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1 Introduction
Let A, (n) denote the class of all functions of the form
f)=2"+ > az"(pneN={1,23.}). (1.1)
k=p+n

which is analytic in open unit disc U = {z € C||z| < 1}.
In particular, we set

Ap(1) = Ay Ai(1) = A; = A
If f € Ay(n) is given by (1.1) and g € Ap(n) is given by
oo
g(z) =22+ Z brz® (p,n € N ={1,2,3...}). (1.2)
k=p+n
then the Hadamard product (or convolution) f % g of f and g is given by

(f*9)(z)=2"+ > abpz’ = (g% f)(). (1.3)

k=p+n
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We observe that several known operators are deducible from the convolutions. That
is, for various choices of g in (1.3), we obtain some interesting operators. For example,
for functions f € A,(n) and the function g is defined by

g(z) = 2P + Z Vrom (X, 1, )28 (m € Ny = NU{0}) (1.4)
k=p+n

where

Pk+1)I(p—a+1) p+AXk—p)+1]"
1/)k,m(aa)‘7lap): [F(p+1)F(k—oz—|—1) p+l .
The convolution (1.3) with the function g is defined by (1.4) gives an operator studied
by Bulut ([1]).
(f *9)(2) = DY}, f (2)

Using convolution we introduce the new classes USy (6, 3,b) and UKE (4, B,b) as follows

Definition 1.1 A functions f € Apy(n) is in the class US} (6, 3,b) if and only if f

satisfies
el (LS o) o oy (S )|+ 09

where z €U, b€ C—{0},§ > 0,0 < 8 < p.

Definition 1.2 A functions f € Ay(n) is in the class US} (6, B,b) if and only if f
satisfies

where z €U, b€ C—{0},§ > 0,0 <8 < p.

Note that

€ UKD(5,5,b) == zf;fz) € USP (5, 5,b).

Remark 1.1 (i) For § =0, we have

UK (0, 8,b) = Kg(5,b)
Uusy(0,8,b) = S§(8,b)

9
(i) For 6 =0 and B =0
UK (0,0,b) = K (b)
US?(0,0,b) = S(b)
(i4i) For 6 =0, =0 and b=1
UK (0,0,b) = K#

g

USP(0,0,b) = SP

(iv) For (fj * 9)(2) = Dy fi(2), we have two classes MICZfL\j”lI)’"(éj,Bj,b) and
USSP (05, 85, 0) which is introduced by Guney and Bulut [1].
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Definition 1.3 Let n € N,m = (mq,...,my,) € NJ and k = (k1,....k,) € R. One
defines the following general integral operators:

Tpnmk s Ay (n)7 = Ay(n)
gg’"’m’k s Ay (n)T — Ap(n) (1.7)
such that B . N
zpom(z) = [t T (U00) " gy
0 it 1.8)
r T (fixe) (&) (
gyrm(o) = [ T (U0) e,
0 j=1

where z € U, fj,g€ Ap(n),1 <j<n.

Remark 1.2 (i) Forn=1,my = m,k; =k, and f1 = f, we have the new two new
integral operators

Ipnmk fptp 1((fg*g)(t)) jdt,

K (1.9)
gpnmk fptp 1((]2}:521( )) dt,
(it) For (f; * g)(z) = DY}, fi(2), we have
m R S R TORN
zprk(z) = [port 1 (P e
i= (1.10)
m o1 1k (DRSLO O\
G () = [t 1 (BLelIO) ",
j=
These operator were introduced by Bulut [].
(iii) If we take g(z) = zP /(1 — z), the we have
Ipnmk fptp 1 H (f])(t) dt,
(1.11)

n,m, (£)'(®)
gom k( fptpln(ptpl)d’

These two operators were introduced by Frasin [3].

2 Sufficient Conditions for Ig,mm,k(z)

Theorem 2.1 Letn € N,m = (my,....,my) € N and k = (k1,....,ky,) € R} Also let
beC—{0},0 >0,0< B <p, and f; €US}(0,5,b) for 1 < j<mn. If

0<p+Zk ) < p, (2.1)
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then the integral operator IF""™*(z) , defined by (1.8) , is in the class K& (r,b) where

n

T=p+ Y k(B —p)

=1

Proof. From the definition (1.8), we observe that Ig7n7m’k(z) € Ay(n). We can easy

to see that .
5
o e T (U220 .

Differentiating (2.2) logarithmically and multiplying by ’z’, we obtain

(Ipan,m,k( )) =p-1 Jer < f] *g)( ) p> (2.3)
or equivalently
2@rmre)" N (AU 9@
1 + (Ipm;m,k(z))l b= ]; kj < (f] * g)(Z) P> (24)

Then, by multiplying (2.4) with '1/b’, we have

1(1+z¢ﬁm“*@u”p>

b (Zpmmok(z)) = (f5*9)(2)
1 2 (ZPnmek ()"
Pty (1+ ((Ipyn,m,k(z))z _p> (26)

Since f; € US}(d;,5;,0) (1 < j <n), we get
1 (Immk(z))”
fi* %
‘“Z"" Re{b ( o >)<( )k
> Zk 0
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Since

Souafi (a0

because the integral operator Z¥™*(z) , defined by (1.8) , is in the class K&(r,b)
with

3 Sufficient Conditions for G2 (z)

Theorem 3.1 Letn € N,m = (my,....,my) € NJ and k = (k1,....ky) € R Also let
beC—{0},0 >0,0< B <p, and fj €US}(0,5,b) for 1 <j<mn. If

0<p+Zk‘ ) < p, (3.1)
then the integral operator Qg’”’m’k(z) , defined by (1.8) , is in the class Kb(7,b) where
n
T=p+ > ki(B—
j=1
Proof. From the definition (1.8), we observe that ZF"™%(z) € A,(n). We can easy

to see that N
j
(gp 1,1, k _ pr 1 H ( f] * g ) ] (32)

pzP~1

Differentiating (3.2) logarithmically and multiplying by ’z’, we obtain

—p— 1+Zk <fj*~”’))i’z)>)+1p) (3.3)

2 (Grmk ()"
(Grmmk(z))

or equivalently

Lt = G z) = j{:k]< @)y T p) (34)

Then, by multiplying (3.4) with '1/b’, we have

1, z@rrmE@)” N K (29
bo+@mwmy O_Z%x<ﬁmw>+1@ 39
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p+% (WH_Z)) _p+;kji (Wﬂ—wp—pékj)

Since f; € UKY(d;,58;,b) (1 < j <n), we get (3.6)

Re{“i(HW‘p)} (3.7)
:p+§:1ije{2 <W+1_p)}+p_jzj:1pkj+p+§:1kj(ﬁj_p)’
>j§i:1kj6j 2<W+1_p)‘+p+é%(@—p)~

L (2((fj *9)(2))”
b\ (fi*x9)(2)

because the integral operator gg’"’m’k(z) , defined by (1.8) , is in the class ICg(T, b)
with

+1-p)| >0

4 Corollaries and Consequences

For n=1,m1 =m,k; =k, and f; = f, we have

Corollary 4.1 Letne N,m € Ny and k € R]. Also letbe C—{0},6 >0,0< 3 <
p, and f € US} (6, B,b) for 1 < j <n. If

0<p+k(B—p) <p (4.1)
then the integral operator Ig’”’m’k(z) is in the class KCP(7,b) where
T=p+k(B-p)

Corollary 4.2 Letne N,m € N and k € R|. Also letbe C—{0},0>0,0< 3 <
p, and f € US} (6, B,b) for 1 < j <n. If

0<p+k(B—p) <p, (4.2)

then the integral operator GE""k(z) is in the class KP(7,b) where

T=p+k(B—p).
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For (f; * g)(z) = D;Tfl’f;fj(Z), we have

Corollary 4.3 Let n € N,m = (my,....,my) € Ny and k = (ki1,...,k,;) € R]. Also
letbe C—{0},6 >0,0< B <p, and f; € MSZ;{,’;)’"((?j,ﬂj,b) for1<j<n. If

7
0<p+> k(B —p) <p (4.3)
=1

then the integral operator Iy, ;) m k(2) is in the class KCP"™(7,b) where

Corollary 4.4 Letn € N,m = (my,....,my,) € Nj and k = (ky,....k;) € R]. Also
letbe C—{0},0 >0,0<p<p, and UKL (85, 85,0) for 1 < j <mn. If

7
0<p+ ki(B—p) <p, (4.4)
j=1

then the integral operator Gy, m. k(%) is in the class KP™(7,b) where

which are known results obtained by Guney and Bulut [2].
Further, if put p = 1, we have

Corollary 4.5 Let n € N,m = (my,....,my) € Ny and k = (ki1,...,k;) € R]. Also
letbe C—{0},0>0,0<pB<1,and f; €US}(0,[,b) for 1 < j <m. If

n
0<1+) k(B —1) <1, (4.5)
j=1

then the integral operator V"™ (z) is in the class K}(7,b) where

n

T = 1+Zk‘](ﬁ7 — 1)

Jj=1

Corollary 4.6 Let n € N,m = (my,...,my) € Ny and k = (ki1,...,k,;) € R]. Also
letbe C—{0},6>0,0<B <1, and f; €US(S,3,b) for L < j<n. If

0<14+> k(B —1)<1, (4.6)
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then the integral operator G3™*(2) is in the class Kj(r,b) where
n
T=1+> k(B —1).

j=1

Upon setting g(z) = 2P/(1 — z), we have

Corollary 4.7 Let n € N,m = (my,....,my) € N and k = (ki1,...,k;) € R

letbe C—{0},6 >0,0< B <p, and f; € USP(4,6,b) for 1 <j<mn. If
U
0<p+Y ki(Bj—p) <p,
j=1

then the integral operator GP""™F(2) is in the class KCP(7,b) where

n
T=p+ Y k(B —p)
j=1

Corollary 4.8 Letn € N,m = (my,....,my,) € Nj and k = (ky,...,k;) € R].

letbe C—{0},6 >0,0< B <p, and f; € USP(6,5,b) for 1 < j <mn. If

n

0 §P+ij(ﬂj —p) <bp,
j=1
then the integral operator GP™k(2) is in the class KCP(T,b) where
n
T=p+> k(B —p)
j=1

Upon setting g(z) = 2?/(1 — z) and § = 0, we have

Corollary 4.9 Let n € N,m = (my,....,my) € N and k = (k1,...,k;) € R.

)
letbe C—{0},0 <3 <p, and f; € USP(0,8,b) for 1 < j <n. If
n
0<p+Y ki(B;—p) <p
j=1
then the integral operator GP""™ k(%) is in the class KP(7,b) where

n
T=p+ Y k(B —p)
j=1

Also

(4.7)

Also

(4.8)

Also

(4.9)
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Corollary 4.10 Let n € N,m = (myq,...,my) € N and k = (kq,...,k,) € R. Also
letbe C—{0},0>0,0<pB<p, and f; € USP(0,5,b) for1 <j<n. If

n
0<p+> ki(B;i—p) <p, (4.10)
j=1

then the integral operator GP""™ k(%) is in the class KP(7,b) where
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