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ABSTRACT: In the present paper we introduce some strongly almost
summable sequence spaces using ideal convergence and Musielak-Orlicz
function M = (M},) in n-normed spaces. We examine some topological
properties of the resulting sequence spaces.
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1. Introduction and preliminaries

Mursaleen and Noman [18] introduced the notion of A-convergent and A-bounded
sequences as follows:
Let A = (A;)72, be a strictly increasing sequence of positive real numbers tending to
infinity i.e.
O< XA <A <- and \f > 00 as k—

and said that a sequence x = (x) € w is A-convergent to the number L, called the
A-limit of x if A,,(x) — L as m — oo, where

1 m

/\m(x) = E Z()\k — /\k_l)xk.
k=1

The sequence z = (x1) € w is A-bounded if sup,,, |Am(x)| < co. It is well known [18]
that if lim,,, x,, = a in the ordinary sense of convergence, then

lim (;(i(xk ~ et |zE — a|) ~0.

m N =1
This implies that

m

. : 1
hgln A (z) —al = hnr1n|)\f Z(/\k — Me—1) (2 —a)| =0,

m k=1
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which yields that lim,, A,,(z) = a and hence x = (x}) € w is A-convergent to a.

The concept of 2-normed spaces was initially developed by Géhler [6] in the mid of
1960’s, while that of n-normed spaces one can see in Misiak [15]. Since then, many
others have studied this concept and obtained various results, see Gunawan ([8, 9])
and Gunawan and Mashadi [10] and references therein. Let n € N and X be a linear
space over the field K, where K is the field of real or complex numbers of dimension
d, where d > n > 2. A real valued function ||-,--- || on X™ satisfying the following
four conditions:

1. ||z1, 22, - ,2,|| = 0 if and only if 1, za, -+ , z, are linearly dependent in X;
2. ||x1,xa,- - ,xy|| is invariant under permutation;
3. |laxr, z2,- -+ x|l = |a| ||z1, 22, , 24| for any o € K, and
ol + 2wy, || <o, mo, - w2, 22, |
is called a n-norm on X, and the pair (X, ||-,--- ,-||) is called a n-normed space over
the field K.
For example, we may take X = R" being equipped with the Euclidean n-norm
[|x1,x2, - ,2,||g = the volume of the n-dimensional parallelopiped spanned by the
vectors x1, X2, - ,x, which may be given explicitly by the formula
|1, 22, s 2nllp = | det(z)],
where z; = (zi1, %2, ,Zin) € R™ for each i = 1,2,--- ,n. Let (X,]||-,---,-||) be a
n-normed space of dimension d > n > 2 and {ay,as, - ,a,} be linearly independent
set in X. Then the following function ||-,--- ,+||cc on X™~! defined by
||£L’17I2,"' wrnleoo = maX{Hxlaan"' 7xn71aai” 1= ]-727"' ,TL}
defines an (n — 1)-norm on X with respect to {a1,as, - ,an}.
A sequence (z}) in a n-normed space (X, ||-,- -+, ||) is said to converge to some L € X
if
lim ||zp — L, 21, -+ ,2n—1]| =0 for every zy,---,2z,-1 € X.
k—o0
A sequence (z1) in a n-normed space (X, ||-,---,-||) is said to be Cauchy if
lim ||zx — ®p, 21, -+, 2n—1]| =0 for every z1,--+,2,-1 € X.
3%

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. Any complete n-normed space is said to be n-Banach
space.

An Orlicz function M : [0,00) — [0,00) is a continuous, non-decreasing and convex
function such that M (0) =0, M(z) > 0 for x > 0 and M (x) — o0 as © — o0.
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Lindenstrauss and Tzafriri [13] used the idea of Orlicz function to define the following

sequence space,
oo
EM:{xew:ZM(M) <o<>}7
k=1 P

which is called as an Orlicz sequence space. Also ¢, is a Banach space with the norm

_i N (e
|x||1nf{p>0.’;M( )gl}.

p

Also, it was shown in [13] that every Orlicz sequence space £j; contains a subspace
isomorphic to £,(p > 1). The As- condition is equivalent to M (Lz) < LM(z), for all
L with 0 < L < 1. An Orlicz function M can always be represented in the following
integral form

where 7 is known as the kernel of M, is right differentiable for ¢ > 0,7(0) = 0,7(t) > 0,
7 is non-decreasing and n(t) — oo as t — co.
A sequence M = (M) of Orlicz function is called a Musielak-Orlicz function see ([14,
23]). A sequence N = (N},) defined by

Ni(v) = sup{|v|u — My(u) :u >0}, k=1,2,...

is called the complementary function of the Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space t a4 and its subspace
ha are defined as follows

tam = {wa:IM(cx) < oo for some c>0},

hM:{xéw:IM(cx)<oo for all c>0},

where Iy, is a convex modular defined by

Im(x) =D My(an),x = (2r) € tag-
k=1

We consider ¢ty equipped with the Luxemburg norm
. x
|| = 1nf{k: >0: IM(E> < 1}
or equipped with the Orlicz norm
1
0 _ : - .
llz||° = 1nf{k (1 + IM(m) k> o}.

Let X be a linear metric space. A function p : X — R is called paranorm, if
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1. p(x) >0 for all z € X,
2. p(—z) =p(z) for all z € X,
3. plx+y) <p(x)+ply) for all z,y € X,

4. if (A,) is a sequence of scalars with A,, = X as n — oo and (z,) is a sequence
of vectors with p(z, —x) — 0 as n — oo, then p(A,x, — Ax) = 0 asn — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [30], Theorem 10.4.2, p.
183). For more details about sequence spaces (see [16, 17, 19, 20, 21, 22, 24, 25, 26,
27, 29]) and reference therein.

A sequence space E is said to be solid (or normal) if (zj) € E implies (axxy) € E for
all sequences of scalars (o) with |a| <1 and for all k € N.

The notion of ideal convergence was introduced first by P. Kostyrko [11] as a general-
ization of statistical convergence which was further studied in topological spaces (see
[2]). More applications of ideals can be seen in [2, 3].

A linear functional £ on ¢ is said to be a Banach limit see [1] if it has the properties:

1. L(z) > 0if x >0 (i.e. , > 0 for all n),

2. L(e) =1, where e = (1,1,...),

where the shift operator D is defined by (Dx,) = (€n41)-

Let B be the set of all Banach limits on /.. A sequence z is said to be almost
convergent to a number L if £(z) = L for all £ € B. Lorentz [12] has shown that
is almost convergent to L if and only if

$m+$m+1+"'+mm+k}
k+1

tem = tem () = — L as k — oo, uniformly in m.
Recently a lot of activities have started to study sumability, sequence spaces and re-
lated topics in these non linear spaces see [4, 28]. In particular Sahiner [28] combined
these two concepts and investigated ideal sumability in these spaces and introduced
certain sequence spaces using 2-norm.

We continue in this direction and by using Musielak-Orlicz function, generalized se-
quences and also ideals we introduce I-convergence of generalized sequences with
respect to Musielak-Orlicz function in n-normed spaces.

Let (X, ||.]]) be a normed space. Recall that a sequence (x,,)nen of elements of X is
called statistically convergent to x € X if the set A(e) = {n eN: |z, —z|| > e} has

natural density zero for each € > 0.
A family Z C 2¥ of subsets of a non empty set Y is said to be an ideal in Yif
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1. ¢ €T,
2. A,BeTimply AUB € T;

3. A€ Z, B C Aimply B € Z, while an admissible ideal Z of Y further satisfies
{z} € T for each x € Y (see [6]).

Given Z C 2N be a non trivial ideal in N. A sequence (Zn)nen in X is said to be

T-convergent to x € X, if for each € > 0 the set A(e) = {n e N: ||la, —z|| > e}
belongs to Z (see [11]).
Let I be an admissible ideal of N, M = (M}) be a Musielak-Orlicz function and
(X, ]+ ,-||) be a n-normed space. Let p = (px) be a bounded sequence of positive
real numbers and u = (ux) be any sequence of strictly positive real numbers. By
S(n— X) we denote the space of all sequences defined over (X, ||-,--- ,||). We define
the following sequence spaces in this paper:

wI(M7A7p7H'7"' a||) =
{x:(xk)ES(n—X) :Ve>0, {nGN:

n

] L A | R X

k=1
for some p >0, L€ X and zl,~~~,zn_1€X},
wé(MvAvpaHa a||)

{xz(xk.)eS(n—X):Ve>O, {nGN:

Tllkz_l[Mk(”tkm(/;k(m))7zl’...72n1||)i|pk2€}ej
for some p >0, and zl,~-~,zn,1eX},

woo(MvAvpa ||a a||) =

{x: (zx) € S(n—X): 3K >0 such that

sup £ 3 g ()RR )] <

nENnk:1 P
for some p >0, and 21, -+, 2,1 GX},
wgo(M7AvpaH'a"' 7||):

{1:: (zg) € S(n — X) : 3K >0 such that
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{nen: Ly [an (D )] s k) e

k=1 P

for some p >0, and z1, - ,2zp—1 EX}.

The following inequality will be used throughout the paper. If 0 < p, < suppy = H,
D = max(1,2771) then

|ak + bx [P < D{fax["* + [bk[**}
for all k& and ay, by, € C. Also |a|P* < max(1, |a|H) for all a € C.

The main aim of this paper is to study some topological properties and inclusion
relations between the above defined sequence spaces.

2. Main results

Theorem 2.1. Let M = (M) be a Musielak-Orlicz function, p = (pg) be
a bounded sequence of positive real numbers and I be an admissible ideal of

N. Then UA}I(M’AJ’)?H'?”' 7'||)7 UA)é(M,A,p,H, a'H)7 wOO(MaA7pa||'a"' 7||) and
WL (M, A, p, || ,-||) are linear spaces.
Proof. Let z,y € w!(M, A, p,||-,---,-||) and a, 8 € C. So

n

{{n eN: %Z [Mk(|tkm(Ak[Ef)_L),zl,~- ,zn,1||)]m > e} € I for some p; >0,
k=1

L e X and 21,~~~,zn_1€X}

and
n

{{n eN: %Z [Mk(|tmn(Akp(2y)L),zl,~~ ,zn_1||>}pk > e} € I for some po > 0,
k=1

Le Xand z,--- ,zn_leX}.

Since ||-,- -+, || is @ n-norm, M = (M) be a Musielak-Orlicz function and so by using
inequality (1.1), we have
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,Z[Mk<||tkm (Ax(az + By) — ),z1,~-~,znflll)]pk

|| p1 + |Blp2
1 trem (Ag(z) — L) pi
< 00 [ s e 5 (1=l
BN Ei bn(Ak(y) L) e
+ anz—l[ \a|p1+|ﬂ|p2)M (H P2 1215 72”*1||):|
< DF%i{Mk(HM,Zh“'»Zn,1||)}p’°
k=1 P1
n DFiZ{Mk(Hkm(Akp(j)L),Zh...7Zn_1|>rk’
k=1

H H
_ o] 18] : :
where F' = max [1, ((|a|p1+|6|p2)) ((|a|p1+|ﬁ|p2)) ] From the above inequality, we

get
RS thm (Ak (o + By) — L) P
neN: — [Mk( S 215t s Zn1 )] 26}
{ n; : |alp1 + [Blp2 wel
1 — tim (A —L P
c {neN;DFfZ{Mk(HM,%._. )] 2 5
n p1 2
k=1
1 — trom (A - L Pk
U {nEN:DF—Z {_]\@(HWJM.. ’Zn71||)} k > f}.
n P2 2
k=1
Two sets on the right hand side belong to I and this completes the proof.
Similarly, we can prove that wi(M,A,p, || ,|]), Weo(M,A,p,[|-,---,]|) and
WL (M, A, p, ||, ,-]|) are linear spaces.

Theorem 2.2. Let M = (M) be a Musielak-Orlicz function, p = (px) be a bounded

sequence of positive real numbers. For any fized n € N, oo (M, A, p, ||+ ,¢]]) s a
paranormed space with the paranorm defined by
n 1 — t A Pk
g(x) = inf {p% :p>0 is such that sup — Z [Mk(HM,zl, e ,zn_1||)}
kT P

<1

b

V21, y Zn_1 GX}.

Proof. Tt is clear that g(z) = g(—x). Since M (0) = 0, we get inf{p# } = 0 for z = 0
therefore, g(0) = 0. Let us take x,y € Woo (M, A, p, ||-,--+ ,-||]) . Let

B(I):{ o) >()sup Z[ (M’Zl’”.’zn—1||>rkﬁl,
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V21, -y Zn—1 EX}

Let p1 € B(z) and ps € B(y). If p = p1 + p2, then we have

sup Z[ (w,zh...,%,m)}

= P1+P2 k ibz_:[ (W’Zl’”"zn_lnﬂ
* i (R )]

trem (A P
Thus sup © Z[ (1 M‘“ ) <1 and
gyt P17 P2

gle+y) < inf{(p+p) ¥ i p1 € B), p2 € Bly)}

Pn

Pn

1nf{ 7 ip1 € B(m)} + inf {,OQH 1p2 € B(Z’/)}
9(z) +9(y)-

IN

Let 0™ — o where 0,0™ € C and let g(a™ — ) — 0 as m — oo. We have to show
that g(o™z™ — 0,) — 0 as m — oco. Let

Bn 1 — tiem (Ag (2™ p
B(z™) = {pn’? D Pm > O,SLIipE g [M,€(||’“(p’“(x))’z17 ’Zn—1||)} k <1
k=1 m

V21,~- y Zn—1 EX}?

2n t (A - P
B(J?m—l’) = {p;nH p’m >0 Sup Z |: ( km k; I))721a T 7Zn—1||):| ’ S 17

VZl,"' y Bn—1 GX}

If p,, € B(z™) and p), € B(z™ — x) then we observe that
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7Z{Mk”tkm g Ak( )—aAk(x))

7 yRLy "y An—
T oh() i
n
t (™A oA (z™
< [ (e eyl
tem (oA — oAy (z
+ km( :1( ") ,k( )),Zl,"',zn IH)}
pm|0' - U| + pm‘o'|
o™ -0 1 & L (g (2™
< o =dlm Z[m(uwxn-w%—l”)}
pm| - U| + pm‘o—| k=1 pm
. 1 trem (A ') — Ag(x
R L (e S )|
pm|0 *U|+Pm‘g|n Prm

From the above inequality, it follows that

Zn: [Mk(Htkm oA @™) —ohk(z) 7zn_1|\)rk <1

n 2 T

and consequently,

Pn

inf{(pm|am —o|+ p;n\a|) " pm € B(z™),p,, € Bz — x)}

< (jo™ — o) # inf {p% pm € B(xm)}

g(c™a™ — ox)

IN

+

)
2
S~—
afy
=
—
>
3
S—
afs
s
3
m
=

x)}—>0 as m — oo.

This completes the proof.

Theorem 2.3. Let M, M', M" are Musielak-Orlicz functions. Then we have

(i) W (M A, p, || 0|]) CwE(Mo M A, p,||---- ,-||) provided (py) is such that
Hy = inf p; > 0.
(”) w(l)(M/7Aap7||7 ,H)ﬂwé(M",A,p,H, ?||) g wé(M/+M//7Aap7||7 a||)

Proof. (i) For given e > 0, first choose ¢y > 0 such that max{el, ef*} < e. Since (Mj)
is continuous, choose 0 < § < 1 such that 0 < ¢ < 4, this implies that M (t) < €.
Let z € W (M, A, p,||-,--- ,-||). Now from the definition

B(6) = {nEN: %z": |:M’:?<||W7zl7 ,Zn—1||)rk > 5H} cr

k=1

Thus if n ¢ B(d) then

%z": [MJQ(|W,21, 7Zn—1||>:|pk < 6H

k=1
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= 2”: [M,’C<||t’””(/;k(m’zh 7Zn%n)}”' < not
k=1

tom (A
— [M,;<||’“(p’“(x)),zl,~~ ,zn_1||)]pk <" forall kym=1,2,3,...

= [M;/C<|W7zl, ,zn,1||>} <¢ forall k,m=1,2,3,....

Hence from above and using the continuity of M = (M), we have
tem (A
[Mk(M,g(HM,zh--- ,zn,1||))} <V km=1,2,3,...,
o

which consequently implies that

n

Z{Mk(M,’C(HW;k(:Z:)),Zl,---,zn_1||))rk < max{eé{,eéfo}<e.

k=1

n

Thus i; [Mk(M,;(|t’”n(1;k(x))7z1,... 7%4”))}”’“ <.

This shows that
frer: 27 [ (g (1m0 )] 2 ) @ B
k=1

and so belongs to I. This proves the result.

(i) Let (zx) € Wi (M, A, p, ||+ ,-|]) NwE (M”, A, p, ||+ ,+||). Then the fact
1 / " tkm(Ak(x)) Pk
— —_ s T 7 <
n[(Mk‘f‘Mk)(H ) y 215 7Zn—1||):| <

D:L[M,’C(HW,Q,“- )] +Di[M,g(||W,z1,m )]

gives the result.

Theorem 2.4. The sequence spaces Wi (M, A, p, ||, -+, -||) and Wl (M, A, p, ||, ,-|])
are solid.
Proof. Let x € w{(M,A,p,||-,---,-]|), let (ax) be a sequence of scalars such that

|ag| <1 for all k € N. Then we have

n

R N (e |

k=1



Some strongly almost summable sequence spaces 181

fner: O3 (D o )] 2 e,

k=1
where C' = max{1, |ax|?}. Hence (ayx) € Wl (M, A, p,||-,--- ,-||) for all sequences of
scalars oy with |ay| < 1 for all & € N whenever (zx) € Wi (M, A, p,[|-, -+ ,|])-
Similarly, we can prove that @l (M’ , A, p,||-, - ,||) is also solid.
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