Then, for any
complex number p

1
|1 —2v|(1 + 6B + 2c0 — 28)™

lay — pa| < max {1; A(a, 8,7, p,m)}, (16)

ifv¢ {;1}

1
— nall < if =1 17
|a1 /u’a0| = (1+6045+205—2ﬂ)7” , 1L ( )

and /B

2v6|p| . 1
, if = - 18
| Ma‘0| — 3(1“‘20&5"‘0& B)r,n 1 Y 9 ( )
where

A By, pm) =

|32 — 27y — 1)(1 + 208+ a — B)*™ + 4(1 — 27)(1 + 6aB + 2a — 28)™ |
[1—~|2(1 4 208 + a — B)?™

The bounds are sharp.

Proof. Suppose f(z) given by (1) belongs to the class HX} (a, 8,7). Let pi(z) =
1+c12+c22 + ... be an analytic function with positive real part in U. From (9) we
get

D) | DRl
Dy sf(2) (DR f(2))
(2)) + (1 —=)22(D 5 f(2))"
ol (2)) =D f(2)

1+

=14ciz+c2?. ... (19)

(L =29)2(Dg s f (2
(1=)(D
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‘We have
Z(D(T,Bf(z )/ . m
W =—-1+14+2a8+a—p5)"ayz
+ [2(1+6aB8+2a —28)"a; — (1+ 208+ a — B)*"aj] 2° (20)
2(Dy'sf(2)" m 2

and
(1 —27)2(Dysf(2)) + (1 —7)22(D 5 f(2))"
(L=N(Dsf(2)) =D 5 f(2)
— 20 =2y)(1 +6aB+2a — 28)"a; +v*(1 + 2aB8 + a — B)*"af] 2* + ...  (22)
Using (20), (21) and (22) in (19) we find

=—-1+v1+2a8+a—5)"az

cp=—(1—v)1A+2a8+a—5)"ag

and
ez = =2(1 = 27)(1 + 6af + 20— 26)"ar — (1 = 7*)(1 + 208 + o — f)*"a
which give
C1 .
T ,if oy #1 23
T+ 2aB+a-pm ] ths (23)
and 1 1
_ +y
- - 24
T 2T - 29)(T + 6aB + 20— 25)" {‘32 1_7‘31} (24)
1
i 1y
ify ¢ {2, }
Therefore, we have
2 -1 .
a1 = pao = (ca —vcy)

2(1 = 29)(1 + 6B 4 2a0 — 28)™
where

(1 -1 +2aB8+a—B)%™ —2(1 —29)(1 + 6aB + 2a —28)™pu
(1-=9)2142a8+a—p)*m '

v =

Now, the result (16) follows by an application of Lemma 3.1.
—cy

2(1+ 608 + 20 — 20)
1
which proves (17). Also, if v = 3 then a; = 0

If v =1, then ap = 0 and a; =
1
(14608 +2a —25)™

. Since |cz| < 2 it follows
m

that |a1| S

and 1
€ = *5(1 + 208+ a — B)™ag
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and 5
Coy = i(l + QOéﬁ + o — ﬁ)zm&(%.

2
Since |c1| < 2 and |cz| < 2 it follows that |ag| < T 20(6\:—60( — G

and thus, (18)

is proved.
The bounds are sharp for the functions fi(z) and f2(z) defined by

1—7 v 1 zF{(z) 14z
— = , where — =
Disfi(z)  2(Dpgfi(2)  Fi(z) Fi(z) 1-=z
respectively,
1—7 vy 1 2Fi(z) 1422
— — — .= , where — =—.
Ditgfa(z)  2(DRgfa(2))  Fa(2) Fy(z) 11—z

Obviously, the functions Fy, Fy € ¥* and f1, fa € HXY (a, 5,7).
If we consider first m = 0, then v = 0 and then m = v = 0 , respectively in
Theorem 3.1, we obtain the following consequences.

Corollary 3.1 Let f(z) given by (1) be in the class HE*(7y). Then, for any complex
number p

1 1372 — 2y — 1+ 4(1 — 27y) ]
2
al—,ua|§max{1; ,
ol S g TP

- 3
The bounds are sharp.

Corollary 3.2 If f(z) given by (1) belongs to the class X7, («, 8), then for any com-
plex number

1
a1 — pad| < 7 6ap 7 20 —2pyn o (i 2(e. . m)}
where
(0, B,y m) = |4(1 + 6aB + 2a — 28)"u — (1 + 228 + a — B)*™]

(1+2ap+ a—p)2m

The bound s sharp.
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Corollary 3.3 (/14]) Let f(z) given by (1) be a meromorphic starlike function. Then,
for any complex number p

lay — o] < max {14 — 1]}
The bound is sharp.

Finally, if we consider v = 1 and m = 0 in Theorem 3.1, we obtain the following
result.

Corollary 3.4 Let f(z) given by (1) be a meromorphic convex function. Then, for
any complex number
a1 — pag| < 1.

The bound is sharp.
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1 Introduction

Let A denote the class of functions that are analytic in the open unit disk U = {z €
C : |z < 1} and let A,, ,, be the subclass of A consisting of the functions f of the form

oo

f(z)=2"+ Z arz®, (n € N) (1.1)

k=n+p

where p is some positive integer and f is analytic and p-valent in U. Then function
f € A, , is said to be in class S, (p,d) if and only if

Re (ZJJ:(S)) >06, (z€U) (1.2)

for some ¢ (0 < 4 < p).

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland



76 Application of generalized Ruscheweyh derivatives on p-valent functions

A function f € S, (p, ) is called p-valent starlike of order 6. On the other hand a
function f € A, , is said to be in the class K,,(p,0) iff
2"(2)
f'(z)

Re (1+ ) >4, (ze€U) (1.3)

for some (0 < § < p).

A function f € K, (p, ) is called p-valent convez function of order 6. It is observed
that
[ € Ku(p,d) & zf € S,(p,6) Vne{l,2..} (1.4)
The fractional derivative operator occurring in this paper is defined as (see, e.g.
(10], [11]):

Let f is an analytic function in a simply connected region of the z-plane containing
the origin, and the multiplicity of (z — ¢)™ is removed by requiring log(z — ¢) to be
real when z — ¢ > 0. Then the generalized fractional derivative of order A is defined
for a function f(z) by

1 d A—p /Z -2

T(1—\) dz {Z =9
. ¢
0<A<] '
Ci—ﬂ]&;"’“’”f(z), (n<A<n+1,neN)
(k> max{0,p—v—1}—1)
provided further that
f(z)= O(|z|k), (z—=0) (1.6)
It follows at once from the above definition that
T f(z) = D2 f(2), (0<A<1) (1.7)

_ T+ Vlp—ptv+2) .,
# Tlp—p+1)T(p—A+v+2) ’ (1.8)
(0<Ax<1,p>maz{0,p—v—1} —1)

Furthermore, in terms of gamma function, we have
Aty
JbltVZp__

In a recent paper, Goyal and Goyal [2] defined a generalized Ruscheweyh deriva-
tives J];}’“fn,p, uw>—1as

F(u - )\ + v + 2) P )\,H,V H—p
F(V+2)F('Lt+ 1)2 JO,Z (Z f’nJ’(’z))

It fup(2) =

oo
=P+ Z ak;B];\’”(k)z]’c
k=n+p
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where

B (k) = F'k—p+1+wlv+2+p—ANI(k+v—p+2) (1.10)
Fk—p+1)(k+v—p+2+p—NT(v+2)T(1+ p) ’
For A = p, this generalized Ruscheweyh derivatives get reduced to Ruscheweyh
derivatives of f(z) of order A (see, e.g. [7]):

N 2P > A—p
D) = gy g (2 Heal)
oo (1.11)
=P+ Z arBr(N)z
k=n+p
where T\ B)
Bi(A) = (1.12)

FA+p)l(k—p+1)
For p=1, (1.12) reduces to ordinary Ruscheweyh derivatives for univalent func-
tions [9].
Let T, ,(6) be the subclass of A, , consisting of functions f of the form
f(z) =2 — Z e k=Pg 2k (ap >0, ne N, -1 <0 <) (1.13)
k=n+p
For « > 0,0 < 8 < 1and g > —1, we define W:\L”ﬁ(a,ﬁ) subclass of T, ,(0)
consisting of functions f of the form (1.13) satisfying
pIptf(2) pIptf(2)
Re Swn >« 5w
(I f(2)) (I f(2))

Similarly, we define W}\:Z(a, ) subclass of T; ,(#) consisting of functions f of the
form (1.13) satisfying (1.14).

Next we introduce the class W)(iz”’ (o, B) C Wi:i(a, B) consisting of the functions
of the form

1+ 8 (1.14)

n+p—1 o — oo
1— i(m p)QCm m )
fn,p(z) — P Z p( ﬁ)e z . Z el(k_p)eakzk, (115)

o (0 + ) —m(a+ DBy (m) A

(ay >0, neN, —m <0 <m)
For ;1 = X, the class W;L”f:(a, B) get reduced to the class W\ («, ) consisting of

the functions fof the form (1.13) so that
pD) f(2)

DX f(z
Re %()/ >0\ Y
2(Dy f(2)) z(D)f(2))
For p = 1, the above class get reduced to the class W} («, 8) defined by Najafzadeh
et al. [4].

~1/+8 (1.16)
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2 Main Results

We shall need the following Lemmas in the sequel to prove our theorems:
Lemma 2.1 Let fi,(z) = 2" — Y2, 4 e k=)0 2k € Ty ,(6).

Then fi, € W;:Z(a,ﬂ) iff

k(o + B)
B)

i p(1+ )

p(l -

Byt (k)ar < 1 (2.1)
k=p+1

Proof. Firstly suppose that f; , € W}\:Z(a, B). Using the fact that Re(u) > aju—1|+8
if and only if Re(u(1 + ae®) — ae”) > j for real . Let

w— pJ;z);\’#pr(Z)
2(Ip" f1p(2))
we have

R { (1-8) —ae" 332 o BBy ()25 = 300 ) PR ap BYH (k)2h P

0o A, _
1= i ph1 %akBp H(k)zkp

>0

(2.2)
The above inequality must hold true for all z € U. Let z — 17, we easily get

R { 1-p)— e’ Zzoszﬂ %akB{)\’“(k) - Z;o:erl p_pﬁkakB{)\’“(k) }

0o A,
1— Zk:erl %akBp " (k)

= Re{p(1 - ) — ae” i (p = k)axBy* (k) = > (p— Bk)arBy"(k)} > 0

>0

k=p+1 k=p+1
o~ p(L+a) —k(a+8)
= Z By (k)ay < 1
WS p(1—5)
(2.3)
This proves the result.
Theorem 2.1 Let f, , be defined by (1.15), then f € WSZ’p(a,B) iff
oo n+p—1
1 —k
s ML) Z MOt D) g <1 Y e (2.4)
= p(1—5) -
=p+n m=p+1
Proof. Let
1-08)Cn
Gy = p(L—p) pHl<m<n+4p—1 (2.5)

[p(1+ @) — m(a + 8)] By (m)
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Since Wi (ar, ) € Wy (a, B), therefore f € Wy (a, 8) if and only if

p1—|—a —m(a+p) A
mZIHﬂ B) Bp (m)am
+ Z p 1 +Ot) (a+ﬁ)B)"”(k)ak <1 (2.6)
R
p(1+a) = k(a+B) &
B H(k 1— Co
- 2 M <= 3

which proves the required result.

Corollary 2.1 If f, ,(2) € WA "P(a, 8) then for k > n+p, we have

p(1=B8) (1= Sns Cn)

ap < 3 (2.7)
[p(1 + ) — k(o + B)] By (k)
and this result is sharp for gx(z), k> n+ p defined by
n+p—-1 i(m—p)o
— P _ p(l — ﬁ)cme ( P) m
W= Y el BB -

_ p—5) (1 B Zzippjrll Cm) k
[p(1 + o) — k(o + B)] By (k)

)

Theorem 2.2 Let
n+p—1 (o — oo
1— Cm i(m—p)O .
L =2- % p(1 — B)Cme — S i, 2k (2.9)
mept1 [P(1+ @) = m(a+ B)] By (m) keptn
forj=1,2,...,1 be in WSZ’p(a,B). Then the function F(z) = Zé 115 fi(2) is also

in Wg’;’p(a, B), where 22:1 nj=1,0< Z::rpp:l Cn<1land0<C, <1.

Proof. By Theorem 2.1, for every j = 1,2, ....,[, we have

n+p—1
Z p(1+a) — (a+ﬂ)Bm( Ma, <1— Y Cn (2.10)

k=p+n (1 N 5) m=p+1

but

l
2) =Y nifiz
j=1
n+p—1

; 00 l

p(1 = B)el =P C, zm i(k—p)0 k

=P — - k=P (NT g )2,
mzzm [p(1+ ) = m(a + B)]B;"" (m) k; g Y

(2.11)
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Therefore

Z p1+0[) ( +ﬂ>B)\,M Zn]akj

Ml p(1—5) =

=> > o B()aJrﬁ)Bﬁ’“(k)ak,ﬂ?j
=1 k=p+n

<.

(2.12)

n+p—1

l
Z Z Crm)nj

=1 m:erl
n+p—1

>, O

m=p-+1
Remark 2.1 If f1(2) and fa(z) be in W/\C:Z’p(a,ﬂ), then the function
F(z) = 3(f1(2) + f2(2)) is also in WSZ’p(a,ﬂ).
Remark 2.2 The class WSZ’p(a, B) is a convex set.

A\

In the next two theorems, we shall prove the arithmetic mean property and find
extreme points respectively for the class W)\ On-p (o, B).

Theorem 2.3 Let f;(z), j = (1,2,...,1) defined by (2.9) be in WSZ’p(OL,ﬁ) then the
function
n+p—1 o — o]
1— i(m—p)6 M )
H(z) = 2P — Z p(1—pBle C li . . Z ilk=p)0p, K (2.13)
m=p+1 [p(l + a) - m(a + ﬁ)]BP’ (m) k=n+p
is also in W/\"’p(oz B),
where by = 7 ijl a,j (bp >0)
Proof. We have

DT g
p 1 + a ( A u a
k;n B) B Z "
= 72 Z p 1+a()1_5(;l+ﬂ)B)\,u(k)akJ] (214)
=1 k=p+n
n+p—1
<7 Z <1 - > c )
m=p+1
n+p—1

Z C’HL

m=p+1
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Hence proved.

Theorem 2.4 Let

n+p—1 i(m=p)9 "
L p(l = B)e'mPC,, 2 2.15
faple) == m:zp;rl (1 + o) — m(a+ B)| By " (m) o
and fOT k Z n +p
n+p—1 Wm—
(1 — B)elm=pIOc, »m
fup(z) =27 — :
kp(2) =2 m:21;+1 [p(1 + @) — m(a+ B)] By " (m) (2.16)
p(1=B)(1 = X005 Cr)el 20

[p(1 + @) — k(a + 8)]By™ (k)
Then the function F(z) is in Wiz”’(a, B) iff it can be expressed in the form

o

F(z) = Z 0k fro.p(2) (2.17)

k=p4+n—1
where oy, >0 (k>n+p—1) and 3372 . o =1.

Proof. Consider

F(z)= Y onfisl2)
k=p+n—1
= onfnp(2) + Z Ok frp(2)
ke (2.18)
wSr (1 + @) = m(a + B)]By " (m)
i p(1 = B)on(l = YR o)l
Won,  [P(L+a) —k(a+ B)] By (k)
Finally, we have
f: p(1+ @) = k(a+ B)](1 = 007 Co)p(1 = B)ow By (k)
kmrp p(1 = B)[p(1 + a) — k(o + B)] By (k)
n+p—1 oo n+p—1 n+p—1
=(1= > Cn) Y ok=1-= Y Cu(l=0np1)<l— > Cn
m=p+1 k=n+p m=p+1 m=p+1

(2.19)
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Conversely suppose that f;(z) € Wy ""(a, 8) then

i
n+p—1 o — 00
1— i(m—p)6 m )
F(z) = 2P — Z p(L —Ble ij p — Z e k=p)lg, ok
W ) —mla+ BBy (m) A,
By putting
14+ a)—k(a+ B)|By#(k
o POt Q) et DB

p(1- B~ S C)

Where o, > 0 and if we put op4p—1 =1 — Z?}:nﬂ)ak, we obtain

F(z)=2" - niﬂ S ) e
wSpi [P(L+ @) = m(a + 8)] By " (m)

= (1= Bt P = S G ot

A p
e DO K A 220)
= fap(z) — Z [frp(2) = frp(2)low
k=n+p
= Z O'kfk,p(z)'
k=n+p—1

3 Radii of starlikeness and convexity

Now we obtain the radii of starlikeness and convexity for the elements of the class
Chn,p

Wy (a, B).

Theorem 3.1 Let the function f, ,(2) defined by (1.15) be in the class W/\C:Z’p(a, B),

then fnp(2) is starlike of order v(0 < v < p) in |z| < r. where r is the largest value
such that

"*fl O™ L - St C kP
WS P+ ) = ma+ BB (m) oL+ ) —ma+ DIBYE) g
1
< m7 (k>n+p)
Proof. We must show that
Z(fn,p(z))/ Z(fn,p(z))/ - pfn,p(z)

frp(2)

Frn(2) DR
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But substituting for f, ,(z) from (1.15) and using triangular inequality in left-hand
side of above inequality, we have

2(fap(2))
fn,p(z)

_p‘

n+p—1 1 m m—
Dot [p(1+a() nﬁz)((aJrBZ))])B* “(m)| AP+ 3 (k= p)alz| TP

_ n+p—1 p(1—=B)Chm, m—p _ k— 3.3
L= Ymepit [p(1+a>—m(a+ﬁ>]B;>“(m)|| P = Ykinp arl2lF P (8:3)

n+p—1 p(1—B)(m—p)Cm m— o k—
2im=p+1 [pita) miasBNBs TG T Ssk=ntp(K ~P)agr"

— nt+p—1 p(l_B)CWl m—p
L Zm:erl [P(l-‘ra)—m(a-i-ﬁ)]B;’“(m)r

[e e} k—
_ Ek:nﬂo apr~—P

Than (3.2) holds true if the above term is less than p — v or equivalently

n+p—1
p(]- 76)(771*"}/)0711 UL
m:zp:ﬂ [p(1 + ) = m(a + B)] By (m)

R Y Il (1=t o)

— )t <p -y

k=ntp P (T a)— kot BT (H) (3.4)
n+p—1 C,pr™P (1 _ anipplllcm)Tk_p
N m=z+ (1 + ) — mla+ 1By (m) (1 + )~ mia+ BB (k)
1
=pi-8)

This proves the result.
Theorem 3.2 Let f, ,(z) € WSZ’p(a,ﬁ) and A > 0 if

p(1—B)CZ,
[p(1+ ) —m(a + B)]By* (m)’

dm = (p+l<m<n+p-1) (3.5

then the function

n+p—1 _
(1= B)dpem—Pom k—p)0 k
G(z) = 2" — P - u(k—p)? (3.6)
A= Y e mia BB n ,CZ+

is also in Wy ”’p(a7ﬁ),
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Proof. Since A > 0 so [p(1 4 a) — m(a + 3)]B)>#(m) > 1, therefore

. 2

[p(1+ @) — m(a + B)] By (m) -
n+p—1 n+p—1 (37)

0< > du< Y, Cu<l,

m=p+1 m=p+1

thus

i [p(1+ a) — m(a+ B))arB)* (k)

o p(= B = dy)

[p(1+ a) — m(a+ B)]ar By (k)
p(1=B)(1 = C)

<1

This complete the proof.

Theorem 3.3 Let frp,gnp € W)?Z’p(a,ﬂ) and A > 0 then

n+p—1

Fup * gnp(2) =27 — PP(1 = )°Cp et )0
n,p n,p =

m=p+1[p(1 + @) —m(a+ ﬁ)]QB,’)\’“(m)

o0

_ E akbkeb(’“_p)ezk
k=n+p

2

is also in Wﬁff(a,ﬁ) if

A1 < inf
k

(B (k)]?

oy
- Zm:p-{-l m

where dp(p+1<m <n-+p—1) are defined by (3.5).

Proof. By using (3.5) we obtain

n+p—-1 —p)l .m oo
p(1 = B)dpem P02 (k—p)0 Kk
frp * gnp(z) = 28 — E - E arbre" TP 2
o S p(L+ @) —m(a+ BBy (m) 5,

By Theorem 3.2 and Eq. (2.4), we have

<1

i [p(1+ ) — m(a+ B)|arB)* (k)
W, P81 =0 dy)
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<1

i": [p(1+ ) — m(a+ B)|bx B)# (k)
oo, p1=B)(1 = dy,)

by using Cauchy Schwarz inequality, we have

i [p(1 + ) — k(o + B)]Varbi B+ (k)
o, (=)= d,y)

<1 (3.10)

We must prove

> 14 a) —m(a+ B)|bp B H(k
3 lp(1 + ) = m( f)jpfl )y (3.11)
k=n+p p(l - 6)(1 - Zm:pfldm)
According to (3.10) the inequality (3.11) holds true if
BMo#(E
\/akbk’)}\i() <1 (3.12)
By " (k)
But we have
1- Z::L-i_:ppjrll din
apby < B w7ver—
By " (k)
1Sl BM#(k
Zm=p+1 m p ( )
BY B
Or equivalently
1 2 By (k))?
AT DL gy < OO
(ILL+V7 1+ ) 1_Zm:p+1dm
Therefore \
BME(k))? —
e [ (k)
1 - Zm:p+1dm v +

and this gives the result.
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1 Introduction

Denote by X the class of functions of the form

@) =1+ Y e 1)
n=0

which are analytic and univalent in the punctured disk
Ur={z€C:0< |z <1}.
A function f € ¥ is said to be meromorphic starlike if

21'(2)
LTe)

We denote by ¥* the class of all meromorphic starlike functions.
A function f € ¥ is said to be meromorphic convex if

R (1 + Z]{,I;g)) <0, zeU". 3)

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland

<0, zeU" (2)
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The class of all meromorphic convex functions will be denoted by X°.

Let f € ¥ be of the form (1) and let «, 8 be real numbers with a > 5 > 0. We
define the analogue of the differential operator given in [13] as follows

DQpf(2) = f(2)

Dqf(2) = Dasf(z) =

2,2 P /
= ap(2(2)" + (0 - BT 0wy gy (1)
D3 f(2) = Das (Dnglf(z)) ,zeU, meN={1,2,...}. (5)

If f € ¥ is given by (1), then from (4) and (5) we get

Dgpf(2) = é + A, ) anz" , 2 € U* (6)
n=0
where
Ala,B,n) =[(n+2)af+a—pl(n+1)+1. (7)

Note that for & = 1 and 8 = 0 we obtain the differential operator defined in [1].
Making use of the operator D;'sf(z) we introduce the following subclasses of
meromorphic functions.

Definition 1.1 Let X7, (a, 8) be the class of functions f € ¥ for which D5 f(2) €
>*, that is
Z(Dglﬂf(z))/

" Dng(z)

<0, ze€U".

Note that X§(a, 8) = T*.

Definition 1.2 Let v be a complex number. We say that a function f € X belongs
to the class HXY (o, B,7) if the function F defined by

1 1-—
= RN 7 z e U* (8)

F(z)  Dggf(z)  2(Dysf(2)”

is a meromorphic starlike function.

By specializing parameters v and m we obtain the following subclasses:
1. HY! (o, 5,0) = 3F (o, B).
2. HY§(a, 8,0) = X*.

3. H(a, 8,1) = ¥°.
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Also, if we consider m = 0 in Definition 1.2, we obtain another subclass of %
consisting of functions f for which the function F' given by

1 71777 ¥
F(z)  f(z)  2f'(2)

is in the class ¥*. We denote this class of functions by HX*(y).

In this paper we find the relationship between the classes HY («, 8,v) and
¥* (o, 8). Sharp upper bounds for the Fekete-Szego like functional |a; — pad| are
also obtained.

2 Relationship property

In order to prove the relationship between the classes HX (o, 3,7v) and X7, («, 5)
we need the following lemma.

Lemma 2.1 ([7]) Let p(z) be an analytic function in the open unit disk U ={z € C:
|z| < 1} with p(0) =1 and p(2) # 1. If 0 < |z0| < 1 and

Rp(z0) = min Rp(z)

ERNEN
then | (z0)]2
1 —p(zo
/
<= 2
P 0) = 7o RpCeo)
1 1
Theorem 2.1 Let vy be a complex number such that |y — 2’ < 3 Then

HYY (o, B,7) C X5, (a, B).

Proof. Assume that f belongs to the class HXY («, §,7). Elementary calculations
show that if f € HX! (o, 8,7), then

2Dysf(2)  2(D3sf(2)"

R (1
T D) D)
(1 —27)2(Dysf(2)) + (1 —7)22(D 5 f(2))" .
- ’ : U,
T NOm,f@) —Dgsfe) | =€ ¥
Consider the analytic function p(z) € U, given by
2Dy g f(2))
= D Zapl P 10
P =~ p (10)
Then, the inequality (9) becomes
R |p(z) — 2 (2) + (1 = 7)ap(z) 0,2¢el. (11)

p(z)  (I—=7)p(z) +v
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Suppose that there exists a point zg (0 < |2| < 1) such that
Rp(z) >0 (|2 < |20]) and p(z0) = ip, (12)
where p is real and p # 0. Then, making use of Lemma 2.1, we get

14 p?
R

20 (20) < — (13)

By virtue of (11), (12) and (13) it follows that

ol apo) | (=)
o "%[p( )~ ) +<1v>p<zO>+v}

- [Z.p _zop'(z0) | (1 V)ZQP/(ZO)} _
ip (L=7)ip+~
Hence

_ =zl () g e
Ry = 1@ _Wﬁﬂzﬂ?h vl (14)

Since

1 1
v - 2‘ < 5 it follows that R[5 — |y|?] > 0. From (13) and (14) we get

1 2
Ry < — —&-'p 5
2|/(1 = y)ip + 1

which contradicts the assumption f € HX* (a, 8,7). Therefore, we must have

2(Dg'pf(2))
Dy s f(2)

Re[y— [y’ <0,

Rp(z) = —N >0

. (D7 f(2))

DZ‘,gf (2)
which shows that f € 3 («, 8). Thus, the proof of our theorem is completed.

m
If we consider m = 0 in Theorem 2.1, we obtain the following result.

R <0, zeU"

1
—. Then
2

1
Corollary 2.1 Let v be a complex number such that |y — 2‘ <

HY*(7) C B,

3 Fekete-Szego like functional

Let S denotes the class of functions of the form

fz)=z+ Zanz"

n=2



Dorina Raducanu and Halit Orhan and Erhan Deniz 91

which are analytic and univalent in U.

In 1933, M. Fekete and G. Szegé [3] obtained sharp upper bounds for |as — pa3|
for f € S and p real. For different subclasses of S, Fekete-Szegd problem has been
investigated by many authors including [2], [8], [9], [11], [15].

Recently, H.Silverman et al. [14] has obtained sharp upper bounds for Fekete-
Szegd like functional |a; — pa3| for certain subclasses of . In this section we will find
sharp upper bounds for |a; — pa3| for the class HY? (o, 3,7).

The following lemma will be used in order to obtain our result.

Lemma 3.1 ([4]) If p1(z) =1+ c12 + c22? + ... is a function with positive real part
in U, then
lcog — vel| < 2max {1;]2v — 1]} . (15)

1+2 1+ 22

The result is sharp for the functions p1(z) = 15" pi(z) = Tz

Theorem 3.1 Let f(z) given by (1) be in the class HXY, (o, B8,7). Then, for any
complex number p

1
|1 —2v|(1 + 6B + 2c0 — 28)™

lay — pa| < max {1; A(a, 8,7, p,m)}, (16)

ifv¢ {;1}

1
— nall < if =1 17
|a1 /u’a0| = (1+6045+205—2ﬂ)7” , 1L ( )

and /B

2v6|p| . 1
, if = - 18
| Ma‘0| — 3(1“‘20&5"‘0& B)r,n 1 Y 9 ( )
where

A By, pm) =

|32 — 27y — 1)(1 + 208+ a — B)*™ + 4(1 — 27)(1 + 6aB + 2a — 28)™ |
[1—~|2(1 4 208 + a — B)?™

The bounds are sharp.

Proof. Suppose f(z) given by (1) belongs to the class HX} (a, 8,7). Let pi(z) =
1+c12+c22 + ... be an analytic function with positive real part in U. From (9) we
get

D) | DRl
Dy sf(2) (DR f(2))
(2)) + (1 —=)22(D 5 f(2))"
ol (2)) =D f(2)

1+

=14ciz+c2?. ... (19)

(L =29)2(Dg s f (2
(1=)(D
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‘We have
Z(D(T,Bf(z )/ . m
W =—-1+14+2a8+a—p5)"ayz
+ [2(1+6aB8+2a —28)"a; — (1+ 208+ a — B)*"aj] 2° (20)
2(Dy'sf(2)" m 2

and
(1 —27)2(Dysf(2)) + (1 —7)22(D 5 f(2))"
(L=N(Dsf(2)) =D 5 f(2)
— 20 =2y)(1 +6aB+2a — 28)"a; +v*(1 + 2aB8 + a — B)*"af] 2* + ...  (22)
Using (20), (21) and (22) in (19) we find

=—-1+v1+2a8+a—5)"az

cp=—(1—v)1A+2a8+a—5)"ag

and
ez = =2(1 = 27)(1 + 6af + 20— 26)"ar — (1 = 7*)(1 + 208 + o — f)*"a
which give
C1 .
T ,if oy #1 23
T+ 2aB+a-pm ] ths (23)
and 1 1
_ +y
- - 24
T 2T - 29)(T + 6aB + 20— 25)" {‘32 1_7‘31} (24)
1
i 1y
ify ¢ {2, }
Therefore, we have
2 -1 .
a1 = pao = (ca —vcy)

2(1 = 29)(1 + 6B 4 2a0 — 28)™
where

(1 -1 +2aB8+a—B)%™ —2(1 —29)(1 + 6aB + 2a —28)™pu
(1-=9)2142a8+a—p)*m '

v =

Now, the result (16) follows by an application of Lemma 3.1.
—cy

2(1+ 608 + 20 — 20)
1
which proves (17). Also, if v = 3 then a; = 0

If v =1, then ap = 0 and a; =
1
(14608 +2a —25)™

. Since |cz| < 2 it follows
m

that |a1| S

and 1
€ = *5(1 + 208+ a — B)™ag
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and 5
Coy = i(l + QOéﬁ + o — ﬁ)zm&(%.

2
Since |c1| < 2 and |cz| < 2 it follows that |ag| < T 20(6\:—60( — G

and thus, (18)

is proved.
The bounds are sharp for the functions fi(z) and f2(z) defined by

1—7 v 1 zF{(z) 14z
— = , where — =
Disfi(z)  2(Dpgfi(2)  Fi(z) Fi(z) 1-=z
respectively,
1—7 vy 1 2Fi(z) 1422
— — — .= , where — =—.
Ditgfa(z)  2(DRgfa(2))  Fa(2) Fy(z) 11—z

Obviously, the functions Fy, Fy € ¥* and f1, fa € HXY (a, 5,7).
If we consider first m = 0, then v = 0 and then m = v = 0 , respectively in
Theorem 3.1, we obtain the following consequences.

Corollary 3.1 Let f(z) given by (1) be in the class HE*(7y). Then, for any complex
number p

1 1372 — 2y — 1+ 4(1 — 27y) ]
2
al—,ua|§max{1; ,
ol S g TP

- 3
The bounds are sharp.

Corollary 3.2 If f(z) given by (1) belongs to the class X7, («, 8), then for any com-
plex number

1
a1 — pad| < 7 6ap 7 20 —2pyn o (i 2(e. . m)}
where
(0, B,y m) = |4(1 + 6aB + 2a — 28)"u — (1 + 228 + a — B)*™]

(1+2ap+ a—p)2m

The bound s sharp.
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Corollary 3.3 (/14]) Let f(z) given by (1) be a meromorphic starlike function. Then,
for any complex number p

lay — o] < max {14 — 1]}
The bound is sharp.

Finally, if we consider v = 1 and m = 0 in Theorem 3.1, we obtain the following
result.

Corollary 3.4 Let f(z) given by (1) be a meromorphic convex function. Then, for
any complex number
a1 — pag| < 1.

The bound is sharp.
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Section 1
Let -
f(s) = Z ane**, s = o+ it, (o, t arereal variables), (1)
n=1
where a], s belong to a Banach space (E,||.||) and A, s € R satisfy the conditions
0< A <A< Az.e. < Apees, Ay — 00 asn — oo and
lim sup{n/A,} = D' < oo, (2)
n— oo
ILm Sup()‘nJrl - )\n) =h>0, (3)
and
lim sup{(log ||a.||)/An} = —0c0 . 4)
n— oo

Then, the vector valued Dirichlet series in (1) represents an entire function f (s). By
giving different topologies on the set of entire functions defined by Dirichlet series,
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Kamthan and Hussain [2] have studied various topological properties. In this paper
we obtain these properties for a space of entire functions defined by vector valued
Dirichlet series.

Section 2

Let for entire functions f defined as above by (1)
M(o,f) = M(c)=sup |[|f(oc+it)].
—oo<t<oo
Then M (o) is called the maximum modulus of f (s). The order p of f (s) is defined
as [1]

log log M
p= lim supw, (0<p<o0). (5)

o—00 o

Also, for 0 < p < oo the type T of f (s) is defined by [1]

T = lim sup M

o—00 eopP

; (0<T <o) (6)
It was proved, (see [1]) that if f (s) is of order p (0 < p < 00) and

lim sup{(logn)/A\,} =D =0
n— oo

then it is of type T if and only if

A
T = lim sup =2||a,||”/* . (7)
n—o00 pe
This implies
lim sup A\L/?[[an ||/ = (Tpe)'/” . (8)
n— oo

We now denote by X the set of all entire functions f (s) given by (1) and satisfying
(2) to (4), for which

log M
limsupM§T<oo, 0<p<oo. (9)
o—00 eor
Then from (8), we have
Hm sup A2 ||a, ||V A < (Tpe)/? . (10)
n—oo

From (10), for arbitrary € > 0 and all n > ng (¢),

An/p
A ] <1. (11)

bl |5
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For a fixed positive integer ¢ > 1, there exists 0 < ¢ < ¢~*. Hence from (11),

oo A An/p ny A
S lanl [z ] ™ < Sits [
< o).

T\n/p T\n/p

+ Zf:n(ﬁl {Tj—:z_il
Hence, if we put
An An/p
1l =3 lanl] [(} " (12)

= T'+q')ep

then ||f]|4 is well defined and for ¢1 < g2, ||fll¢: < |Ifllgz- This norm induces a
metric topology on X. We define

Ll gl
AMfg) =S = 1 —9lla
9= 2 55 T 7 - gl

We denote the space X with the above metric A by X,.
Now we prove

Theorem 2.1. The space X is a Frechet space.

Proof. Here, X is a normed linear metric space. For showing that X is a Frechet
space, we need to show that X is complete. Hence, let {f,} be a A-Cauchy sequence
in X. Therefore, for any given £ > 0 there exists an integer ng = ng (¢) such that

A fa, f3) < €/2 for all a,f > no.

Hence

[|fa — f8llg <€/2 forall «o,8>ng, ¢>1.

Denoting by fo (s) =Y 0o alMesrn | fa(s) = D a!Pes | we have therefore

S [lal® — P [A
= (T+q1)ep

for all o, 8 > ng, ¢ >1 . Since, A, — 00 as n — oo, therefore we have

An/p
] <e/2 (13)

ol —aP|| <e/2 Va,8>ng, andn=1,2..,

)

i.e. for each fixed n = 1,2, ..., } is a Cauchy sequence in the Banach space F.

Hence there exists a sequence {a,} C F such that
lim a{®

a— 00 n

=a, , n> 1

Now letting 8 — oo in (13), we have for o > ny,
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o An/p
> llal) — an|| A <e/2. (14)
" (T+qY)ep

n=1

Taking o = ng, we get for a fixed ¢ in (14)
A An/p A An/p
__n (no) __m
n < 2
ol [y < 1 |

Now f(n0) = 7% 4{")esAn ¢ X, hence the condition (11) is satisfied. For arbitrary

_ )‘n/P
T4+p~1)ep
p> . we have, o] < | 50

/\ /\n/P
An — <
ol [(ﬂq W}

for arbitrarily large n. Hence we have,

_ An/p
(T+pY)ep [ An ]An/erg/2
An (T+qY)ep

An/p

} +¢/2

T+p~
T+ g1
€

VANVAN

for sufficiently large values of n since p > ¢. We find that the sequence {a, } satisfies
(11) and therefore f (s) = >_°7 | a,e®*» belongs to X,. Using (14) again, we have for
qg=1,2...,

fa = fllg <&/2.

Hence

oo

=1 lfa—fllq e w1
)\(fo”f)_qz_:li1+Hfa_f‘|q§2+5;%<€

Since above inequality holds for all a > ng, we finally get f, — f with respect to the
metric A, where f € X,. Hence X, is complete. This proves Theorem 2.1 O

Now, we characterize the linear continuous functional on X,. We prove

Theorem 2.2. A continuous linear functional ¥ on Xy is of the form

)
= E an,Cy
n=1

if and only if

An/p
A
o <A| e In>1,q¢>1, 1
|Cnl < [(T—Fq—l)ep} forall n>1,q> (15)

where A is finite, positive number, f = f(s) = > 2
large.

ey €’ A oand A\p s sufficiently
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Proof. Let ¢ € X,, the dual space of Xy. Then for any sequence {f,} € Xy such
that f,, — f, we have ¥ (fn) = ¥ (f)as m — co. Now, letf (s) = > 07 ane®
where al,s € E satisfy (11). Then f € X,. Also, let fi (s) = ZZ:1 an e*. Then
frx € X, for k=1,2... . Let g be any fixed positive integer and let 0 < £ < ¢~ '. From

(11) we can find an integer m such that

(T+e)ep

An/p
. } , Vn > m.

|%H<[

Then, for sufficiently large value of m.

m oo
f o E anes An E anes An
n=1

n=m-+1

0o Ay An/p
§j|am[_1]
(T+q1)ep

n=m-+1

i |:(T+€) ep:| An/p |: )\n :|>\n/p
n=m-+1 An (T+q ep

q

A

or

Hf — >y ane® )\"| ]An/p

00 (T+e)
0 < T [y
< €.

Hence

o0

A fm) =

q=1

T lle e
20 T+ (T— fulls ~11c

<eg,

ie. fin = f asm — oo in X). Hence by assumption that ¢ € X;\, we have

lim ¢ (fin) =4 (f)-

m— 00

Let us denote by C,, = (e**») . Then

U (fm) = Z ant) (e3*) = Z%Cn.
n=1 n=1

Also |Cyp| = [t (e5*+) |. Since ¥ is continuous on X, it is continuous on X, for
each ¢ = 1,2,3... . Hence there exists a positive constant A independent of ¢ such
that

¥ ()| =Cul < Allally 5 a>1,

S An

where a(s) =e Now using the definition of the form for « (s), we get
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A An/p
Cp|<A| 20 ., n>1, ¢>1.
<[] e
Hence we get ¢ (f) = Y.~ anCy, , where the sequence {C,,} satisfies (15).

Conversely, suppose that ¢ (f) = >_°2 | a,,Cy, and C,, satisfies (15). Then for ¢ > 1,

o7} An/p
B < A Y Nl | )

1
n=1 q
i.e.
W) < Allfllg, ¢=1,
i.e.
veEXy,, ¢21
Now, since
L |[f—dll
Afg) =) o — i,
245 T+[]f g,
therefore
X=X,
q=1
Hence ¢ € X;. This completes the proof of Theorem 2.2 O
Section 3

Following Kamthan and Gautam [3] we give some definitions. A sequence {a,} C X
is said to be linearly independent if Y ° ¢, = 0 implies that ¢, = 0V n, for
all sequences of complex numbers {c,} for which Y 7 ¢,a, converges in X. A
subspace X of X is said to be spanned by a sequence {a,} C X if X consists of
all linear combinations ZZO:1 ¢, 0, such that Zzo:l cpou, converges in X. A sequence
{an} € X which is linearly independent and spans a subspace X of X is said to be
a base in Xy. In particular, if e, € X, e, (s) = e**», n > 1, then {e,} is a base in
X. A sequence {a,,} C X will be called a ‘proper base’ if it is a base and it satisfies
the condition:

“for all sequences {a,} C E, convergence of > >, |la,|| @, in X implies the
convergence of > 7 | ape, in X”.

We now prove
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Theorem 3.1. A necessary and sufficient condition that there exists a continuous
linear transformation F : X — X with F (e,) = an, n = 1,2, ..., where a,, € X, is
that for each § > 0.

) ||Qtn; T + 8|}/ An 1
lim sup <

Proof. Let F be a continuous linear transformation from X into X with F (e,) =
Qny,n = 1,2,... . Then for any given § > 0, there exists a §; > 0 and a constant
K = K (§) depending on § only, such that

IF (en) T +6l| < K ||T + 1]

, A An/p
)ep

(T + 61
i T4 6] /A 1 1
||Ck, j_/ H < "‘0()1/7 fOI'TLZN
>\'er {(T+51)6p} P
= lim sup llawn; T + 8| /> 1
n—oo )\}/P (6pT)1/p ’

Conversely, let the sequence {a,} satisfy (16) and let

(o)
als) = Z .
n=1

Then this implies that
Timsup A/ [Jan|| VA < (peT)
Hence, given 1 > 0, there exists Nog = Ny (1), such that
A/ llanl| VA < (T +m) pe)? ¥ 0= No.
Further, for a given 7 > 1, we can find Ny = N; (1) from (16), such that for n > N;

lows T 4 811/ _ 1
X T (T m)en)!
Choose n > max(Ny, N1). Then

. 1/An ((T+77)EP)1/"}{ /e }
an; T+ 0] < { L (T+m)ep)'/?

An/p
(T4n)
< { (T4n1) } ’

[l [1/2
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Since m1 > 7, the series Y7, ||an|| ||an; T + 8| converges for each § > 0. So
>0 ancy, converges to an element of X. Define F (o) = Y7 ano, for each
a € X, then F(e,) = a,,. Now we have only to prove the continuity of F. Given
6 > 0, there exists §; > 0 such that

low; T+ 8] _ I

< ¥ n> N=N(8d) .
AP (T +01) ep) /" '

Therefore,

)\ )\n/P ’ ’
") } , where K =K ()
ep

mT 4] < K § i
lowi 481 < & {

and the inequality is true for all n > 0. Now,

1F(); T+6|l < 3202 llan]] [lom; T+ 4]

<K' S ol { ey b
= K'||o; T + 64|

An/p

Hence F' is continuous. This proves Theorem 3.1. O

We now give the characterization of proper bases.

Lemma 3.1. In the space Xy, the following three conditions are equivalent:

(i) For any sequence {a,} CE, Y " | ane, converges in X implies Y, ||an|| an
converges in X,

(ii) For any sequence {a,} C E, the convergence of >~ | anen in X implies that
nh_}rr;o [lan|lan =0 in X,

1/An
(i13) nILH;O sup Hanﬂ:\-:/i\\ P o (Te;)l/” , for each 6§ >0, a, € X0, € X .
Proof. First suppose that (i) holds. Then for any sequence {a,}, where a’, belongs
to Banach space E, Y " | ape, converges in X implies that >~ [|an|| a;, converges
in X which in turn implies that ||ay||c, — 0 as n — co. Hence (i)=-(ii).
Now we assume that (ii) is true but (iii) is false. This implies that for some ¢ > 0,
there exists a sequence {ny} of positive integers such that

. 1/ An,
||Oénk7T1|—/5|| k > 1 - N k=12, ...
A (T +E")ep)””
Define a sequence {a,}, as
_ llan; T+ 6|7 5 n=mng
wll={ 1% e (17)

Then, we have for large k
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I/A”k )\}Liﬂ = —A}?Cf
Hank;ﬂsul/mi '
< (T+kYep)”, ¥ k= ko

[lan, |l

Hence,
lim sup AL?[[a, ||/ 2 < (Tpe)'/” .
k—o0
Thus {a,} defined by (17) satisfies the condition
lim sup AY?||an || < (Tpe)*/?
n—oo
which is equivalent the condition that > a,e, converges in X (see Theorem 2.1 above).

Hence by (ii) , lim ||ay||a, = 0.
n— oo

However,

Hlan, || on; T+ 61l = [lan, [[ [lom,; T+ 6] =1.

Hence lim ||an||a, = 0 in X. This is a contradiction. Hence (ii)=-(iii). In course
n—oQ

of the proof of Theorem 3.1 above, we have already proved that (iii)=(i). Thus the
proof of Lemma 3.1 is complete.

Lemma 3.2. Let {a,} C E and {a,} C Xy. The following three properties are
equivalent:
(a) lim ||ay||as, =0 in X implies that Y-, ane, converges in X,
n—oo

b) Convergence o — |lan|| an in X implies that _, Qp€pn COMUVETGES in
n=1 n=1
X

M
. e (o TS| A 1
¢) lim { lim inf ll2n3 .
( ) 6—0 {nﬁoo P = (Tep)'/?

Proof. Obviously (a)= (b). We now prove that (b)=(c). To prove this, we suppose
that (b) holds but (¢) does not hold. Hence

. ey T S| 1
lim { lim inf Vi < T
6—0 (n—oo Ay P (Tep) P

Since ||ay,; T + 0]| increases as § decreases, this implies that for each 6 > 0

R e el 1
lim inf T <
n—00 )\n/ﬂ (Tep

)1/p ’

Hence, if n > 0 be a fixed small positive number, then for each r > 0, we can find a
positive number n,. such that V r, we have n,;; > n, and

T+ 7L Y/ Ane 1
l|awn, ; B
AP T (T Hn)ep)?

(18)
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Now we choose a positive number 7; < 7, and define a sequence {a,} C E as

A
ep}t/
lanl| = [{(T+§3ep} ] e
0 ;N FE N,
Then, for any § > 0
D lanlllan; T +6]1 = Y [lan, || llan,; T + 4] (19)
n=1 r=1

For any given § > 0, omit from the above series those finite number of terms, which
correspond to those number n,. for which 1/r is greater than 6. The remainder of the
series in (19) is dominated by Y>> | ||an, || ||, ; T+ r~1]|. Now by (18) and (19), we
find that

Sz lan, || lom,: T+ 74|

1/p )\nr,- )\l/p /\n,,.
< EOO ((T+m1)ep) ny
- &r=l AP ((T+n)ep)t/?
An
B ZOO Tt /P
- r=1 T+n :
Since 11 < 7, so above series on R.H.S. is convergent. For this sequence {a,},

>0 1 |lan]| @y converges in X (p, T, ) for each 6 > 0 and hence converges in X. But
we have,

(Ttm)ep)? | y1/p
)\}I/P Ny

L

lim sup)\}/p||an||1/)‘" = lim sup{
n— oo r—00
= [T +m)ep]"? > (Tpe)'’”

which is a contradiction. This proves (b)=(c).

Now we prove that (c¢)=-(a). We assume (c) is true but (b) is not true. Then there
exists a sequences {a,},where a’; belongs to Banach space F, for which ||a,||a;, — 0
in X, but > ° ane, does not converge in X. This implies that

lim sup /\,11/p||an||1/)‘" > (Tpe)l/P.
n—oo
Hence there exists a positive number e and a sequence {ny} of positive integers such
that
AV |lan|[V2 > (T +€) pe]Y?, ¥ n=ng.

We choose another positive number n < €/2 , by assumption we can find a positive
number ¢ i.e. § = § () such that

ni T+ 8[|/ 1
{hm inf“a ! 1+/ I } > I
nee AP (T +mn)ep)’”

Hence there exists N = N (n), such that
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o T+l 1
AP T (T +2n)ep)?

Therefore

max || ||an|| an; T + 6| = max [|an || [|an; T + 4|
= max ||an, || |[on,; T + 4|

o (Tte)pe)'re e e e
= ALY ((T+2n)ep)*/*
>1 for npy >N as €>2n.

Thus {||a|| an} does not tend to zero in X (p,T,d) for the § chosen above. Hence
{||an|| @n} does not tend to 0 in X and this is a contradiction. Thus (c)=-(a) is
proved. This proves Lemma 3.2. O

Remark: In view of Lemma 2, it follows that a sequence {«,, }is a proper base in
Xif and only if it satisfies the condition (17)
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ABSTRACT: We investigate the family of functions normalized by the
condition f(0) = f’(0)—1 = 0, that are analytic in the unit disk, with the
property that the domain of values f'(z) + =21 (2), (a € (—m, 7)) is
the disk |z — b] < b, b > 1. Integral and convolution characterizations are
found and coefficients bounds are given.
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1 Introduction

Let A denote the class of functions of the form f(z) = z + > a,z" that are
n=2

analytic in the unit disk A = {z € C : |z| < 1} and let S, K be the subclasses of A
consisting of functions respectively starlike and convex in A.

o0
For the functions f and g with the series expansions f(z) = . apz* and g(z) =
k=0

brz* the Hadamard product (or convolution) f * g is defined by
k=0

(f*9)(z) = Y anbp".
k=0

This product is associative, commutative and distributive over addition and the func-
tion i is an identity for it.
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In [4] H. Silverman and H.M. Silvia introduced the classes

1_|_ei()é

Lo = {fEA:Re (f/(z)—&-sz”(z)) >0, z € A},

where o € (—m, 7.
For each o € (—m, 7] and b, b > 1, let

1 + eia
2

£a(b):{f€,4: F(2) + zf”(z)—b‘<b, zeA}.

Observe that if b — oo, then L4(b) — Lq.

2 Characterization results for £, (b).

We give two characterization conditions for the considered classes L, (). Let P
denote the class of holomorphic functions with the normalization p(0) = 1, having
positive real part in A. For b > 1 let

Pb)={peP:|p(z) bl <b, z€ A}.

Theorem 2.1 For o # m, let ¢ = 1=¢®  Then f € La(b) if and only if there exists

14ete

p € P(b) such that the following equality holds for all z € A

1) f(z)z/ o [/ (¢ dc}dn

Proof. Tt is easily seen that f € £,(b) if and only if there exists p € P(b) such that

1 [1e"
f(z)+ +2€ 2f"(2) = p(2), z € A.
Since , , ]
1+e@ 1—e@ 1+ e
f@)+——2f"() = ——f' (&) + —— (f'(2))
we have that )
1—e> , , ' 2
@+ R = ()
which is equivalent to
2
cpl c / r c
2 f() + 2 () = 1 p()
where ¢ = 1+e“’ . This leads to
c / ! 2 c
[2° (£ (2))] = 2p(2).

1+ et
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Therefore 5 -
c+1 p/ — c d
) = o | a0
which is equivalent to (1). The proof is completed.
Note that for a function

2) g(z) = 2+

_ bt e b1
br(-bz S 0E

we have ¢p(A) = {w € C: |w —b|] < b}. It is easy to observe that
Pb)={peP:p<q, z€A}.

Therefore we obtain another characterization of the class £,(b) in terms of subordi-
nation.

Corollary 2.1 A necessary and sufficient condition for f to be in the class L,(b) is
1+e@

f(z) + 5 2f"(2) < qp(2), 2z € A,

where qp is given by (2).
Note that

-1 b—120—1 b—1\?20—1
-1 2 ) =3 A.
av(2) + 2 z+ 2 5 z+( 2 ) 2 22+ ..., 2 €

Thus from (1) we obtain a function f, 3, related to gy, of the form

-1 (h—1\"2 2,
@ Josl®) =24 75 Z( b) nfn+1+ (n—1)ee]’

n=2

‘We will use the notion of convolution in our next characterization result.

Theorem 2.2 Let a € (—m, 7], b > 1 and let C(t) := b(1 +¢€%), t € [0,27). Then the
following conditions are equivalent:

(1) | € La(b)

(ii) 1 [ I Zgi":)ﬂ —C(t) # 0 forall 2 € A and forall ¢ € [0, 27).

Proof. Let p(z) = f'(z) + #zf”(z). Observe that
fe L) = {p(z) € ¢(A), z€ A}.

Moreover, d(qy(A)) is a curve with parametrization C(t) = b(1 + €®), t € [0,2m).

Since A _ A

1 (163 1 _ plx 1 @
L) = )+

f(2) + (2f'(2))',
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we can write

/ L4e . 1—e™ 2 1+e* 2z /_
f(z>+zzf(z)_<f*( 21—z 2 (1—z)2>>_

. I
1—ei™
B f*z_( 5 >Z2 —1{f z—i—e“‘zg}

(1—2)2 U7 (1-2)3

Now, let f € L,(b). We remark that it is equivalent to the condition

za2
i{f*z(:_ez)}eqb(A), z € A.

Consequently, for every z € A the value 1 { f* Z(T > 2 } is not a boundary point of

z

q5(A) so the result (i) follows immediately. Next, let - { f(z) * Z(ﬁii:)iz} —Ct)#0

for all z € A and t € [0, 2). The last inequality may be rewritten in the following
equivalent form: f/(z) + #zf”(z) — C(t) # 0. Since p(0) = 1 and p(z) # C(t) for
all z € A and all t € [0,27) thus p(z) € ¢,(A). The proof is thus completed.

Remark 2.1 It is easy to observe that for by < by is L (b1) C Lo(b2) for each
a € (—m,m]. Consequently we obtain

U £a(d) =
b>1
and

1+ et
2

f'(2) +

zf”(z)—l’ <1, ZEA}.

() £ab) = La(1) = {feA

b>1

Remark 2.2. H. Silverman and E.M. Silvia ([4]) proved that L. contains L, for
each . Thus we have L,(b) C Ly for every o € (—m, 7] and b > 1, where L, is
the well known class R, consisting of univalent functions in A whose derivatives have
positive real part in A ([1]).

3 Special members of L,(b)

In this section we give some examples of functions belonging to the considered
classes.
Theorem 3.1 A function f(z) = z 4+ anz™ € L4(1) if and only if

V2
ny/n2 +1+4 (n2 —1)cosa

lan| <
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Proof. It suffices to consider |z| = 1. Assume that f(z) = z + a,2" € L,(1). Using
the definition of £,(b) we obtain the equivalent condition

1 .
na,z" " [1 + §(n -1+ ew‘)} ‘ <1.

Note that the above inequality is equivalent to

1
n|an|\/1 + 5(712 —1)(14cosa) <1

and this gives the required result.
Theorem 3.2 Let b > 1. A function f(z) = z 4+ anz™ € L4(b) if

V2

lan| < .
ny/n?+1+ (n2 —1)cosa

Proof. Let us denote |a,| = r and a,2""!

and for |z| = 1 we have

= re’?. For a function f(z) = 2z + a,2"

1+ et
2

f(z)+ z2f"(2) — b’ = ‘1 — b+ nap,z""! {1 + l(n ~1)(1+ eioz:| <

2

1 .
<b-—1+nr 1—|—§(n—1)(1—|—ew‘)

Thus the condition

If'(z) + l%zf”(z) - b‘ < b will be satisfied if

2
gnr\/ﬁ +1+(n?—1)cosa < 1.

A simple calculation leads to the required result.

Theorem 3.3 Let b > 1. A function f(z) = 17557 € La(b) if |B|] < ro, where rq is
the unique real root of the equation

2br® + (6b+ 1)r — 1 = 0.

Proof. For a function f(z) = =5 we denote |B| = r, Bz = re'?. Note that for
|z| =1 we have
1+ e@ br3 br? b+1 b—-1
Fle) + 1 ey —p| B F GO Drb o1

2 [1—r3
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Therefore f(z) = =57 € La(b) if

br3 +3br2 + (3b+ 1)r +b—1

<b
1—rp3

or equivalently if
b 4302 + (3b4+ D)r+b—1<bjl—r]3 r#1.
The above inequality has no solution for » > 1. For r < 1 it takes a form
w(r) = 2br® + (6b+ 1)r — 1 < 0.

The polynomial w(r) takes negative values for r < rg, where 0 < ro < 1 is the unique
real root of w(r), so the result yields.

4 Coefficient bounds

First, we give a sufficient condition for f € A to be in the class L, (b).
Theorem 4.1 If a function f € A satisfies the condition
o] \/5
> n

1+ 7(71— Dv1 +cosa] lan| <1,
n=2

then f € Lq(b).
Proof. Note that

14 et
2

<

fl(z) + lberZ {1+ 1+ew‘)} apz" !

() -] =

Sb—l—I—Zn{l—&—n;l“—!—eiﬂ] lan| =
=2

zb—1+§:n

n=2

2
1+ g(n - Dv1+ cosoz] |an .

Therefore the inequality

1+eia

F'(2) + —5

2f"(2) — b’ <b
will be satisfied if

S

n=2

2
1+ g(n— Hv1 +cosa] lan| < 1.
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The proof is thus completed.

In order to develop next coefficient result for classes L, (b) we need

Lemma 4.1 (Rogosiriski theorem [3]) Let h(z) = 1+ Y c1.2* be subordinate to
k=1

H(z) =Y Cpz¥in A. If H(2) is univalent in A and H(A) is convez, then |c,| < Cy.
k=1

Now we present upper bounds on coefficients in £, (b). Unfortunately, they are
not sharp, except in the case n = 2.

Theorem 4.2 Let f € L,(b). Then

2b—1
4 <
(4) jaz| < bv/10 + 6 cos «
and
2(2b—1
(5) la,| < v ) n>3.

bny/n% +1+ (n2 —1)cosa’
Equality in (4) holds for the function fap given by (3).
Proof. Let f(z) = z+ 3. axz® € L4(b) for a € (—m, 7] and b > 1. Let us define
k=2
q(z) = f'(z) + HZ28"(2) = 14 3 bpz. Then from the definition of L,(b) we
k=1

get q(z) < gp(z). The function g, is univalent in A and qr(A) is a convex region, so
Rogositiski theorem applies. Since g,(z) = 1+ 2212 4 ..., so we obtain |b,| < 22-L.
Comparing coeflicients of z™ on both sides of equality

1+ e
a() = 1) + =)
we get
b1 = (3 + 61’0‘) as
and

1 )
bn—1 = nay 1+§(n—1) (1+¢)| forn > 3.

Thus on account of Lemma 2.1 we obtain

; 2b—-1
] = 13+ €] < ==,

which is equivalent to the inequality

2%—-1  2b—1
b|3+ e by/10+6cosa

las| <
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Note that for a function f,; belonging to £, (b) the second coefficient in its Taylor

series expansion has the form as = %, which shows that result (4) is sharp.
Further we get forn > 3
2b—1

|a7|S - 9
' bn |14 3(n—1) (14 e )|

which is equivalent to (5). A sharp bound of |a,| for n > 3 is still an open problem.
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1 Introduction

The paper includes the solution of the stochastic prediction problem using the prop-
erty of the stationary in a wider sense for the stochastic processes and also the method
of the least squares (see also [3]-[5]). The method can be used firstly in the situa-
tion in which observations are ”double-valued” and when a random variable which is
equal to a number of changes of values of the double-valued process has the Poisson
distribution ([2]). Then we generalize the model and we indicate some economical
applications.

2 Definitions and notation

Let {&,t € [0,00)} be the stochastic process defined on the probability space
(Q, M, P) in which for every w €

f(w) = 1 when at time ¢ an event occurred ,
¢ —1 when at time ¢ an event did not occur .

(1)

Let us assume that at time ¢ = 0, of an initial observation of an event, the probability
that the event occurred is the same as the probability that an event did not occur.
So let:

P(§o=1)=P(§=-1)=0,5. (2)

Further let {n:,t € [0, +00)} be another stochastic process for which

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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1. no = 0 with probability 1,

2. m; adopts, for each ¢, a value which is equal to a number of changes of the sings
of the process {&,t € [0,+00)} in the interval [0, ).

It is easy to notice that for each t € [0, 4+00) there is the following property:

& =& (=) . (3)

3 The main problem

We shall prove the following theorem

Theorem 1. Assume that the process & is given by (1)-(3). Moreover the processes
&o and ny are independent for each t € [0,+00) and the processes & and gy — i are
independent for each t € [0, +00) and k > 0.

Then, the process {&;,t € [0,+00)} is stationary in a wider sense.

Proof. In order to prove the above theorem, it is advisable to show that the expected
value is - for all random variables of the process - a constant value. Moreover, it is
advisable to show that the variance is finite and the covariance function depends on
only one variable, namely the difference of indexes ¢t + k and t.

Since & = &(—1)™, so the expected value m; = E&; can be written as:

my = 1P(& = 1) + (-1)P(& = —1)
= P(& = 1)P(n; has even values) + P(§, = —1)P(n; has odd values)
—P(& = —1)P(n; has even values) — P(& = 1)P(n; has odd values)
= P(n: has odd values) {P(§y = —1) — P(§ =1)}
—P(n; has even values){P(§, =—1) — P({o =1)}
= P(n has odd values) - 0 — P(n; has even values) -0 =0 .

So m; = 0 = const.
In order to calculate the covariance function B(t,t+k) let us assume that ¢ < t+k.
Then, because of the stationarity of the process, we have:

B(t,t+ k) = E(& — mi) (k. — Murk) = E&evr = Elo - (=1)" - §o - (—1)" ]
GE[(=1)™ - (~1)" ] =1 B[(=1)" - (=1)"+ 7 (=1)7]

= B[(=1)*" - (=1)mremm] (4)
= FE[(-1)"] =1 P(n has even values) + (—1) - P(n; has odd values)

1 1 e—22k  o=2)k
= 1-|z4e 2 “1) 1 e = .
[2+6 +(=1) 5 ¢ 5 T —°
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Indeed, we have used the fact that

P(ny has even values) = i e M. (2k)*" = ¢ . cos h(Ak)
= (2n)!
. BV g Moy =Nk
2 2
O o2k | o—2Mk
5 3 2

Thus, the covariance function B(t,t+ k) depends only on the argument k = ¢+ k — 1.
For the covariance function, we shall use the symbol r(k).

The variance of the stochastic process {&,t € [0, +00)} is equal to the value r(0).
Since here r(0) = 1, we can state that the variance is finite.

It completes the proof that the process {{;,¢ € [0,+00)} is stationary in a wider
sense. 0O

Thanks to the properties of stationary in a wider sense of the process {&,t €
[0,400)} one can specify such value &, ,,, which will constitute the forecast of the
stochastic process for m-steps in the future.

The assumptions that we will make are:

1. There is a time series 1 = &_1,T2 = &—9,...,Tn = &, of the stochastic
process {&;,t € [0,400)},

2. We are looking for the prediction by the linear method of the least squares. The
aim is to specify such a random variable ¢, for which the mean square error
of the prediction

d* = Blésm — &yl

reaches the minimum in the class of all the linear forms of random variables
§t—1y s Et—n-

The quickest answer to the problem of the stochastic prediction is by making the

assumption that the stochastic process {&,t € [0,+00)} is an element of a Hilbert

space. So, let H be the space of all the random variables which are defined within
the common probability space (2, M, P) and are square-integrable:

/ €(w)2]dP(w) < 400 .
Q

The space H, together with the operations of the summation of the random variables
and the scalar multiplication of the random variables, is a vector space. The formula

(€l) = / E(w)T(w)dP(w); &neH (5)
Q
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gives the inner product in the space H.
It is known that the space H is a complete space with the norm || - || induced by
the inner product (5):

2

lell= | [ tewpar
Q

So the space H is a Hilbert space.

The method of the least squares, in a Hilbert space, leads to the calculating such
element &, ,,, m > 1, that is an orthogonal projection of the predicted random
variable &4, on a linear cover spanned on the elements &_1,&_9,...,&—n.

So we are looking for such coefficients aq, ..., a, of the random variable

$rom = a1&1 + a2 o+ o+ anin - (6)

so that the following orthogonality condition is fulfilled:

Eiom — &l L &—y, for j=1,...n.

Thus the condition for the inner product is:
Since

(ft-&-m - €:+m 1 ft—j) = E(ﬁilm - ft-i-m)ft—j
= FE(a1&-1&—j + a2&i—2&—j + .. + ans—n&—j — Erm&i—j) -

It is the orthogonality condition which provides the following conditions for the co-
variance function:
E(a1&-16—5 + a2§i—2&—j + .. + an&—n&i—j — &am&i—j) =0 .
Thus
ar(j—1)4ar(j—2)+...+apr(j—n)=r(m+j), j=1,.,n. (7)

If only the covariance function r(-) is known, the problem of the prediction is
solved. The solution is provided by such coefficients aq, ..., a,, that solve a system of
linear equations:

a1r(0) + aer(l) + ... + apr(n — 1) = r(
a17(1) + azr(0) + ... + apr(n —2) = r(m +2)

air(n—1)+asr(j —2) + ... + apr(0) = r(m + n)

(8)

Now we assume that the random variable 7; has for each ¢, a Poisson distribution
with the parameter t\, where A > 0 is describes the ”intensity” of a phenomenon
(e.g. a frequency of flooding in a given area or the intensity of rain). It means that
because of the fact that the characteristic function of Poisson distribution takes the

form:
(p(x) _ e/\(exp(iw)—l) )
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We come up to the following formula for the covariance function of the process {&;,t €
[0, +-00)}

rk)=e 2 keR. (9)
So then the system of equations (8) gives us
are” A g™l g e AT = oA gy (10)

and
r(0) =1, r(1) =e 2, r2) = *, . r(n—1)

= ¢ 21 rm+1) = e~ 2A(m+1) (11)
The appropriate system of equations takes the form

ay + ase 2 + .+ ane_”‘(”—l) — e~ 2A(m+1)
are 2 4 ag + ... + ape 272 = = 2A(m+2)

(12)

The solution aq,as, ...,a, of this system of equations helps us to come up to the
prediction. Namely, the expression:

§;+m =a1&-1+ads—o+ ... +ap&—n , (13)

as some estimate of the predicted quantity &;4,, - after taking into consideration the
conditions of our example - helps us finally to treat it as the prediction of the process
&, t € [0,400), for m - steps forward.

In practice, in most cases, the covariance function is not known and it should not
be estimated on the basis of the experimental data. Our analysis is concerned with
the necessity of finding an estimator for the parameter \.

Considering that we know exactly the analytical formula for the quantity of the
covariance function, the suggestion for an estimator is the following. Let the estimator
of the function r(k) be

r¥ (k) = exp(=2A*[k]) ,

where \* is the estimator of the parameter A in Poisson distribution obtained on
the basis of a random sample through the method of maximum likelihood. It is well
known that this estimator is the expected value (or mean value of samples) of the
Poisson process.

In such case, the statistic A* are the consistent and asymptotically unbiased esti-
mator of the parameter A.

The method of prediction that has been used here, guarantees that the prediction
obtained in this way carries the smallest mean squared error.
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4 Some generalizations

The process is not useful for many economical applications ([1]) because it has only
values 1 and —1. We shall generalize it.
Let

X; = |the value of changing of an economical indicator at time t|. (14)

Assume that they are positive independent random variable of the same distribution
(ii.d) and assume that X, is uniformly distributed on the interval [a,b], a < b, and
E(X;) = m = const. It is known that E(X,) = %t

Definition 1. Let
Eip1 = Xpqr - (1)1 (15)

where 7; is the Poisson process. If for example X; is the value of changing of share
prince at time t then we have

Sie1 =5 [1 4+ Xyg1 - (—1)™+1] (16)

which is equivalent to the following notation

Sir1— 5 .y
7& t+1 -

This is a so called the percentage change of a share price. It can also be interpreted
as a value of a firm.

Assume that 7, is defined as typical Poisson process that is, n; is the time of
waiting for the first event. Let 72 be the time of waiting between the first and second
event. We obtain the sequence 71,72, .... Now S,, =11 + 12 + ... + 1y, is the moment
of occuring of the n — th events. Let Sy = 0. The amount 7, of events that occured
in the interval [0, ¢] is defined as

ne = max{n: S, <t} .

Notice that the amount of event ocured in the interval (s, ] is equal to n; — n,. It is
proved in [2], §23, that 7; is a random variable with the Poisson distribution. It is
easy to show the following theorem.

Theorem 2. Assume that the process {&,t € [0,+00)} is given by (14) i (15).
Moreover, the processes & and M4 — 1 are independent for k > 0. Then, the process
& s stationary in a wider sense.

Proof. In order to prove the above theorem we shall firstly show that the expected
value of & is constant. Indeed, we assume that E(X;) = 0 (it is not changing the
generality of our considerations).

We have

my = B = E[Xt ) (‘Unt] = E[Xt] ) E[(—l)’“] =0.
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Further, we compute the covariance function using (4):

B(t,t +k) = E[(& — m¢)(Ean — mesr)] = B[X; - (=)™ - Xypyp - (—1)7+5]

= B BN B - (1m0 = (D5 ) e =

Finally, the variance is finite, because

(0) = (a+b>2 <00,

2
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1 Introduction

Numerous extension operators acting on homeomorphic self-mapping of a Jordan
curve were investigated by many mathematicians; cf e.g. [3], [7] [5], [6].

Let R be the real axis and H := {z: Imz > 0} be the upper half plane. By
Autt (R) we denote the set of all increasing homeomorphism of the real axis R onto
itself and Aut™ (H) be the set of all sense-preserving homeomorphic self-mapping of
the upper half plane H onto itself.

In this paper we will discuss some properties of the extension operator G defined
on Aut™ (R) with values in Aut™ (H) given by the simple geoemetric and analytic
condition.

In a paper [6] titled On quasiconformal extensions of an authomorphism of the
real azis similar extension operator H : Aut* (R) — Aut™ (H) was investigated.

Recall that a cross-ratio of points a,b, c,d € C is defined by

c—a_d—a
c—b d-b

[a,b;¢,d] =

If one of this four points is in the infinity we define (for example)

d—0b
d—a’

[a,b,00,d] := lim [a,b,t,c] =
t—o00

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
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Let T stand for the family of all triangular A (z1, 22, z) which are rectangular and
isosceles and such that z1,29 € R, z1 < xq, z € H and Lzqzxe = 7/2.
Simple calculations show that

Lemma 1.1 For all 1,22 € R, 11 < x5 and z = x + iy € H the following properties
are equivalent:

i) A(x1,29,2) € T;
ii) tlggo [x1, 22,1, 2] = 4;
iii) 2 =2 (1—1i) (21 +i22);
iv) 1 =x—y and xo = x + y.
Definition 1.1 Let f € Aut™ (R) we define F = G [f] by the formula
) 1 . ) )

Gl +iy) =50 -)(fl@—y) +if(@+y), z=z+iycH (1.1)

Remark 1.1 We can also write

Gl +iy) =5 (F@+u)+f @ - )45 (@ ty)—f (@), z=atiy K

2 (1.2)
or equivalent if we denote
= %(1+i) (1.3)
we get
Glf](z2) = af (az+ az) + af (az+az), =ze€H. (1.4)

By Lemma 1.1 we get

Theorem 1.1 Let f € Aut™ (R) and F = G [f], if for arbitrary point z = x+iy € H
we put T1 = x — Yy, T2 = T + y then the following properties are equivalent:

i) The point F (z) is the unique point in H such that the cross-ratios [x1,x2,00, 2]
and [f (z1), f (z2),00, F (2)] are equal i, precisely

tlggo [x1, 20,1, 2] = tlgglo [f (z1), f (22),t, F (2)] = i.

ii) The point F (z) is the unique point in H such that

z-wy  F(z)—f(x2) _
z—x1  F(2)— f(21)

iii) The point F (2) is the unique point in H such that the triangle
A(f (1’1) 7f(z2)aF(Z)) eT

18 rectangular and isosceles.
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Remark 1.2 The operator H : Aut™ (R) — Aut™t (H) which was investigated in the
paper [6] has a similar property, exactly: If f € Aut™ (R) and F = H [f] and if for
arbitrary z = x + iy we put T, = = — y/\V3, 23 = x + y/V/3, then the following
conditions are equivalent

i) The point F (z) is the unique point in H such that the cross-ratios [x1, 2,00, 2]
and [f (z1), f (z2) , 00, F (z)} are equal p := % (1 + 2\/3), precisely

lim [77,7,t,2] = Jim [/ (@), f (@) .t.F ()] =p.

t—o0
ii) The point F (2) is the unique point in H such that

c-T _ F(2) - f(@) _

2T F(2) - f(73)

iii) The point F (2) is the unique point in H such that the triangle

A (@), f (@) F(2)
s an equilateral triangle.

iv) The function F has the form

F(z+1y) =pf (x1) + pf (z2).

Theorem 1.2 If f € Aut™ (R) and F = G [f], then F has a continuous extension to
the closure H, F : H — H such that F|g = f and Flg = F.

Proof. We can calculate, using (1.1), for £ € R

_ , . (1—14)
F = 1 F(z) = 1
(€) H9z1—>rn§ER (2) Haw—&-g/n—%eﬂk 2

= JO=55©O0-)1+)=f).

(f(x—y)—if (z+y))

n
Theorem 1.3 If f € Aut™ (R) and F = G|[f], then F € Aut™ (H).

Proof. It is enough to show that: F (H) = H, F = G [f] is injective, F' = G [f] is a
sense-preserving mapping.

From (1.2) it is obviously that F'(H) C H. Now let w = u + iv € H be an
arbitrary point on the upper half-plane, because f € Aut™ (R) then exists such points
x1, T2 € R, 29 > xq that f (21) = u—v and f (z2) = u+v. Then for z = %—H%
we have F' (z) = w and H CF (H) . Therefore F (H) = H.

Next by the simply calculation it is easy to verify that the mapping G [F] is an
injective mapping.

Finally, we note that for a sense-preserving mapping f by Theorem 1.2 the map-
ping F' is a sense-preserving also. m
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2 Properties of the operator G
Lets denote
M={h:C—=C:h(z)=az+b for some a,b € R}.
Note that M is a set of all conformal mappings fixed a point in infinity and h (R) = R.
Theorem 2.1 If h € Aut™ (R) and h € M, then G |h] = h.

Proof. Because h has the form h () = ax+b for some a,b € R, then for z = x+iy € H
using (1.2) we can calculate

G [h] (x + iy)
= S @t -+ i (@ ty) -~ f - y)
= %(a(az+y)+b+a(xfy)+b)+%i(a($+y)+bfa(x—y)fb)
= a(x+iy)+b="h(z+iy).

Theorem 2.2 If f,g € Autt (R), then
Glfie fo] =GlfileGf2].
Proof. Let z + iy € H, using (1.2) and (1.1) we can calculate that
GIH]0GIf] (o + i)
= Gl (5ot + oo =) + 51 (ot 9) = (o= 0)
5 (1=0) (2 (2 (2 = 9) iy (fo ( + )
= Glfiof)](z+iy).

]
From Theorem 2.1 and Theorem 2.2 follows:

Corollary 2.1 Extension operator G is conformally natural, i.e.
Glhio fohy]=hioG[f]ohs
for all f € Aut™ (R), hy,hy € M.

Corollary 2.2 If f € Aut™ (R), then G [f~'] = (G[f]) "
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3 Bilipschitz property of the operator GG

For arbitrary D C C, a > 0, m > 1 we denote

a
Lp(a,m) = {f:D—>D:E|t2—t1|§|f(t2)—f(t1)|Sam|t2—t1\,t1,t2€D},

(3.1)
ﬁD (m) = ﬁD (1,m). (32)
The set Lp (m) is the set of m-bilipschitz mapping.
Of course
m
Lp (a,m) C Lp (u), foru:max{z,am}. (3.3)

Note that from Theorem 1.2 we have immediately

Theorem 3.1 If f € Aut™ (R) and F = G|[f] € Ly (a,m) for some m > 1 and
a >0, then also f € Lg (a,m).

Lemma 3.1 If f € Lg (a,m) N Aut™ (R), then

% < f () <am (3.4)
1 fita) o
2 F(t) < (3.5)

for all t,t1,t2 € Dy, where Dy is the set of differentiability for the function f.
Theorem 3.2 If f € Lg (a,m) N Aut™ (R) for some a >0 and m > 1, then
F=GI[f] € Ly (a,m).
Proof. Let zx = x) + iyx, k = 1,2, we can calculate
[F'(21) = F (22)] = ‘; (1 =) (f (1 —y1) +if (21 + 1))
—% (=) (f (w2 —y2) +if (z2 +y2))

= \f’f(m—yl)—f(fﬂz—y2)+i(f($1+3/1)_f(x2+y2))

= g\/(f (z1 — 1) — f (za —y2))? + (f (11 +y1) — f (22 +y2))2

V2
< am=p- (1 — 11 —a:2+y2)2 + (x1 +y1 — @2 —y2)2

2
= am7ﬁ|zl — 29| = am |z — 29|.
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and
F ) = F )l = |5 0= )0 (o1 = ) +if (21 +30)
_ %(1 — ) (f (@2 — y2) + if (22 + 32))
%g\/(% — =22+ 40)" + (@1 oy — 22 —y)°
- %g\/Q (x1—22)° + 21 —92)° = % |21 — 22|
| |

Corollary 3.1 If f € Lg (m) N Aut™ (R) and m > 1, then F = G [f] € Ly (m).

Proof. From (3.2) we have
feLr(l,m).

Using Theorem 3.2 and (3.3) we obtain

Fely(l,m)=Lyg(m).

4 Qusiconformal property of the operator GG

Recall that we say that a mapping F' : D — D;, where D,D; C ((A:, is K-
quasiconformal if it satisfies two conditions:

1. The map F has ACL property, that means that f is absolutely continuous on
a.e. horizontal and a.e. vertical segments in every rectangle

P={(z,y) a1 <z <asb <y<b} CD.
2. There exists a constant KX < oo such that

1 |OF (2)| — |0F (z)]
o < 0F ()| T ’(‘§F (z)’ <K a.e. z€D. (4.1)

Family of K-quasiconformal mappings of the domain D onto D; we denote by
Qp,p, (K).If D= D; we write Qp (K) :=Qp,p (K).

The condition (4.1) is called the dilatation condition for K-quasiconformal map-
ping. We can replace the dilatation condition by the other condition, see [4]

_|oF (2)) K -1

< = = —_—. .
|kr (2)] <k, where £kp(2) OF ()] and k N (4.2)
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Theorem 4.1 Let f € Lg (a,m) N Aut™ (R) for some a >0 and m > 1. Then F =
G [f] is K -quasiconformal mapping on H for K = m?, this means that F € Qg (mz) .

Proof. First note that f’ (t) exist for ¢ € Dy = R\ I and one-dimensional Euclidean
measure if I is equal zero, |I|; = 0 so F'(z) is differentiable for z = z + iy € Dp =
H\ I*, where

I'={z+iye Hex+yeEorz—y€ FE}

By |I|; = 0 we have |[I*|, = 0.
It is enough to prove that

OF 21
OF (2) < m (4.3)
OF ()| ~ m?2+1
for all z = x4 iy € Dp. We can calculate, using (1.4)
OF () = aaf' (az+az)+aaf (az+az) (4.4)
1 1
= 5z‘f’ (az +az) — 5z’f’ (az + az)
OF (2) = aaf (az+ az) +aaf' (az + az) (4.5)
1 1
= 5f’(dz+a2)+§f’(az+d2)
and
_ ;o B , o [(az+az) 1
OF(2)| |f(az+a3)— f(oz+as)| | Fecsd
OF (2)| | f'(az+az)+ f (az+az)| % +
Using (3.5) for ty =az+az=xz—y, ta =az+az=x+y we get (4.3). =
Remark 4.1 If f € Aut™ (R) and f is continuous on R and such that
m< f'(t) <M forae onR (4.6)
then
mlta —t1] < |f (t2) — f Q)] < M Jta — ta] . (4.7)

Proof. From the fact that f € Aut™ (R) and from continuity of f we have that f’(t)
exists a.e. in R and

ﬂm—ﬂm:Z%fwﬁ
Using (4.6) we get (4.7). m 1
Theorem 4.2 If f € Aut™ (R) and F = G [f] € Qu (K) for some K > 1, then
B :=esssup f' (t) < +o0, b:=essinf f' (t) >0 (4.8)

and

f € Lr(a,m) (4.9)
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for
1
a:maX{B,b}, m=K.

Proof. Using (4.4) and (4.5) we can calculate

JIF)(z) = |0F (2)]* = |0F (2)|” = f' (a2 + a2) f' (az + a2)
= ffla—yfz+y). (4.10)

By quasiconformality of F' we have
JIf](z) >0 for a. e. on C. (4.11)
Combining the Jacobian form (4.10) with the condition (4.11) we get
f(t)>0 fora.e. onR. (4.12)

From the assumption of quasiconformality of F' we have also

5 . I (z—
’aF(x‘Hy)‘_ f’guzg_l K-1
Ja i) | | f(z=y) —K+1
OF (z + iy) e +1 +
which is equivalent to
/ J—
1. [ (x—y) <K
K ' (z+y)

%f’(ﬂwy) < flle—y) <Kf (x+y).

Let we put t —y = s and ¢ + y =t then

1

gf’ ) <I|f (s)| < Kf (¢). (4.13)

Fixing ¢ in (4.13) and having (4.12) we get (4.8).

Taking into account the determination of b and B given in (4.8) we get

b

Ve <|f'(s)| < BK fora.e. onR. (4.14)

Now we define
v(z) = az,

where « is given in (1.3). Using (1.4) we see that G [f] o v for z = x + iy € H has the
form

(G[flov)(2) = G[f](az)=af (acz+ aaz)+ af (aaz + aaz)
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Because v is a conformal mapping on a domain D = {u+iv : u,v € R,v > u} and
G [f] is a quasiconformal mapping on the domain v (D) C H so G [f]ov is a quasicon-
formal mapping on D. From quasiconformality of the mapping G [f] o v we know that
G [f] ov has ACL property and consequently the mapping f is absolutely continuous.
From Remark 4.1 and the condition (4.14) we have

b
e =1 1 (t2) = f ()| < B |t — ]

which is equivalent to (4.9). m
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ABSTRACT: We study a turnpike property of approximate solutions
of a discrete-time control system with a compact metric space of states
which arises in economic dynamics. To have this property means that
the approximate solutions of the optimal control problems are determined
mainly by an objective function, and are essentially independent of the
length of the interval, for all sufficiently large intervals. We show that the
turnpike property is stable under perturbations of an objective function.
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1 Introduction

Let (X, p) be a compact metric space and 2 be a nonempty closed subset of X x X.

A sequence {z:}{2, C X is called a program if (z¢,z:41) €  for all integers
t > 0. A sequence {xt}?iTl C X where integers T7,T» satisfy 0 < T} < T5 is called a
program if (x4, z:41) € Q for all integers t € [Ty, Ts — 1].

In this paper we consider the problem

~

-1
v(Zi, Ti41) — Max (P)

Il
o

i

st {(zi i) o CQ, mo =21, @ = 2,

where T is a natural number, 21,2, € X and v: Q — R! is a bounded function. This
discrete-time optimal control system describes a general model of economic dynamics
[3, 7, 9, 13-15], where the set X is the space of states, v is a utility function and
v(x¢, Z¢41) evaluates consumption at moment ¢. The interest in discrete-time optimal

COPYRIGHT (© by Publishing Department Rzeszéw University of Technology
P.O. Box 85, 35-959 Rzeszow, Poland
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problems of type (P) also stems from the study of various optimization problems
which can be reduced to it, e.g., tracking problems in engineering [5], the study
of Frenkel-Kontorova model related to dislocations in one-dimensional crystals [1]
and the analysis of a long slender bar of a polymeric material under tension in [6].
Optimization problems of the type (P) with 2 = X x X were considered in [10-12].

We are interested in a turnpike property of the approximate solutions of (P)
which is independent of the length of the interval T, for all sufficiently large intervals.
To have this property means, roughly speaking, that the approximate solutions of
the optimal control problems are determined mainly by the cost function v, and
are essentially independent of T', z; and z,. Turnpike properties are well known in
mathematical economics. The term was first coined by Samuelson in 1948 (see [9])
where he showed that an efficient expanding economy would spend most of the time
in the vicinity of a balanced equilibrium path (also called a von Neumann path).

It should be mentioned that the study of the existence and the structure of solu-
tions of optimal control problems defined on infinite intervals and on sufficiently large
intervals has recently been a rapidly growing area of research. See, for example, [2,
6, 8, 10-15] and the references mentioned therein.

In the classical turnpike theory [3, 7, 9] the space X is a compact convex subset
of a finite-dimensional Euclidean space, the set € is convex and the function v is
strictly concave. Under these assumptions the turnpike property can be established
and the turnpike Z is a unique solution of the maximization problem v(z,z) — max,
(z,z) € Q. In this situation it is shown that for each program {z;}{2, either the
sequence {ZtT:_Ol v(xy, x41) — Tu(Z, %)}, is bounded (in this case the program
{152, is called (v)-good) or it diverges to —oo. Moreover, it is also established that
any (v)-good program converges to the turnpike Z. In the sequel this property is
called as the asymptotic turnpike property.

In [14] we showed that the turnpike property follows from the asymptotic turnpike
property. More precisely, we assumed that any (v)-good program converges to a
unique solution Z of the problem v(z,z) — max, (z,z) € Q and showed that the
turnpike property holds and Z is the turnpike. Note that we do not use convexity
(concavity) assumptions. It should be mentioned that in [13] analogous results were
established for the problem

T

|
—

v(x, Tir1) — mMax, {(xi,xi_,_l)}z:ol CQ, 9=z,

I
=}

g

where T is a natural number and z € X.

In the present paper we improve the turnpike results established in [13, 14] and
show that the turnpike property is stable under perturbations of the objective function
.

Let (X, p) be a compact metric space and  be a nonempty closed subset of X x X.
Denote by M the set of all bounded functions u :  — R!. For each w € M set

[lwl] = sup{lw(z, y)| : (z,y) € Q}. (1.1)
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For each z,y € X, each integer T" > 1 and each u € M set

T-1
o(u,T,z) = sup{z u(zi, xit1) : {wi}y is a program and zo = z}, (1.2)
i=0
T—1
o(u,T,z,y) = sup{z u(wi, wiv1) : {2}l is a program and zg = =, v = y},
=0
(1.3)
T-1
o(u,T) = Sup{z u(xi, wit1) : {wi}iy is a program}. (1.4)
=0

(Here we use the convention that the supremum of an empty set is —o0).
For each z,y € X, each pair of integers 11,75 satisfying 0 < T < T and each
sequence {ut};‘zil C M set

To—1
o({u b 27) Ty, To, w) = sup{ Y (@, 2441) -
t=T1
{xt}tTiTl is a program and zp, =z}, (1.5)
To—1
U({Ut}fi;ll, T17 TQa xZ, y) = Sup{ Z ut(xta xt-‘rl) :
t=T1
{:Et}tTiTl is a program and zp, = x, x1, = y}, (1.6)
Ty—1
U({Ut};fiil’Tl,Tﬂ = sup{ Z Ut (e, Tey1) {xt};fiTl is a program}. (1.7)
t=T1

Assume that v € M is an upper semicontinuous function. Since in [13, 14] we
assume that objective functions are defined on the set X x X in order to apply their
results we set v(x,y) = —||v|| — 1 for all (z,y) € (X x X)\ Q.

We suppose that there exist £ € X and a constant ¢ > 0 such that the following
assumptions hold.

(A1) (Z,Z) is an interior point of  (there is € > 0 such that {(z,y) € X x X :
p(x,Z), p(y,T) < e} C N) and v is continuous at (Z,Z).

(A2) o(v,T) < Tw(z,z) + ¢ for all integers T > 1.

It is easy to see that for each natural number T and each program {z;}L

=
-

v(xg, p41) < o(v,T) < Tv(Z,T) + ¢C. (1.8)
t

i
<

Inequality (1.8) implies the following result.
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Proposition 1.1 For each program {x:}$2,, either the sequence
T-1
{Z V(@ w11) — TV(Z, )} 724
t=0

is bounded or limT%w[ZZﬂ:_Ol v(y, 1) — To(Z,T)] = —o0.

A program {z;}$°, is called (v)-good if the sequence

!

D v(@n,2e1) = To(Z,2) 7,

~
Il
<

is bounded [3, 4, 12].
In this paper we suppose that the following assumption holds.
(A3) (the asymptotic turnpike property) For any (v)-good program

{z:}iZ0, Jim p(a, 7) = 0.

Note that (A3) holds for many important infinite horizon optimal control prob-
lems. See, for example, [13-15]. In particular, (A3) holds for a general model of
economic dynamics.

By (A3) ||v|| > 0. For each M > 0 denote by X the set of all x € X for which
there exists a program {z;}$2, such that zo = x and that for all integers T' > 1

T—

Ju

v(zy, xiq1) — To(E,T) > —M.
t=

Clearly U{Xy; : M € (0,00)} is the set of all z € X for which there exists a
(v)-good program {z;}$°, such that zy = x.
By (A1) there exists 7 € (0,1) such that

{(z,y) e X x X1 p(z,2), ply,z) <7} C Q. (1.9)

Let T be a natural number. Denote by Y the set of all z € X for which there
exists a program {x;}]_, such that zog =  and a1 = z.

Denote by Yr the set of all # € X for which there exists a program {z;}~ , such
that xg = x and xp = Z.

It is easy to see that the following result holds.

Proposition 1.2 Let L be a natural number. Then Yi, C X1l -

Proposition 1.3 Let M > 0. Then there exists a natural number L such that X, C
Y.

For the proof of Proposition 1.3 see Lemma 2.1.
The following three theorems which describe the structure of approximate solu-
tions of our discrete-time control system are our main results.
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Theorem 1.1 Let € € (0,1) and M > 0. Then there exist a natural number Ly and
0o € (0,min{e, 7}) such that for each integer Ly > Lg the following assertion holds
with 6 = (5()(4[/1)71

Assume that an integer T > 2Ly, {u;}7;' € M, a program {x;}]_, and a finite
sequence of integers {S;}{_ satisfy

llug —v|| <6, t=0...,T -1,

So =0, Si+1 SQ[L(),L],Z:O7...,(]—1, Sq>T—L1,

Siy1—1 Siy1—1
S owlznre) > Y w(@z) - M
t=S; t=S;

for each integer ¢ € [0,q — 1],

Sit2—1

Sipa—
Z ut(ft,mt-‘rl) > U({ut}t:gi 1’ Sia Si+27xsmxsi+2) —do (110)
t=S5;

for each integer ¢ € [0, ¢ — 2] and

Z (@) > o({ul =g, 842, T, @5, ,,x1) — do. (1.11)
t=S,-

Then there exist integers 71, 72 € [0, 7] such that 7 < 2Ly, 72 > T — 2L, and
p(x,T) <e€, t=m1,...,7T0.

Moreover, if p(xg,Z) < do, then 74 = 0 and if p(xr,z) < dp, then 75 =T

Theorem 1.2 Let € € (0,7), Lo be a natural number and My > 0. Then there exist a
natural number L and § € (0, €) such that for each integer T > 2L, each {ut}th_Ol cM
satisfying

llug —v|| <6, t=0...T -1,

and each program {x,;}I_, which satisfies

xg € YLO, rr € YLO,

ﬂ
L

U (ze, ve41) > o({ur iy, 0, T, g, x7) — Mo
t

I
o

and
T+L—-1

Y wlwnwe) = o({ud i T+ Las,aegn) =6 (1.12)

t=T1

for each integer T € [0, T — L] there exist integers Ty € [0, L], 7o € [T — L, T)] such that

oz, T) <€ t=m1,...,7T0.
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Moreover, if p(xg,Z) < 9§, then 71 =0 and if p(xr,T) <0, then o =T.

Theorem 1.3 Let € € (0,7), Lo be a natural number and My > 0. Then there exist a
natural number L and § € (0, €) such that for each integer T > 2L, each {u}1—g' € M
satisfying

[lug —v|| <6, t=0...,T—1

and each program {x;}1_, which satisfies

T-1

zo € Y, Z ue(ws, we1) > o({uk{=g' 0,7, x0) — Mo
t=0
and
T4+L—-1
Z up(ze, wy1) > o({u i E N o+ Lyay, 2 ip) — 0 (1.13)
t=1

for each integer T € [0, T — L] there exist integers Ty € [0, L], 7o € [T — L, T] such that
p(x,T) <e€, t=m1,...,7T0.

Moreover if p(xg,Z) < §, then 71 = 0.

Theorems 1.1-1.3 establish the turnpike property for approximate solutions of the
optimal control problems with objective functions us, ¢ = 0,...,T — 1 which belong to
a small neighborhood of v. They extend the main results of [15] which were obtained
when u; = ug for all t =0,...,7 — 1 and when equations (1.10)-(1.13) were replaced
by the stronger equations

T-1
w (e, we41) > o({u} =", 0, T, o, 27) — &
t=0
and
T-1
wp(we, we41) > o({u i 0, Ty o) — 6
t=0
respectively.

Note that examples of pairs (v, ) for which the assumptions made in this paper
hold are presented in [15].

The paper is organized as follows. Section 2 contains auxiliary results. Theorem
1.1 is proved in Section 3 while Section 4 contains the proof of Theorems 1.2 and 1.3.

2 Auxiliary results
By (Al) we may assume that

[v(z,y) —v(Z, )| < 1/8 for all z,y € X satisfying p(z, %), p(y, ) < T (2.1)
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(see (1.9)). Clearly, for each pair of integers Ty, Ts satisfying 0 < Ty < Ty, each
sequence {’(,Ut}tQ ! ¢ M and each z,y € X satisfying p(z,Z), p(y,Z) < 7 we have
that o({w;}127, T17T2,x y) is finite.

In order to prove our main results we need the following lemmas obtained in [14].

Lemma 2.1 [14, Lemma 3.3] Let My, e be positive numbers. Then there exists a
natural number Lo such that for each integer T > Lo, each program {z;}l_, which

satisfies
T—1

Z v(zy, vep1) > To(Z,T) — My

t=0

and each integer S € [0,T — Lo the inequality
min{p(z,Z): t=S+1,...,S+ Lo} <e

holds.
Note that Lemma 2.1 implies Proposition 1.3.

Lemma 2.2 [14, Lemma 3.2]. Let € > 0. Then there exists § € (0,7) such that for
each integer T > 1 and each program {x}L_, satisfying

p(z0,2), plar, ) <0 Z v(@e, 441) = o(v, T, 20, x7) = 6
=0

the inequality p(x:, ) < € holds for allt =0,...,T.

3 Proof of Theorem 1.1

By Lemma 2.2 there exists a positive number
dp < min{e, 7} (3.1)
such that the following property holds:
(P1) for each integer T > 1 and each program {w;}1_, satisfying

T—1
p(x()vj)a p(‘rT7 ) < 507 Z U(It,xt_l,.l) > U(UvTv Io,ZET) - 260
t=0

the inequality p(z¢,Z) < € holds for all t = 0,...,T.

By Lemma 2.1 there exists a natural number L such that the following property
holds:

(P2) for each integer T > Lo, each program {x;}1_, which satisfies

!
—

v(xg, x41) > To(Z,2) — M — 2

-+
Il
=]
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and each integer S € [0, T — L] the inequality

min{p(z;,Z): t=5+1,...,5+ Lo} < dg

holds.
Let an integer
Ly > Lo
and put
§ = 0(4L,) 1.

Assume that an integer T' > 2Ly, {u;}{_' C M satisfies
llug —v|| <6, t=0...,T—1,
{z,}L, is a program and that {S;}7_, is a sequence of integers such that
So=0, Sig1— 8 €[Lo, L], 1 =0,...,q—1, Sg >T — Ly,

for each integer i € [0,q — 1]

Siy1—1 Sit1—1
Z up (T4, Tep1) > ut(Z,T) — M,
t=5; t=S;

for each integer i € [0, ¢ — 2]

Si+2 —1

S —1
Z ut(xtv l’t+1) 2 U({Ut}t:gi 3 Sia S’i+2; SUSN xSH_z) - 50)
t=S;

T—

[

ug(ws, weg1) > o({ue{Zg, 0 Sq-2,Ts s, 5 21) = do.
t:Sq72

Let an integer ¢ € [0,¢ — 1]. By (3.3)-(3.6)

Sit1—1 Siy1—1
Z (@, Teg1) > Z up(zy, xpq1) — 0(Sig1 — Si)
t=S; t=S;
Siy1—1
Z Ut(j,f) —M—6L1
t=S;

2 'U(.’f, "E)(Sprl - Sz) - (SLl - M — (5L1 = U(i’,i’)(si+1 - Sl) — M —1.
By the equation above, property (P2) and (3.5) there is an integer 7; such that

7, € [Si + 1,8+ Lo, p(zs,,z) < do.

(3.6)

(3.9)
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Thus for each integer i € [0, ¢ — 1] there is an integer 7; satisfying (3.9). By (3.9) and
(3.5)
70 < 2L, Tg—1 > T—2L;. (310)

For each integer ¢ € [0,q — 2]
0< Tit1 — Ti < 2L1, Tiy Tit1 € [SZ',SH_Q]. (311)
By (3.7) for any integer i € [0,q — 2]

Tit1—1
Z (e, wy1) > o({u 2 T Tig1, Tryy Ty ) — S0 (3.12)

t=m;
Thus we have shown that there is a finite seqence of integers {7;}¥_, such that
0<70<2Ly, T>71, >T —2L4,
for each integer i satisfying 0 <i < p
1<7m41—1 <20, (3.13)

and that (3.12) holds.

Clearly we may assume without loss of generality that if p(zg,Z) < dp, then 79 = 0
and if p(zp,Z) < dp, then 7, = 0.

Let an integer ¢ € {0,...,p — 1}. By (3.4), (3.12), (3.13) and (3.3)

Tip1—1 Tit1—1
Z v(xy, Toq1) > Z U (g, Tpy1) — 0(Tip1 — 74)
t:Ti t:Ti

Ti+171
> o({ue} 2 Ty Tig1, Ty, ey, ) — 00 — 020

> 0(v, Tig1 = Tiys Ty, Trpyy ) — 060 — 04L1 > 0 (v, Tig1 — Tiy Tryy Trpyy ) — 260.

By the equation above, (3.9) and (P1),
plxe, ) <e, t=75...,Ti11, 1 =0,...,p— L.

Theorem 1.1 is proved.

4 Proofs of Theorems 1.2 and 1.3
We prove Theorems 1.2 and 1.3 simultaneously. Fix
M, > 4. (4.1)

By Lemma 2.2 there exists a positive number g < € such that the following
property holds:
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(P3) for each integer T > 1 and each program {z;}1_, satisfying

T-1

p(.’ﬂo,i‘), p(xT7j) < 507 Z v(xtaxt-i-l) > O'(U,T, anxT) - 250
t=0

the inequality p(x¢,Z) < € holds for all t =0,...,T.

By Lemma 2.1 there exists a natural number L; > Ly + 4 such that the following
property holds:

(P4) for each integer T' > L;, each program {z;}7_, which satisfies

~

v(xp, pp1) > To(ZT,T) — My — 2
t

Il
=3

and each integer S € [0, T — L1] the inequality

min{p(z,Z): t=S+1,...,5+ L1} <

holds.
Choose a natural number k such that
k> 8Ly ([|v]| +1) + My + 4, (4.2)
set
Lo =kL, (4.3)
and choose a natural number
L>2L, (4.4)
and a positive number § for which
8L2d < dp. (4.5)

Assume that an integer T' > 2L, {u;}{_;' C M satisfies
[lug —v|| <6, t=0...,T—1 (4.6)

and that a program {x;}7_, satisfies

To € YLO, (47)
for each integer 7 € [0,T — L]
T+L—-1
Z Ut(ﬁt‘t, xt-‘rl) > U({ut I:f_lv T, T+ Lv Tr, SU7—+L) -6 (48)
t=T1
and that
T—1
o1 € Vi, Y ui(we, we) > o({ueb{)', 0,7, 2o, 27) — Mo (4.9)

t=0



Alexander J. Zaslavski 145

in the case of Theorem 1.2 and

T-1
ug(Te, Ter1) > a({ut}th_ol, 0,T,x0) — My (4.10)
t=0

in the case f Theorem 1.3.
Assume that an integer S satisfies

S €[0,T - Ly, x5 € Yi,. (4.11)

We show that there is an integer ¢ € [S + 1,5 + L] such that p(a¢, ) < do.
Assume the contrary. Then

p(xe, @) > g, t=S+1,...,5+ La. (4.12)

There are two cases:
p(xg, T) > &g for all integers t =S +1,...,T; (4.13)
p(zy,T) < dp for some integer t satisfying S + Lo <t <T. (4.14)

Assume that (4.13) holds. In the case of Theorem 1.3 in view of (4.11) there is a
program {y; }1_, such that

yr = x4, t=0,...,5, y = T for all intregers ¢t € [S + Lo, T). (4.15)

In the case of Theorem 1.2 in view of (4.11) and (4.9) there is a program {y;}Z_, such
that

ye=x¢, t=0,...,5, y, = for all intregers t € [S + Lo, T — Lo, yr = z7. (4.16)

By (4.9), (4.10), (4.15) and (4.16)

T-1 - - T-1
—My < t(@e, Teg1) Z (Y2, Ye+1) Z (@, me1) — Y ueye, Yra1)-

t=0 t=0 t=S t=S

(4.17)
By (4.11) there is an integer p > 0 such that
T-S¢ [le,(p+ 1)Ly). (4.18)
v (4.3), (4.11) and (4.18)

p>k. (4.19)

By (4.13), (4.18) and (P4) for each integer i € [0,p — 1]

S4(i+1)L1—1

Z v(xs, ry1) < Lo(Z,T) — My — 2.
t=S+ilq
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Together with (4.5) and (4.6) this implies that for each integer i € [0,p — 1]

S+(i+1)L1—1
Z ut(xt7xt+1) S 6L1+L1U(i’,f) —M1 -2

t=S+ilL4
S+(i4+1)L1—1 S+(i+1)L1—1
<2Li+ Y. w(z@)-M-2< > w(@z) - M -1 (4.20)
t=S+iLy t=S+iL1
By (4.2), (4.3), (4.6), (4.16), (4.18), (4.19) and (4.20)
T-1 T-1
ut(ve, Te1) — D ut(Yes Y1)
t=S t=S
S+pL171
< Z ue(Z, %) — (M1 + 1)p+ Z{H“tH t is an integer and
t=S
T—Lo—1
S+pLy<t<T—1}— Y w(z,z)+2Lo(l[v]| +1)
t=S+Lo
S+pL;i—1
< > w(@) = p(My+1) + Li(J[o]| + 1) + 2Lo(|[v]| + 1)
t=S

- Zut Z,%) 4 2Lo(||v]| + 1)

< —p(M; + >+6L1<||v||+1>< k(M + 1) + 6Ly ([Jo]| + 1) < —Mp — 4.

This contradicts (4.17). The contradiction we have reached proves that (4.13) does
not hold. Thus (4.14) holds.

We may assume without loss of generality that there is an integer S such that
S+ Ly<S<T, plxs,T) < do, (4.21)
p(xs,T) > & for all integers t satifying S < t < S. (4.22)
By (4.11) and (4.21) there is a program {y;}._, such that
yo=a4, t=0,...,8, y, =z for all integers t € [S + Lo, S — 1], (4.23)

y; = x4, for all integers satisfying S <t < T.
By (4.23), (4.10), (4.9)

T—1 T—1 T—1
—M, < Z Ut(CUt,fUtJrl) - Z ut(yt,ytﬂ Z $t7$t+1 Z Ut(yt7yt+1)'
t=0 t=0 = t=S

(4.24)
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By (4.21) there is an integer p > 0 such that
S—S—1€lpLy,(p+1)Ly). (4.25)

By (4.3), (4.21) and (4.25)
p>k.
By (4.25), (4.22) and (P4) for each integer i € [0,p — 1]
S+(i+1)L1—1

v(zy, Tep1) < Lyo(Z,Z) — My — 2.
t=S+ilL,

Together with (4.5) and (4.6) this implies that for each integer i € [0,p — 1]

S4(i+1)Ly—1
Z ut(:ct,xtﬂ) <dé6Li1+ le(.f},f) — M; —2

t=S+iL1
S4(i+1)L1—1 S+(i+1)L1—1
<26Li+ Y w(@a)-M-2< > w(z,z)- M -1 (4.26)
t=S-+iL, t=5+iL1

By (4.23), (4.21), (4.6), (4.26), (4.25) and the inequality p > k

S

—1 T

Ut(ﬂft7$t+1) -

1
Ut(yta yt+1)

(]
(]

t

o~

2 Il

| 0
v Il

| 9}

1 1

up(ze, ver1) — ) (Yo, Yev1)

|
o~
™
n
o~
Il
U

1
|

S+pLi—1 1
< > w@n ) + 2Ll +1) = Y w(®,®) + 4Lo(|[v]| + 1)
t=S t

This contradicts (4.24).

The contradiction we have reached proves that there is an integer ¢ € [S+1, 5+ Lo|
for which p(z¢, Z) < .

Thus we have shown that the following property holds:

(P5) for each integer S satisfying S € [0,T — Lo} and zg € Y7, there is an integer
t€[S+1,5+ Lo] for which p(z,Z) < .

Using (4.7) and (P5) by induction we construct an increasing sequence of integers
{S;}L_, such that

Il
o)

S, € [O,LQ], Sq S (T—L%T]7 S¢+1—S¢ € [l,LQ].iZI,...,q—l,

plzs,,T) <dp, i=1,...,q. (4.27)
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Clearly, we may assume that if p(xg,Z) < g, then S; = 0 and if p(zr,Z) < do,
then S, =T.
Let an integer ¢ € {0,...,¢ — 1}. By (4.8), (4.9), (4.27) and (4.4)

Sri+1—1

S. —
7 wlwnmign) = o{udits T Si i1, s, 7,4, ) — 6.
t=S;

Together with (4.5), (4.6) and (4.27) this implies that

SH,lfl

'U(xt, $t+1) Z U(U7 Si; Si+17 xSi7xSi+1) - 60'

t=S;
By the equation above, (4.27) and (P3),
p(It,ZE) SG, tZSZ‘,...,SH_l, iZO,...7q—1.

Theorems 1.2 and 1.3 are proved.
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