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1 Introduction

The semiring is an important algebraic structure which plays a prominent role in
various branches of mathematics as well as in diverse areas of applied science. The
concepts of semiring was first introduced by H. S. Vandiver [14] in 1934. After that
several authors have apllied this concept in various disciplines in many ways. The
structure of prime ideals in semiring theory has gained importance and many math-
ematicians have exploited its usefulness in algebraic systems over the decades. An-
derson and Smith[3] introduced the notion of weakly prime ideals in commutative
ring. The concept of 2-absorbing and weakly 2-absorbing ideals of commutative ring
with non-zero unity have been introduced by Badawi [5] and Badawi and Darani[6]
respectively which are generalizations of prime and weakly prime ideals in a com-
mutative ring. Darani[8] has explored these concepts in commutative semiring and
characterized several results in terms of 2-absorbing and weakly 2-absorbing ideals
in commutative semiring. Chaudhary and Bonde[7] have introduced the notion of
subtractive extension of an ideal to study the ideal theory in quotient semiring.

A commutative semiring is a commutative semigroup (S, ·) and a commutative
monoid (S,+, 0S) in which 0S is the additive identity and 0S · x = x · 0S = 0S for
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all x ∈ S, both are connected by ring like distributivity. A nonempty subset I of a
semiring S is called an ideal of S if a, b ∈ I, r ∈ S, a + b ∈ I and ra, ar ∈ I. An ideal
I of a semiring S is called subtractive if a, a+ b ∈ I, b ∈ S then b ∈ I. An ideal (I : r)
is defined as (I : r) = {x ∈ S : rx ∈ I}. It is easy to see that if I is a subtractive
ideal of S, then (I : r) is a subtractive ideal of S. Radical of an ideal I is defined
as Rad(I) =

√
I ={a ∈ S : an ∈ I for some positive integer n}. An element s in

a semiring S is said to be nilpotent if there exists a positive integer n(depending on
s) such that sn = 0. Nil(S) denotes the set of all nilpotent element of S. A proper
ideal I of a semiring S is said to be prime (respectively, weakly prime) if ab ∈ I
(respectively, 0 6= ab ∈ I) implies a ∈ I or b ∈ I for some a, b ∈ S. An ideal I of a
semiring S is said to be irreducible if for ideals H and K of S, I = H ∩ K implies
that I = H or I = K. A semiring S is said to be regular if for each a ∈ S there exists
x ∈ S such that a = axa. In [11], it is proved that a semiring S is regular if and only
if HK = H ∩K for all left ideals K and right ideals H of S.

Throughout this paper, S will always denote a commutative semiring with identity
1 6= 0.

2 2-absorbing and weakly 2-absorbing ideals

In this section, we prove number of results correspond to 2-absorbing and weakly
2-absorbing ideals in commutative semirings. Recall [8] the following definitions.

Definition 2.1. A proper ideal I of a commutative semiring S is said to be a 2-
absorbing ideal of S if whenever a, b, c ∈ S and abc ∈ I, then ab ∈ I or ac ∈ I or
bc ∈ I.

Definition 2.2. A proper ideal I of S is said to be a weakly 2-absorbing ideal of S if
whenever a, b, c ∈ S and 0 6= abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I.

It is easy to see that every 2-absorbing ideal of a semiring S is a weakly 2-absorbing
ideal of S but converse need not be true. For further understanding properties of 2-
absorbing and weakly 2-absorbing ideals in commutative semirings, refer [8].

Theorem 2.3. Let I be a 2-absorbing ideal of S. Then (I : r) is a 2-absorbing ideal
of S for all r ∈ S \ I.

Proof. Let r ∈ S \ I and let a, b, c ∈ S be such that abc ∈ (I : r). Then rabc ∈ I.
So ra ∈ I or rbc ∈ I or abc ∈ I, since I is a 2-absorbing ideal of S. If either ra ∈ I
or rbc ∈ I, we are done. If abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I, which implies
rab ∈ I or rac ∈ I or rbc ∈ I. Hence (I : r) is a 2-absorbing ideal of S.

Theorem 2.4. Let I be a 2-absorbing subtractive ideal of S with
√
I = J and J2 ⊆ I.

If I 6= J and for all r ∈ J \ I, then (I : r) is a prime ideal of S containing I with
J ⊆ (I : r).

Proof. Let uv ∈ (I : r) for some u, v ∈ S. Then ruv ∈ I. Since I is a 2-absorbing
ideal of S, therefore ru ∈ I or rv ∈ I or uv ∈ I. If ru ∈ I and rv ∈ I, then u ∈ (I : r)
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or v ∈ (I : r), therefore nothing to prove. If uv ∈ I and also, r2 ∈ J2 ⊆ I. This gives
rv ∈ (I : r) for particular v ∈ S. We have (r+u)v ∈ (I : r), that is, r(r+u)v ∈ I and
since I is a 2-absorbing ideal of S, therefore rv ∈ I or (r + u)v ∈ I or r(r + u) ∈ I. If
rv ∈ I then v ∈ (I : r), which is required. If (r + u)v ∈ I and uv ∈ I, then rv ∈ I (as
I is a subtractive). This gives v ∈ (I : r), so (I : r) is prime. Finally, if r(r + u) ∈ I
and since r2 ∈ J2 ⊆ I. This gives ru ∈ I implies u ∈ (I : r). Hence (I : r) is a prime
ideal of S.

Corollary 2.5. Let I be a 2-absorbing subtractive ideal of S with
√
I = J and J2 ⊆ I.

If I 6= J and for all r ∈ J \ I, then (I : r) is a 2-absorbing ideal of S with J ⊆ (I : r).

Theorem 2.6. If I is a subtractive ideal of S such that I 6=
√
I and

√
I is a prime

ideal of S with (
√
I)2 ⊂ I. Then I is a 2-absorbing ideal of S if and only if (I : r) =

{x ∈ S : rx ∈ I} is a prime ideal of S for each r ∈
√
I \ I.

Proof. (⇒) One way is straight forward by above theorem.

(⇐) Conversely, let abc ∈ I for some a, b, c ∈ S. Then, we may assume that a ∈
√
I

(as I ⊆
√
I and

√
I is a prime ideal of S). If a ∈ I, then ab ∈ I, which gives I is a

2-absorbing ideal of S. Assume that a ∈
√
I \ I. Also, bc ∈ (I : a) and by assumption

(I : a) is a prime ideal of S, therefore we have either b ∈ (I : a) or c ∈ (I : a). This
implies that either ab ∈ I or ac ∈ I. Thus, I is a 2-absorbing ideal of S.

The following result is used to prove the next theorem.

Result 2.7. [12] Let I and J be two subtractive ideals in S. Then I∪J is a subtractive
ideal of S if and only if I ∪ J = I or I ∪ J = J .

Theorem 2.8. Let I be a 2-absorbing subtractive ideal of S with
√
I = J . If I 6= J ,

J is a prime ideal of S and for all r ∈ S \ J , then Ω = {(I : r) : r ∈ S} is a totally
ordered set.

Proof. Let r, s ∈ S\J. Since J is a prime ideal of S therefore rs ∈ S\J. Clearly, rs /∈ I
and (I : r) ⊆ (I : rs) and (I : s) ⊆ (I : rs) which implies (I : r) ∪ (I : s) ⊆ (I : rs).
Again, let t ∈ (I : rs). Then, rst ∈ I which implies that either rt ∈ I or st ∈ I,
as rs /∈ I. Thus, (I : rs) ⊆ (I : r) ∪ (I : s). Hence by Result 2.7, we have either
(I : rs) = (I : r) or (I : rs) = (I : s). This implies that either (I : r) ⊆ (I : s) or
(I : s) ⊆ (I : r). Therefore Ω = {(I : r) : r ∈ S \ J} is a totally ordered set.

Again, we show that (I : s) ⊆ (I : r) for r, s ∈ J \ I. Let r, s ∈ J \ I. Then
for any p ∈ (I : r) \ (I : s) we may assume that p ∈ (I : r) \ J , since J ⊆ (I : s).
Similarly, for any q ∈ (I : s) \ (I : r) we may assume that q ∈ (I : s) \ J . Since
p /∈ J and q /∈ J therefore pq /∈ J . Also, p(r + s)q ∈ I and pq /∈ I, therefore we
have p(r + s) ∈ I or (r + s)q ∈ I, which gives either ps ∈ I or rq ∈ I. This implies
p ∈ (I : s) or q ∈ (I : r). Therefore, in each case we get a contradiction. Hence either
(I : r) ⊆ (I : s) or (I : s) ⊆ (I : r) for r, s ∈ J \ I. Thus, Ω = {(I : r) : r ∈ S} is a
totally ordered set.
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Theorem 2.9. Let I be an irreducible subtractive ideal of S and let J be an ideal of
S such that

√
I = J and J2 ⊆ I. Then I is 2-absorbing if and only if (I : r) = (I : r2)

for all r ∈ S \ J.

Proof. Let I be a 2-absorbing ideal of S. For r ∈ S \ J , r2 /∈ I because if r2 ∈ I,
then r ∈

√
I = J , which is a contradiction and also (I : r) ⊆ (I : r2) is obvious. So,

for any s ∈ (I : r2) we have r2s ∈ I. Since I is a 2- absorbing ideal of S, we have
either rs ∈ I or r2 ∈ I. Since r2 /∈ I, therefore rs ∈ I, that is, s ∈ (I : r) and thus
(I : r) = (I : r2).

Conversely, let rst ∈ I for some r, s, t ∈ S and rs /∈ I. We show that either rt ∈ I
or st ∈ I. From rs /∈ I, we have r /∈ J or s /∈ J. Because, if r ∈ J and s ∈ J , then
rs ∈ J2 ⊆ I, a contradiction. Now, by assumption, we have either (I : r) = (I : r2)
or (I : s) = (I : s2). If (I : r) = (I : r2) and also assume that rt /∈ I and st /∈ I,
then we prove the result by way of contradiction. Let p ∈ (I + (rt)) ∩ (I + (st)).
Then there are p1, p2 ∈ I and r1, r2 ∈ S such that p = p1 + r1rt = p2 + r2st.
Thus, pr = p1r + r1r

2t = p2r + r2rst ∈ I. Since rst ∈ I, therefore r1r
2t ∈ I(as I

is a subtractive ideal of S). This implies r1rt ∈ I because (I : r) = (I : r2). Hence
p = p1+r1rt ∈ I. This shows that (I+rt)∩(I+st) ⊆ I and thus (I+rt)∩(I+st) = I,
a contradiction because I is an irreducible. Thus, we have rt ∈ I or st ∈ I and
consequently, I is a 2−absorbing ideal of S.

Theorem 2.10. Let S be a regular semiring. Then every irreducible ideal I of S is
2-absorbing ideal of S.

Proof. Let S be a regular semiring and I be an irreducible ideal of S. If rst ∈ I
and rs /∈ I, then we have to show that rt ∈ I or st ∈ I. On contrary, we assume
that rt /∈ I and st /∈ I. Then, H = (I + (rt)) and K = (I + (st)) be two ideals of
S properly contain I. Since I is an irreducible, therefore I 6= H ∩ K. Thus, there
exists p ∈ S such that p ∈ (I + (rt))∩ (I + (st)) \ I. Also, by regularity of S, we have
H ∩ K = HK, therefore p ∈ (I + (rt)(I + (st) \ I. Then, there are p1, p2 ∈ I and
r1, r2 ∈ S such that p = (p1 + r1rt)(p2 + r2st) = p1p2 + p1r2st + r1rtp2 + rsr1r2t

2.
This implies that p ∈ I, which is a contradiction. Hence I is a 2-absorbing ideal of
S.

Proposition 2.11. Let a ∈ S and I be an ideal of S. Then the following holds:

(i) If Sa is a subtractive ideal of S and (0 : a) ⊆ Sa, then the ideal Sa is 2-absorbing
if and only if it is weakly 2-absorbing.

(ii) If I is a subtractive ideal of S and (0 : a) ⊆ Ia, then the ideal Ia is 2-absorbing
if and only if it is weakly 2-absorbing.

Proof. (i). Let Sa be weakly 2-absorbing ideal of S and rst ∈ Sa for some r, s, t ∈ S.
If rst 6= 0, then rs ∈ Sa or st ∈ Sa or rt ∈ Sa. Then we have done. Assume that
rst = 0. Clearly, r(s + a)t = rst + rat ∈ Sa. If r(s + a)t 6= 0, then r(s + a) ∈ Sa or
rt ∈ Sa or (s+ a)t ∈ Sa (as Sa is a weakly 2-absorbing ideal of S). Hence rs ∈ Sa or
st ∈ Sa or rt ∈ Sa, since Sa is a subtractive ideal of S. So, assume that r(s+a)t = 0.
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Since rst = 0, therefore we have rat = 0 and so rt ∈ (0 : a) ⊆ Sa. Thus, rt ∈ Sa.
Hence Sa is a 2-absorbing ideal of S.

(ii). The proof is similar to (i)

Theorem 2.12. ([8], Theorem 2.6) Let S be a commutative semiring. If I is a weakly
2-absorbing subtractive ideal of S, then either I3 = 0 or I is 2-absorbing.

The above theorem is used to prove the next theorem which is a generalization of
([6], Theorem 2.7).

Theorem 2.13. Let I be a weakly 2-absorbing subtractive ideal of S but not a 2-
absorbing ideal of S. Then

(i) if r ∈ Nil(S), then either r2 ∈ I or r2I = rI2 = {0}.

(ii) Nil(S)2I2 = {0}.

Proof. (i). Let r ∈Nil(S). We claim that if r2I 6= {0}. Then r2 ∈ I. Suppose that
r2I 6= {0}. Let n be the least positive integer such that rn = 0, then for n ≥ 3 and
for some s ∈ I, we have 0 6= r2s = r2(s + rn−2) ∈ I. Since I is a weakly 2-absorbing
ideal of S, we have either r2 ∈ I or (rs + rn−1) ∈ I. If r2 ∈ I, we have nothing
to prove. Let r2 /∈ I. Then (rs + rn−1) ∈ I, which gives rn−1 ∈ I and rn−1 6= 0,
and thus r2 ∈ I. Hence for each r ∈ Nil(S) we have either r2 ∈ I or r2I = {0}.
If s2 /∈ I for some s ∈ Nil(S), then by previous argument, we have s2I = {0}. We
claim that sI2 = {0}. Suppose that si1i2 6= 0 for some i1, i2 ∈ I. Let m ≥ 3 be the
least positive integer such that sm = 0. Since s2 /∈ I,m ≥ 3 and s2I = {0}, therefore
s(s+ i1)(sm−2 + i2) = si1i2 6= 0. Since 0 6= s(s+ i1)(sm−2 + i2) ∈ I and I is a weakly
2-absorbing ideal of S, we have either s2 ∈ I or 0 6= sm−1 ∈ I (as I is a subtractive
ideal of S). Therefore, we have s2 ∈ I, a contradiction. Hence sI2 = {0}.

(ii). Let a, b ∈Nil(S). If either a2 /∈ I or b2 /∈ I, then by part (i), we have
abI2 = {0} and hence the result. For a2 ∈ I and b2 ∈ I, then ab(a + b) ∈ I. If
0 6= ab(a + b) ∈ I and since I is a subtractive weakly 2-absorbing ideal of S, we have
ab ∈ I. So by Theorem 2.12, we have abI2 = {0}. Again, if 0 = ab(a + b) ∈ I and
0 6= abi ∈ I for some i ∈ I, then 0 6= ab(a+ b+ i) ∈ I implies either a(a+ b+ i) ∈ I or
b(a + b + i) ∈ I or ab ∈ I. In each case, we have ab ∈ I, which is a contradiction, as
I is a weakly 2-absorbing and not a 2-absorbing ideal of S. Thus, we have abI = {0}
and hence abI2 = {0}.

Definition 2.14 ( [4], Definition 1(i) ). A proper ideal I of S is called strong ideal,
if for each a ∈ I there exists b ∈ I such that a + b = 0.

Proposition 2.15. Let S and S′ be semirings, f : S 7→ S′ be an epimorphism such
that f(0) = 0 and I be a subtractive strong ideal of S. Then the following holds:

(i). If I is a weakly 2-absorbing ideal of S such that kerf ⊆ I, then f(I) is a weakly
2-absorbing ideal of S′.

(ii). If I is a 2-absorbing ideal of S such that kerf ⊆ I, then f(I) is a 2-absorbing
ideal of S′.
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Proof. (i). Let a, b, c ∈ S′ be such that 0 6= abc ∈ f(I). Then there exists n ∈ I such
that 0 6= abc = f(n). Since f is an epimorphism, therefore there exist p, q, r ∈ S such
that f(p) = a, f(q) = b, f(r) = c. Also, since I is a strong ideal of S and n ∈ I,
then there exists m ∈ I such that n + m = 0. This implies f(n + m) = 0, that is,
f(pqr + m) = 0, implies, pqr + m ∈ kerf ⊆ I. So, 0 6= pqr ∈ I (as I is subtractive)
because if pqr = 0, then f(n) = 0, a contradiction. Since I is a weakly 2-absorbing
ideal of S, therefore either pq ∈ I or qr ∈ I or rp ∈ I. Thus, ab ∈ f(I) or bc ∈ f(I)
or ca ∈ f(I). Therefore, f(I) is a weakly 2-absorbing ideal of S′.

(ii). It follows from (i).

Consider S = S1×S2 where each Si is a commutative semiring with unity, i = 1, 2
with (a1, a2)(b1, b2) = (a1b1, a2b2) for all a1, b1 ∈ S1 and a2, b2 ∈ S2.

Proposition 2.16. If I is a proper ideal of a semiring S1. Then the following state-
ments are equivalent:

(i). I is a 2-absorbing ideal of S1.

(ii). I × S2 is a 2-absorbing ideal of S = S1 × S2.

(iii). I × S2 is a weakly 2-absorbing ideal of S = S1 × S2.

Proof. (i)⇒ (ii). Let (a1, a2), (b1, b2), (c1, c2) ∈ S be such that (a1, a2)(b1, b2)(c1, c2) ∈
I × S2. Then (a1b1c1, a2b2c2) ∈ I × S2. Therefore, a1b1c1 ∈ I. This gives either
a1b1 ∈ I or b1c1 ∈ I or c1a1 ∈ I, since I is a 2-absorbing ideal of S1. If a1b1 ∈ I, then
(a1, a2)(b1, b2) ∈ I × S2. Similarly, we can prove the other cases. Hence, I × S2 is a
2-absorbing ideal of S.

(ii)⇒ (iii). It is obvious.
(iii) ⇒ (i). Let abc ∈ I for some a, b, c ∈ S1. Then for each 0 6= r ∈ S2, we

have (0, 0) 6= (a, 1)(b, 1)(c, r) ∈ I × S2. This gives, either (a, 1)(b, 1) ∈ I × S2 or
(b, 1)(c, r) ∈ I × S2 or (c, r)(a, 1) ∈ I × S2, since I × S2 is a weakly 2-absorbing ideal
of S. That is, either ab ∈ I or bc ∈ I or ca ∈ I. This shows that I is a 2-absorbing
ideal of S1.

Definition 2.17 ([1], Definition(4)). An ideal I of a semiring S is called a Q-ideal
(partitioning ideal) if there exists a subset Q of S such that

(i) S = ∪{q + I : q ∈ Q}

(ii) If q1, q2 ∈ Q, then ( q1 + I) ∩ (q2 + I) 6= ∅ ⇔ q1 = q2.

Let I be a Q- ideal of a semiring S. Then S/I(Q) = {q+I : q ∈ Q} forms a semiring
under the following addition ‘⊕’ and multiplication ‘� ’, ( q1 + I)⊕ (q2 + I) = q3 + I
where q3 ∈ Q is unique such that q1+q2+I ⊆ q3+I, and ( q1+I)� (q2+I) = q4+I
where q4 ∈ Q is unique such that q1q2 + I ⊆ q4 + I. This semiring S/I(Q) is called
the quotient semiring of S by I and denoted by ( S/I(Q),⊕,�) or just S/I(Q). By
definition of Q-ideal, there exists a unique q0 ∈ Q such that 0 + I ⊆ q0 + I. Then
q0 + I is a zero element of S/I(Q). Clearly, if S is commutative then so is S/I(Q).
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Definition 2.18 ([7], Definition(2.4)). Let I be an ideal of a semiring S. An ideal
A of S with I ⊆ A is said to be subtractive extension of I if x ∈ I, x + y ∈ A, y ∈ S,
then y ∈ A.

Further, we give some characterizations of 2-absorbing and weakly 2-absorbing
ideals in terms of subtractive extension of an ideal of a semiring S, which are derived
from generalizations of [7].

Theorem 2.19. Let S be a semiring, I be a Q-ideal of S and P a subtractive extension
of I. Then P is 2-absorbing ideal of S if and only if P/I(Q∩P ) is a 2-absorbing ideal
of S/I(Q).

Proof. Let P be a 2-absorbing ideal of S. Suppose that q1 + I, q2 + I, q3 + I ∈ S/I(Q)

are such that ( q1 + I)� (q2 + I)� (q3 + I) = q4 + I ∈ P/I(Q∩P ) where q4 ∈ Q∩P
is a unique element such that q1q2q3 + I ⊆ q4 + I ∈ P/I(Q∩P ). So q1q2q3 = q4 + i for
some i ∈ I. Since P is a 2-absorbing ideal of S and q1q2q3 ∈ P , therefore q1q2 ∈ P
or q2q3 ∈ P or q3q1 ∈ P . Consider the case q1q2 ∈ P . If (q1 + I)� (q2 + I) = i1 + I
where i1 ∈ Q is a unique element such that q1q2 + I ⊆ i1 + I. So i1 + f = q1q2 + e
for some e, f ∈ I. Since P is a subtractive extension of I, we have i1 ∈ P , therefore
i1 ∈ Q ∩ P . Hence P/I(Q∩P ) is a 2-absorbing ideal of S/I(Q).
Conversely, if P/I(Q∩P ) is a 2-absorbing ideal of S/I(Q). Let abc ∈ P for some
a, b, c ∈ S. Since I is a Q-ideal of S, therefore there exist q1, q2, q3, q4 ∈ Q such that
a ∈ q1 + I, b ∈ q2 + I, c ∈ q3 + I and abc ∈ ( q1 + I)� (q2 + I)� (q3 + I) = q4 + I.
So, abc = q4 + i2 ∈ P for some i2 ∈ I. Since P is a subtractive extension of I, we
have q4 ∈ P . So ( q1 + I) � (q2 + I) � (q3 + I) = q4 + I ∈ P/I(Q∩P ), which
gives ( q1 + I) � (q2 + I) ∈ P/I(Q∩P ) or ( q2 + I) � (q3 + I) ∈ P/I(Q∩P ) or
( q3 + I) � (q1 + I) ∈ P/I(Q∩P ), since P/I(Q∩P ) is a 2-absorbing ideal of S/I(Q).
If ( q1 + I) � (q2 + I) ∈ P/I(Q∩P ), then there exists q5 ∈ Q ∩ P such that ab ∈
( q1 + I) � (q2 + I) = q5 + I. This gives ab = q5 + i3 for some i3 ∈ I. This implies
ab ∈ P . Thus, P is a 2-absorbing ideal of S.

.

Corollary 2.20. Let S be a semiring, I be a Q-ideal of S and P be subtractive ideal
of S such that I ⊆ P . Then P is a 2-absorbing ideal of S if and only if P/I(Q∩P ) is
a 2-absorbing ideal of S/I(Q).

Note that, if ( q1 + I)� (q2 + I)� (q3 + I) 6= 0 in S/I(Q), then q1q2q3 6= 0 in S.
Now one can easily prove the next theorem, adopting the proof of the last theorem.

Theorem 2.21. Let S be a semiring, I a Q-ideal of S and P a subtractive extension
of I. Then

(i) f P is a weakly 2-absorbing ideal of S, then P/I(Q∩P ) is a weakly 2-absorbing
ideal of S/I(Q).

(ii) if I and P/I(Q∩P ) is a weakly 2-absorbing ideal of S and S/I(Q) respectively,
then P is a weakly 2-absorbing ideal of S.
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